arXiv:gr-qc/0510120 v1 28 Oct 2005

SPIN-05/25 ITP-UU-05/31

Lamb Shift of Unruh Detector Levels

Björn Garbrecht^{1, ∗} and Tomislav Prokopec^{2, †} 1School of Physics & Astronomy, University of Manchester, Oxford Road, Manchester M13 9PL, United Kingdom 2Institute for Theoretical Physics (ITF) & Spinoza Institute, Utrecht University, Leuvenlaan 4, Postbus 80.195, 3508 TD Utrecht, The Netherlands

We argue that the energy levels of an Unruh detector experience an effect similar to the Lamb shift in Quantum Electrodynamics. As a consequence, the spectrum of energy levels in a curved background is different from that in flat space. As examples, we consider a detector in an expanding Universe and in Rindler space, and for the latter case we suggest a new expression for the local virtual energy density seen by an accelerated observer. In the ultraviolet domain, that is when the space between the energy levels is larger than the Hubble rate or the acceleration of the detector, the Lamb shift quantitatively dominates over the thermal response rate.

1. UNRUH DETECTOR AS A PROBE FOR THE QUANTUM VACUUM

In order to gain an understanding of the physical effects which occur in curved spacetimes, the Unruh detector [1] is often considered. It is an idealized point-like device, solely defined through its energy levels E_m by |m, τ⟩ = e^{−iHD τ} |m⟩ = e^{−iEmτ} |m⟩ , (1) where H_D is the unperturbed detector Hamiltonian and τ denotes the proper time along the detector trajectory.

Interactions with a scalar field ϕ take place via the perturbation Hamiltonian δH = ĥϕ(x) , (2) and we denote the matrix elements of the operator ĥ as h_{mn} = ⟨m|ĥ|n⟩. Let P_{mn}(τ) be the probability for a transition m → n after the proper time τ has elapsed, and define F_{mn} = P_{mn}/|h_{mn}|^2.

∗Bjorn@HEP.Man.Ac.UK †T.Prokopec@Phys.UU.NL

Then, according to the quantum mechanical rules of time-dependent perturbation theory, the response function for τ → ∞ is given by [1, 2], dF(ΔE) dτ = ∫_∞ −∞ dΔτe^{iΔEΔτ} ⟨i|ϕ (x(−Δτ/2)) ϕ (x(Δτ/2)) |i⟩ , (3) where ΔE = E_n − E_m, and |i⟩ denotes the state of the ϕ-field.

This response function is often discussed for a detector in de Sitter space [3]. We describe the scalar field ϕ by the Lagrangean √ −gL = √ −g ( 1 2 g_{μν} ∂^μϕ∂^ν ϕ − 1 2 m^2ϕ^2 − 1 2 ξRϕ^2 ) , (4)

implying the Euler-Lagrange equation of motion [ ∇^2 + m^2 + ξR ] ϕ(x) = 0 , (5)

where ∇ denotes the covariant derivative, such that ∇^2 = (−g)^{−1/2}∂_μg^{μν} √ −g∂_ν . The spatially flat Friedmann-Lemaître-Robertson-Walker (FLRW) Universe has the metric tensor

g_{μν} = a^2(η) × diag(1, −1, −1, −1) , (6)

where η is the conformal time. For de Sitter space expanding at the Hubble rate H, the scale factor as a function of conformal time is a(η) = − 1 Hη . (7)

We substitute φ = aϕ and decompose φ in modes as φ(x) = ∫ d_3k (2π)^3 ( e^{ik·x}φ(k, η)a(k) + e^{−ik·x}φ^∗(k, η)a^†(k) ) . (8)

Here a(k) and a^†(k) denote the annihilation and creation operators for the mode with a comoving momentum k, and they are defined by a^†(k)|0⟩ = |k⟩, a(k)|k^′⟩ = (2π)^3δ^3(k − k^′)|0⟩, where |0⟩ denotes the vacuum state and |k⟩ the one-particle state with momentum k. The physical momentum is related to the conformal momentum by k_{phys} = k/a(η). From the Klein-Gordon equation (5), one can derive for the mode functions φ(k, η) the following equation: ( ∂^2_η + (k^2 + a^2m^2) + (6ξ − 1) a^{′′} a ) φ(k, η) = 0 , (9)

and spatial homogeneity implies φ(k) = φ(k) (k ≡ |k|). We define the vacuum by the choice of solutions such that φ(k, η) reduces to a plane wave of purely negative frequency at infinitely early times. The field φ obeys the canonical commutation relation

[φ(x, η), ∂_ηφ(x^′, η)] = iδ^3(x − x^′), (10) which implies the normalisation of the mode functions by the Wronskian

φ(k, η)φ^{∗′}(k, η) − φ^′(k, η)φ^∗(k, η) = i , (11)

and for the creation and annihilation operators the commutator

[a_k, a^†_k′ ] = (2π)^3δ^{(3)}(k − k^′) . (12)

The explicit solution of the mode equation (9) for the minimally coupled massless case, m = 0 and ξ = 0, in de Sitter space with the scale factor (7) is φ(k, η) = 1 √ 2k ( 1 − i kη ) e^{−ikη} , (13)

from which, when deriving the response function, one finds [2, 4] dF(ΔE) dτ = ΔE 2π ( 1 + H^2 ΔE^2 ) 1 e^{(2π/H)ΔE} − 1 for ΔE ≠ 0 . (14)

This result indicates an exponentially falling spectrum of scalar quanta in de Sitter space, often interpreted as the presence of thermal radiation.

On the other hand, when calculating the energy density from the unrenormalised stress energy tensor, we obtain [5]

ϱ = ⟨0|T^0_0(x)|0⟩ = 1 a^4 ∫ d_3k (2π)^3 ( k + 1 2kη^2 ) , (15)

suggesting that besides the cosmological constant contribution corresponding to the first term of the integrand, there additionally is a particle spectrum ∝ 1/k^2 produced by the de Sitter background, which is apparently not captured by the response rate (14). A similar power-law behaviour of the stress energy tensor holds more generally also for massive or nonminimally coupled scalars as well as for adiabatically expanding spacetimes, such as matter and radiation Universes [5, 6, 7]. Since we are dealing with effects of the quantum vacuum in curved space, in order to understand this discrepancy, it may be useful to recall what possibly related phenomena there are in flat space.

