arXiv:gr-qc/0510022 v1 6 Oct 2005

Correspondence between Loop-inspired and Braneworld Cosmology

Edmund J. Copeland^1, James E. Lidsey^2 and Shuntaro Mizuno^3 1 School of Physics and Astronomy, University of Nottingham, University Park, Nottingham, NG7 2RD, United Kingdom 2 Astronomy Unit, School of Mathematical Sciences, Queen Mary, University of London, Mile End Road, London, E1 4NS, UK and 3 Department of Physics, Waseda University, Okubo 3-4-1, Shinjuku, Tokyo 169-8555, Japan (Dated: October 7, 2005)

Braneworld scenarios are motivated by string/M-theory and can be characterized by the way in which they modify the conventional Friedmann equations of Einstein gravity. An alternative approach to quantum gravity, however, is the loop quantum cosmology program. In the semi-classical limit, the cosmic dynamics in this scenario can also be described by a set of modified Friedmann equations. We demonstrate that a dynamical correspondence can be established between these two paradigms at the level of the effective field equations. This allows qualitatively similar features between the two approaches to be compared and contrasted as well as providing a framework for viewing braneworld scenarios in terms of constrained Hamiltonian systems. As concrete examples of this correspondence, we illustrate the relationships between different cosmological backgrounds representing scaling solutions.

PACS numbers: 98.80.Cq

I. INTRODUCTION

The high energy and high curvature regime of the very early universe provides a natural environment for investigating the cosmological consequences of quantum theories of gravity. At present, the two leading contenders for a theory of quantum gravity are string/M–theory and loop quantum gravity (LQG). (For recent reviews, see, e.g., Refs. [1, 2, 3]).

Developments in string/M–theory over recent years have led to a new paradigm for early universe cosmology – the braneworld scenario (see [4] for a review). In this picture, our observable, four–dimensional universe is viewed as a co–dimension one brane that is embedded in a five– or higher–dimensional ‘bulk’ space [5, 6, 7]. Propagation of the brane through the bulk is interpreted as cosmic expansion or contraction by an observer confined to the brane. The brane–bulk dynamics typically results in modifications to the effective four–dimensional Friedmann equations of standard cosmology. These can be parametrized in terms of deviations from the standard H^2 ∝ ρ behaviour and may become significant on either large or small scales, depending on the nature of the model under consideration.

LQG, on the other hand, is a non–perturbative canonical quantization of Einstein gravity. Loop quantum cosmology (LQC) restricts the analysis of LQG to spatially homogeneous models [8]. In the scenario developed by Bojowald [9, 10], there are two critical scales, a_i and a_∗. Spacetime has a discrete structure below the scale a_i ≈ ℓ_{Pl}, whereas classical gravity is recovered above a_∗. The scale a_∗ is sensitive to the quantization scheme adopted and can be significantly larger than a_i. In this case, there exists a ‘semi–classical’ phase in the history of the universe for a_i < a ≪ a_∗, where spacetime may be viewed as a continuum but where non–perturbative quantum effects lead to modifications of the classical Friedmann equations. In particular, the kinetic energy of a scalar field becomes modified in such a way that T = ϕ̇^2/D(a), where D is some function of the scale factor that tends to unity for a ≫ a_∗. The cosmic dynamics of this phase has attracted considerable interest recently [10, 11, 12].

To date, the braneworld and LQC scenarios have been investigated along separate lines. However, given that both paradigms are motivated by quantum gravitational considerations, it is of interest to investigate the extent to which they may share any common features. This is the purpose of the present work. As a preliminary step in this direction, we consider braneworld and loop–inspired cosmologies where the matter sector is comprised of a self–interacting scalar field. We find that for a given Hubble expansion rate, the corrections to the field equations in both approaches can be directly related, thereby enabling the potentials of the scalar fields to also be compared. Furthermore, since LQC is based on a canonical quantization of gravity, such a link leads to an alternative description of braneworld cosmology in terms of a constrained Hamiltonian system. We illustrate this approach by focusing on cosmological solutions that exhibit scaling properties. Scaling solutions in cosmology are of particular importance because they provide insight into the asymptotic nature of a specific model together with its stability properties. They also provide a means of determining the generic behaviour of scalar fields in modified cosmology [13, 14].

The paper is organized as follows. In Section II we discuss how modifications to the Friedmann equations arise in a number of different settings and proceed to establish a general dynamical correspondence between braneworld and loop–inspired cosmologies in Section III. Section IV illustrates how scaling solutions in the Randall–Sundrum braneworld scenario [7] can be modeled in terms of a loop–inspired cosmology. In Section V we discuss the high–energy limits of a number of braneworld models where corrections to the Friedmann equations take a power law form. We conclude with a discussion in Section VI.

II. MODIFIED COSMOLOGY

A. Conventional Cosmology

The Einstein field equations for spatially isotropic Friedmann–Robertson–Walker (FRW) cosmologies sourced by a perfect fluid matter take the form

H^2 =

8πℓ^2_{Pl} 3 ρ − k a^2 (1) ρ̇ + 3H(ρ + p) = 0 (2)

where H ≡ ȧ/a defines the Hubble parameter, a(t) is the scale factor of the universe, ℓ_{Pl} = √ Gh̄ is the Planck length, ρ and p denote the energy density and pressure of the fluid, a dot denotes differentiation with respect to cosmic time, and the constant k takes values {−1, 0, +1} for negatively–curved, spatially flat, and positively–curved universes, respectively. The dynamical properties of the matter source are determined through its equation of state:

p = [γ(ρ) − 1]ρ (3)

where, in general, the barotropic index γ is an analytic function of the energy density, or equivalently, the scale factor. In principle, the evolution of the energy density is determined by integrating the conservation equation (2): ρ(a) = ρ_ie^{−3} ∫_a ai d ln a γ(a) (4) The fluid may be modeled in terms of a scalar field, φ, minimally coupled to Einstein gravity and self– interacting through a potential, V (φ), with energy density and pressure given by ρ_φ = φ̇^2/2 + V and p_φ = φ̇^2/2 − V . The equation of state parameter then takes the form γ_φ = 2φ̇^2/(φ̇^2 + 2V ) and the conservation equation (2) becomes

