arXiv:gr-qc/0511003 v2 11 Mar 2006

Chaplygin traversable wormholes

Francisco S. N. Lobo^∗ Centro de Astronomia e Astrofísica da Universidade de Lisboa, Campo Grande, Ed. C8 1749-016 Lisboa, Portugal

The generalized Chaplygin gas (GCG) is a candidate for the unification of dark energy and dark matter, and is parametrized by an exotic equation of state given by pch = −A/ρ^α_{ch}, where A is a positive constant and 0 < α ≤ 1. In this paper, exact solutions of spherically symmetric traversable wormholes supported by the GCG are found, possibly arising from a density fluctuation in the GCG cosmological background. To be a solution of a wormhole, the GCG equation of state imposes the following generic restriction A < (8πr^2_0 )^{−(1+α)}, where r0 is the wormhole throat radius, consequently violating the null energy condition. The spatial distribution of the exotic GCG is restricted to the throat neighborhood, and the physical properties and characteristics of these Chaplygin wormholes are further analyzed. Four specific solutions are explored in some detail, namely, that of a constant redshift function, a specific choice for the form function, a constant energy density, and finally, isotropic pressure Chaplygin wormhole geometries.

PACS numbers: 04.20.Gz, 04.20.Jb, 98.80.Es

I. INTRODUCTION

The nature of the energy content of the Universe is a fundamental issue in cosmology, and a growing amount of observational evidence currently favors an accelerating flat Friedmann-Robertson-Walker model, constituted of ∼ 1/3 of baryonic and dark matter and ∼ 2/3 of a negative pressure dark energy component. The dark matter content was originally inferred from spiral galactic rotation curves, which showed a behavior that is significantly different from the predictions of Newtonian mechanics, and was later used to address the issue of large scale structure formation. On the other hand, it has been suggested that dark energy is a possible candidate for the present accelerated cosmic expansion [1]. The dark energy models are parametrized by an equation of state ω = p/ρ < −1/3, where p is the spatially homogeneous negative pressure and ρ is the dark energy density. The range for which ω < −1 has been denoted phantom energy, and possesses peculiar properties, such as, an infinitely increasing energy density [2], resulting in a “Big Rip”, negative temperatures [3], and the violation of the null energy condition, thus providing a natural scenario for the existence of wormholes [4, 5, 6]. In fact, recent fits to supernovae, cosmic microwave background radiation and weak gravitational lensing data favor an equation of state with the dark energy parameter crossing the phantom divide ω = −1 [7, 8]. Note that ω = −1 corresponds to the presence of a cosmological constant. It has also been shown, in a cosmological setting, that the transition into the phantom regime, for a single scalar field [8] is probably physically implausible, so that a mixture of various interacting non-ideal fluids is necessary.

An alternative model is that of the Chaplygin gas, also denoted as quartessence, based on a negative pressure

∗Electronic address: flobo@cosmo.fis.fc.ul.pt

fluid, which is inversely proportional to the energy density [9, 10]. The equation of state representing the generalized Chaplygin gas (GCG) is given by p_{ch} = − A ρ^α_{ch} , (1)

where A and α are positive constants, and the latter lies in the range 0 < α ≤ 1. The particular case of α = 1 corresponds to the Chaplygin gas. Within the framework of a flat Friedmann-Robertson-Walker cosmology the GCG equation of state, after being inserted in the energy conservation equation, ρ̇ = −3ȧ(ρ+p)/a, yields the following evolution of the energy density ρ_{ch} = [ A + B a^{3(1+α)}