The first experimental result to find an explanation by vacuum fluctuations was the Lamb shift. According to relativistic quantum mechanics, the energy levels 2S_{1/2} and 2P_{1/2} of hydrogen are degenerate, despite a tiny correction due to the hyperfine structure, insufficient however to account for the actual shift, which was observed by Lamb and Retherford [8] in 1947. Also in 1947, Bethe has shown in a groundbreaking paper [9] that the split is due to interactions of the electron with the vacuum fluctuations of the electromagnetic field, and a finite answer is obtained when subtracting the self-energy corrections for a free electron, which are infinite, from those of an electron in the

Coulomb potential. This is probably the most illustrative, simple and beautiful example for the effects of the quantum vacuum, detected by the hydrogen atom as a probe.

Just like an atom, Unruh’s detector is a system with discrete energy levels, which by Bethe’s argument should also acquire a Lamb shift correction from the fluctuations of the scalar field ϕ. Since quantum field theory in curved space deals with the distortions of the quantum vacuum induced by the gravitational background, it is perhaps more natural to expect that these become manifest in the Lamb shift rather than in the detection rate of scalar quanta.

Therefore, we calculate in the following the self-energy corrections to the energy levels of an Unruh detector in a spacetime X. At second order in perturbation theory, these are given by [9]

δE_{n X} = ∑ m≠n ∫ d_3k (2π)^3 | | | ∫_{d3 k′} (2π)^3 ⟨k ′, m|ĥa^†(k)φ(k, η)|0, n⟩ | | |^2 E_n − E_m − Ω(k)

(16)

= ∑ m≠n ∫ d_3k (2π)^3 | |h^2_{mn} | | |φ(k, η)|^2 E_n − E_m − Ω(k) ,

where Ω(k) is the canonical Hamiltonian energy (19) of a ϕ quantum at momentum k. This shift of energy levels has in flat space a square divergence in the ultraviolet. In Minkowski space, one can determine the values of the detector’s energy levels E_n, which are finite, by observation and the infinite shift δE_{n M} is already taken into account for this measurement. In a curved spacetime C however, the value for the radiative correction differs from the Minkowski space answer; the finite quantity

δE_n = δE_{n C} − δE_{n M} (17)

can therefore be observed by comparing the spectra of energy levels in flat and in curved background.

To keep notation simple, we drop the summation over energy levels in the following, corresponding to a two-level detector with spacing ΔE ≡ E_n − E_m and |h_{mn}|^2 ≡ h^2. The sum can simply be reinserted into all subsequent results.

2. LAMB SHIFT IN THE EXPANDING UNIVERSE

The Hamiltonian for the scalar field in the FLRW-background is given by [10] H(η) = 1 2 ∫ d_3k (2π)^3 { Ω(k, η)(a(k)a^†(k)+a^†(k)a(k))+(Λ(k, η)a(k)a(−k)+h.c.) } , (18) where

Ω(k, η)= | |φ^′(k, η) − (a^′/a)φ(k, η) | |^2 + ω̄^2(k, η) |φ(k, η)|^2 , (19)

Λ(k, η)= ( φ^′(k, η) − a^′ a φ(k, η) )_2

+ ω̄^2(k, η)φ^2(k, η) , (20)

and we have defined ω^2(k, η) = k^2 + a^2m^2 and ω̄^2(k, η) = ω^2(k, η) + 6ξ^{a′′}_a .

The quantity Ω(k) therefore is the vacuum expectation value for the Hamiltonian energy of

the ϕ-mode at momentum k. Note that this canonical energy density equals the covariant energy

density as obtained from the stress-energy tensor [2, 6, 7] only in the minimally coupled case ξ = 0.

We now make use of these expressions to calculate the shift of detector levels.

2.1. Massless de Sitter Case

As first example, let us consider a minimally coupled massless scalar in de Sitter space because

for this situation, exact solutions are available and we do not need to resort to approximation by

adiabatic expansion. First, we calculate the shift in Minkowski space,

δE^{m=0}_M = ∫ d_3k (2π)^3 1 2k h^2 ΔE − k = h^2 4π^2 ∞∫ 0 dk k ΔE − k (21)

= h^2 4π^2 ∞∫ 0 dk { −1 + ΔE ΔE − k } = h^2 4π^2

[−k − ΔE log(ΔE − k)]^∞_0 ,

which is divergent and to be subtracted.

The de Sitter mode functions are given by Eqn. (13), such that we find for their squared

amplitude

|φ(k, η)|^2 = 1 2k + 1 2k^3η^2

(22)

and for the mode energy (19)

Ω(k, η) = k + 1 2kη^2 . (23)

Let us fix a = 1, such that conformal and physical momentum coincide and we have by Eqn. (7)

η = −H^{−1}. The use of Eqn. (16) gives us the unrenormalized Lamb shift in de Sitter space,

δE^{m=0}_{dS} = ∫ d_3k (2π)^3 ( 1 2k + H^2 2k^3 ) h^2 ΔE − ( k +^{H 2}_k

) (24)

= h^2 4π^2 ∞∫ 0 dk −1 + ΔE ΔE − ( k +^{H 2}_k )

= h^2 4π^2 [−k] ∞ 0 − ΔE ∞∫ −ΔE/2 dl l + ΔE/2 l^2 + H^2 − ΔE^2/4 = h^2 4π^2 [ −k + ΔE^2/4 √ ΔE^2/4 − H^2 log | | | | | k − ΔE/2 + √ ΔE^2/4 − H^2 k − ΔE/2 − √ ΔE^2/4 − H^2 | | | | | − ΔE 2 log | | | | | (k + ΔE/2)^2 ΔE^2/4 − H^2 − 1 | | | | | ]_∞ 0 . We evaluate the boundary terms and subtract the flat space result to find for the finite observable

shift (17)

δE=δE^{m=0}_{dS} − δE^{m=0}_M (25) = h^2 4π^2 { ΔE log | | | | H ΔE | | | | − ΔE^2 4 √ ΔE^2/4 − H^2 log | | | | | ΔE/2 − √ ΔE^2/4 − H^2 ΔE/2 + √ ΔE^2/4 − H^2 | | | | | } . This expression condenses considerably when expanded in H/ΔE: δE = h^2 4π^2

H^2 ΔE ( −1 − 2 log | | | | H ΔE | | | | + O ( H ΔE )) , (26)

and when we reintroduce the sum to treat the case of more than two energy levels, it reads δE = ∑ m≠n |h_{mn}|^2 4π^2

H^2 E_n − E_m ( −1 − 2 log | | | | H E_n − E_m | | | | + O ( H E_n − E_m )) . (27)

When compared to the response function in de Sitter (14), which decays exponentially in ΔE,

this power law behaviour becomes more important in the ultraviolet. Since the mode energy Ω is

contributing, we can consider Lamb shift as a way to observe the energy density (15) produced by

the de Sitter background.