φ̈ + 3Hφ̇ + dV dφ = 0 (5)

The ‘scaling’ solution for such a field arises when the field’s potential and kinetic energies scale at the same rate, φ̇^2/V = constant. For a spatially flat FRW universe, this leads to the power–law solution, a ∝ t^{2/λ2} driven by an exponential potential, V ∝ exp(− √ 8πℓ^2_{Pl}λφ) [16].

B. Braneworld Cosmology

In this subsection we consider the class of spatially isotropic FRW world–volume metrics, where a canonical scalar field, χ, that self–interacts through a potential, W (χ), is confined to the brane with energy density ρ_χ = χ̇2/2 + W (χ), pressure p_χ = χ̇2/2 − W (χ) and equation of state, γ_B = 2χ̇^2/(χ̇^2 + 2W ). The dynamics for a wide class of such braneworlds can be described in terms of a generalized Friedmann equation of the form [13]

H^2 =

8πℓ^2_{Pl} 3 ρ_χL^2(ρ_χ) − k a^2 (6) where modifications to conventional cosmology are determined by the form of the function L(ρ_χ). If there is no transfer of energy–momentum between the brane and bulk dimensions, the standard conservation equation (2) holds:

ρ̇_χ + 3H(ρ_χ + p_χ) = 0 (7)

Eqs. (6) and (7) are sufficient to completely determine the dynamics once the potential of the scalar field has been specified. Each braneworld model is therefore characterized by the dependence of the function L(ρ_χ) on the energy density. For example, L = √ 1 + (ρ_χ/2σ) in the Randall–Sundrum type II scenario [7], where σ represents the tension of the brane [17, 18, 19]; L = √ 1 − (ρ_χ/2|σ|) in the Shtanov-Sahni model [20];

and L = (1/ √ Dρ_χ)[∓1 + √ 1 + Dρ_χ] in the Dvali- Gabadadze-Porrati scenario [21]. Another class of modified cosmologies are the Cardassian models, where L = √ 1 + Bρ^n_χ for some positive constant B and n < −1/3 [22]. A power–law form for the correction function L^2 ∝ ρ^q_χ corresponds to the high–energy limit of a number of braneworld scenarios, including the Randall–Sundrum scenario (q = 1) and the extension of the Randall– Sundrum scenario to include a Gauss–Bonnet combination of curvature invariants in the five–dimensional bulk action. In this case, L^2 ∝ ρ^{−1/3}_χ [23]. Effective Friedmann equations with a power–law correction to the energy density [24] are also possible in models based on Hořava–Witten theory [25] compactified on a Calabi–Yau three–fold.

Eqs. (6) and (7) may be written in the standard form of the FRW Einstein field equations sourced by a perfect fluid with an effective energy density and pressure:

ρ_{B,eff} ≡ ρ^{n(ρχ)}_χ (8) p_{B,eff} = (γ_{B,eff} − 1)ρ_{B,eff} (9)

where the equation of state parameter is defined by

γ_{B,eff} ≡ − 1 3 d(n ln ρ_χ) d ln a (10)

and we have introduced an index n defined as

n(ρ_χ) ≡ 1 + 2 ln L(ρ_χ)

ln ρ_χ

(11)

In general, this is a function of the energy density on the brane and its form defines the braneworld model. Eq. (10) follows by differentiating Eq. (8) and substituting in the standard conservation equations (2) and (7). This implies that

H^2_{B,eff} =

8πℓ^2_{Pl} 3 ρ_{B,eff} − k a^2

(12)

ρ̇_{B,eff} = −3H(ρ_{B,eff} + p_{B,eff} ) (13)

C. Loop-Inspired Cosmology

The standard FRW equations (1) and (5) may be derived by viewing the dynamics as a constrained Hamiltonian system H = 0, where the Hamiltonian is given by H = − 3 8πℓ^2_{Pl} ( ȧ^2 + k^2 ) a + 1 2 a^{−3}p^2_φ + a^3V (φ) (14)

and p_φ = a^3φ̇ is the momentum canonically conjugate to the scalar field.

An alternative way of considering modified FRW cosmologies is to introduce corrections to the Hamiltonian (14). For example, we may consider the class of modified cosmologies where the inverse volume factor of the momentum of a scalar field, ϕ, is replaced by a function D(a) of the scale factor such that:

H_{mod} = − 3 8πℓ^2_{Pl} ( ȧ^2 + k^2 ) a + 1 2 D(a)a^{−3}p^2_ϕ + a^3V = 0

(15) where the conjugate momentum is now given by p_ϕ = D^{−1}(a)a^3ϕ̇.

