arXiv:gr-qc/0509061 v1 15 Sep 2005

The Momentum 4-Vector of Static Bianchi-type Space-times in Tele-parallel Gravity

Mustafa Saltı and Oktay Aydogdu

Department of Physics, Graduate School of Natural and Applied Science, Middle East Technical University, 06531, Ankara-Turkey E-mail(s): musts6@yahoo.com, oktay231@yahoo.com

Abstract. The problem of finding the momentum 4-vector(due to matter and fields including gravitation) associated with static Bianchi-type space-times is studied in tele-parallel gravity.

Keywords: Momentum 4-vector; Bianchi-types. PACs Numbers: 04.20.-q; 04.20.Jb; 04.50.+h

1. Introduction

There are many definitions on the energy and momentum according to both general relativity and tele-parallel gravity[1, 2, 3, 4, 5, 6, 7, 8, 9]. Nevertheless, early energymomentum investigations for gravitating system gave reference-frame-dependent energymomentum complex; later the quasi-local idea[10] was developed. Except the definition of Møller, these definitions only give meaningful results if the calculations are performed in ”Cartesian” coordinates. Møller constructed an expression which enables one to evaluate energy and momentum in any coordinate system. The problem of energymomentum localization was also considered in alternative gravitation theory, namely tele-parallel gravity[11, 12, 13, 14, 15, 16, 17]. The authors found that energy-momentum also localize in this alternative theory, and their results agree with the some previous papers which were studied in the general theory of relativity. In Gen. Relat. Gravit. 36, 1255(2004); Vargas, using the definitions of Einstein and Landau-Lifshitz in tele-parallel gravity, found that the total energy is zero in Friedmann-Robertson-Walker space-times.

Albrow[18] and in the following work, Tryon[19] suggested that in our universe, all conserved quantities have to vanish. Tryon’s big bang model predicted a homogenous, isotropic and closed universe including matter and anti-matter equally. They argue that any closed universe has zero energy. The subject of the energy-momentum distributions of closed and open universes was initiated by an interesting work of Cooperstock and Israelit[20]. They found the zero value of energy for any homogenous isotropic universe described by a Friedmann-Robertson-Walker metric in the context of general relativity.

Recently, in general relativity, for the energy distribution of closed space-times, several examples of particular space-times have been investigated and different energymomentum pseudo-tensor are known to give the same results for a given spacetime[21, 22, 23, 24, 25].

So, in this paper, we evaluate the momentum 4-vector(due to matter plus fields) associated with static Bianchi-type space-times. In the next section we give static Bianchi-types and energy momentum definitions of the tele-parallel gravity analogs of Einstein and Landau-Lifshitz. Then we find the momentum 4-vector for a given metrics. Notations and conventions: c = h = 1, metric signature (−, +, +, +), Greek indices and Latin ones run from 0 to 3.

2. Energy-Momentum in Tele-parallel Gravity

The energy-momentum complexes of Einstein and Landau-Lifshitz in tele-parallel gravity[13] are given by the following equations, respectively: hE^μ_ν = 1 4π ∂_λ(U^{μλ}_ν ) (1) hL^{μν} = 1 4π ∂_λ(hg^{μβ} U^{νλ}_β ) (2)

where h = det(h^a_μ) and U^{νλ}_β is the Freud’s super-potential, which is given by: U^{νλ}_β = hS^{νλ}_β . (3) Here S^{μνλ} is the tensor S^{μνλ} = m_1T^{μνλ} + m_2 2 (T^{νμλ} − T^{λμν} ) + m_3 2 (g^{μλ}T^{βν}_β − g^{νμ}T^{βλ}_β ) (4)

with m_1, m_2 and m_3 the three dimensionless coupling constants of tele-parallel gravity[26]. For the tele-parallel equivalent of general relativity the specific choice of these three constants are: m_1 = 1 4 , m_2 = 1 2 , m_3 = −1 (5)

To calculate this tensor firstly we must calculate Weitzenböck connection: Γ^α_{μν} = h^α_a ∂_ν h^a_μ (6) and after this calculation we get torsion of the Weitzenböck connection: T^μ_{νλ} = Γ^μ_{λν} − Γ^μ_{νλ} (7) For the Einstein and Landau-Lifshitz complexes, we have the following relations for the momentum four-vector,

P^E_μ = ∫ Σ hE^0_μdxdydz (8) P^L_μ = ∫ Σ hL^0_μdxdydz (9) where P_i give momentum components P_1, P_2, P_3 while P_0 gives the energy and the integration hyper-surface Σ is described by x^0 = t =constant.