2.2. The General Case

Now, we allow for a general expanding FLRW background given by the scale factor a(η), as

well as for the scalar field ϕ a curvature coupling ξ and a constant mass m. Adiabatic expansion

gives up to second order in d/dη [5] (here we keep the scale factor a explicitly)

|φ|^2 = 1 2ω − 1 4ω^3 { (6ξ − 1) a^{′′} a − 1 2 m^2(aa^{′′} + a^{′2}) ω^2 + 5 4 m^4a^2a^{′2}

ω^4 } (28) and Ω=ω + 1 2ω ( a^{′2} a^2

+ 6ξ a^{′′} a ) + 1 2 a^{′2} a^2 a^2m^2 ω^3 + 1 8 a^{′2} a^2 a^4m^4 ω^5

, (29) Λ= { 1 2ω ( a^{′2} a^2 + a^{′′} a ) + 1 4 ( a^{′′} a +3 a^{′2} a^2 ) a^2m^2 ω^3 − 1 2 a^{′2} a^2 a^4m^4 ω^5

(30) +i a^′ a ( 1 + 1 2 a^2m^2 ω^2 )} e^{−2i} ∫_{η W (η′)dη′} , where φ(η) = (2W (η))^{−1/2} exp(−i ∫_η W (η^′)dη^′). We therefore define

Δ_A2 = 1 ω { 1 − 6ξ 2 a^{′′} a + 1 4 m^2(aa^{′′} + a^{′2}) ω^2 − 5 8 m^4a^2a^{′2} ω^4 } , (31)

Δ_Ω = 1 2ω ( a^{′2} a^2

+ 6ξ a^{′′} a ) + 1 2 a^{′2} a^2 a^2m^2 ω^3 + 1 8 a^{′2} a^2 a^4m^4 ω^5

, (32)

such that |φ|^2 = 1/(2ω) + Δ_A2 /(2ω^2) and Ω = ω + Δ_Ω.

The Lamb shift in FLRW Universe with respect to flat space is then

δE = δE_{FLRW} − δE_M = h^2 ∫ d_3k (2π)^3 { 1 2ω Δ_A2 /ω + 1 ΔE − ω − Δ_Ω − 1 2ω 1 ΔE − ω } (33) ≈ h^2 4π^2 ∞∫ 0 dk k^2 ω^2 { Δ_A2 ΔE − ω + ωΔ_Ω (ΔE − ω)^2 }

= h^2 8π^2 1 ΔE { − 5 6 a^{′′} a − a^{′2} a^2

+ (1 − 6ξ) log (2ΔE am ) a′′ a + O ( ma^{′′} ΔE^2 , ma^{′2} aΔE^2 )} , where the relevant integrals are given in the appendix. For m → 0, there occurs a logarithmic

infrared divergence. This is however an artefact of adiabatic expansion, which breaks down in this

limit. Note in particular, that the exact expression (25) for the massless de Sitter case is infrared

finite.

Let us comment in more detail on the sensitivity of the detector to the energy density produced

by the expanding background. From the expression (16) we immediately see the contribution of

the mode energies Ω(k, η) to the Lamb shift, but additionally there also enters the mode amplitude

through |φ(k, η)|^2, which is also influenced by the background. For this quantity, the relation

|φ(k, η)|^2 = 1 2 ( Ω(k, η) − ℜ [ Λ(k, η)e^{2i} ∫_{η W (η′)dη′} ])_{−1} (34)

generally holds. We hence found that although we cannot write the result for the Lamb shift

solely in terms of Ω(k, η) or T^0_0, we can express it in terms of contributions to the canonical

Hamiltonian (18).

3. LAMB SHIFT IN RINDLER SPACE

It was suggested by Unruh [1], that an accelerated observer should perceive particles even

in the vacuum, which is due to the fact that quantization in a coordinate system suitable for

the observer, referred to as Rindler space, is inequivalent to quantization in Minkowski space.

Therefore, accelerated observer vacuum and inertial Minkowski vacuum do not coincide [11]. The

quantum state in the accelerated system, which is equivalent to the Minkowski vacuum, can be constructed through a Bogolyubov transformation, which corresponds to mode mixing and is known as the Unruh effect [1].

Just as in de Sitter space, the response function of Unruh’s detector falls off exponentially [1, 12], therefore resembling to a thermal spectrum. As we have observed for expanding Universes, this effect is quantitatively dominated by the Lamb shift of energy levels. In the following, we shall demonstrate that the same holds also true for an accelerated detector.

3.1. Scalar Field in Rindler Coordinates

In flat two-dimensional space with the line element

ds^2 ≡ g_{μν} dx^μdx^ν = −dt^2 + dx^2, g_{μν} = diag(−1, 1) , (35)

we consider an observer of mass m_O, who is constantly accelerated by the force f, for example an ion in a homogeneous electric field. Let us determine his trajectory y(τ) = (t(τ), x(τ))^T , where τ is his proper time, defined by dτ^2 = −ds^2.

The Minkowski vector describing the force in the inertial system where the observer is instantaneously at rest is

f̃ = 0 f . (36)

When we see the observer moving at the instantaneous velocity v, the force vector f in our coordinate system is obtained from

f = Λ(−v)f̃ = f v √ 1−v^2 1 √ 1−v^2 = f sinh ψ cosh ψ , (37)

where Λ(−v) denotes the Lorentz boost transformation, ψ is the rapidity parameter, tanh ψ = v, and the velocity vector is of the standard form

u = dy dτ = 1 √ 1−v^2 v √ 1−v^2 = cosh ψ sinh ψ . (38)

With p being his momentum, the observer follows then a trajectory which is solution to the relativistic equation of motion dp dτ = m_O d^2y dτ^2 = f . (39)

A solution for dy/dτ is easily found when setting ψ = ατ and α = f/m_O, and we can interpret the parameter α as a constant proper acceleration

α = ( d^2y dτ^2 )_2 1 2 = [ − ( d2t dτ^2 )_2 + ( d2x dτ^2 )_2 ] 1_2 . (40)

A special y(τ) is given by

y(τ) = α^{−1} sinh ατ α^{−1} cosh ατ , (41)

implying the trajectory

x(t) = (t^2 + α^{−2})^{1/2} , (42)

on which we shall consider Unruh’s detector in the following.

Since we describe the time evolution of the detector in terms of its proper time τ, we also use τ as the time-variable for canonical quantization of the scalar field, which then manifestly separates into modes which the observer perceives as of positive and of negative frequency, respectively. Let us therefore transform the system to the Rindler coordinates as [13]

t=α^{−1}e^ξ sinh ατ , (43) x=α^{−1}e^ξ cosh ατ ,

such that the metric becomes

ds^2 = −e^{2ξ}dτ^2 + α^{−2}e^{2ξ}dξ^2 , (44)

where the detector’s site is at ξ = 0. The dependence of the metric (44) on ξ indicates that Minkowski space appears inhomogeneous to an accelerated observer.

