arXiv:gr-qc/0509046 v1 13 Sep 2005

The dynamics of a classical spinning particle in Vaidya space-time

Dinesh Singh^∗ Department of Physics, University of Regina Regina, Saskatchewan, S4S 0A2, Canada (Dated: September 13, 2005)

Based on the Mathisson-Papapetrou-Dixon (MPD) equations and the Vaidya metric, the motion of a spinning point particle orbiting a non-rotating star while undergoing radiation-induced gravitational collapse is studied in detail. A comprehensive analysis of the orbital dynamics is performed assuming distinct central mass functions which satisfy the weak energy condition, in order to determine a correspondence between the choice of mass function and the spinning particle’s orbital response, as reflected in the gravitational waves emitted by the particle. The analysis presented here is likely most beneficial for the observation of rotating solar mass black holes or neutron stars in orbit around intermediate-sized Schwarzschild black holes undergoing radiation collapse. The possibility of detecting the effects of realistic mass accretion based on this approach is considered. While it seems unlikely to observe such effects based on present technology, they may perhaps become observable with the advent of future detectors.

PACS numbers: 04.30.-w, 04.30.Db, 04.25.-g, 04.70.Bw

I. INTRODUCTION

One of the earliest predictions of Einstein’s theory of gravitation is the existence of gravitational waves due to the motion of massive sources. While strong indirect evidence [1] exists via observations of the Hulse-Taylor binary pulsar PSR 1913+16–whose orbital period decreases in agreement with general relativity’s predictions when accounting for the emission of gravitational radiation– direct observation of the phenomenon has not yet been achieved. If gravitational waves exist in the manner predicted by general relativity, then by a detailed analysis of the shape and amplitude of the generated waveforms, it is theoretically possible to extract useful information about the physical properties of the collective mass source that generated the radiation.

The search for gravitational waves is a topic of intense activity, and already a number of detectors have been built or are under development for the purpose of observing gravitational radiation. Arguably the most prominent of the gravitational wave detectors in existence or under development are the ground-based Laser Interferometer Gravitational Wave Observatory (LIGO) [2, 3] and the space-based Laser Interferometric Space Antenna (LISA) [4]. These two facilities complement each other in that LIGO is sensitive to high-frequency gravitational waves of 10 − 1000 Hz generated from the inspiral of equal-mass binary neutron stars or black holes, while LISA is designed to detect lower frequency waves of 10^{−4} − 10^{−1} Hz corresponding to the motion of solar mass neutron stars or black holes in orbit around supermassive black holes. Other ground-based interferometers that exist worldwide are GEO 600 [5], TAMA 300 [6], and VIRGO [7]. While this form of radiation is notorious for

∗Electronic address: singhd@uregina.ca

being extremely difficult to detect, gravitational waves offer a valuable opportunity to provide insight about the sources which generate them. This includes the earliest moments in the known Universe that are not accessible by other observational means, since they can propagate over literally cosmological distances with no noticeable dispersion whatsoever [4]. Gravitational radiation then offers the possibility of gleaning observational information about the components that drive early Universe cosmology within the first second of the Big Bang, such as evidence for string interactions and cosmic inflation. In contrast, information gained from electromagnetic radiation is confined to approximately 300,000 years after the Big Bang, when temperature fluctuations in the cosmic microwave background radiation can only provide, at best, some insight about the formation of large-scale structures in the known Universe, with no solid information about the dynamical processes before the surface of last scattering.

An especially interesting area of general relativity research concerns how ordinary stars of sufficient mass undergo gravitational collapse to form neutron stars or black holes. Starting from the first quantitative “dust” model introduced by Oppenheimer and Snyder [8], which assumes a perfect fluid with zero pressure, more sophisticated models [9] now exist, each with their own unique features that depend on the star’s internal properties. It appears that gravitational collapse can be categorized into two main types. The first type concerns stellar core collapse where the central mass remains constant, while the second type involves the accretion of mass onto the star. This second form of gravitational collapse has the particularly interesting effect of making the exterior space-time background dynamic with the increase of stellar mass, with possible consequences for the motion of any object in its orbit. Under suitable conditions, such an object may sense a noticeable distortion of the spacetime background that can result in some nontrivial response from an otherwise stable elliptical orbit. If the orbiting object has sufficient mass, then the gravitational radiation it generates from this dynamical response may possibly become observable by present or near-future detectors under development.

Another interesting area of general relativity research concerns the dynamics of macroscopic objects with spin angular momentum propagating in a curved space-time background. Because most astrophysical objects have acquired at least some spin angular momentum during their formation, it is very important to know how such objects interact in strong gravitational fields. This problem was first examined many years ago by Mathisson [10] who attained a leading order correction to the geodesic equations in the form of a direct spin coupling to the Riemann curvature tensor. His work was reformulated by Papapetrou [11], who described the spinning particle in terms of a matter field confined within a thin world tube in space-time. Many approaches have been taken to describe the motion of extended objects with spin [12]. While they identify the leading order correction for the equations of motion, they differ in the contributions due to higher-order multipole moment expansions of the spinning mass. Arguably the most conceptually successful model was put forward by Dixon [13], who proposed a self-consistent set of equations which incorporate to infinite order all multipole moment expansions of the spinning object. Regardless, for most practical purposes, truncating the equations of motion to leading order in the spin interaction is sufficient for a good basic description of the object’s physical behaviour in strong gravitational fields, so long as the spinning particle is small in dimension compared to the space-time’s local radius of curvature. This is often referred to as the “pole-dipole approximation,” first introduced by Mathisson and Papapetrou. A wide variety of research on classical spinning particles over the past few years have been conducted, which include both formalism considerations [14], particle kinematics and dynamics in generally curved space-time [15], and scattering in gravitational wave space-times [16].

Recent applications of these macroscopic spin models have led to some interesting consequences when applied to black hole space-times. One example involved studying the motion of the spinning particle’s near a Kerr black hole along surfaces of constant azimuthal angle as defined by the space-time’s symmetry axis [17]. A related example studied the gravitational waveforms generated by a spinning particle while falling into a Kerr black hole from infinity [18] and in circular orbit [19]. A particularly interesting example concerned the search for evidence of deterministic chaos within the gravitational waves generated by a spinning point particle in orbit around a Schwarzschild black hole [20, 21]. Such a claim would have obvious implications for the ability of existing and future gravitational wave detectors to extract any meaningful information from the predicted waveforms. However, a more recent study of the evidence for chaos in a Kerr background suggested that the spins required to

PSfrag replacements

FIG. 1: Initial spin orientation (θ̂, φ̂) for the spinning particle. For the purposes of this paper, the observer is located along the x-axis.

obtain chaotic motion are not likely to be found for astrophysically realistic systems [22, 23].

One possible application that has apparently not received any attention so far concerns spinning particle interaction with a star while undergoing gravitational collapse into a black hole, with the possibility of observing the phenomenon through gravitational radiation. This may perhaps be due to the relative unlikelihood of finding a candidate system that captures black hole formation in progress, compared to fully formed black holes. Nonetheless, the usefulness of looking into this possibility seems clear, given the great precision required to generate templates in order to compare with a possible signal. Because the spinning particle can act like a probe of the space-time background, the gravitational radiation from such a particle has the ability, in principle, to reflect the dynamical properties of the collapsing star while in orbit, and that the possibility exists to find signatures of this effect in the gravitational radiation emitted from it.

The purpose of this paper is to examine the dynamical motion of a spinning point particle described by the Mathisson-Papapetrou-Dixon (MPD) equations in orbit around a non-rotating compact object under gravitational collapse due to radiation accretion. The space-time background is then described by the Vaidya metric [24] in terms of an advanced null co-ordinate to account for the infall of radiation onto the star’s surface. Although the metric is very simple in form, it nonetheless has valuable properties for cleanly identifying where the precise effects of gravitational collapse can appear in the + and × polarization modes, particularly when the point particle’s spin interaction with the background is taken into account. This paper begins in Section II with the MPD equations of motion for a spinning point particle, followed in Section III by a detailed numerical analysis of the particle’s orbit and gravitational radiation output in the Vaidya background, assuming various mass functions defined by monotonically increasing elementary functions. The underlying purpose of Section IV is to establish the response pattern between the mass function’s growth rate and the orbiting particle’s motion, particularly when reflected in the gravitational waveforms. This is followed by Section V, which examines the observational possibil-

PSfrag replacements

FIG. 2: Central mass functions considered for this paper, where ε = 0.01.

ities that follow from this analysis, particularly concerning rotating solar mass black holes and neutron stars in orbit around intermediate-sized black holes. The likelihood of detecting the effects of mass accretion based on realistic astrophysical models is also considered here. A brief conclusion in Section VI then completes this paper.