The primary motivation for considering models of this type comes from LQC. In isotropic LQC, the classical variables are the triad component |p| = a^2 and the connection component c =^1_2 (k − γȧ), where γ ≈ 0.274 is the Barbero–Immirzi parameter [26]. The divergent geometrical density, a^{−3}, that is present in the classical Hamiltonian (14) is quantized by employing the classical identity a^{−3} = [3(8πℓ^2_{Pl}l)^{−1}{c, |p|^l}^{3/(2−2l)}, where {A, B} denotes the Poisson bracket and l is a constant, and replacing the connection with holonomies along curves in space associated with the connection and triad [3]. In this case, it can be shown that inverse factors of the scale factor are not required if 0 < l < 1 [3]. Consequently, quantization results in a descrete spectrum of eigenvalues for the geometrical density operator that remains bounded as the spatial volume of the universe vanishes. This spectrum is closely approximated by a continuous ‘eigenvalue function’ of the scale factor d_{j,l}(a) ≡ D(q)a^{−3}, where [3, 9] D(q) = { 3 2l q^{1−l} [ (l + 2)^{−1} ( (q + 1)^{l+2} − |q − 1|^{l+2} )

− 1 1 + l q ( (q + 1)^{l+1} − sgn(q − 1)|q − 1|^{l+1} ) ]}_{3/(2−2l)} (16) and q = a^2/a^2_∗, a^2_∗ = a^2_i j/3, a_i = √ γℓ_{Pl}. The parameter j must take half–integer (positive) values, but is otherwise arbitrary [27]. It arises because there is an ambiguity in expressing the classical geometrical density in terms of holonomies, since any irreducible SU(2) representation with spin j may be chosen. In the limit a_i < a ≪ a_∗, the eigenvalue function asymptotes to a power–law:

D(a) ∝ (3/(1 + l))^{3/(2−2l)}(a/a_∗)^{3(2−l)/(1−l)} (17)

and classical behaviour, corresponding to D → 1, is recovered for a > a_∗. The eigenvalue function is peaked around a ≈ a_∗. The semi–classical phase of LQC corresponds to the regime where a_i < a < a_∗, and the cosmic dynamics during this phase can be determined from an effective Hamiltonian (15), where the function D(a) is given by Eq. (16) for j > 3/2 and 0 < l < 1 [9, 10, 28]. (The value of j determines the duration of this phase).

The above discussion therefore motivates us to consider cosmological models defined by the effective Hamiltonian (15), where D may be viewed as an unspecified function of the scale factor, in the same way that the potential of the scalar field is regarded as a free function that is ultimately determined by particle physics considerations. We will refer to D(a) as the ‘kinetic correction’ function. The field equations for this scenario then follow directly from the Hamiltonian constraint H_{mod} = 0 and Hamilton’s equations and are given by

H^2 = 8πl^2_{P l} 3 [ 1 2D(a) ϕ̇^2 + V ] − k a^2

, (18)

ϕ̈ + 3H ( 1 − 1 3 d ln D d ln a ) ϕ̇ + D dV dϕ = 0. (19)

Eqs. (18) and (19) may also be expressed in the form of a conventional cosmology (1)–(3) by defining an effective energy and pressure [12]:

ρ_{L,eff} = ϕ̇2 2D + V, (20)

p_{L,eff} = ϕ̇^2 2D ( 1 − 1 3 d ln D d ln a ) − V. (21) It follows that Eqs. (18) and (19) transform to

H^2_{L,eff} =

8πℓ^2_{Pl} 3 ρ_{L,eff} − k a^2

(22)

ρ̇_{L,eff} = −3H(ρ_{L,eff} + p_{L,eff}) (23)

where the effective equation of state takes the form

γ_{L,eff} =

2ϕ̇^2 ϕ̇2 + 2DV ( 1 − 1 6 d ln D d ln a ) (24)

III. CORRESPONDENCE BETWEEN LOOP–INSPIRED AND BRANEWORLD COSMOLOGY

The correspondence between the braneworld and loop– inspired descriptions of cosmic dynamics is now established by identifying the effective equations of state for the two scenarios, i.e., γ_{B,eff} = γ_{L,eff} . Equating Eqs. (10) and (24) therefore leads to the constraint equation:

2ϕ̇^2 ϕ̇2 + 2DV ( 1 − 1 6 d ln D d ln a ) = − 1 3 d d ln a (n ln ρ) (25)

where for notational ease we drop the subscript χ on the brane energy density in what follows. Imposing the constraint (25) implies that the two different scenarios lead to cosmologies with identical Hubble parameters, H_L = H_B = H, when these are viewed as functions of cosmic time, or equivalently, as functions of the scale factor. The correspondence is not one–to–one since the loop–inspired description has two free functions – the potential V (ϕ) and the function D(a). Thus, a given braneworld model will correspond to a class of loop– inspired cosmologies and vice–versa. More specifically, let us suppose that a particular braneworld scenario has been developed such that the FRW equations (6) and (7) have been solved for a given form of n(ρ) to determine the equation of state for the scalar field, γ_B = γ_B(a), and therefore the evolution of the energy density ρ(a). Thus, the right–hand side of Eq. (25) is in principle known. A natural way of characterizing the classes of loop–inspired scenarios that lead to such cosmic behaviour is to specify the ratio of the field’s potential and kinetic energies as a function of the scale factor: V /ϕ̇^2 ≡ f(a). Eq. (25) can then be expressed in the form of a non–linear Bernoulli equation: dD d ln a − [ 6 + d(n ln ρ) d ln a ] D = 2f(a) d(n ln ρ) d ln a D^2 (26)

and Eq. (26) may be solved in terms of a single quadrature by defining a new variable D ≡ G^{−1}. We find that

D^{−1} = 1 a^6ρ^n [ C − 2 ∫ d(ρ^n) f(a)a^6 ] (27)

where C is an integration constant.

The question that now arises is to identify appropriate forms for the ratio f(a). In conventional cosmology, scaling solutions where the field’s potential and kinetic energies redshift at the same rate have played an important role. This latter constraint could be invoked to characterize scaling solutions in loop–inspired cosmology such that f = V /ϕ̇^2 = constant. Alternatively, inspection of the effective energy density (20) suggests that the restriction f(a) = D(a) also represents a scaling property since in this case it is the ratio of the field’s effective kinetic energy, ϕ̇^2/D, to its potential energy that remains fixed. In view of this, we now consider each of these possibilities in turn.