According to the Lagrangean √ −gL = √ −g ( − 1 2 g_{μν} ∂^μφ∂^ν φ − 1 2 m^2φ^2 ) , (45)

the Klein-Gordon equation for a scalar field with mass m is ( − ∂^2 ∂t^2 + ∂^2 ∂x^2 − m^2 ) φ(x, t) = 0 . (46)

In the Rindler coordinate system, this transforms to ( − ∂^2 ∂τ^2 + α^2

∂^2 ∂ξ^2 − e^{2ξ}m^2 ) φ(ξ, τ) = 0 . (47)

We shall take the scalar field to be in the Rindler vacuum |0⟩, with the field operator φ̂(ξ, τ) = ∫_∞ 0 dλ 2π { c_λφ_λ(ξ, τ) + c^†_λφ^∗_λ(ξ, τ) } , (48)

where the creation and annihilation operators act as c^†_λ|0⟩ = |λ⟩ and c_λ|λ^′⟩ = 2πδ(λ − λ^′)|0⟩.

Making use of the Jacobian of the coordinate transformation (43), J = α^{−1}exp(2ξ), and the

identity ∫ dt ∫ dxH^φ(x, t) = ∫ dτ ∫ dξH^φ(ξ, τ), one arrives at the following Hamiltonian

H^φ = ∫_∞ −∞ dξ H^φ , (49)

H^φ = 1 2α {( ∂φ̂ ∂τ )_2 + α^2 ( ∂φ̂ ∂ξ )_2

+ e^{2ξ}m^2φ̂^2 } . The normalisable negative-frequency mode functions in (48) can be expressed in terms of Hankel

functions as (cf. Refs. [11, 14, 15]) φ_λ(ξ, τ) = e^{−iλτ} e^{− π2 λα} √ π 2α sinh ( π λ α ) iH^{(1)}_{i λα} ( i m α e^ξ ) . (50)

In order to fix the normalisation, we define the scalar product as implied by Green’s theorem [16]

(φ_λ, φ^′_λ) = i ∫ Σ dΣ^μ √ −g ( φ^∗_λ^↔∂_μ φ_λ′ ) , (51)

where Σ is a spatial hypersurface, for example the surface defined by τ = 0, which we consider in

the following. When intoducing

N_λ = e^{− π}2^λα √ π λ α sinh ( π λ α ) , (52)

ϱ = α^{−1}e^ξ and an infinitesimal regulator ε, the scalar product turns out to be the desired δ-function

representation

(φ_λ, φ^′_λ)=−i ∞∫ −∞ dξ 1 α ( φ^∗_λ^↔∂_τ φ_λ′ ) (53)

=N_λN_λ′ ∞∫ 0 dϱ αϱ^{1+ε} H^{(1)}_{i λα}^∗ (imϱ) H^{(1)}_{i λ}′_α (imϱ)

=N_λN_λ′ 1 8α | | |Γ ( ε + i^{λ+λ′}_{2α} )| |^2 + | | |Γ ( ε + i^{λ−λ′}_{2α} )| |^2 Γ(ε) ≈N_λN_λ′ 1 2α | | | |Γ ( λ + λ^′ 2α )| | | 2 ε ε^2 + (_{λ−λ′} α )_2 = 2πδ(λ − λ^′) .

For solving the integral, we made use of the formula GR 6.576.4 (we denote the equalities taken

from Ryzhik and Gradshteyn [17] by GR).

It is also of interest to compute the Bogolyubov coefficients for the matching to the Minkowski

modes ψ_k(x, t) = 1 √ 2ω e^{−iωt+ikx} , (54)

where ω = √ k^2 + m^2. When we use the formula GR 6.621.3 for the occuring integrals and

GR 9.121.19, GR 9.121.21 in order to express hypergeometric functions in terms of elementary

functions, we obtain (cf. [11]) α_{λ,k} =(ψ_k, ϕ_λ) = e^{− π2 λα} √ π 2αω sinh ( π λ α )^∞∫ 0 dϱ ( ω + λ αϱ ) e^{−ikϱ}H^{(1)}_{i λα} (imϱ) (55)

=(2m)^{i λα} √ π ωλ ( 1 − e^{−2π λα} )_− 1_2 (ω + k m )_i λ_α , and likewise

β_{λ,k} = (ψ^∗_k, ϕ_λ) = (2m)^{i λα} √ π ωλ ( e^{2π λα} − 1

)_− 1_2 (ω − k m )_{−i} λ_α . (56)

The k-dependent phase is missed when matching instead of along τ = t = 0 along U = t − x and

V = t + x [1], because the Rindler modes reduce to massless modes along these lightlike surfaces

and Green’s theorem is strictly speaking only applicable along proper spacelike surfaces.

Note that the mode mixing is exponentially suppressed, since β_{λ,k} ∝ e^{−πλ/α} for large λ. As-

suming m ≫ α, as required by the expansions we shall use in the following, β_{λ,k} ≪ 1, and one does

not need to account for the mode mixing. In order not to distract from the main line of argument,

we therefore neglect it here.

The spatial parts of the Rindler modes (50) are real valued functions of ξ, because the opera-

tor (47) corresponds to a quantum mechanical particle which is reflected by a potential e^{2ξ}m [11].

For ξ → −∞ the solutions therefore reduce to standing plane waves. This picture also explains

the exponential decay of the mode functions for mϱ ≫ λ/α, which is by GR 8.451.3

H^{(1)}_{i λα} (imϱ) ∼ −i √ 2 πmϱ e^{−mϱ+ π2 λα} . (57)

As a consequence, the condition λ ≫ α effectively holds whenever m ≫ α, due to the exponential

vanishing of φ at the detector’s site ϱ = α^{−1} when λ < m. For calculational purposes and in order

to keep notations simple, it proves useful to complexify the expansion. First, note the identity [18]

(we introduce an infinitesimal real part ε > 0 of the argument of the Bessel function for later use) J_{iλ/α} ( i m α e^ξ − ε ) = [ J_{−iλ/α} ( e^{−iπ} i m α e^ξ + e^{−iπ} ε )]_∗ (58) =e^{− πλα} [ J_{−iλ/α} ( i m α e^ξ + ε )]_∗ , which, together with the definitions GR 8.403.1 and GR 8.405.1, allows us to express