The space-time metric is described in +2 signature, where calculations follow the conventions adopted in the reference by Misner, Thorne, and Wheeler [25], and geometric units of G = c = 1 are assumed throughout.

II. EQUATIONS OF MOTION FOR A SPINNING POINT PARTICLE

For a spinning test particle, the MPD equations of motion are DP^μ dτ = − 1 2 R^μ_{ναβ} V^ν S^{αβ} , (1a) DS^{μν} dτ = P^μ V^ν − P^ν V^μ, (1b)

where V^μ = dx^μ/dτ is the particle’s centre-of-mass fourvelocity defined with respect to some affine parameter τ that is not necessarily proper time, P^μ is the particle’s four-momentum, and S^{μν} is the particle’s antisymmetric spin tensor. The tensor components are defined with respect to a co-ordinate basis. On their own, (1a)–(1b) do not completely determine the particle’s motion, as they require two constraints to be satisfied. The first type is an equation to specify the orthogonality conditions of the spin tensor. Following Dixon, the choice adopted for the spin condition is S^{αβ} P_β = 0, which allows for explicit expression of V^μ in terms of P^μ and S^{μν} [26]. This results in

V^α = − P · V m^2 [ P^α + 1 2 S^{αβ} R_{βγμν} P^γ S^{μν} m^2 +^1_4 R_{μνρσ} S^{μν} S^{ρσ} ] , (2)

where m = (−P_μ P^μ)^{1/2} is identified as the point particle’s mass. The second type of constraint is a parametrization condition required to determine P · V in (2), where the choice adopted here is to set V^0 = dt/dτ = 1 throughout the particle’s motion. This allows for identification of the trajectory’s time development with the space-time background’s co-ordinate time.

The space-time background used to describe gravitational collapse from infalling null shells is the Vaidya metric [24]

ds^2 = − ( 1 − 2M (ν) r ) dν^2 + 2 dν dr + r^2 dΩ^2 (3)

written in Eddington-Finkelstein form, where dΩ^2 = dθ^2 + sin^2 θ dφ^2 and ν = ν(t, r) is the advanced null co-ordinate. Given co-ordinates X^μ = (ν, r, θ, φ) corresponding to (3), it follows from the Einstein field equations that R_{μν} = 8π T_{μν} for a null fluid source, where

R_{μν} = κ L_μ L_ν , (4) κ = 2 r^2 dM (ν) dν , (5)

and L_μ = (1, 0, 0, 0) is the ingoing null generator in these co-ordinates satisfying L_μ L^μ = 0.

While it is possible to directly use (3) for the particle motion’s time development with respect to ν, the metric can be expressed in terms of x^μ = (t, r, θ, φ) co-ordinates in order to make use of the co-ordinate time t. To do this involves using the tortoise co-ordinate condition

ν = t + r + 2M_0 ln ( r 2M_0 − 1 ) (6) to write dν as a linear combination of dt and dr, where M_0 is the static Schwarzschild mass of the central body. Then by the co-ordinate transformation X^μ → x^μ and (6), the Vaidya metric takes the form

ds^2 = − ( 1 − 2M (ν) r ) dt^2

+ ( 1 − 2M_0 r )_{−1} 2 − ( 1 −^{2M(ν)}_r ) ( 1 −^{2M0}_r ) dr^2

+ 2 1 − ( 1 −^{2M(ν)}_r ) ( 1 −^{2M0}_r ) dt dr + r^2 dΩ^2 (7)

in terms of lapse and shift vector functions, with the attractive feature that (7) reduces to the Schwarzschild metric for M (ν) → M_0. The new ingoing null generator in (t, r, θ, φ) co-ordinates becomes

l_μ = ∂X^α ∂x^μ L_α = δ^0_μ + ( 1 − 2M_0 r )_{−1} δ^1_μ, (8)

and the corresponding Ricci tensor for (7) is then

R_{μν} = κ l_μ l_ν , (9)

where it can be confirmed that l_μ l^μ = 0.

PSfrag replacements

(a) λ = 0

PSfrag replacements

(b) λ = 1

FIG. 3: Orbital trajectories for a spinning particle around a Schwarzschild black hole. Fig. 3(a) describes the orbit for a particle without MPD spin-gravity coupling (λ = 0), while Fig. 3(b) has the coupling included (λ = 1). The initial spin orientation is θ̂ = φ̂ = π/4 for both cases.

PSfrag replacements

(a) log (λ = 0)

PSfrag replacements

(b) tanh (λ = 0)

PSfrag replacements

(c) exp (λ = 0)

PSfrag replacements

(d) log (λ = 1)

PSfrag replacements

(e) tanh (λ = 1)

PSfrag replacements

(f) exp (λ = 1)

FIG. 4: Orbital trajectories for a spinning particle around accreting masses described by different mass functions. For all cases considered here, ε = 0.10 and the initial spin orientation is θ̂ = φ̂ = π/4. Figs. 4(d)–4(f) indicate that the particle’s polar angular position oscillates about θ = π/2 due to MPD spin-gravity coupling, as observed in Fig. 3(b).

III. FRAMEWORK FOR NUMERICAL SIMULATION

A. Equations of motion

Before proceeding to any numerical analysis of the MPD equations (1a)–(1b), it is useful to express them in a purely vector form, since issues concerning roundoff errors become more manageable than otherwise. This requires writing the equations in terms of a spin vector S^α, defined as S^α ≡ 1 2m ϵ^α_{βμν} P^β S^{μν} , (10) where ϵ_{μναβ} = √ −g σ_{μναβ} is the Levi-Civita tensor described in terms of the alternating symbol σ_{μναβ} with σ_{0123} = 1. Then the spin tensor in terms of S^α is S^{αβ} = 1 m ϵ^{αβμν} P_μ S_ν , (11) where ϵ^{μναβ} = −^{1√}_{−g} σ^{μναβ}. The spin condition

S^α P_α = 0 (12)

then naturally follows from (10), while the spin magnitude S is defined by

S^2 = S^α S_α = 1 2 S^{αβ} S_{αβ}, (13) with units of m M (ν).

Besides the MPD equations, the time evolution of ν must also be taken into account, since information about the mass function M (ν) has to be related to the particle’s position with respect to co-ordinate time t in a consistent way. This requires an extension of the full set of equations to incorporate the algebraic constraint given by the tortoise co-ordinate condition (6), resulting in a Type I differential-algebraic system of equations to solve [27]. Therefore, the extended MPD equations for numerical integration are dP^α dt = −Γ^α_{μν} P^μ V^ν + λ [ 1 2m R^α_{βρσ} ϵ^{ρσ}_{μν} S^μ P^ν V^β ] , (14a) dS^α dt = −Γ^α_{μν} S^μ V^ν + λ [ 1 2m^3 R_{γβρσ} ϵ^{ρσ}_{μν} S^μ P^ν S^γ V^β ] P^α,(14b) dx^α dt = − P · V m^2 [ P^α + 1 2 λ ( S^{αβ} R_{βγμν} P^γ S^{μν} ) m^2 +^1_4 λ (R_{μνρσ} S^{μν} S^{ρσ} ) ] , (14c) dν dt = ( ∂ν ∂t ) r + ( ∂ν ∂r ) t dr dt , (14d)

where the spin condition (12) is assumed throughout the particle’s motion, (6) is utilized to describe (14d), and λ is a dimensionless parameter added to tag all terms with MPD spin-gravity coupling. This turns out to be a very useful device, since the tuning of λ allows for direct comparison between spin evolution involving strictly parallel transport of the spin vector (λ = 0) with the contribution due to spin-gravity coupling (λ = 1).