Table 1. List of Bianchi-type standard metrics. Here 0 ≤ m ≤ 1. Bianchi-types Line elements (dl^2) Type-I dx^2 + dy^2 + dz^2

Type-II dx^2 + dy^2 + (1 + y^2)dz^2 − 2ydxdz

Type-IV e^{2y}(1 + y^2)dx^2 + dy^2 + e^{2y}dz^2 − 2ye^{2y}dxdz

Type-V e^{2y}dx^2 + dy^2 + e^{2y}dz^2

Type-VI(m) e^{2(m−1)y}dx^2 + dy^2 + e^{(m+1)y} dz^2

Type-VII(m) e^{2my}dx^2 + dy^2 + e^{2my}dz^2

Type-VIII (1 + 2 sinh^2 y)dx^2 + dy^2 + dz^2 + 2 sinh ydxdz

Type-IX dx^2 + dy^2 + dz^2 − 2 sin ydxdz

3. Calculations The original work of Bianchi[27] has been reorganized into a contemporary formalism by theoretical cosmologists. Here, we shall generally adopt the scheme of MacCallum[28]. The Bianchi-type space-times generally defined by the following metric. ds^2 = −dt^2 + dl^2 (10) where dl^2 = g_{ab}dx^adx^b (11) here dl^2 is the 3-dimensional line element and the Latin indices take value from 1 to 3. We give list of the static Bianchi-type space-times[29, 30] in table-1.

Using these metrics, we define the Bianchi-type space-times by the following form ds^2 = −dt^2 + A^2(y)dx^2 + dy^2 + B^2(y)dz^2 − 2C(y)dxdz. (12) For the line element (12), g_{μν} and g^{μν} are written as g_{μν} = −δ^0_μδ^0_ν + A^2δ^1_μδ^1_ν − C(δ^1_μδ^3_ν + δ^3_μδ^1_ν ) + δ^2_μδ^2_ν + B^2δ^3_μδ^3_ν (13) Δ^2g^{μν} = −Δ^2δ^μ_0 δ^ν_0 + B^2δ^μ_1 δ^ν_1 + C(δ^μ_1 δ^ν_3 + δ^μ_3 δ^ν_1 ) + Δ^2δ^μ_2 δ^ν_2 + A^2δ^μ_3 δ^ν_3 (14) here Δ^2(y) = A^2B^2 − C^2. The non-trivial tetrad field induces a tele-parallel structure on space-time which is directly related to the presence of the gravitational field, and the Riemannian metric arises as g_{μν} = η_{ab}h^a_μh^b_ν (15) Using this relation, we obtain the tetrad components: h^a_μ = δ^a_0 δ^0_μ + Aδ^a_1 δ^1_μ + δ^a_2 δ^2_μ + Δ A δ^a_3 δ^3_μ − C A δ^a_1 δ^3_μ (16) and its inverse is

h^μ_a = δ^0_aδ^μ_0 + A^{−1}δ^1_aδ^μ_1 + δ^2_aδ^μ_2 + A Δ δ^3_aδ^μ_3 + C AΔ δ^3_aδ^1_μ (17)

Using equations the results given above, the non-vanishing components of the Weitzenböck connection are found as:

Γ^1_{12} = AA^′, Γ^3_{32} =

Δ^′ Δ − A^′ A (18)

Γ^1_{32} = CA^′ A ( 1 − Δ A^2 ) + CΔ^′ A^2Δ

− C^′ (19)

where a prime indicates derivative with respect to y. The corresponding non-vanishing torsion components are obtained as:

T^1_{21} = −T^1_{12} = AA^′, T^3_{23} = −T^3_{32} =

Δ^′ Δ − A^′ A (20)

T^1_{23} = −T^1_{32} = CA^′ A ( 1 − Δ A^2 ) + CΔ^′ A^2Δ

− C^′. (21)

Next, the non-zero components of the tensor S^{νλ}_μ are:

S^{21}_1 = −S^{12}_1 = (AB Δ )_2 [( m_1 + m_2 2 + m_3 2 ) AA^′ + ( Δ^′ Δ − A^′ A ) m_3 2 ] (22)

S^{23}_1 = −S^{32}_1 = m_1 ( A Δ )_2 [ CAA^′ ( 1 − Δ A^2 ) + CA^′ Δ − C^′A^2 ] (23)

S^{12}_3 = −S^{31}_2 = S^{21}_3 = m_2 2 ( A Δ )_2 [ CAA^′ ( 1 − Δ A^2 ) + CA^′ Δ − C^′A^2 ] (24)

S^{23}_3 = −S^{32}_3 = (AB Δ )_2 [( m_1 + m_2 2 + m_3 2 ) ( Δ^′ Δ − A^′ A ) + m_3 2 AA^′ ] (25)

Hence, the non-vanishing components of Freud’s super-potential are:

U^{21}_1 = −U^{12}_1 =

(AB)^2 Δ [( m_1 + m_2 2 + m_3 2 ) AA^′ + ( Δ^′ Δ − A^′ A ) m_3 2 ] (26)

U^{23}_1 = −U^{32}_1 = m_1A^2 Δ [ CAA^′ ( 1 − Δ A^2 ) + CA^′ Δ − C^′A^2 ] (27)

U^{12}_3 = −U^{31}_2 = U^{21}_3 = m_2A^2 2Δ [ CAA^′ ( 1 − Δ A^2 ) + CA^′ Δ − C^′A^2 ] (28)