H^{(1)}_{i λα} ( i m α e^ξ ) = 4 1 − e^{−2π λ}α ℑ [ J_i λ_α ( i m α e^ξ )] , (59)

and therefore φ_λ(ξ, τ) = e^{−iλτ + π}2^λα √ 2λ | | | |Γ ( 1 + i λ α )| | | { J_i λ_α ( i m α e^ξ + ε ) − e^{−π λα} J_{−i} λ_α ( i m α e^ξ − ε )} , (60)

where λ > 0. We now allow for λ ∈ [−∞, ∞], introduce the complex mode functions φ̃_λ(ξ, τ) = e^{−i|λ|τ} √ 2|λ| e^{π2 λα} | | |Γ ( 1+i λ α )| | J_{i λα} ( i m α e^ξ + sign(λ)ε ) , (61)

and reexpress the field operator (48) as φ̂(ξ, τ) = ∫_∞ −∞ dλ 2π { c̃_λφ̃_λ(ξ, τ) + c̃^†_λφ̃^∗_λ(ξ, τ) } , (62)

where the states are restricted to those generated by the pairs c̃^†_λ + c̃^†_{−λ} acting on the ground state |0⟩. When the parameter λ becomes large compared to the acceleration α, the modes (50, 61) asymp-

totically reduce to plane waves. We provide here a systematic expansion of the mode functions (61)

in Rindler space in the ultraviolet domain, that is where λ ≫ α, m. All terms involving powers up

to α^2 and m^4 are displayed. Since |λ|/α ≫ 1, we need an asymptotic expansion of Bessel functions

of large order, which is given by the approximation by tangents [18]:

J_i λ_α ( i m α e^ξ + ε ) ∼ e^{i λ}α^{(tanh β−β)− 1}4^{πi} (2π^λ_α tanh β)^{1/2} { 1 − i α λ ( 1 8 coth β − 5 24 coth^3 β ) (63)

− α^2 λ^2 ( 9 128 coth^2 β − 231 576 coth^4 β +

1155 3456 coth^6 β ) + O ( α^3 λ^3 )} , for λ > 0, where

cosh β = λ m e^ξ +iε, tanh β = ( 1 − m^2 λ^2 e^{2ξ}

) 1_2 . The expansion (63) corresponds to the region 2 of figure 22 in Ref. [18].

When λ < 0, we make use of the identity (58) to bring the argument of the Bessel function

in (61) into the region of validity (|arg(z)| < π/2) of the approximation by tangents. Indeed,

since the argument fulfills arg(i(m/α)e^ξ + ε) < π/2, we can use the approximation by tangents

(cosh(β) = ν/z lies again in the region 2 of figure 22 in Ref. [18])

J_i λ_α ( i m α e^ξ − ε ) ∼ e^{−πλ/α} e^{i λ}α^{(tanh β−β)+ 1}4^{πi} ( − 2π^λ_α tanh β)^{1/2} { 1 − i α λ ( 1 8 coth β − 5 24 coth^3 β ) (64)

− α^2 λ^2 ( 9 128 coth^2 β − 231 576 coth^4 β +

1155 3456 coth^6 β ) + O ( α^3 λ^3 )} , for λ < 0.

The following expressions, which are valid for both for λ < 0 and λ > 0, completely specify β,

coth β= ( 1 − m^2 λ^2 e^{2ξ}

)_− 1_2

, (65)

cosh β= |λ| m e^ξ − iεsign(λ) . (66)

We can now write a general approximation by tangents for the Rindler modes (50) (valid for any |λ| ≫ α, m): φ̃_λ∼ e^{−i|λ|τ + π}2^{|λ|}α √ 2|λ| | | | |Γ ( 1+i λ α )| | | e^{i λ}α^{(tanh β−β)−i π}4^{sign(λ)} [2π(|λ|/α) tanhβ]^{1/2} { 1−i α λ ( 1 8 coth β − 5 24 coth^3 β )

− α^2 λ^2 ( 9 128 coth^2 β − 231 576 coth^4 β +

1155 3456 coth^6 β ) + O ( α^3 λ^3 )} (67)

Upon expanding φ_λ in powers of α/λ, (m/λ)^2 and ξ we get (up to corrections of order

O((α/λ)^3, ξ^2, (m/λ)^6), φ̃_λ≃e^{−i|λ|τ} α^{1/2} (4π)^{1/2}|λ| e^{π2 |λ|α −i π4 sign(λ)} | | |Γ ( 1 + i λ α )| | | (68)

×exp [ i λ α ( 1 − log ( 2|λ| m ) − 1 4 m^2 λ^2 − 1 8 m^4 λ^4 )] × exp [ iξ λ α ( 1− m^2 2λ^2 − m^4 8λ^4 )]

× { 1 + 1 4 m^2 λ^2 + 5 32 m^4 λ^4 + 1 2 ξ m^2 λ^2 + 5 8 ξ m^4 λ^4 }

× { 1 + i 12 α λ [ 1 + 3 m^2 λ^2 + 33 8 m^4 λ^4

+ 6ξ m^2 λ^2 + 33 2 ξ m^4 λ^4 ]

− 1 288 α^2 λ^2 [ 1 + 78 m^2 λ^2 + 1005 4 m^4 λ^4

+ 156ξ m^2 λ^2

+ 1005ξ m^4 λ^4 ]} . For λ → ∞, this reduces to a plane wave solution as it should, since the acceleration parameter α

becomes irrelevant. Investigating the ξ-dependent part of this expansion, we note exp [ iξ λ α ( 1 − m^2 2λ^2 − m^4 8λ^4 + O ( m^6 λ^6 ))] = exp [ iξ 1 α √ λ^2 − m^2 ] . (69)

Therefore, we can interpret the modes locally as particles of energy λ and momentum √ λ^2 − m^2.

3.2. Lamb Shift

In order to calculate the Lamb shift, we need the amplitude squared of the expanded mode

functions (68), which is at the site ξ = 0

|φ̃_λ(ξ = 0, τ)|^2 = 1 2λ 1 1 − e^{−2π|λ|/α} ( 1 + 1 2 m^2 λ^2 + 3 8 m^4 λ^4 + . . . ) ( 1 + 1 2 α^2m^2 λ^4 + . . . ) . (70)

The Hamiltonian (49), which is quadratic in the field operators (48), can be recast into the

following quadratic form in terms of the creation and annihilation operators of the Rindler vacuum,

H^φ = 1 2 ∫ dλ 2π {Ω_λ(c̃_λc̃^†_λ + c̃^†_λc̃_λ) + (Λ_λc̃_λc̃_{−λ} +h.c.)} , (71)

where Ω_λ denotes the virtual energy of a Rindler quasiparticle excitation of momentum λ, and Λ_λ

is the amplitude for annihilation of a Rindler pair, with the momenta λ and −λ, respectively.