A. Case A: DV/ϕ̇^2 = β = constant

In this case, Eq. (25) may be integrated directly to yield the form of the correction function D in loop– inspired cosmology directly in terms of the modification to the Friedmann equation, n(ρ), in the braneworld cosmology: D D_c = a^6ρ^{(1+2β)n(ρ)} (28)

where D_c is a constant determined by the integration constant. Hence, if a particular braneworld cosmology is known, so that ρ(a) is determined as a function of the scale factor, the form of D(a) can be deduced immediately. In particular, a braneworld scaling cosmology, characterized by constant γ_B has ρ ∝ a^{−3γB} .

The dependence of the potential on the scale factor follows immediately from the Friedmann equation (18):

V (a) = 2β 1 + 2β ρ^{n(ρ)} (29)

Employing the identity ϕ̇ = Hdϕ/d ln a then yields the dependence of the scalar field on the size of the universe up to a single quadrature:

ϕ(a) = ± √ 3D_c 4πℓ^2_{Pl}(1 + 2β) ∫ da a^2[ρ(a)]^{(1+2β)n(a)/2}

(30) Evaluating the integral (30) and inverting the result then yields, in principle, the scalar field potential V (ϕ) from Eq. (29). It is surprising that given a braneworld cosmology, one need only perform a single integral, Eq. (30), in order to determine the corresponding form of the scalar field potential in the loop–inspired cosmology. Furthermore, note that the scalar field expression (30) has no explicit dependence on the Hubble parameter or the kinetic correction function D. On the other hand, for the field to have positive kinetic energy requires that D_c(1 + 2β) > 0. If this condition is not satisfied, the field behaves effectively as a phantom matter source where the null energy condition is violated.

B. Case B: V/ϕ̇^2 = ϵ = constant

In this case, Eq. (25) reduces to a non–linear Bernoulli equation in the dependent variable D(a): dD d ln a − [ 6 + d d ln a (n ln ρ) ] D = [ 2ϵ d d ln a (n ln ρ) ] D^2_l

(31) which admits an integral in terms of a single quadrature:

D^{−1}_l (a) = −2ϵ + 1 a^6ρ^{n(ρ)} [ C + 12ϵ ∫ da a^5ρ^{n(ρ)} ] (32)

The Friedmann equation (18) leads to the potential

V (a) = 2ϵa^6ρ^{2n} [ C + 12ϵ ∫ da a^5ρ^n ]_{−1} (33) whereas the scalar field is given by

ϕ(a) = ± √ 3 4πℓ^2_{Pl} ∫ d ln a √ D(a) 1 + 2ϵD(a)

(34)

or, equivalently, after substitution of the solution (32), by ϕ(a) = ± √ 3 4πℓ^2_{Pl} ∫ da a^2ρ^{n/2} [ C + 12ϵ ∫ da a^5ρ^n ]_{−1/2}

(35) For D > 0, the positivity of the scalar field kinetic energy implies that ϵ is constrained such that ϵ > −1/(2D). Moreover, we see once more that the integrand (35) can be expressed directly in terms of the known evolution of the energy density on the brane.

To summarize thus far, the above correspondences provide an equivalent means of discussing braneworld scenarios in terms of the modified constrained Hamiltonian system (15) for arbitrary equations of state {γ_B, γ_L}. In the following two Sections, we develop the correspondence further for specific braneworld scenarios.

IV. RANDALL–SUNDRUM BRANEWORLD AS A LOOP–INSPIRED COSMOLOGY

In [13], we established a unified framework for determining the general form of the scalar field potential W (χ) that leads to an attractor scaling solution in a given braneworld scenario. The form of the potential is related to the form of n(ρ) defined in Eq. (11). In this Section, we consider the scaling solutions that arise in the Randall–Sundrum type II scenario and illustrate how these models can be effectively described in terms of loop–inspired cosmologies.

In general, a braneworld scaling solution has a constant equation of state on the brane, γ_B = constant, although it is important to note that this does not necessarily imply that the effective equation of state, γ_{B,eff} , is also constant. The conservation equation (7) may be integrated immediately to yield ρ = a^{−3γB} , where the integration constant has been absorbed by an appropriate rescaling, without loss of generality. The effective energy density (8) for the Randall–Sundrum model is therefore given by

ρ^n = 1 a^{3γB} + 1 2σa^{6γB} (36)

where σ represents the brane tension.

In the following, we consider only spatially flat cosmologies (k = 0). In this case, the scalar field potential that drives this scaling solution has a hyperbolic form [29]:

W (χ) = σ(2 − γ_B)cosech^2 (√ 6πℓ^2_{Pl}γ_Bχ ) (37)

A. Case A: DV/ϕ̇^2 = β = constant

For this case, the kinetic correction function is given by Eq. (28) after substitution of Eq. (36): D(a) = D_c (2σ)^{1+2β} a^{6[1−γB(1+2β)]} [ 1 + 2σa^{3γB}

]_{1+2β} (38)

and the evolution of the scalar field is then determined from Eq. (30):

ϕ(a) = ϕ_0 ∫ dx x^p(1 + x)^q (39)

where p ≡ [1−2γ_B(1+β)]/γ_B , q ≡ (1+2β)/2, x ≡ 2σa^{3γB} and we have absorbed all constants into the constant ϕ_0 for notational simplicity. For any integer p, Eq. (39) may be evaluated by integrating by parts a sufficient number of times, although the result is not necessarily invertible. More generally, Eq. (39) may be evaluated to yield the solution ϕ(a) = ϕ_0 (1 + p) x^{1+p}_2F_1(1 + p, −q, 2 + p, −x) (40)

where_2F_1 is the hypergeometric function.