]_{1/(1+α)}

, (2)

where a is the scale factor, and B is normally considered to be a positive integration constant, as to ensure the dominant energy condition. However, it is also possible to consider B < 0, consequently violating the dominant energy condition, and one verifies that the energy density will be an increasing function of the scale function [11]. An attractive feature of this model, is that at early times, the energy density behaves as matter, ρ_{ch} ∼ a^{−3}, and as a cosmological constant at a later stage, ρ_{ch} = const. It has also been suggested that these two stages are intermediated by a phase described by a mixture of vacuum energy density and a soft matter equation of state p = αρ with α ≠ 1 [10]. This dual behavior is responsible for the interpretation that the GCG model is a candidate of a unified model of dark matter and dark energy [12], and probably contains some of the key ingredients in the dynamics of the Universe for early and late times. In Ref. [13], a new model for describing the unification of dark energy and dark matter was proposed, which further generalizes the GCG model, and was thus dubbed the new generalized Chaplygin gas (NGCG) model. The equation of state of the NGCG is given by p = −Ã(a)/ρ^α, where a is the scale factor and Ã(a) = −wAa^{−3(1+w)(1+α)}, and the interaction between dark energy and dark matter is characterized by the constant α.

The GCG model has been confronted successfully with a wide variety of observational tests, namely, supernovae data [14], cosmic microwave background radiation [15], gravitational lensing [16], gamma-ray bursts [17] and other observational data [18], which have placed constraints on the free parameters. A variable Chaplygin gas model, with p = −A(a)/ρ, where A(a) is a positive function of the scale factor has also been analyzed, and it was found to be consistent with several observational data for a broad range of parameters [19]. In the context of the NGCG model, it was shown that the analysis of the observational data also provides tight constraints on the parameters of the model [13]. The GCG scenario has also been analyzed in some detail in a modified gravity approach [20], and another interesting aspect of the Chaplygin gas is its connection with branes in the context of string theory. The Chaplygin gas equation of state, with α = 1, is associated with the parametrization invariant Nambu-Goto d-brane action in a d+2 spacetime [10, 21], which leads to the action of a Newtonian fluid, in the light-cone parametrization. Thus, in this context, the Chaplygin gas corresponds to a gas of d-branes in a d + 2 spacetime.

It has been argued that a flaw exists in the GCG model, as it produces oscillations or an exponential blow-up of the matter power spectrum, which is inconsistent with observations. However, it has been counter-argued [22] that due to the fact that the GCG is a unique mixture of an interacting dark matter component and a cosmological dark energy, a flow of energy exists from the former to the latter. This energy flow is vanishingly small at early times, but became significant only recently, leading to a dominance of the dark energy component. It was also shown that the epoch of the dark energy dominance occurs when the dark matter perturbations start deviating from its linear behavior, and that the Newtonian equations for small scale perturbations for dark matter do not involve any k-dependent term. Therefore, it was concluded that neither oscillations nor a blow-up in the power spectrum should develop [22].

As emphasized above, recent fits to observational data favor an evolving equation of state with ω crossing the phantom divide −1. If confirmed in the future, this behavior holds important implications to the model construction of dark energy, and thus excludes the cosmological constant and models with a constant parameter. In this context, note that the Chaplygin gas in the dark energy limit cannot cross the phantom divide, however in Ref. [23] it was shown that an interaction term between the Chaplygin gas, which in this model plays the role of dark energy, and dark matter can achieve the phantom crossing. In Ref. [24], by considering an extension of the Chaplygin gas, it was shown that the phantom divide w = −1 can also be realized. A further generalization of the GCG was also carried out in Ref. [25] to allow for the case where w lies in the phantom regime.

The phantom regime is rather significant, as it violates the null energy condition (NEC), providing a natural scenario for the existence of traversable wormholes [4, 5, 6]. An interesting feature is that due to the fact of the accelerated expansion of the Universe, macroscopic wormholes could naturally be grown from the submicroscopic constructions that originally pervaded the quantum foam. In Ref. [26] the evolution of wormholes and ringholes embedded in a background accelerating Universe driven by dark energy, was analyzed. An interesting feature is that the wormhole’s size increases by a factor which is proportional to the scale factor of the Universe, and still increases significantly if the cosmic expansion is driven by phantom energy. The accretion of dark and phantom energy onto Morris-Thorne wormholes [27, 28], was further explored, and it was shown that this accretion gradually increases the wormhole throat which eventually overtakes the accelerated expansion of the universe, consequently engulfing the entire Universe, and becomes infinite at a time in the future before the big rip. This process was dubbed the “Big Trip” [27, 28]. It was shown that using k−essence dark energy also leads to the big rip [29], although, in an interesting article [30], considering a generalized Chaplygin gas the big rip may be avoided altogether. In this paper, we shall be primarily interested in considering the possibility that traversable wormholes may be supported by the GCG equation of state. In this context, and related to the features of the Big Trip, the accretion of a generalized Chaplygin gas onto wormholes was explored in Ref. [31]. Several cases were extensively analyzed. Imposing the dominant energy condition, it was found that the evolution of the wormhole mass decreases with cosmic time. Considering the violation of the dominant energy condition, i.e., with B < 0, as the wormhole accretes Chaplygin phantom energy, the wormhole mass increases from an initial value, and reaches a plateau as time tends to infinity. In fact, a wide region of the Chaplygin parameters were found where the Big Trip is avoided.