Here, we are interested in the ultraviolet domain, i.e. in the portion of (71) where |λ| ≫ α.

Thus, it is possible to choose 1 ≫ Δξ ≫ α/|λ|, which is what we assume in the following. From the

analytic behaviour of the Rindler modes (50), it then follows that in the detector’s neighbourhood at

ξ = 0 , the ultraviolet contributions to the Hamiltonian (71) are dominated by the local contribution from ξ ∈ (−Δξ/2, Δξ/2), H^φ ≈ ∫_{Δξ/2} −Δξ/2 dξ H^φ . (72)

Then, by using the following approximate relation, ∫_{Δξ/2} −Δξ/2 dξe^{iξ λα} (^{1− 12 m} 2 λ2 −^1_8^{m4}_{λ4} )±iξ^{λ′}_α (1−^1_2^{m2}_{λ′2} −^1_8^{m4}_{λ′4} )≈2παδ(λ ± λ′) ( 1 − 1 2 m^2 λ^2 − 1 8 m^4 λ^4 ) , (73)

we find

Ω_λ = { (λ^2 + m^2)|φ_λ|^2 + α^2|∂_ξφ_λ|^2 } ( 1 − 1 2 m^2 λ^2 − 1 8 m^4 λ^4 ) , (74)

Λ_λ= { (m^2 − λ^2)|φ_λ|^2 + α^2|∂_ξφ_λ|^2 } ( 1 − 1 2 m^2 λ^2 − 1 8 m^4 λ^4 ) e^{−2i|λ|τ} . (75)

Assuming m ≫ α, by the same token as for neglecting the mode mixing, we have dropped here the

exponentially falling prefactor occuring in expression (70).

Upon substituting the expanded mode functions (68), one obtains after some algebra

Ω_λ= 1 |λ| ( λ^2 − 3 8 α^2m^4 λ^4 + . . . ) , (76)

Λ_λ=− α^2m^2 2|λ|^3 e^{−2i|λ|τ} + . . . (77) We can now assemble the difference between Lamb shift in Rindler space δE_R and flat space

δE_M . For the lower limit of the self-energy integral we take λ = m, because for λ < m the modes

are exponentially suppressed. According to the two-dimensional case of Eqn. (16), we find δE = δE_R − δE_M = 2h^2 ∞∫ m dλ 2π 1 2λ ( 1 + 1 2 m^2 λ^2 + 3 8 m^4 λ^4 ) { 1 +^{α2m2}_{2λ4} ΔE − λ +^3_8^{α2m4}_{λ5} − 1 ΔE − λ } (78)

≈ h^2 4π ∞∫ 0 dk α^2m^2 λ^5 { 1 ΔE − λ − 3 4λ m^2 (ΔE − λ)^2 } = h^2 6π α^2 ΔEm^2 ( 1 + O(m/ΔE) ) where we have identified the momentum according to the identity (69) as k = √ λ^2 − m^2 and substituted dλ → dk. The integrals are evaluated according to (A.15, A.17), and the final result is displayed up to leading order in 1/ΔE, assuming that ΔE ≫ m. When compared with the exponentially falling particle number by mode mixing, we see that in the ultraviolet, Unruh effect gets a boost.

4. LAMB SHIFT VERSUS RESPONSE RATE

While the response rate of an Unruh detector falls off exponentially with the level spacing ΔE, which holds true for de Sitter as well as for Rindler space, we have shown that Lamb shift exhibits a power-law behaviour. From the response function dF(ΔE)/dτ (14) for positive and negative ΔE, one can derive according to the principle of detailed balance the probability to find the detector on an excited level when being in equilibrium with the background, see e. g. Ref. [2]. This probability turns out to be exponentially falling with ΔE too. Since also Lamb shift corresponds to the mixing of energy levels both effects are therefore quantitatively comparable, and Lamb shift is clearly more important in the ultraviolet. Yet, the difference is of course that the response of the detector is a time-dependent while Lamb shift a time-independent effect^1.

For the expanding Universe, the power law behaviour is expected when considering the Hamiltonian or the local covariant energy density. For the accelerated observer, we have derived a new expression for a local virtual energy density, which also corresponds to a power law of the mode-energy. From this point of view, the exponential decay of the detector response comes out as a surprise. Note, that for the calculation of Lamb shift, we had to perform renormalisations, though at a rather crude technical level. Therefore, we would have to verify whether the response function (3) for the unrenormalised, bare detector correctly reproduces the response rate for its renormalised, dressed counterpart. In QFT, this question is answered positively by the LSZ reduction formula for scattering amplitudes, the proof of which in particular requires that the external states of the matrix element correspond to well separated wave packets. It is not clear whether this condition can be met for the state being the product of detector in the ground state and curved spacetime vacuum. In particular, our discussion of boundary effects in Ref. [2] indicates possible problems, since a huge period of interaction with the vacuum and a tremendous coherence is required, while scattering in flat space is a resonance phenomenon on rather short timescales.

1 Strictly speaking, the Lamb shift in the expanding Universe (33) varies as the Hubble rate changes with time.

Time-independence means here that we use time-independent perturbation theory.

However, we do not decide this question in this paper.

Since the Lamb shift for the Unruh detector can be interpreted as a self-energy, it is interesting

to compare with the effects of self-energies for quantum fields. In Refs. [19, 20, 21], the vacuum

polarization of a photon coupled to minimally and nearly minimally coupled scalars in de Sitter

space is calculated. As a main result, a one-loop effective equation of motion is derived, which

indicates a mass term for the photon, but no damping term corresponding to scattering from a

thermal scalar background.

Therefore, self-energy effects known for fields in curved spacetimes are also of relevance for the

Unruh detector. In fact, it is not via the response rate^2 but through the Lamb shift how a bound

state probes the quantum vacuum and the energy produced by the background.