An invertible example is found for β = (1−2γ_B)/(2γ_B) (p = 0). It follows from Eq. (39) that ϕ(a) = 2γ_Bϕ_0 1 + γ_B [( 1 + 2σa^{3γB}

)_{(1+γB )/(2γB)} − 1 ] (41)

and the potential in this case is determined immediately from Eq. (29). We find that it is given in terms of powers of the scalar field:

V (ϕ) = 2σ ( 1 − 2γ_B 1 − γ_B ) ( 1 + ϕ ϕ̃_0

)_{(2γB )/(1+γB )}

× [( 1 + ϕ ϕ̃_0

)_{(2γB)/(1+γB )} − 1 ]_{−2} (42)

where ϕ̃_0 = 2γ_Bϕ_0/(1 + γ_B). This yields a vanishing potential for γ_B = 1/2 and the field has positive kinetic energy for 0 < γ_B < 1 (β > −1/2).

It follows from the properties of the hypergeometric function that a second invertible solution is possible for (p, q) = (−1/2, −1). This corresponds to β = −3/2 and a particular choice for the equation of state on the brane, γ_B = −2/3. This latter value corresponds to the equation of state for a universe dominated by a gas of domain walls and therefore has interesting physical consequences. Since β < −1/2, the field will represent an effective phantom field if D_c > 0. The scalar field and potential energy evolve as

ϕ(a) = −2ϕ_0tan^{−1} (√ 2σa^{3γB /2} ) (43)

V (ϕ) = 3σ cos^2 ( ϕ 2ϕ_0 ) cosec^4 ( ϕ 2ϕ_0 ) (44)

A third invertible solution follows from the identity 2F_1(1, 1; 2, z) = −z^{−1} ln(1 − z). For this case, we have (p, q) = (0, −1), which implies that β = −3/2 and γ_B = −1, corresponding to a fluid on the brane well into the phantom regime. The solutions in this case are

ϕ(a) = ϕ_0 ln ( 1 + 2σa^{3γB} ) (45) and V = 3σ 4 cosech^2 ( ϕ 2ϕ_0 ) (46)

It is interesting that the form of the potential (46) for the scalar field in the loop-inspired scenario is qualitatively similar to the potential (37) that drives a scaling solution for a non-phantom field on the Randall-Sundrum brane. Hence, Eq. (46) has the interesting limiting behaviour of V ∝ 1/ϕ^2 as ϕ → 0, corresponding to the high-energy limit (a → 0).

B. Case B: V/ϕ̇^2 = ϵ = constant

This case is more algebraically involved. Nonetheless, we are able to determine the form of the correction function directly by evaluating Eq. (32). It follows that for γ_B ≠ 1, 1 D = 2σC a^{6(γB−1)} 1 + 2σa^{3γB} + 2γ_Bϵ 1 − γ_B 1 1 + 2σa^{3γB} [ 1 + ( 1 − γ_B 1 −^1_2 γ_B ) σa^{3γB} ]

(47)

For this form of the kinetic correction function, the integration constant C plays an important role. If C = 0, the correction function becomes singular at a finite value of the scale factor if γ_B > 1. Moreover, if C ≠ 0, a decaying power–law behaviour is recovered at high energies (small values of the scale factor) for 0 < γ_B < 1, in agreement with the asymptotic behaviour of the eigenvalue correction function (17) of LQC.

For completeness, the solution for γ_B = 1 can also be determined and is given by 1 D = 4ϵ(3 ln a + σa^3 −^1_2 ) + 2σC) 1 + 2σa^3

. (48)

V. POWER-LAW CORRECTIONS INDUCING BRANEWORLDS AS LOOP-INSPIRED COSMOLOGIES

A number of braneworld scenarios receive a power–law correction to the Friedmann equation of the form L^2 ∝ ρ^q in the high energy limit. This asymptotic behaviour includes the Randall–Sundrum scenario (q = 1) [17, 18, 19] and the extension of this model to include a Gauss- Bonnet term in the five–dimensional action (q = −1/3) [23]. In this Section, we consider this class of models with arbitrary q and investigate the spatially flat scaling solutions where 0 < γ_B < 2 is constant. (We will also assume implicitly that the kinetic correction function D > 0 and β > −1/2 so that the effective field ϕ is a non-phantom field, although we note that this assumption can be relaxed). The effective energy density (8) is therefore given by ρ^n = Aa^{−3γB(q+1)}, (49)

where A is an arbitrary constant with dimension m^{−4q} . The scalar field potential that drives this scaling solution has an inverse power-law form [15, 29]:

W (χ) = ( 1 − γ_χ 2 ) ( 6πAq^2ℓ^2_{Pl}γ_χ

)_− 1_q χ^{− 2q} (50)

It follows from Eq. (10) that the effective equation of state on the brane is a constant, with numerical value

γ_{B,eff} = γ_B(q + 1) (51)

implying that the effective equation of state in the corresponding loop-inspired cosmology is also constant, γ_{L,eff} = γ_B(q + 1). This property implies that the dependence of the potential on the scale factor in the loop– inspired model can be determined directly from the Friedmann equation (18):

V (a) =

2 −^1_3^{d ln D}_{d ln a} − γ_B(q + 1) 2 −^1_3^{d ln D}_{d ln a} a^{−3γB(q+1)} (52)

The dependence of the scalar field on the scale factor is also given up to a single quadrature: ϕ(a) = ± √ 3γ_B 4πℓ^2_{Pl} ∫ da a √ D(q + 1) 2 −^1_3^{d ln D}_{d ln a}

(53)

where in order to satisfy the positivity condition of D, the following conditions 6 > d ln D d ln a for q > −1 6 < d ln D d ln a for q < −1 (54)

must be imposed.