Despite the fact that the GCG in the dark energy regime describes a spatially homogeneously distributed fluid, it has been pointed out that the GCG equation of state is that of a polytropic gas with a negative polytropic index [32], and thus inhomogeneous structures, such as a GCG dark energy star may arise from a density fluctuation in the GCG cosmological background. Other astrophysical implications of the model have also been analyzed. In Ref. [33], a gravitational vacuum star solution (gravastar) was constructed by replacing the interior de Sitter solution, with the Chaplygin gas equation of state in the phantom regime, which was dubbed a Born-Infeld phantom gravastar. A generalization of the gravastar picture (see Ref. [34] and references therein), with the inclusion of an interior solution governed by the equation of state ω = p/ρ < −1/3 was also analyzed in Ref. [34].

In this work, we shall construct static and spherically symmetric traversable wormhole geometries, satisfying the GCG equation of state, which we denote “Chaplygin wormholes”, by considering a matching of these geometries to an exterior vacuum spacetime, and further analyze the physical properties and characteristics of these solutions. We find that the spatial distribution of the exotic GCG is restricted to the throat neighborhood. We shall also consider specific solutions, and explore the traversability conditions [35, 36] and apply the “volume integral quantifier” [37], which amounts to measuring the amount of averaged null energy condition violating matter, to particular cases.

This paper is outlined in the following manner. In Sec. II, we present a general solution of a traversable wormhole supported by a generalized Chaplygin gas, with a cut-off of the stress-energy tensor at a junction interface. In Sec. III, specific wormhole geometries are analyzed and several of their physical properties and characteristics are explored in some detail, namely, that of a constant redshift function, a specific choice for the form function, a constant energy density, and finally, isotropic pressure Chaplygin wormhole geometries. Finally, in Sec. IV, we conclude.

II. CHAPLYGIN WORMHOLES

A. Metric and field equations

The spacetime metric representing a spherically symmetric and static wormhole is given by

ds^2 = −e^{2Φ(r)} dt^2 + dr^2 1 − b(r)/r + r^2 (dθ^2 + sin^2 θ dϕ^2) , (3) where Φ(r) and b(r) are arbitrary functions of the radial coordinate, r, denoted as the redshift function, and the form function, respectively [35]. The radial coordinate has a range that increases from a minimum value at r_0, corresponding to the wormhole throat, to infinity. One may also consider a cut-off of the stress-energy tensor at a junction radius a.

A fundamental property of a wormhole is that a flaring out condition of the throat, given by (b − b^′r)/b^2 > 0, is imposed [35, 36]. The latter may be deduced from the mathematics of embedding, and from this we verify that at the throat b(r_0) = r = r_0, the condition b^′(r_0) < 1 is imposed to have wormhole solutions. Another condition that needs to be satisfied is 1 − b(r)/r > 0, i.e., b(r) < r. For the wormhole to be traversable, one must demand that there are no horizons present, which are identified as the surfaces with e^{2Φ} → 0, so that Φ(r) must be finite everywhere.