B. Numerical details

The integration is performed in Fortran 90, using a Runge-Kutta fourth-order algorithm with fixed time steps. For each simulation run presented here, the particle is initially positioned in the x-direction of the coordinate frame defined by the central mass function located at the origin, and follows a counterclockwise orbit. This is illustrated in Figure 1, where the particle’s initial spin orientation is defined by (θ̂, φ̂) co-ordinates following the standard definition of spherical co-ordinates with respect to the particle’s local frame.

The central mass for the Vaidya metric can be described by an arbitrary function of ν, so long as it is monotonically increasing to preserve the weak energy condition. With this in mind, a variety of mass functions are considered in the hope of establishing a correspondence between the time development of M (ν) and the dynamical response of the spinning point particle. For the purpose of making well-defined comparisons, the mass functions are predefined to remain constant from the start of the simulation until ν = ν_0, when the mass accretion rate is then “switched on” and M (ν) is allowed to increase by a small relative value ε < 1 over some predetermined lifetime τ_0 before it gets “switched off”. While there is no claim that this construction for the mass functions accurately reflects physically realistic scenarios, the point of this exercise is to demonstrate the robustness of the MPD equations to describe the effects of the particle’s spin on its orbital dynamics, depending on the growth rate of the mass increase.

All dimensional parameters are described in terms of M_0, the mass of the central body prior to the start of mass accretion at ν = ν_0. In units of M_0, the mass functions considered are the following:

M (ν) = 1, (15a) = 1 + ε ln[1 + (ν − ν_0)/τ_0], (15b) = 1 + ε [exp [(ν − ν_0)/τ_0] − 1] , (15c)

= 1 + ε 2 {tanh [(ν − ν_0)/τ_0] + 1} , (15d)

where (15a) corresponds to a Schwarzschild black hole, (15b) describes a logarithmic mass increase, (15c) refers to an exponential increase, and (15d) defines an increase due to a hyperbolic tangent function. For future reference, these functions are respectively denoted by sch, log, exp, and tanh in the plots presented in this paper. All simulations presented for these functions assume τ_0 = 10^4 M_0, and the choice of ν_0 for each mass function is such that M (ν) = 1 + ε/2 at around t = 10^4 M_0. The relatively large choice for τ_0 is to allow for the mass functions to gradually increase over several orbital cycles. In addition to these mass functions, a step function mass increase (denoted hereafter by step) is simulated by using (15d) with τ_0 = 1 M_0. A plot of the mass functions over time is presented in Figure 2.

IV. NUMERICAL ANALYSIS

With the equations of motion (14a)–(14d) and mass functions (15a)–(15d), it is possible to determine a wide variety of kinematic and dynamical properties associated with the spinning point particle. This section details the numerical results that are obtained from this analysis. All simulations considered here assume for initial conditions a particle mass of m = 10^{−2} M_0. This is consistent with the assumption that the spinning particle is very small compared to the central body in order to satisfy the test particle assumption. The spin-to-mass ratio considered here, which also satisfies the required approximation S/(m r) ≪ 1, is S/m = 5 × 10^{−2} M_0, with exceptions noted as required. As with the choice of m, the spin magnitude is sufficiently large to accommodate for realistic astrophysical conditions while avoiding numerical instabilities that follow from making S too large. Except where otherwise indicated, ε = 0.01 and the ini-

PSfrag replacements

(a) sch

PSfrag replacements

(b) log

PSfrag replacements

(c) step

FIG. 5: Particle displacement off the orbital plane for Schwarzschild, logarithmic, and step mass functions, where ε = 0.01. The dotted line corresponding to the largest amplitude refers to θ̂ = π/2 and φ̂ = 0, the next largest amplitude is described by the thin solid line for θ̂ = φ̂ = π/2, and the thick solid horizontal line corresponds to θ̂ = 0.

PSfrag replacements

(a) tanh (θ̂ = 0)

PSfrag replacements

(b) tanh (θ̂ = π)

FIG. 6: Effects of initial spin orientation on the particle’s orbital stability, assuming the hyperbolic tangent mass function with ε = 0.01, v = 0.395 c, and S/m = 5×10^{−3} M0 . The solid line corresponds to λ = 0, while the dotted line refers to λ = 1. From Fig. 6(a), it is clear that spin orientation along θ̂ = 0 leads to orbital stability when MPD spin-gravity coupling is taken into account, while from Fig. 6(b) an orientation along θ̂ = π leads to an accelerated orbital inspiral.

tial orbital speed of the particle is v = 0.350 c, which corresponds to an initial radius of r ≈ 8 M_0.

A. Orbital kinematics

A sampling of orbital trajectories for a classical spinning particle are presented in Figures 3 and 4, where Figure 3 describes the orbit around a Schwarzschild black hole and Figure 4 lists the orbits for the logarithmic, hyperbolic tangent, and exponential mass functions, where ε = 0.10. As well, the initial spin orientation is θ̂ = φ̂ = π/4 for each plot.

From Figure 3(a), it is clear that the particle follows a stable circular orbit due to purely geodesic motion (λ = 0), while Figure 3(b) shows the contribution of the MPD spin-gravity coupling (λ = 1) with a slight quasiperiodic oscillation of the particle’s position about the θ = π/2 orbital plane. However, for these initial conditions the orbital radius remains largely unchanged due to the force and torque terms in the MPD equations. In contrast, Figure 4 shows that the accreting mass can significantly alter the trajectory for sufficiently large ε, leading to precessing ellipsoidal orbits. In particular, it is clear from comparing Figures 4(a)–4(c) to Figures 4(d)– 4(f) that the influence of MPD spin-gravity coupling is relatively small compared to the particle’s centre-of-mass motion due to the geodesic equation. Nonetheless, there are differences in that there is both some oscillation about the orbital plane and a slight reduction of the orbital eccentricity due to the presence of spin. Not surprisingly, the orbiting particle responds in proportion to the degree of central mass increase with time, and that the MPD force and torque terms are similarly responsive for the assumed spin orientation.

To determine the effect of MPD spin-gravity coupling on particle confinement to the orbital plane, Figure 5 describes its z-component amplitude over time for the Schwarzschild, logarithmic, and step mass functions. For spin orientation prepared along the radial direction (θ̂ =

PSfrag replacements

(a) log (θ̂ = φ̂ = π/4)

PSfrag replacements

(b) step (θ̂ = φ̂ = π/4)

FIG. 7: Polar angular displacement for Schwarzschild, logarithmic, and step mass functions, where ε = 0.01 and θ̂ = φ̂ = π/4. The oscillating solid and dashed lines correspond to λ = 1, where the latter describes the displacement due to a Schwarzschild black hole. In contrast, the solid horizontal line for λ = 0 shows that MPD spin-gravity coupling is the sole contributor to the polar displacement observed.

π/2 and φ̂ = 0), the amplitude is z ≈ 0.3 M_0, while an orientation along the tangential direction (θ̂ = φ̂ = π/2) produces a slightly reduced amplitude of z ≈ 0.2 M_0. This leads to a 2.50-3.75% displacement when compared to the particle’s initial radial position. It is also clear from Figures 5(a)–5(c) that a spin orientation normal to the orbital plane (θ̂ = 0) produces no obvious displacement. In addition, there is no evidence of amplitude growth due to mass accretion, regardless of the particle’s spin orientation.

It is of interest to examine the influence of spin on the particle’s orbital stability over time for situations where the centre-of-mass motion alone leads to an inspiral. This is demonstrated in Figure 6 for the hyperbolic tangent mass function, which compares the lifetime of the particle’s orbit, where v = 0.395 c. Comparison of Figures 6(a) and 6(b) shows that the spin component along the θ = 0 direction is solely responsible for producing stability in the particle’s orbit, and that a spin component directed along the θ = π direction increases the inspiral rate when

PSfrag replacements

(a) sch (θ̂ = φ̂ = π/4)

PSfrag replacements

(b) tanh

FIG. 8: Azimuthal angular displacement for Schwarzschild and hyperbolic tangent mass functions, where ε = 0.01. For Fig. 8(b), the effect of MPD spin-gravity coupling leads to a decrease in angular displacement compared to geodesic motion (λ = 0) due to θ̂ = 0 spin orientation, as described by the dotted line. The dashed line corresponding to θ̂ = π shows a slight increase by roughly the same amount.

compared to purely geodesic motion. Given that most (if not all) observed binary systems have their orbital and spin angular momenta pointed in the same general direction, this result makes intuitive sense.