It is worth noting that Eqs. (52) and (53) follow without imposing any relation between the evolution of the field’s kinetic and potential energies. Therefore, we can obtain an explicit form for the potential and the scalar field once the form of the correction function D has been specified.

A. Case A: DV/ϕ̇^2 = β = constant

For β > −1/2, the kinetic correction function is given by Eq. (28):

D(a) = D_cA^{1+2β}a^{6−3γB(1+2β)(q+1)} (55)

We obtain the potential as a function of the scale factor after substituting Eq. (55) into Eq. (52):

V (a) = 2β 1 + 2β a^{−3γB (q+1)} (56)

which is, of course, consistent with Eq. (29). The evolution of the scalar field is also given by substituting Eq. (55) into Eq. (53): ϕ(a) = √ D_{ci}a^{3− 32 γB (1+2β)(q+1)}

for q ≠

2 − γ_B(1 + 2β)

γ_B(1 + 2β) ϕ(a) = √ D_{ce} ln a for q =

2 − γ_B(1 + 2β)

γ_B(1 + 2β)

(57)

where D_{ci} = D_cA^{1+2β} 3π(1 + 2β){2 − γ_B(1 + 2β)(q + 1)}^2ℓ^2_{Pl} D_{ce} = 3D_cA^{1+2β} 4π(1 + 2β)ℓ^2_{Pl}

(58)

Finally, the dependence of the potential on the scalar field follows from Eqs. (56) and (57):

V (ϕ) = 2β 1 + 2β ( ϕ √ D_{ci} )^{−2γ}B^{(q+1)}

2−γB(1+2β)(q+1)

for q ≠

2 − γ_B(1 + 2β) γ_B(1 + 2β)

V (ϕ) = 2β 1 + 2β exp [ −3γ_B(q + 1) ϕ √ D_{ce} ]

for q =

2 − γ_B(1 + 2β) γ_B(1 + 2β)

(59)

B. Case B: V/ϕ̇^2 = ϵ = constant

In this case, the form of the kinetic function can be obtained by substituting Eq. (49) into Eq. (32): 1 D(a) = 2ϵγ_B(q + 1) 2 − γ_B(q + 1) + C_1 A^{−1} a^{−6+3γB(q+1)} (60)

for q ≠ (2 − γ_B)/γ_B and 1 D(a) = 12ϵ ln a + C_2 (61)

for q = (2 − γ_B)/γ_B, where C_1 and C_2 are integration constants.

C. Case C: D = Dca^p

In the previous two cases, the corresponding loop– inspired cosmology was obtained by first specifying a relation between the field’s kinetic and potential energies, which as we have argued above is analogous to the condition for a scaling solution in conventional cosmology. However, for the scenario considered in this Section, the condition that γ_{L,eff} is constant simplifies the general analysis and leads to another way of obtaining the correspondent loop-inspired cosmology. This involves specifying the form of the kinetic correction function D(a), as indicated by the form of Eqs. (52) and (53). This provides a complementary approach which we now develop further with a particular example that allows for a direct comparison with the discussion of subsection V A.

Let us consider the case

D = D_ca^p (62)

where D_c and p are positive constants. This powerlaw behaviour arises as the asymptotic limit of the LQC eigenvalue correction function (17) in the semi-classical limit of LQC. Substitution of Eq. (62) into Eq. (52) yields the potential in terms of the scale factor:

V (a) =

6 − p − 3γ_B 6 − p a^{−3γB (q+1)} (63)

for p ≠ 6 and substitution of Eq. (62) into Eq. (53) determines the evolution of the scalar field as ϕ(a) = ± √ 9γ_BD_c 4πℓ^2_{pl} √ q + 1 6 − p 2 p a^{p/2} (64)

where an integration constant has been set to zero without loss of generality by performing a linear shift in the value of the scalar field. Eq. (54) implies that if the correction function is to remain positive–definite, we require p < 6 (p > 6) for q > −1 (q < −1).

We then deduce the form of the potential from Eqs. (63) and (64):

V (ϕ) =

6 − p − 3γ_B(q + 1) 6 − p B_iϕ^{−6γB(q+1)/p} (65)

where

B_i = ( 9γ_BD_c πℓ^2_{Pl}p^2 q + 1 6 − p )_{3γB(q+1)/p} (66)

and the positive root in Eq. (64) has been chosen without loss of generality. Comparing Eqs. (50) and (65), it is interesting that for this case the inverse power-law potential plays a central role in realising γ_{eff} = constant in both the braneworld and loop-inspired cosmologies.

Finally, we consider the case p = 6 for completeness. Eq. (24) implies that γ_B(q + 1) = 0 and both γ_B = 0 and q = −1 result in a constant Hubble parameter, i.e., exponential expansion. The scalar field dynamics is then determined from Eq. (19) to be either ϕ̇ = 0 or ϕ̇^2 ∝ D(a) with a constant potential in both cases.

D. Case D: D = 1

In order to recover conventional cosmology at low energies, D(a) should approach unity as the size of the universe increases. If we choose this special form for the correction function, the dependence of the potential and scalar field can be read off immediately from Eqs. (52) and (53):

V (a) =

2 − γ_B(q + 1) 2 a^{−3γB (q+1)} (67)

ϕ(a) = √ 3γ_B(q + 1) 8πℓ^2_{Pl} ln a (68)

where the allowed value of q is constrained as q > −1 since 2 − (1/3)(d ln D/d ln a) is always positive for this case. The potential then follows from Eqs. (67) and (68):

V (a) =

2 − γ_B (q + 1) 2 exp[− √ 24πℓ^2_{Pl}γ_B(q + 1)ϕ] (69)

In effect, by choosing D = 1, we are expressing the braneworld dynamics in terms of an effective conventional model based on general relativity with an equation of state γ_{eff} = γ_B(1 + q).