Using the Einstein field equation, G_{μν} = 8π T_{μν} , (with c = G = 1) we obtain the following relationships

b^′ = 8πr^2ρ , (4)

Φ^′ = b + 8πr^3p_r 2r^2(1 − b/r)

, (5)

p^′_r = 2 r (p_t − p_r) − (ρ + p_r ) Φ^′ , (6)

where the prime denotes a derivative with respect to the radial coordinate, r. ρ(r) is the energy density, p_r(r) is the radial pressure, and p_t(r) is the lateral pressure measured in the orthogonal direction to the radial direction. Equation (6) may be obtained using the conservation of the stress-energy tensor, T^{μν}_{;ν} = 0, which can be interpreted as the hydrostatic equation for equilibrium for the material threading the wormhole.

Another fundamental property of wormholes is the violation of the null energy condition (NEC), T_{μν} k^μk^ν ≥ 0, where k^μ is any null vector [35, 38]. From Eqs. (4) and (5), considering an orthonormal reference frame with k^{μ̂} = (1, 1, 0, 0), so that T_{μ̂ν̂}k^{μ̂}k^{ν̂} = ρ + p_r, one verifies

ρ(r) + p_r(r) = 1 8π [ b^′r − b r^3 + 2 ( 1 − b r ) Φ^′ r ] . (7)

Evaluated at the throat, r_0, and considering the flaring out condition and the finite character of Φ(r), we have ρ + p_r < 0. Matter that violates the NEC is denoted exotic matter.

B. GCG equation of state

The equation of state representing the generalized Chaplygin gas (GCG) is given by p_{ch} = −A/ρ^α_{ch}, where A and α are positive constants, and the latter lies in the range 0 < α ≤ 1. The particular case of α = 1 corresponds to the Chaplygin gas. An attractive feature of this model, as mentioned in the Introduction, is that at early times, the energy density behaves as matter, ρ_{ch} ∼ a^{−3}, and as a cosmological constant at a later stage, ρ_{ch} = const. In a cosmological context, at a late stage dominated by an accelerated expansion of the Universe, the cosmological constant may be given by 8πA^{1/(1+α)}. This dual behavior is responsible for the interpretation that the GCG model is a candidate of a unified model of dark matter and dark energy. It has been shown that GCG can be algebraically decomposed into a dark matter and a dark energy component [22], in which there exists a transference of energy from the former to the latter.

It was noted in Ref. [32] that the GCG equation of state is that of a polytropic gas with a negative polytropic index, and thus suggested that one could analyze astrophysical implications of the model. In this context, we shall explore the construction of traversable wormholes, possibly from a density fluctuation in the GCG cosmological background. As in Refs. [4, 5], we will consider that the pressure in the GCG equation of state is a radial pressure, and the tangential pressure can be determined from the Einstein equations, namely, Eq. (6). Thus, taking into account the GCG equation of state in the form p_r = −A/ρ^α, and using Eqs. (4)-(5), we have the following condition

Φ^′(r) = [ −A(8π)^{1+α} r^{2α+1} 2(b^′)^α + b 2r^2 ] / ( 1 − b r ) . (8)

Solutions of the metric (3), satisfying Eq. (8) shall be denoted “Chaplygin wormholes”.

We now have a system of four equations, namely, Eqs. (4)-(6) and Eq. (8), with five unknown functions of r, i.e., the stress-energy components, ρ(r), p_r(r) and p_t(r), and the metric fields, b(r) and Φ(r). To construct specific solutions, we may adopt several approaches, and in this work we shall mainly use the strategy of considering restricted choices for b(r) and Φ(r), in order to obtain solutions with the properties and characteristics of wormholes. One may also impose a specific form for the stress-energy components and through the field equations and Eq. (8) determine b(r) and Φ(r). Throughout this paper, we shall consider the cases that the energy density is positive ρ > 0, which implies that only form functions of the type b^′(r) > 0 are considered.