As demonstrated by the orbital trajectories of Figures 3 and 4, there is an oscillation of the particle’s polar angular position about θ = π/2 due to the force and torque terms in the MPD equations of motion. A closer examination of this effect is presented in Figure 7, with a comparison of the polar angle displacement for Schwarzschild, logarithmic, and step mass functions as a function of time, with ε = 0.01. All plots here show that a polar displacement of Δθ ≈ 7.7 × 10^{−3} π about the θ = π/2 orbital plane occurs due to MPD spingravity coupling. When mass accretion is taken into account, the frequency of oscillation increases in accordance with the rate of mass increase, as suggested by Figures 7(a) and 7(b), though the maximum displacement from θ = π/2 remains largely constant.

It is also evident from Figure 8 that the MPD spin-

PSfrag replacements

(a) tanh (θ̂ = φ̂ = π/4)

PSfrag replacements

(b) exp (θ̂ = φ̂ = π/4)

PSfrag replacements

(c) step (θ̂ = φ̂ = π/4)

FIG. 9: Phase difference in particle’s centre-of-mass azimuthal position due to dynamical central mass when compared to Schwarzschild mass for λ = 1. Figs. 9(a)–9(c) show that mass accretion induces a phase advance in the particle’s orbit that reflects the rate of mass increase.

PSfrag replacements

(a) log (θ̂ = φ̂ = π/4)

PSfrag replacements

(b) tanh (θ̂ = φ̂ = π/4)

FIG. 10: Polar component of the particle’s four-momentum for the logarithmic and hyperbolic tangent mass functions, where ε = 0.01. The dashed line describes the amplitude due to a Schwarzschild black hole.

gravity coupling has an influence on the overall angular displacement in the azimuthal direction, depending on the initial spin orientation. For spin orientation with a component along θ = 0, the particle’s orbital frequency decreases when compared to that due to centre-of-mass motion only, while a component along θ = π drives up the frequency by about the same rate. This is demonstrated by Figure 8(b) for the hyperbolic tangent mass function. There is no observed difference in the particle’s azimuthal position due to MPD spin-gravity coupling for spin orientations confined to the orbital plane.

Another interesting feature is presented in Figure 9, which plots the degree of phase advance defined by

δφ(t) ≡ φ(t)_{Vaidya} − φ(t)_{Sch} (16)

for a given moment in time during the simulation. Comparing Figures 9(a)–9(c) for the hyperbolic tangent, exponential, and step mass functions, respectively, it appears that the amount of phase advance over time is roughly proportional to the rate of mass increase at a given moment. Given that the orbital period is around 146.5 M_0, a π/2 phase shift beyond what is plotted at t = 10^4 M_0 for the hyperbolic tangent function occurs after about 14 particle orbits, while the same effect occurs after roughly 10 orbits for the exponential function. Reflecting the sudden mass increase at t = 10^4 M_0 for the step mass function, the π/2 shift occurs in just five orbits of the particle.

B. Particle dynamics

The extended MPD equations of motion (14) form a twelve-dimensional dynamical system for the time evolution of the particle’s position, linear momentum, and spin angular momentum vectors. It follows that a complex interplay should exist between the linear and spin angular momentum components that leads to the orbital kinematics described earlier. While it is difficult to determine precisely how the interplay unfolds, it is possible to see some interesting properties of the dynamical variables in isolation, particularly when there is a time-evolving metric due to mass accretion.

One example is found in Figure 10, which describes the polar component of the particle’s four-momentum over time. When mass accretion is taken into account, as shown by Figures 10(a)–10(b), the polar momentum

PSfrag replacements

(a) sch (θ̂ = 0)

PSfrag replacements

(b) tanh (θ̂ = 0)

PSfrag replacements

(c) tanh (θ̂ = π)

FIG. 11: Azimuthal component of the particle’s four-momentum for Schwarzschild and hyperbolic tangent mass functions, where ε = 0.01. Fig. 11(b) shows that the MPD spin-gravity coupling reduces the orbital speed for θ̂ = 0, while the opposite is true for θ̂ = π, as shown by Fig. 11(c).

PSfrag replacements

(a) sch (θ̂ = 0)

PSfrag replacements

(b) tanh (θ̂ = 0)

PSfrag replacements

(c) tanh (θ̂ = π)

FIG. 12: Polar component of the particle’s spin angular momentum for Schwarzschild and hyperbolic tangent mass functions, where ε = 0.01. The mass accretion moderately boosts the magnitude of S^θ , as shown by comparing Figs. 12(a)–12(b). The MPD spin-gravity coupling reduces the spin magnitude for θ̂ = 0, while Fig. 12(c) shows an increase in the magnitude for θ̂ = π.

component oscillates more rapidly in response to where the mass accretion rate is strongest. A second example of note shows the time-averaged evolution of the particle’s azimuthal component of its four-momentum, described by Figure 11. (All time-averaged plots presented in this paper are calculated over an interval of Δt = 10^3 M_0.) From Figures 11(b) and 11(c), it is evident that the MPD spin-gravity coupling acts to reduce the tangential momentum if the spin component is projected along θ̂ = 0, while it increases ⟨P^φ⟩ if the spin has a projection along θ̂ = π. Similarly, from Figure 12, the polar component of the particle’s spin angular momentum exhibits a similar behaviour. Comparing Figures 12(b) and 12(c), it follows that the MPD spin-gravity coupling reduces the magnitude of ⟨S^θ ⟩ for projections along θ̂ = 0 while it increases the magnitude for projections of the spin orientation in the opposite direction. The effect of the mass accretion, as especially shown in Figures 11 and 12, is to moderately increase the overall magnitude of the particle’s linear and spin angular momenta.

It is particularly interesting to investigate the effects of mass accretion on the orbital angular momentum’s rate of change with respect to time. A straightforward calculation shows that the spinning particle’s orbital angular momentum components are L^r = 0, (17a) L^θ = −r sin θ P^φ, (17b) L^φ = r P^θ/ sin θ, (17c) while the components of the torque on the particle are dL^r dt = r^2 sin θ ( dθ dt P^φ − dφ dt P^θ ) , (18a) dL^θ dt = − [ r ( sin θ dP^φ dt + cos θ ( dθ dt P^φ + dφ dt P^θ ))

+ 2 sin θ dr dt P^φ ] , (18b) dL^φ dt = 1 sin θ [ r ( dP^θ dt − sin θ cos θ dφ dt P^φ )

+ 2 dr dt P^θ ] . (18c)

For a particle in circular motion confined to the θ = π/2 orbital plane, (18) is identically zero, as expected. Figure 13 is a time-averaged plot of (18a)–(18c) with respect

PSfrag replacements

(a) sch ⟨dL^r /dt⟩

PSfrag replacements

(b) sch ⟨dL^θ/dt⟩

PSfrag replacements

(c) sch ⟨dL^φ /dt⟩

PSfrag replacements

(d) exp ⟨dL^r /dt⟩

PSfrag replacements

(e) exp ⟨dL^θ/dt⟩

PSfrag replacements

(f) exp ⟨dL^φ/dt⟩

FIG. 13: Time-averaged orbital torque on the spinning particle for Schwarzschild and exponential mass functions, where ε = 0.01 and θ̂ = φ̂ = π/4. While some variation exists due to MPD spin-gravity coupling, Figs. 13(a)–13(f) show that orbital angular momentum is still conserved.

PSfrag replacements

(a) tanh (θ̂ = 0)

PSfrag replacements

(b) tanh (θ̂ = π)

FIG. 14: Radiation density for an observer comoving with the spinning particle due to the hyperbolic tangent mass function, where ε = 0.01.

to time for the Schwarzschild and exponential mass functions, where θ̂ = φ̂ = π/4. While there is some variation present in ⟨dL^i/dt⟩ due to MPD spin-gravity coupling, it is quite clear that orbital angular momentum is still a conserved quantity on average.