VI. SUMMARY

The aim of this paper has been to investigate the extent to which two apparently disparate approaches to early universe cosmology, namely the braneworld scenario and loop quantum cosmology, may share some common features, at least from a dynamical point of view. From a phenomenological perspective, both paradigms are characterized by the way in which they lead to modifications of the standard Friedmann equations of classical cosmology. It has been shown that within the context of a general (spatially curved) FRW background sourced by a scalar field, a dynamical correspondence can be established between a given braneworld model and a class of loop–inspired backgrounds, in the sense that both approaches lead to an identical Hubble expansion if the correction terms arising in the Friedmann equations are related in an appropriate way.

This provides an alternative framework for regarding braneworld cosmology as a constrained Hamiltonian system. Alternatively, it was shown in [13] how the general class of braneworld cosmologies (6) can be reformulated in such a way that they take an identical form to that of the plane–autonomous system for a minimally coupled scalar field in standard, relativistic cosmology. In principle, the correspondence we have established above could be employed to reformulate loop–inspired scenarios in a similar way. It would be interesting to consider this possibility further since it would enable a stability analysis to be readily performed. A further extension of our analysis would be to include a perfect fluid as well as a scalar field in the matter sector and investigate whether the above correspondences can be extended to this more general case [30].

Finally, we considered cases where the cosmological background represents a scaling solution. In particular, when corrections to the Friedmann equation take a power–law form in both the braneworld and loop– inspired pictures (as is the case for example in a number of high–energy limits), the scaling solution in both paradigms is driven by a scalar field with a simple power– law potential. Hence, this provides a concrete example where the two approaches lead to qualitatively similar behaviour.

Acknowledgments

SM is grateful to the University of Nottingham and Queen Mary, University of London for their hospitality during a period when this work was initiated. He is supported by a Grant-in-Aid for Scientific Research Fund of the Ministry of Education, Culture, Sports, Science and Technology (Young Scientists (B) 17740154). EJC is grateful to the Aspen Center for Physics, for their hospitality during a period when some of this work was being carried out. We thank P. Singh for helpful discussions and comments.

[1] J. Polchinski, String Theory, 2 Vols. (Cambridge University Press, Cambridge, 1998); C. V. Johnson, D– Branes (Cambridge University Press, Cambridge, 2003); T. Ortín, Gravity and Strings, (Cambridge University Press, Cambridge, 2004).

[2] C. Rovelli, Liv. Rev. Rel. 1, 1 (1998) [arXiv:gr-qc/9710008]; T. Thiemann, Lect. Notes Phys. 631, 41 (2003) [arXiv:gr-qc/0210094]; M. Bojowald, gr-qc/0505057; A. Corichi, gr-qc/0507038.

[3] M. Bojowald, Pramana 63, 765 (2004)

[arXiv:gr-qc/0402053].

[4] R. Maartens, Liv. Rev. Rel. 7, 7 (2004) [arXiv:gr-qc/0312059].

[5] V. A. Rubakov and M. E. Shaposhnikov, Phys. Lett. B 125, 136 (1983); K. Akama, Lect. Notes Phys. 176, 267 (1982) [arXiv:hep-th/0001113].

[6] N. Arkani-Hamed, S. Dimopoulos, and G. R. Dvali, Phys. Lett. B 429, 263 (1998) [arXiv:hep-ph/9803315]; I. Antoniadis, N. Arkani-Hamed, S. Dimopoulos, and G. R. Dvali, Phys. Lett. B 436, 257 (1998)

[arXiv:hep-ph/9804398].

[7] L. Randall and R. Sundrum, Phys. Rev. Lett. 83, 3370 (1999) [arXiv:hep-ph/9905221]; L. Randall and R. Sundrum, Phys. Rev. Lett. 83, 4690 (1999) [arXiv:hep-th/9906064].

[8] M. Bojowald, Class. Quantum Grav. 19, 2717 (2002) [arXiv:gr-qc/0202077].

[9] M. Bojowald, Class. Quantum Grav. 19, 5113 (2002) [arXiv:gr-qc/0206053].

[10] M. Bojowald, Phys. Rev. Lett. 89, 261301 (2002) [arXiv:gr-qc/0206054].

[11] P. Singh and A. Toporensky, Phys. Rev. D 69, 104008 (2004) [arXiv:gr-qc/0312110]; S. Tsujikawa, P. Singh, and R. Maartens, Class. Quantum Grav. 21, 5767 (2004) [arXiv:astro-ph/0311015]; M. Bojowald, J. E. Lidsey, D. J. Mulryne, P. Singh, and R. Tavakol, Phys. Rev. D 70, 043530 (2004) [arXiv:gr-qc/0403106]; D. J. Mulryne, N. J. Nunes, R. Tavakol, and J. E. Lidsey, Int. J. Mod. Phys. A 20, 2347 (2005) [arXiv:gr-qc/0411125]; J. E. Lidsey, JCAP, 0412, 007 (2004) [arXiv:gr-qc/0411124]; G. V. Vereshchaign, JCAP 0407, 013 (2004) [arXiv:gr-qc/0406108]; M. Bojowald, R. Maartens, and P. Singh, Phys. Rev. D 70, 083517 (2004) [arXiv:hep-th/0407115]; D. J. Mulryne, R. Tavakol, J. E. Lidsey, and G. F. R. Ellis, Phys. Rev. D 71, 123512 (2005) [arXiv:astro-ph/0502589]; G. Date and G. M. Hossain, Phys. Rev. Lett. 94, 011302 (2005) [arXiv:gr-qc/0407074]; P. Singh, arXiv:gr-qc/0502086; N. Nunes, astro-ph/0507683.