As shown above, to be a wormhole solution, the condition b^′(r_0) < 1 is imposed. Now, using the GCG equation of state, evaluated at the throat, and taking into account Eq. (5), we verify that the energy density at r_0 is given by ρ(r_0) = ( 8πr^2_0A )_{1/α} . Finally, using Eq. (4), and the condition b^′(r_0) < 1, we verify that for Chaplygin wormholes, the following condition is imposed A < ( 8πr^2_0 )_{−(1+α)} . (9)

It is a simple matter to show that this condition necessarily violates the NEC at the wormhole throat. However, for the GCG cosmological models it is generally assumed that the NEC is satisfied, i.e, p + ρ ≥ 0, which implies ρ ≥ A^{1/(1+α)}. The NEC violation is a fundamental ingredient in wormhole physics, and it is in this context that we shall explore the construction of traversable wormholes, i.e., for ρ < A^{1/(1+α)}. Note that as emphasized in Refs. [11, 31], considering a negative integration constant, B < 0, in the evolution of the energy density, Eq. (2), one also deduces that ρ_{ch} < A^{1/(1+α)}. This condition violates the dominant energy condition, and is consistent with the analysis outlined in this paper, proving the compatibility of both works.

Note that the velocity of sound has been interpreted as v^2_s = ∂p/∂ρ = Aα/ρ^{1+α}. Thus, from the condition that the latter should not exceed the speed of light, i.e., v_s ≤ 1, and from the violation of the NEC, ρ + p < 0 we have the additional constraints 1 < A/ρ^{1+α} ≤ 1/α. The latter evaluated at the throat, takes the form α^α ≤ A(8πr^2_0)^{(1+α)} < 1, for α < 1. However, it is worth pointing out that in the presence of exotic matter, one cannot naively interpret ∂p/∂ρ as the speed of sound, as a detailed microphysical model describing the physics of exotic matter is still lacking. Therefore, one cannot a priori impose 0 < ∂p/∂ρ ≤ 1, and it is worth noting that there are several known examples of exotic ∂p/∂ρ < 0 behavior, namely the Casimir effect and the false vacuum. (See Ref. [39] for a detailed analysis).

C. Stress-energy tensor cut-off

We can construct asymptotically flat spacetimes, in which b(r)/r → 0 and Φ → 0 as r → ∞. However, one may also construct solutions with a cut-off of the stressenergy, by matching the interior solution of metric (3) to an exterior vacuum spacetime, at a junction interface. If the junction contains surface stresses, we have a thin shell, and if no surface stresses are present, the junction interface is denoted a boundary surface. The solutions analyzed in this work are not asymptotically flat, where the spatial distribution of the exotic GCG is restricted to the throat neighborhood, so that the dimensions of these Chaplygin wormholes are not arbitrarily large.

For simplicity, consider that the exterior vacuum solution is the Schwarzschild spacetime, given by the following metric

ds^2 = − ( 1 − 2M r ) dt^2 + dr^2 1 −^{2M}_r

+ r^2 (dθ^2 + sin^2 θ dϕ^2).

(10) Note that the matching occurs at a radius greater than the event horizon r_b = 2M , i.e., a > 2M . The Darmois- Israel formalism [40] then provides the following expressions for the surface stresses of a dynamic thin shell [6, 41]

σ = − 1 4πa (√ 1 − 2M a + ȧ^2 − √ 1 − b(a) a + ȧ^2 ) ,(11)

P = 1 8πa [ 1 −^M_a + ȧ^2 + aä √ 1 −^{2M}_a + ȧ^2 − (1 + aΦ^′) ( 1 −^b_a + ȧ^2 ) + aä −^{ȧ2 (b−b′a)} 2(a−b) √ 1 −^{b(a)}_a + ȧ^2 ] ,(12)

where the overdot denotes a derivative with respect to the proper time, τ . σ and P are the surface energy density and the tangential surface pressure, respectively. The static case is given by taking into account ȧ = ä = 0 [42].