C. Radiation density of the Vaidya Space-time background

Because the Vaidya metric satisfies the Einstein field equations in matter described by a null fluid, a particle in orbit will come in contact with the surrounding radiation, with possible dynamical consequences. The radiation density corresponding to the Vaidya background, as measured by a local observer [24], is

q = T_{μν} V^μ V^ν = 1 8 π R_{μν} V^μ V^ν, (19)

where R_{μν} is described by (9).

It is of interest to find out whether the MPD equations have any effect on the radiation density, as seen by a local stationary observer. To find out, a plot of (19) is presented in Figure 14 for the case of the hyperbolic tangent mass function. From comparing Figures 14(a) and 14(b) for initial spin orientations of θ̂ = 0 and θ̂ = π, respectively, it is shown that the MPD spin-gravity coupling induces about a 3% shift in the measured radiation density with respect to the maximum value determined by geodesic motion. It happens that only the component of spin projected along the z-direction is sensitive to the difference in measured radiation density, and the results shown here are consistent with the kinematic effects of the spin orientation presented earlier. Because of the velocity dependence inherent in (19), the local radiation density is analogous to a velocity-dependent drag effect with the dimensions of pressure. However, it is also apparent that with a maximum magnitude of only q ≈ 6×10^{−10} M^{−2}_0 that rapidly decays to zero, the radiation density of the Vaidya background appears to have little impact on the spinning particle’s orbital motion.

D. Gravitational waveforms and radiation

The next step in this Section is to obtain the gravitational waveforms and generate the radiation output of the spinning particle while in orbit around the accreting central mass. For this exercise, the + and × polarization modes are described by the transverse traceless (TT) gauge, where the reduced quadrupole moment formula is assumed throughout for all relevant calculations. Although this assumption is most likely not sufficient for the purposes of comparing with potential observations by LIGO or LISA, where a more sophisticated analysis in terms of black hole perturbation theory may be required, it is still possible to gain valuable qualitative information about the waveforms’ leading-order properties.

To begin, the reduced quadrupole moment [21] for the point particle is Q_{ij} = m ( x_i x_j − 1 3 δ_{ij} r^2 ) , (20)

where x_i is the particle’s Cartesian co-ordinate in space relative to the central mass. Before proceeding further, it should be noted that (20) is defined for co-ordinates that are isotropic in space, where the tensor indices are raised and lowered with the Minkowski metric. Because the Vaidya metric as represented by (7) is not isotropic in space, there will be some lack of precision in the gravitational waveform amplitudes due to corrections in the radial and/or time co-ordinate to generate a more suitably defined metric. Using as a guideline the co-ordinate transformation [28]

r̄(r) = r 2 [ 1 − M r + ( 1 − 2M r )_{1/2}] (21a)

r(r̄) = ( 1 + M 2r̄ )_2

r̄ (21b)

to describe the Schwarzschild metric in terms of isotropic spherical co-ordinates (r̄, θ, φ), it follows that r̄ ≈ 7 M_0 for r ≈ 8 M_0, with an error of approximately 12%. Because it appears unlikely that (7) can be put into isotropic form in a simple manner, and given the likelihood that LIGO’s or LISA’s signal-to-noise ratio will not notice the difference, the waveforms presented below offer a reasonably suitable qualitative description of the gravitational radiation generated by the spinning particle.

In the TT gauge and for an observer located at (r_0, θ_0, φ_0), the + and × polarization mode amplitudes for the quadrupole moment formula are

h_+ = ( cos^2 θ_0 + 1 4 ) [cos 2φ_0 (h_{xx} − h_{yy})

+ 2 sin 2φ_0 h_{xy}] − 1 4 sin^2 θ_0 (h_{xx} + h_{yy} − h_{zz}) − 1 2 sin 2θ_0 (cos φ_0 h_{xz} + sin φ_0 h_{yz}) , (22a)

h_× = − 1 2 cos θ_0 [sin 2φ_0 (h_{xx} − h_{yy}) − 2 cos 2φ_0 h_{xy}]

+ sin θ_0 (sin φ_0 h_{xz} + cos φ_0 h_{yz}) , (22b)

where h_{ij} = 2 r_0 d^2Q_{ij} dt^2 . (23)

For the purpose of this paper, the observer is located along the orbital plane in the x-direction, where θ_0 = π/2 and φ_0 = 0. From this vantage point, any particle whose motion is confined to the orbital plane will only generate h_+. Therefore, any observation of h_× with significant amplitude is a certain indicator of a force applied on the particle along the polar direction.

To compare the contributions of MPD spin-gravity coupling to the + polarization mode, a set of plots for h_+ for the Schwarzschild, exponential, and step mass functions are listed in Figure 15, where θ̂ = φ̂ = π/4 and ε = 0.01. A review of Figures 15(a) and 15(d) for the Schwarzschild mass shows that h_+ reveals a slightly jagged peak structure in the waveforms when the force and torque terms in the MPD equations of motion are incorporated, though there is no obvious increase in the waveform’s amplitude or frequency of oscillation.

When the effects of mass accretion are included, the particle’s orbital response does get reflected in the + mode, albeit with a very slight increase in the h_+ amplitude over time. Comparison of Figures 15(b) and 15(e) with their respective Schwarzschild counterparts shows how h_+ responds to mass accretion. This is evident in the step mass function examples of Figures 15(c) and 15(f), where it is obvious that a sudden change of mass had occurred at t = 10^4 M_0. It is particularly interesting to note for the step function examples that the effect of mass accretion alone is capable of producing a jagged peak structure in h_+ due to purely geodesic motion (λ = 0) that is virtually indistinguishable from the corresponding plot when MPD spin-gravity coupling is incorporated. A short spike does appear in the amplitude of Figure 15(f) when the mass accretion rate is almost infinite. Although it is possibly a numerical artifact only, the amplitude spike may be a legitimate signal due to MPD spin-gravity coupling, since the step mass function as defined from (15d) is formally smooth.

PSfrag replacements

(a) sch (λ = 0)

PSfrag replacements

(b) exp (λ = 0)

PSfrag replacements

(c) step (λ = 0)

PSfrag replacements

(d) sch (λ = 1)

PSfrag replacements

(e) exp (λ = 1)

PSfrag replacements

(f) step (λ = 1)

FIG. 15: Waveforms in the + polarization mode for Schwarzschild, logarithmic, and step mass functions, where ε = 0.01. The initial spin orientation for all cases is θ̂ = φ̂ = π/4. The effects of MPD spin-gravity coupling shows that a distinctive modulation appears in the waveform peaks.

PSfrag replacements

(a) log (λ = 0)

PSfrag replacements

(b) exp (λ = 0)

PSfrag replacements

(c) tanh (λ = 0)

PSfrag replacements

(d) log (λ = 1)

PSfrag replacements

(e) exp (λ = 1)

PSfrag replacements

(f) tanh (λ = 1)

FIG. 16: Waveforms in the + polarization mode for logarithmic and exponential mass functions, where ε = 0.01, θ̂ = φ̂ = π/4, v = 0.395 c, and S/m = 5 × 10^{−3} M0. A well-defined amplitude modulation due to MPD spin-gravity coupling is present in Figs.16(d)–16(f) during the final stages of particle inspiral.

PSfrag replacements

(a) sch

PSfrag replacements

(b) log

PSfrag replacements

(c) step

FIG. 17: Waveforms in the × polarization mode for Schwarzschild, logarithmic, and step mass functions, where ε = 0.01. The dotted line representing the largest amplitude corresponds to θ̂ = π/2 and φ̂ = 0, the thin solid line for the second largest amplitude refers to θ̂ = φ̂ = π/2, and the thick solid horizontal line represents θ̂ = 0.

PSfrag replacements

(a) log

PSfrag replacements

(b) exp

FIG. 18: Waveforms in the × polarization mode for logarithmic and exponential mass functions, where ε = 0.01, θ̂ = φ̂ = π/4, v = 0.395 c, and S/m = 5 × 10^{−3} M0.