APPENDIX: INTEGRALS FOR LAMB SHIFT CALCULATION

For the calculation of Lamb shift in FLRW-background, we need the following integrals:

I_1 = ∫ k_2dk (ΔE − ω)ω^3 (A.1) =− k ΔEω − m ΔE^2 arctan k m + √ ΔE^2 − m^2

ΔE^2 1 2 { log | | | | | √ ΔE^2 − m^2 + k √ ΔE^2 − m^2 − k | | | | | + log | | | | | √ ΔE^2 − m^2ω + ΔEk √ ΔE^2 − m^2ω − ΔEk | | | | | } ,

I_2 = ∫ k_2dk (ΔE − ω)ω^5 (A.2) = 1 ΔE k^3 3m^2ω^3 + 1 ΔE^2 [ 1 2m arctan ( k m ) − k 2ω^2 ] − 1 ΔE^3 k ω − m ΔE^4 arctan ( k m )

+ √ ΔE^2 − m^2

ΔE^4 1 2 { log | | | | | √ ΔE^2 − m^2 + k √ ΔE^2 − m^2 − k | | | | | + log | | | | | √ ΔE^2 − m^2ω + ΔEk √ ΔE^2 − m^2ω − ΔEk | | | | | } ,

I_3 = ∫ k_2dk (ΔE − ω)ω^7 (A.3) = 1 ΔE [ 2 15 k m^4ω + 1 15 k m^2ω^3 − 1 5 k ω^5 ] + 1 ΔE^2 [ 1 8m^3 arctan ( k m ) + k 8m^2ω^2 − 1 4 k ω^4 ]

+ 1 ΔE^3 1 3 k^3 m^2ω^3 + 1 ΔE^4 [ 1 2m arctan ( k m ) − 1 2 k ω^2 ] − 1 ΔE^5 k ω − m ΔE^6 arctan ( k m )

+ √ ΔE^2 − m^2

ΔE^6 1 2 { log | | | | √ ΔE^2 − m^2 + k √ ΔE^2 − m^2 − k | | | | + log | | | | √ ΔE^2 − m^2ω + ΔEk √ ΔE^2 − m^2ω − ΔEk | | | | } ,

2 We were unaware of this when we wrote Ref. [5].

J_1 = ∫ k_2dk (ΔE − ω)^2ω^2

(A.4) = k ΔE(ΔE − ω) − m ΔE^2 arctan k m − m^2

ΔE^2 √ ΔE^2 − m^2 1 2 { log | | | | | √ ΔE^2 − m^2 + k √ ΔE^2 − m^2 − k | | | | | + log | | | | | √ ΔE^2 − m^2ω + ΔEk √ ΔE^2 − m^2ω − ΔEk | | | | | } ,

J_2 = ∫ k_2dk (ΔE − ω)^2ω^4

(A.5) = 1 ΔE^2 [ 1 2m arctan ( k m ) − 1 2 k ω^2 ] + k ΔE^3(ΔE − ω) − 2 ΔE^3 k ω − 3m ΔE^4 arctan ( k m )

+ 2ΔE^2 − 3m^2

ΔE^4 √ ΔE^2 − m^2 1 2 { log | | | | √ ΔE^2 − m^2 + k √ ΔE^2 − m^2 − k | | | | + log | | | | √ ΔE^2 − m^2ω + ΔEk √ ΔE^2 − m^2ω − ΔEk | | | | } ,

J_3 = ∫ k_2dk (ΔE − ω)^2ω^6

(A.6) = 1 ΔE^2 [ 1 8m^3 arctan ( k m ) + 1 8 k m^2ω^2 − 1 4 k ω^4 ] + 1 ΔE^3 2 3 k^3

m^2ω^3 + 1 ΔE^4 [ 3 2m arctan ( k m ) − 3 2 k ω^2 ]

− 1 ΔE^5 4k ω − 5m ΔE^6 arctan ( k m ) + 1 ΔE^5 k (ΔE − ω) + 4ΔE^2 − 5m^2

ΔE^6 √ ΔE^2 − m^2 1 2 { log | | | | | √ ΔE^2 − m^2 + k √ ΔE^2 − m^2 − k | | | | | + log | | | | | √ ΔE^2 − m^2ω + ΔEk √ ΔE^2 − m^2ω − ΔEk | | | | | } . We evaluate the above integrals at their boundaries and obtain

[I_1]^∞_0 =− 1 ΔE − π 2 m ΔE^2 + √ ΔE^2 − m^2

ΔE^2 1 2 log | | | | | √ ΔE^2 − m^2 + ΔE √ ΔE^2 − m^2 − ΔE | | | | | , (A.7)

[I_2]^∞_0 = 1 ΔE 1 3m^2 + 1 ΔE^2 π 4 1 m − 1 ΔE^3 − π 2 m ΔE^4 + √ ΔE^2 − m^2

ΔE^4 1 2 log | | | | | √ ΔE^2 − m^2 + ΔE √ ΔE^2 − m^2 − ΔE | | | | | ,

[I_3]^∞_0 = 2 15 1 ΔE 1 m^4 + π 16 1 ΔE^2 1 m^3 + 1 ΔE^3 1 3m^2 + π 4 1 ΔE^4 1 m − 1 ΔE^5 − π 2 m ΔE^6 + √ ΔE^2 − m^2

ΔE^6 1 2 log | | | | | √ ΔE^2 − m^2 + ΔE √ ΔE^2 − m^2 − ΔE | | | | | ,

[J_1]^∞_0 =− 1 ΔE − π 2 m ΔE^2 − m^2

ΔE^2 √ ΔE^2 − m^2 1 2 log | | | | | √ ΔE^2 − m^2 + ΔE √ ΔE^2 − m^2 − ΔE | | | | | , (A.8)

[J_2]^∞_0 = π 4 1 ΔE^2 1 m − 3 ΔE^3 − 3π 2 m ΔE^4 + 2ΔE^2 − 3m^2

ΔE^4 √ ΔE^2 − m^2 1 2 log | | | | | √ ΔE^2 − m^2 + ΔE √ ΔE^2 − m^2 − ΔE | | | | | ,

[J_3]^∞_0 = π 16 1 ΔE^2 1 m^3 + 2 3 1 ΔE^3 1 m^2 + 3π 4 1 ΔE^4m − 5 ΔE^5 − 5π 2 m ΔE^6 + 4ΔE^2 − 5m^2 ΔE^6 √ ΔE^2 − m^2 1 2 log | | | | √ ΔE^2 − m^2 + ΔE √ ΔE^2 − m^2 − ΔE | | | | . When expanded up to second order in 1/ΔE, the above expressions read

[I_1]^∞_0 ≃− 1 ΔE − π 2 m ΔE^2 + 1 ΔE log | | | | 2ΔE m | | | | , (A.9)

[I_2]^∞_0 ≃ 1 3 1 ΔEm^2 + π 4 1 ΔE^2m

, (A.10)

[I_3]^∞_0 ≃ 2 15 1 ΔEm^4 + π 16 1 ΔE^2m^3

, (A.11)

[J_1]^∞_0 ≃− 1 ΔE − π 2 m ΔE^2

, (A.12)

[J_2]^∞_0 ≃ π 4 1 ΔE^2m

, (A.13)