III. SPECIFIC SOLUTIONS

A. Constant redshift function

Consider, for instance, a constant redshift function, Φ^′(r) = 0, so that from Eq. (8), one determines the following form function

b(r) = r_0 [ (3A)^{1/α} ( 8π 3r_0 )_{(1+α)/α} ×

× ( r^{3(α+1)/α} − r^{3(α+1)/α} 0 ) + 1 ]_{α/(1+α)} .(13)

For the particular case of the Chaplygin gas, α = 1, the form function reduces to

b(r) = r_0 [ 64 3 Aπ^2 r^2_0

(r^6 − r^6_0) + 1 ]_{1/2} . (14)

To be a solution of a wormhole, the condition b^′(r_0) < 1 is imposed. Thus, from the latter condition and Eq. (14), we deduce the restriction A < (8πr^2_0)^{−2}. For instance, considering A = β(8πr^2_0)^{−2}, with 0 < β < 1, the form function is given by

b(r) = r_0 { β 3 [( r r_0

)_6 − 1 ] + 1 }_{1/2} . (15)

Note that this does not correspond to an asymptotically flat spacetime, however, one may match this solution to an exterior vacuum geometry, so that the dimensions of this specific Chaplygin wormhole cannot be arbitrarily large. To be a solution of a wormhole, the condition b(r) < r is also imposed. Note that b(r) = r has two real and positive roots given by r_− = r_0 and r_+ = r_0{[(12/β− 3)^{1/2} − 1]/2}^{1/2}, so that to be a solution of a wormhole, r lies in the range

r_0 < r < r_0 { 1 2 [( 12 β − 3 )_{1/2} − 1 ]}_{1/2} . (16)

This restriction is shown graphically in Fig. 1 for the values of β = 1/3 and β = 1/4. Note that the wormhole dimensions increase for decreasing values of β.

It is also of interest to consider the traversability conditions required for a human being to journey through the wormhole. Rather than reproduce the results here, we refer the reader to Refs. [5, 35, 36]. We shall consider, for simplicity, a constant and non-relativistic traversal velocity for the traveller. Note that for the specific solutions considered in this subsection, the conditions required that the acceleration felt by the traveller, and that the radial tidal acceleration should not exceed Earth’s gravity, g_⊕, are readily satisfied (see Refs. [5, 35, 36] for details). From the condition that the lateral tidal acceleration should not exceed Earth’s gravitational acceleration, evaluated at the wormhole throat r_0, one obtains the inequality v ≤ r_0 √ 2g_⊕ (1 − β) | η^{^2′} | , (17)

FIG. 1: To be a solution of a wormhole, the condition b(r) < r is imposed, so that only the interval below the solid line r/r0 provide wormhole solutions. The plot depicts the values of β = 1/3 and β = 1/4, and one verifies that the wormhole dimensions increase for decreasing values of β. See the text for details.

where η^{^2′} is the separation between two arbitrary parts of the traveller’s body, measured along the lateral direction in the traveller’s reference frame, and, for simplicity, we shall assume that |η^{^2′} | ≈ 2 m [5, 35].

Now, as in Ref. [5], considering the equality case, with β = 1/2, and assuming that the wormhole throat is given by r_0 ≈ 10^2 m, the traversal velocity takes the following value v ≈ 4 × 10^2 m/s. Considering that the junction radius is given by a ≈ 10^4 m, then one obtains the traversal times of Δτ ≈ Δt ≈ 50 s, as measured by the traveller and for the observers that remain at rest at the space stations situated at a, respectively (see Ref. [5] for details). It is interesting to note that these traversability conditions are identical to the specific case of an asymptotically flat phantom wormhole spacetime analyzed in Ref. [5].

B. b(r) = r0 √ r/r0 Consider b(r) = r_0 √ r/r_0, so that from Eq. (8), considering the Chaplygin gas with α = 1, one determines the following redshift function

Φ(r) = −128Aπ^2r^4_0 [ ln (√ r r_0 − 1 ) + 9∑ n=1 1 n ( r r_0 )_{n/2}]

+ ln ( 1 − √ r_0 r ) + C (18)

The constant of integration, C, may be determined from the boundary conditions, Φ(a), at the junction interface. Note that this solution reflects a non-traversable wormhole as it possesses an event horizon at the throat r = r_0, as may be readily verified from the first term in square brackets in the right hand side of Eq. (18). However, imposing the condition A = (128π^2r^4_0)^{−1}, Eq. (18) reduces to Φ(r) = − 9∑ n=1 1 n ( r r_0 )_{n/2} − ln (√ r r_0 ) + C . (19)

As in the previous example, this solution is not asymptotically flat, however, one may match the latter to an exterior vacuum spacetime at a junction radius a. Note that the constant C is given by

C = Φ(a) + 9∑ n=1 1 n ( a r_0 )_{n/2} + ln (√ a r_0 ) . (20)

This solution now reflects a traversable wormhole, as the redshift function is finite in the range r_0 ≤ r ≤ a.