A more interesting set of plots is found in Figure 16, which captures the h_+ waveform of a particle in the final stages of its inspiralling orbit. For both the logarithmic and exponential mass functions considered, where v = 0.395 c, S/m = 5 × 10^{−3} M_0, and θ̂ = φ̂ = π/4, the familiar-looking “chirp” signal appears during the particle’s final moments before its demise. Comparison of Figures 16(d)– 16(f) with their respective plots for λ = 0 suggests the presence of a modulation in the amplitude before final inspiral due to MPD spin-gravity coupling. However, the degree of modulation is very slight for these examples, and it is unlikely to be able to identify the presence of particle spin in h_+, given the precision required for LIGO or LISA to identify a candidate signal.

In contrast, of potentially much greater relevance for this paper is the effect of MPD spin-gravity coupling on the h_× waveform and the correlation of amplitude with its spin orientation. Because the particle oscillates about θ = π/2, some × polarization radiation must be emitted, though it is not obvious about the amplitude strength when compared to h_+, as seen by an observer on the orbital plane. Figure 17 lists the × mode waveforms for the Schwarzschild, logarithmic, and step mass functions, where the dotted line corresponds to initial spin orientation θ̂ = π/2 and φ̂ = 0, the thin solid line describes θ̂ = φ̂ = π/2, and the thick solid horizontal line represents θ̂ = 0. For the case of an inspiralling particle, Figure 18 list the plots of h_× for the logarithmic and exponential functions, where v = 0.395 c, and S/m = 5 × 10^{−3} M_0. It is interesting to note that the maximum amplitude of h_× is about 5% of the corresponding amplitude for h_+, as described by Figure 15. While the projection of spin orientation along the radial direction of motion (θ̂ = π/2 and φ̂ = 0) contributes the largest amplitude, the contribution along the tangential direction (θ̂ = φ̂ = π/2) is comparably large, as it generates about 55% of the maximum amplitude. For spin orientation along the positive normal direction (θ̂ = 0), there is no × mode radiation emitted. These results suggests the interpretation that, over time, the particle is trying to align its spin in the positive z-direction as a point of stable equilibrium, reinforcing the same claim made earlier based on other data.

A view of Figure 17(a) describing h_× for the Schwarzschild mass shows a well-defined and symmetrical modulation of the amplitude due to the MPD spin gravity coupling. The effect of mass accretion, as described by Figures 17(b) and 17(c), causes a slight distortion in the amplitude, which becomes more noticeable with a faster rate of mass accretion. More significantly, however, the wavetrain gets compressed over the time scale where the mass accretion is most pronounced, with a more narrow modulation of h_+. This is especially clear from the step function plots in Figure 17(c) where the particle is able to fit in roughly an extra six or more orbital cycles over the same time scale as compared to Figure 17(a). This

PSfrag replacements

(a) sch (θ̂ = φ̂ = π/4)

PSfrag replacements

(b) log (θ̂ = φ̂ = π/4)

PSfrag replacements

(c) tanh (θ̂ = φ̂ = π/4)

FIG. 19: Gravitational wave amplitude for Schwarzschild and other mass functions, averaged over all directions. As shown by Figs. 19(b) and 19(c), the amplitude increases in direct response to the mass function’s rate of growth. The MPD spin-gravity coupling slightly reduces the amplitude compared to the respective value for geodesic motion for each case.

PSfrag replacements

(a) sch (λ = 0)

PSfrag replacements

(b) tanh (λ = 0)

PSfrag replacements

(c) step (λ = 0)

PSfrag replacements

(d) sch (λ = 1)

PSfrag replacements

(e) tanh (λ = 1)

PSfrag replacements

(f) step (λ = 1)

FIG. 20: Energy emission rate for Schwarzschild, hyperbolic tangent, and step mass functions, where ε = 0.01 and θ̂ = φ̂ = π/4. The MPD spin-gravity coupling has a modulating effect on the emission rate, though for most mass functions considered the net energy loss is effectively zero. The only exception is for the step mass function, where there is a non-zero emission at the moment when the mass suddenly increases. From comparing Fig. 20(f) to Fig. 20(c), the MPD spin-gravity coupling slightly increases the energy emission rate for this choice of spin orientation, though the effect is still negligibly small.

phase shift is also present for the logarithmic function in Figure 17(b), albeit a slightly more modest effect in this case.

The next step is to examine the impact of mass accretion on the predicted energy and orbital angular momentum emission rates for radiation generated by the spinning point particle. One area where the impact becomes immediately apparent occurs when plotting the overall amplitude A of the space-averaged gravitational wave [21], where from (23), A ≡ ( h_{ij} h^{ij} )_{1/2}

= 2 r_0 ( d^2Q_{ij} dt^2 d^2Q^{ij} dt^2 )_{1/2} . (24)

Plots of (24) scaled with r_0 are listed in Figure 19, which describe the gravitational wave amplitude for each of the mass functions. From Figure 19(a), the MPD spin gravity coupling has the effect of slightly reducing the overall amplitude compared to that from purely geodesic motion, while generating a relatively large variation. When mass accretion is incorporated, it is clear from Figures 19(b) and 19(c) that the amplitude responds almost immediately and in proportion to the mass accretion rate. It is interesting to note that, from Figure 19(c), the amplitude variation for the λ = 0 plot is roughly a quarter as for the λ = 1 plot, and the reason for this anomalous behaviour is not entirely clear, especially when compared to Figure 19(b). One possible explanation is that the spingravity interaction due to parallel transport gradually grows over time for a smoothly evolving mass function, while this opportunity is not available for the other mass functions considered. Therefore, it may be a numerical byproduct only.

It is of interest to determine how much energy and orbital angular momentum gets radiated away by the spinning particle in orbit around an accreting mass. Based on the quadrupole moment formula, the energy emission rate and the Cartesian component of the orbital angular momentum emission rate are [21] ⟨ dE dt ⟩ rad = 1 5 ⟨ d^3Q_{ij} dt^3 d^3Q^{ij} dt^3 ⟩ , (25) ⟨ dL^i dt ⟩ rad = 2 5 ϵ^{ijk} ⟨ d^2Q_{jm} dt^2 d^3Q^m_k dt^3 ⟩ , (26)

where these expressions are time-averaged over several cycles. The sign conventions adopted for (25) and (26) are that positive-valued energy and angular momentum are gained by the system.

Figure 20 lists a set of energy emission rate plots for the Schwarzschild, hyperbolic tangent, and step mass functions, with spin orientation θ̂ = φ̂ = π/4. Comparing Figures 20(a) and 20(d) for the Schwarzschild mass shows that the the MPD spin-gravity coupling modulates the emission rate, but remains essentially zero-valued. Similarly, Figures 20(b) and 20(e) corresponding to the hyperbolic tangent mass function shows that while a gradual mass accretion adds some structure to the plot, the net effect on the emission rate is negligible. The exception to this rule occurs when the mass accretion rate is very rapid, such as found in Figures 20(c) and 20(f) for the step mass function, where a sudden burst of radiation is emitted from the particle at the moment where the mass increase rate is highest before settling back to zero emission. The effect of MPD spin-gravity coupling for this instance is to reduce the emission rate to a practically negligible magnitude.

The presence of particle spin adds an interesting dimension to the decay of orbital angular momentum from gravitational radiation. This is evident from examining Figure 21, which details the time-averaged emission rate along all three spatial directions due to the Schwarzschild and exponential mass functions, assuming ε = 0.01 and θ̂ = φ̂ = π/4 for the initial spin orientation. Not surprisingly, the loss of orbital angular momentum is overwhelmingly directed along the θ-direction, which is normal to the θ = π/2 orbital plane, where the emission is two orders of magnitude higher than for the contributions along the radial and azimuthal directions. (It is important to remember that, for a particle in counterclockwise orbit along the θ = π/2 plane, the orbital angular momentum is directed along the negative θ-direction.)

Focussing for the moment on Figures 21(a)–21(c) for the Schwarzschild case, the first interesting point is that the system gains orbital angular momentum along the radial and azimuthal directions due to MPD spin-gravity coupling, while there is no corresponding emission for purely geodesic motion. The λ = 1 plot for Figure 21(a) shows that |⟨dL^r/dt⟩_{rad}| ≈ 3.5 × 10^{−9} M_0. For Figure 21(c), |r sin θ ⟨dL^φ/dt⟩_{rad}| ≈ 2.4 × 10^{−8} M_0, roughly an order of magnitude larger. However, the bulk of the radiation emission is along the θ-direction, with magnitude | |r ⟨dL^θ/dt⟩_{rad} | | ≈ 3.1 × 10^{−6} M_0 from Figure 21(b).