[J_3]^∞_0 ≃ π 16 1 ΔE^2m^3

. (A.14)

The integrals which we need for obtaining the Lamb shift in Rindler space are (k = √ λ^2 − m^2)

R_1 = ∫ dk λ^5 1 ΔE − λ (A.15) = 1 ΔE ( 2 3 k m^4λ + 1 3 k m^2λ^3 ) + 1 ΔE^2 ( 1 2m^3 arctan ( k m ) + 1 2 k m^2λ^2 )

+ 1 ΔE^3 k m^2λ + 1 ΔE^4 1 m arctan ( k m )

+ 1 ΔE^4 √ ΔE^2 − m^2 1 2 { log | | | | | √ ΔE^2 − m^2 + k √ ΔE^2 − m^2 − k | | | | | + log | | | | | √ ΔE^2 − m^2λ + ΔEk √ ΔE^2 − m^2λ − ΔEk | | | | | } (A.16)

[R_1]^∞_0 = 1 ΔE 2 3 1 m^4 + 1 ΔE^2 π 4 1 m^3 + 1 ΔE^3 1 m^2 + π 2 1 ΔE^4 1 m + 1 ΔE^4 √ ΔE^2 − m^2 1 2 log | | | | | √ ΔE^2 − m^2 + ΔE √ ΔE^2 − m^2 − ΔE | | | | | ,

R_2 = ∫ dk λ^6 1 (ΔE − λ)^2

(A.17) = 1 ΔE^2 ( 3 8 1 m^5 arctan ( k m ) + 3 8 k m^4λ^2 + 1 4 k m^2λ^4 ) + 2 ΔE^3 ( 2 3 k m^4λ + 1 3 k m^2λ^3 )

+ 3 ΔE^4 ( 1 2m^3 arctan ( k m ) + k 2m^2λ^2 ) + 4 ΔE^5 k m^2λ + 1 ΔE^6 5 m arctan ( k m )

+ 1 ΔE^5(ΔE^2 − m^2) k ΔE − λ + 6ΔE^2 − 5m^2 ΔE^6(ΔE^2 − m^2)^{3/2} 1 2 { log | | | | | √ ΔE^2 − m^2 + k √ ΔE^2 − m^2 − k | | | | | + log | | | | | √ ΔE^2 − m^2λ + ΔEk √ ΔE^2 − m^2λ − ΔEk | | | | | } (A.18)

[R_2]^∞_0 = 1 ΔE^2 3π 16 1 m^5 + 1 ΔE^3 4 3 1 m^4 + 1 ΔE^4 3π 4 1 m^3 + 1 ΔE^5 4 m^2 + 1 ΔE^6 5π 2 1 m − 1 ΔE^5(ΔE^2 − m^2) + 6ΔE^2 − 5m^2 ΔE^6(ΔE^2 − m^2)^{3/2} 1 2 log | | | | √ ΔE^2 − m^2 + ΔE √ ΔE^2 − m^2 − ΔE | | | | .

[1] W. G. Unruh, “Notes On Black Hole Evaporation,” Phys. Rev. D 14 (1976) 870. [2] B. Garbrecht and T. Prokopec, “Unruh response functions for scalar fields in de Sitter space,” Class.

Quant. Grav. 21 (2004) 4993 [arXiv:gr-qc/0404058].

[3] G. W. Gibbons and S. W. Hawking, “Cosmological Event Horizons, Thermodynamics, And Particle Creation,” Phys. Rev. D 15 (1977) 2738.

[4] A. Higuchi, “Quantization Of Scalar And Vector Fields Inside The Cosmological Event Horizon And Its Application To Hawking Effect,” Class. Quant. Grav. 4 (1987) 721.

[5] B. Garbrecht and T. Prokopec, “Energy density in expanding universes as seen by Unruh’s detector,” Phys. Rev. D 70 (2004) 083529 [arXiv:gr-qc/0406114].

[6] L. Parker and S. A. Fulling, “Adiabatic Regularization Of The Energy Momentum Tensor Of A Quantized Field In Homogeneous Spaces,” Phys. Rev. D 9 (1974) 341.

[7] S. Habib, C. Molina-Paris and E. Mottola, “Energy-momentum tensor of particles created in an expanding universe,” Phys. Rev. D 61 (2000) 024010 [arXiv:gr-qc/9906120].

[8] W. E. Lamb and R. C. Retherford, “Fine Structure of the Hydrogen Atom by a Microwave Method,” Phys. Rev. 72 (1947) 241.

[9] H. A. Bethe, “The Electromagnetic Shift of Energy Levels,” Phys. Rev. 72 (1947) 339. [10] B. Garbrecht, T. Prokopec and M. G. Schmidt, “Particle number in kinetic theory,” Eur. Phys. J. C 38 (2004) 135 [arXiv:hep-th/0211219].

[11] S. A. Fulling, “Nonuniqueness Of Canonical Field Quantization In Riemannian Space-Time,” Phys.

Rev. D 7 (1973) 2850.

[12] R. Brout, S. Massar, R. Parentani and P. Spindel, “A Primer for black hole quantum physics,” Phys.

Rept. 260 (1995) 329.

[13] W. Rindler, Am. J. Phys. 34 (1966) 1174.

[14] D. G. Boulware, “Quantum Field Theory In Schwarzschild And Rindler Spaces,” Phys. Rev. D 11 (1975) 1404.

[15] U. H. Gerlach, “Quantum States Of A Field Partitioned By An Accelerated Frame,” Phys. Rev. D 40 (1989) 1037.

[16] S. W. Hawking and G. F. R. Ellis, “The Large Scale Structure of Space-Time,” Ambridge University Press, Cambridge, U.K. (1973) [17] Izrail Solomonovich Gradshteyn and Iosif Moiseevich Ryzhik, “Table of Integrals, Series and Products,” Fourth Edition, Academic Press, New York (1965).

[18] G. N. Watson, “A Treatise on the Theory of Bessel Functions,” Second Edition, Cambridge University Press (1966).

[19] T. Prokopec, O. Tornkvist and R. Woodard, “Photon mass from inflation,” Phys. Rev. Lett. 89 (2002) 101301 [arXiv:astro-ph/0205331].

[20] T. Prokopec, O. Tornkvist and R. P. Woodard, “One loop vacuum polarization in a locally de Sitter background,” Annals Phys. 303 (2003) 251 [arXiv:gr-qc/0205130].

[21] T. Prokopec and E. Puchwein, “Photon mass generation during inflation: de Sitter invariant case,” JCAP 0404 (2004) 007 [arXiv:astro-ph/0312274].