[12] J. E. Lidsey, D. J. Mulryne, N. J. Nunes, and R. Tavakol, Phys. Rev. D 70, 063521 (2004) [arXiv:gr-qc/0406042].

[13] E. J. Copeland, S. J. Lee, J. E. Lidsey, and S. Mizuno, Phys. Rev. D 71, 023526 (2005) [arXiv:astro-ph/0410110].

[14] E. J. Copeland, A. R. Liddle, and J. E. Lidsey, Phys.

Rev. D 64, 023509 (2001) [arXiv:astro-ph/0006421]; G. Huey and J. E. Lidsey, Phys. Lett. B 514, 217 (2001) [arXiv:astro-ph/0104006]; K. Maeda, Phys. Rev. D 64, 123525 (2001) [arXiv:astro-ph/0012313]; S. Mizuno and K. Maeda, Phys. Rev. D 64, 123521 (2001) [arXiv:hep-ph/0108012]; V. Sahni, M. Sami, and T. Souradeep, Phys. Rev. D 65, 023518 (2002) [arXiv:gr-qc/0105121]; G. Huey and R. Tavakol, Phys. Rev. D 65, 043504 (2002) [arXiv:astro-ph/0108517]; A. S. Majumdar, Phys. Rev. D 64, 083503 (2001) [arXiv:astro-ph/0105518]; N. J. Nunes and E. J. Copeland, Phys. Rev. D 66, 043524 (2002) [arXiv:astro-ph/0204115]; S. Mizuno, K. Maeda, and K. Yamamoto, Phys. Rev. D 67, 023516 (2003) [arXiv:hep-ph/0205292]; R. J. van den Hoogen, A. A. Coley, and Y. He, Phys. Rev. D 68, 023502 (2003) [arXiv:gr-qc/0212094]; R. J. van den Hoogen and J. Ibanez, Phys. Rev. D 67, 083510 (2003) [arXiv:gr-qc/0212095];

S. Tsujikawa and A. R. Liddle, JCAP 0403, 001 (2004) [arXiv:astro-ph/0312162]; M. Sami and N. Dadhich, hep-th/0405016; N. Y. Savchenko and A. V. Toporensky, Class. Quantum Grav. 20, 2553 (2003) [arXiv:gr-qc/0212104]; G. Calcagni, Phys. Rev. D 69, 103508 (2004) [arXiv:hep-ph/0402126]; M. Sami, N. Savchenko, and A. Toporensky, Phys. Rev. D 70, 123538 (2004) [arXiv:hep-th/0408140]; S. Tsujikawa and M. Sami, Phys. Lett. B 603, 113 (2004) [arXiv:hep-th/0409212].

[15] S. Mizuno, S. J. Lee, and E. J. Copeland, Phys. Rev. D 70, 043525 (2004) [arXiv:astro-ph/0405490].

[16] F. Lucchin and S. Matarrese, Phys. Rev. D 32, 1316 (1985).

[17] C. Csaki, M. Graesser, C. F. Kolda, and J. Terning, Phys.

Lett. B 462, 34 (1999) [arXiv:hep-ph/9906513]; J. M. Cline, C. Grojean, and G. Servant, Phys. Rev. Lett. 83, 4245 (1999) [arXiv:hep-th/9906523].

[18] T. Shiromizu, K. Maeda, and M. Sasaki, Phys. Rev. D 62, 024012 (2000) [arXiv:gr-qc/9910076].

[19] P. Binetruy, C. Deffayet, and D. Langlois, Nucl. Phys.

B 565, 269 (2000) [arXiv:hep-th/9905012]; P. Binetruy, C. Deffayet, U. Ellwanger, and D. Langlois, Phys. Lett. B 477, 285 (2000) [arXiv:hep-th/9910219].

[20] Y. Shtanov and V. Sahni, Phys. Lett. B 557, 1 (2003) [arXiv:gr-qc/0208047].

[21] G. R. Dvali, G. Gabadadze, and M. Porrati, Phys. Lett.

B 485, 208 (2000) [arXiv:hep-th/0005016].

[22] K. Freese and M. Lewis, Phys. Lett. B 540, 1 (2002) [arXiv:astro-ph/0201229].

[23] C. Charmousis and J. Dufaux, Class. Quantum Grav. 19, 4671 (2002) [arXiv:hep-th/0202107]; S. C. Davis, Phys. Rev. D 67, 024030 (2003) [arXiv:hep-th/0208205]; E. Gravanis and S. Willison, Phys. Lett. B 562, 118 (2003), [arXiv:hep-th/0209076]; J. E. Lidsey and N. Nunes, Phys. Rev. D 67, 103510 (2003) [arXiv:astro-ph/0303168].

[24] D. J. H. Chung and K. Freese, Phys. Rev. D 61, 023511 (2000) [hep-ph/9906542].

[25] P. Hořava and E. Witten, Nucl. Phys. B 460, 506 (1996) [arXiv:hep-th/9510209]; P. Hořava and E. Witten, Nucl. Phys. B 475, 94 (1996) [arXiv:hep-th/9603142].

[26] M. Domagala and J. Lewandowski, Class. Quantum Grav. 21, 5233 (2004) [arXiv:gr-qc/0407051]; K. A. Meissner, Class. Quantum Grav. 21, 5245 (2004) [arXiv:gr-qc/0407052].

[27] M. Gaul and C. Rovelli, Class. Quantum Grav. 18, 1593 (2001) [arXiv:gr-qc/0011106].

[28] M. Bojowald and K. Vandersloot, Phys. Rev. D 67, 124023 (2003) [arXiv:gr-qc/0303072].

[29] R. M. Hawkins and J. E. Lidsey, Phys. Rev. D 63, 041301 (2001) [arXiv:gr-qc/0011060].

[30] P. Singh, In preparation (2005).