Over the course of one orbit, the estimated radiation loss is ΔL^θ ≈ ⟨ dL^θ dt ⟩ rad Δt ≈ 5.5 × 10^{−5} M_0, (27)

where Δt ≃ 1.4 × 10^2 M_0 for a single orbit. By comparison, L^θ = −4.16 × 10^{−3} M_0 and S^θ = −6 × 10^{−5} M_0 for the spinning particle, so (27) radiates away a magnitude of angular momentum comparable to that of the particle’s spin angular momentum.

Concerning the contribution of MPD spin-gravity coupling to the angular momentum emission rate, this can be estimated by comparing the λ = 0 and λ = 1 plots in Figure 21(e), where it follows that the spin interaction reduces the emission rate by about 5%. In addition, it follows that the exponential mass accretion rate increases ⟨dL^θ/dt⟩_{rad} by roughly 10% over the time interval where the growth rate is in effect.

E. Power spectrum analysis

An important aspect of this analysis concerns determining the frequency distribution of the power output associated with the gravitational radiation from the spinning particle. It is particularly interesting to know the impact of MPD spin gravity coupling on the power spectrum, and its relative contribution compared to that of purely geodesic motion. Figures 22–24 describe the power spectra for a spinning test particle in stable quasicircular orbit for each of the mass functions considered, assuming a spin orientation of θ̂ = φ̂ = π/4, where the spectra are defined in units of m^2.

For the Schwarzschild mass function with λ = 0, Figure 22(a) shows a single resonance peak at ω ≈ 400 M^{−1}_0 with a maximum power of dE/dω ≈ 8.8 × 10^{−3} m^2. This peak, corresponding to the frequency of the orbit, is common to all power spectrum plots presented here. By comparison as shown in Figure 22(b), the contribution

PSfrag replacements

(a) sch ⟨dL^r /dt⟩_{rad}

PSfrag replacements

(b) sch ⟨dL^θ/dt⟩_{rad}

PSfrag replacements

(c) sch ⟨dL^φ /dt⟩_{rad}

PSfrag replacements

(d) exp ⟨dL^r /dt⟩_{rad}

PSfrag replacements

(e) exp ⟨dL^θ/dt⟩_{rad}

PSfrag replacements

(f) exp ⟨dL^φ/dt⟩_{rad}

FIG. 21: Orbital angular momentum emission rate for Schwarzschild and exponential mass functions, where ε = 0.01 and θ̂ = φ̂ = π/4. The dashed oscillating lines in Figs. 21(d) and 21(f) correspond to radiated orbital angular momentum of the particle orbiting a Schwarzschild black hole.

PSfrag replacements

(a) sch (λ = 0)

PSfrag replacements

(b) sch (λ = 1)

FIG. 22: Power spectra for the Schwarzschild mass function, where θ̂ = φ̂ = π/4.

of MPD spin gravity coupling has the effect of generating two well-defined but smaller peaks, with a frequency separation of Δω ≈ 100 M^{−1}_0 . While there is a slight reduction of maximum power at the principal frequency, there is no fundamental difference present between the two plots.

The effect of mass accretion imposes distinctive structure on the power spectrum plots. As shown in Figure 23, the the power spectra for the logarithmic and exponential mass functions exhibit similar properties, both for λ = 0 and λ = 1, particularly in that the principal peak is slightly broader than found in the Schwarzschild case. This is not surprising given that the mass functions evolve similarly over time. Comparison of Figures 23(a) and 23(b) for the logarithmic mass function shows that the MPD spin-gravity coupling also generates the two smaller peaks with the same frequency separation as found in Figure 22, except that the lowest frequency one at ω ≈ 300 M^{−1}_0 is slightly smaller in height, and that both smaller peaks are slightly distorted. These properties also present for the exponential mass function case in Figures 23(c) and 23(d).

PSfrag replacements

(a) log (λ = 0)

PSfrag replacements

(b) log (λ = 1)

PSfrag replacements

(c) exp (λ = 0)

PSfrag replacements

(d) exp (λ = 1)

FIG. 23: Power spectra for the logarithmic and exponential mass functions, where θ̂ = φ̂ = π/4.

The hyperbolic tangent and step mass functions in Figure 24 generate a power spectra with much greater complexity than found with the other functions. This is most evident when the effects of MPD spin-gravity coupling are considered, since at least four or five smaller peaks can be easily identified in Figures 24(b) and 24(d). The only exception in similarity comes from comparing Figures 24(a) and 24(c) for λ = 0, where the former reflects a much greater influence of MPD spin gravity coupling on the corresponding power spectrum than the latter.

For the case of an infalling spinning particle with θ̂ = φ̂ = π/4, v = 0.395 c, and S/m = 5 × 10−3 M_0, the peak structure for the power spectrum changes considerably. Figures 25 and 26 show that only one resonance largely appears and is shifted towards the viscinity of ω ≈ 200 M^{−1}_0 for all plots. The only exception to this pattern is Figure 26(b), whose resonance peak remains at around ω ≈ 400 M^{−1}_0 . For all cases, however, the power output at resonance drops by about an order of magnitude compared to the corresponding sets for stable orbits.

V. OBSERVATIONAL POSSIBILITIES

The essential motivation for examining the dynamical behaviour of spinning particles in Vaidya space-time is to determine the predicted gravitational waveforms that may, in principle, become observable by detectors such as LIGO or LISA. However, the likelihood of actually observing the effects of radiation-induced mass accretion in this manner, both on conceptual and practical grounds, seems negligible when compared to the behaviour determined by a Schwarzschild black hole. The main reason for this is because the amount of mass accretion required over a reasonable observation time is many orders of magnitude larger than allowed for by the Eddington luminosity limit for physically realistic mass accretion models. Further to this point is that because the central mass is non-rotating, the system lacks the presence of spin angular momentum to drive up the mass accretion rate to a more robust level.

To better illustrate the difficulty of observing spherically symmetric mass accretion in the waveforms, the Eddington limit imposes a mass accretion rate of [29]

Ṁ = 3 × 10^{−22} γ^{−1} ( M_0 M_⊙ ) , (28)

PSfrag replacements

(a) tanh (λ = 0)

PSfrag replacements

(b) tanh (λ = 1)

PSfrag replacements

(c) step (λ = 0)

PSfrag replacements

(d) step (λ = 1)

FIG. 24: Power spectra for hyperbolic tangent and step mass functions, where ε = 0.01 and θ̂ = φ̂ = π/4.

in geometric units, where γ ≈ 0.1 is the energy release efficiency of the outgoing photon flux to counterbalance the radiation mass accretion. To correct for the condition that only a small fraction of the infalling photons get radiated away, the mass accretion rate is then dM/dt = (1 − γ) Ṁ . Therefore, the time required to observe a central mass increase of ΔM = ε M_0 is

Δt = ΔM dM/dt = 3.7 × 10^{20} ε M_⊙

= 5.8 × 10^7 ε years. (29)

To then detect within the gravitational waveforms a 1% increase in the central mass requires an observation time on the order of 10^5 years. Similarly, a one-year observation time can yield, at best, an observable mass increase of only ΔM ≈ 10^{−8} M_0, which must be negligibly small for the design capabilities of LIGO or LISA. It is uncertain at present whether such a small effect may become reasonably detectable with the advent of future gravitational wave observatories. Nevertheless, the usefulness of this investigation comes from providing a theoretical testing ground for these same mass accretion models by comparing the predicted waveforms with actual signals.