U^{23}_3 = −U^{32}_3 =

(AB)^2 Δ [( m_1 + m_2 2 + m_3 2 ) ( Δ^′ Δ − A^′ A ) + m_3 2 AA^′. ] (29)

Finally, we have the following Einstein and Landau-Lisfhitz’s momentum four-vectors:

P^E_μ = P^L_μ = 0 (30)

The Momentum 4-Vector of Static Bianchi-types 5

4. Discussion

Studying in the context of the tele-parallel theory of gravity, we have calculated the momentum four-vector of the Bianchi-type space-times, which includes the energy of the matter and that of the gravitational field. In order to compute the gravitational part of the momentum four-vector, we have considered the tele-parallel analogs of Einstein and Landau-Lifshitz energy-momentum definitions. Our first result is that the momentum four-vector vanishes everywhere because the energy-momentum contributions from the matter and gravitational field inside an arbitrary two-surface in the case of the anisotropic model of universe based on the Bianchi-type space-times, cancel each other. It is also independent of the three tele-parallel dimensionless coupling constants, which means that it is valid not only in the tele-parallel equivalent of general relativity, but also in any tele-parallel model. The third one is that our study supports the viewpoints of Albrow and Tryon and agree with the previous works by Rosen, Banerjee-Sen, Johri et. al., Xulu, Vargas and some of my previous papers.

References

[1] A. Einstein, Sitzungsber. Preus. Akad. Wiss. Berlin (Math. Phys.) 778 (1915), Addendum-ibid. 799 (1915) [2] A Trautman, in Gravitation: and Introduction to Current Research, edited by L. Witten (Wiley, New York, 1962), p.169-198 [3] L.D. Landau and E.M. Lifshitz, The Classical theory of fields (Pergamon Press, 4th Edition, Oxford, re-printed in 2002) [4] S. Weinberg, Gravitation and Cosmology: Principle and Applications of General Theory of Relativity (John Wiley and Sons, Inc., New York, 1972) [5] A. Papapetrou, Proc. R. Irish. Acad. A52, 11 (1948) [6] P.G. Bergmann and R. Thomson, Phys. Rev. 89, 400 (1953) [7] C. Møller, Ann. Phys. (NY) 4, 347 (1958); Ann. Phys. (NY) 12, 118 (1961) [8] R.C. Tolman, Relativity, Thermodinamics and Cosmology (Oxford Univ. Pres. London, P.227) (1934) [9] A. Qadir and M. Sharif, Phys. Lett. A 167, 331 (1992) [10] J.D. Brown and J.W. York, Jr., Phys. Rev. D47, 1407 (1993), and references therein; S. Lau, Class. Quant. Grav. 10, 2379 (1993) [11] F.I. Mikhail, M.I. Wanas, A. Hindawi and E.I. Lashin, Int. J. Theor. Phys. 32, 1627 (1993) [12] G.G.L. Nashed, Ohys. Rev. D 66, 064015 (2002) [13] T. Vargas, Gen. Rel. Gravit. 36, 1255 (2004) [14] M. Saltı, Mod. Phys. Lett. A20, 2175-2182 (2005). [15] M. Saltı and A. Havare, Int. J Mod. Phys. A20, 2169-2177 (2005). [16] M. Saltı, Astrophys. Space Sci., Vol.299 No.1, 159-166 (2005). [17] O. Aydogdu and M. Saltı, Astrophys. Space Sci. 299, 227-232 (2005). [18] M.G. Albrow, Nature 241, 56 (1973) [19] E.P. Tryon, Nature 246, 396 (1973) [20] F. I. Cooperstock, Gen. Rel. Gravit. 26, 323 (1994); F. I. Cooperstock and M. Israelit, Found. of Phys 25, 631 (1995) [21] N. Rosen, Gen. Rel. Gravit. 26, 319 (1994) [22] V.B. Johri, D. Kalligas, G.P. Singh and C.W.F. Everitt, Gen. Rel. Grav. 27, 323 (1995) [23] N. Banerjee and S. Sen, Pramana J. Phys. 49, 609 (1997)

The Momentum 4-Vector of Static Bianchi-types 6

[24] M. Saltı, Nuovo Cimento B, Vol.120 No.1, 53-60 (2005). [25] A. Havare, M. Korunur and M. Saltı, Astrophys. Space Sci., to appear. [26] K. Hayashi and T. Shirafuji: Phys.Rev D19, 3524 (1978) [27] L. Bianchi, Mem. Mat. Fis. della Soc. Ital. Scienze 11, 267 (1898) [28] M.A.H. MacCallum, In General Relativity: An Einstein Centenary Survey, S.W. Hawking and W.

Israel, eds. (Cambridge University Press, Cambridge, 1979) [29] H.V. Fagundes, Gen. Rel. and Grav. Vol.24, No.2 (1992) [30] M. Saltı and A. Havare, Mod. Phys. Lett. A20, 451-465 (2005)