Given the power spectrum plots of Figures 22–26, it is important to know the size of central mass that is required for the resonance to fall within the frequency detection bands of LIGO and LISA. This can be determined by letting M_0 = α M_⊙ for some unspecified parameter α and evaluating the resonance peak at around ω ≈ 400 M^{−1}_0 in terms of M^{−1}_⊙ = 2.03 × 10^5 Hz. It then follows that

ω ≈ 8.12 × 10^7 α^{−1} Hz. (30)

Assuming that the spinning point particle is a solar mass Kerr black hole or rapidly rotating neutron star, α = 10^3 and ω ≈ 8.12 × 10^4 Hz, which is about two orders of magnitude beyond LIGO’s upper limit in its frequency band, but may perhaps be open for observation by a next-generation interferometer. To fall well within LIGO’s bandwidth then requires that α = 10^5 − 10^6, which implies that the orbiting point particle must be an intermediate-sized Kerr black hole with m = 10^3 −10^4 M_⊙. In order to satisfy LISA’s bandwidth, it is necessary that α = 10^8−10^9, with m = 10^6−10^7 M_⊙. On the surface, it seems implausible to expect to find in abundance binary systems composed of two supermassive black holes. Nonetheless, it may not be completely outside the realm of possibility, since there appears to be no obvious reason why supermassive black hole binaries should not be found within the known Universe.

PSfrag replacements

(a) log (λ = 0)

PSfrag replacements

(b) log (λ = 1)

PSfrag replacements

(c) exp (λ = 0)

PSfrag replacements

(d) exp (λ = 1)

FIG. 25: Power spectra for logarithmic and exponential mass functions determined by a spinning particle in an inspiraling orbit, where ε = 0.01, θ̂ = φ̂ = π/4, v = 0.395 c, and S/m = 5 × 10^{−3} M0 .

VI. CONCLUSION

This paper investigated the dynamics of a classical spinning point particle in orbit around a gravitationally collapsing central mass due to radiation accretion, as described by the Vaidya metric. It is demonstrated that the Mathisson-Papapetrou-Dixon equations have a discernable influence on the motion of the spinning particle. A comprehensive numerical analysis of the particle’s orbital kinematics and dynamics is performed for various mass functions which satisfy the weak energy condition. In addition, a leading-order description of the gravitational waveforms generated by the spinning particle is presented, along with a power spectrum analysis. For an observer positioned along the orbital plane, it is shown that the × polarization mode captures most clearly the properties of MPD spin-gravity coupling, with an amplitude of around 5% compared to the h_+ polarization mode for the choice of initial conditions considered. However, it is also shown that any effects for a realistic mass function with an accretion rate satisfying the Eddington luminosity limit must be very small.

There are a number of potential considerations for future work based on this paper. Because the waveforms are determined using the leading-order quadrupole moment formula only, it may be necessary to calculate more precisely defined waveforms based on black hole perturbation theory. It should be noted, though, that such an endeavour may yield only a minimum level of correction, given that a realistic mass accretion rate is very small in the first place. Likely a more meaningful advance of this work is to allow for rotation of the central mass, as described by the Kerr-Vaidya metric [30], and repeat the analysis presented here. Another interesting possible future development is to consider the spinning particle dynamics around a star undergoing a supernova explosion. While there is some complexity involved given that a supernova evolves in a highly asymmetric fashion, the fact that a sudden change of space-time curvature that follows from the event should have a significant impact on the orbital properties of the spinning particle, with consequences for the gravitational radiation emitted. These and other possible developments may be considered in the future.

PSfrag replacements

(a) tanh (λ = 0)

PSfrag replacements

(b) tanh (λ = 1)

PSfrag replacements

(c) step (λ = 0)

PSfrag replacements

(d) step (λ = 1)

FIG. 26: Power spectra for the hyperbolic tangent and step mass functions determined by a spinning particle in an inspiraling orbit, where ε = 0.01, θ̂ = φ̂ = π/4, v = 0.395 c, and S/m = 5 × 10^{−3} M0 .

VII. ACKNOWLEDGMENTS

The author is immensely grateful to Bahram Mashhoon for the many suggestions offered to enhance the quality of this paper, and is thankful to him and the Department of Physics and Astronomy at the University of Missouri-Columbia for hospitality shown during this time. He gratefully acknowledges Scott Hughes of MIT for helpful discussions and insights offered. The author also thanks Charles Wang of Lancaster University (now at the University of Aberdeen) for introducing him to the study of Dixon particles, and for his overall encouragement of this project.

[1] R.A. Hulse and J.H. Taylor, Astrophys. J. 191, L59

(1974); 195, L51 (1975); 201, L55 (1975); R.A. Hulse, Rev. Mod. Phys. 66, 699 (1994).

[2] B. Abbott et al. (LIGO Collaboration), Phys. Rev. D 69,

122004 (2004).

[3] http://www.ligo.caltech.edu [4] http://lisa.jpl.nasa.gov [5] http://www.geo600.uni-hannover.de [6] http://tamago.mtk.nao.ac.jp [7] http://wwwcascina.virgo.infn.it [8] J.R. Oppenheimer and H. Snyder, Phys. Rev. 56, 455

(1939).

[9] T.P. Singh and L. Witten, Class. Quant. Grav. 14, 3489

(1997); A. Ori and T. Piran, Phys. Rev. D 42, 1068 (1990); P.S. Joshi and I.H. Dwivedi, Comm. Math. Phys.

146, 333 (1992).

[10] M. Mathisson, Acta Phys. Pol. 6, 167 (1937). [11] A. Papapetrou, Proc. R. Soc. London 209, 248 (1951). [12] W. Tulczyjew, Acta Phys. Pol. 18, 393 (1959);

W.G. Dixon, Nuovo Cim. 34, 317 (1964); J. Madore, Ann. Inst. Henri Poincaré 11, 221 (1969).

[13] W.G. Dixon, Phil. Trans. R. Soc. London, Series A 277, 59 (1974).

[14] J. Ehlers and E. Rudolph, Gen. Rel. Grav. 8, 197 (1977);

I. Bailey and W. Israel, Ann. Phys. 130, 188 (1980); T.W. Noonan, Astrophys. J. 291, 422 (1985).

[15] B. Mashhoon, Jour. Math. Phys. 12, 1075 (1971);

R. Wald, Phys. Rev. D 6, 406 (1972); C. Chicone, B. Mashhoon, and B. Punsly, Phys. Lett. A 343, 1 (2005).

[16] M. Mohseni, R.W. Tucker, and C. Wang, Class.

Quant. Grav. 18, 3007 (2001); S. Kessari, D. Singh, R.W. Tucker, and C. Wang, Class. Quant. Grav. 19, 4953 (2002).

[17] O. Semerák, Mon. Not. R. Astron. Soc. 308, 863 (1999). [18] Y. Mino, M. Shibata, and T. Tanaka, Phys. Rev. D 53, 622 (1996).

[19] T. Tanaka, Y. Mino, M. Sasaki, and M. Shibata, Phys.

Rev. D 54, 3762 (1996).

[20] S. Suzuki and K. Maeda, Phys. Rev. D 58, 023005 (1998). [21] S. Suzuki and K. Maeda, Phys. Rev. D 61, 024005 (1999). [22] M.D. Hartl, Phys. Rev. D 67, 024005 (2003). [23] M.D. Hartl, Phys. Rev. D 67, 104023 (2003). [24] P.C. Vaidya, Proc. Indian Acad. Sci. A33, 264 (1951) (Reprinted in Gen. Rel. Grav. 31, 121, (1999).); Phys.

Rev. 83, 10 (1951); F. Fayos, X. Jaén, E. Llanta, and J.M.M. Senovilla, Phys. Rev. D 45, 2732 (1992); M. Carmeli, Classical Fields: General Relativity and Gauge Theory (World Scientific, New Jersey, 2001).

[25] C.W. Misner, K.S. Thorne, and J.A. Wheeler, Gravitation (W. H. Freeman and Company, New York, 1973).

[26] K.P. Tod, F. de Felice, and M. Calvani, Nuovo Cim. B 34, 365 (1976).

[27] E. Hairer, C. Lubich, and M. Roche, The Numerical Solution of Differential-Algebraic Systems by Runge-Kutta Methods (Springer-Verlag, New York, 1989).

[28] D. Singh, Phys. Rev. D 71, 105003 (2005). [29] J.S. Heyl, http://arxiv.org/astro-ph/0303033. [30] P.C. Vaidya and L.K. Patel, Phys. Rev. D 7, 3590 (1973).