Using the “volume integral quantifier”, which provides information about the “total amount” of averaged null energy condition (ANEC) violating matter in the spacetime (see Refs. [37] for details), given by I_V = ∫ [ρ(r) + p_r (r)] dV , with a cut-off of the stress-energy at a, we have

I_V = [ r ( 1 − b r ) ln ( e^{2Φ} 1 − b/r )]_a r_0 − ∫_a r_0

(1 − b^′) [ ln ( e^{2Φ} 1 − b/r )] dr = ∫_a r_0 (r − b) [ ln ( e^{2Φ} 1 − b/r )]_′ dr . (21) Now, using the form and redshift functions provided above, and evaluating the integral, one finally ends up with the following simplified expression for the “volume integral quantifier”

I_V = r_0 [√ a r_0 − 2 11 ( a r_0

)_{11/2} − 9 11 ] . (22)

By taking the limit a → r_0, one readily verifies that I_V → 0. This proves that as in the specific case of phantom wormholes [5], one may theoretically construct a wormhole with arbitrarily small amounts of a Chaplygin gas. As emphasized in Ref. [5], this result is not unexpected. However, it is interesting to note the relative ease that one may theoretically construct wormholes supported by infinitesimal amounts of exotic fluids used in cosmology to explain the present accelerated cosmic expansion.

C. Constant energy density

Considering a constant energy density, ρ = ρ_0, we verify from Eq. (4) that the form function is given by b(r) = C ( r^3 − r^3_0 ) + r_0 , (23)

with the definition C = 8πρ_0/3. The condition b^′(r_0) < 1, imposes the following restriction 3Cr^2_0 < 1. Consider

C = β(3r^2_0)^{−1}, with 0 < β < 1, so that Eq. (23) takes the form

b(r) = r_0 { β 3 [( r r_0

)_3 − 1 ] + 1 } . (24)

To be a wormhole solution the condition b(r) < r is also imposed. Note that b(r) = r has two real positive roots given by r_− = r_0 and r_+ = r_0( √ 12/β − 3 − 1)/2, so that r lies in the range r_0 < r < r_0 2 (√ 12 β − 3 − 1 ) . (25)

From Eq. (8), the redshift function is formally given by Φ(r) = −^1_2

∫_{β(r}^3_{−r}^3_{0 )−24πA}(_{8πr}^2_{0 /β})^α_r^2_{0 r}^3_{+3r0}

r(r−r_0 )[r^2+r_0 r−(3−β)r^2_0 ] dr + C1.(26)

The constant of integration, C_1, may be determined from the boundary conditions, at the junction interface, a. For the particular case of the Chaplygin gas, α = 1, Eq. (26) is integrated to provide

Φ(r) = − 1 2β(1 − β) { ( 64Aπ^2r^4_0 − β ) ln(r − r_0) + [ β 2 − 32Aπ^2r^4_0(3 − 2β) β ] ln [ βr^2 + βr_0r − (3 − β)r^2_0 ]

− 3(β^2 − 64Aπ^2r^4_0) √ 3β(4 − β) arctanh [ β(2r + r_0) r_0 √ 3β(4 − β) ] }

− 1 2 ln(r) + C_1 . (27)

One verifies, as in the previous case, that this is a solution of a non-traversable wormhole, as an event horizon exists at r_0. However, imposing the condition A = β(64π^2r^4_0)^{−1} with 0 < β < 1, the redshift function reduces to

Φ(r) = − 1 2 ln(r) + 3 4β ln [ βr^2 + βr_0r − (3 − β)r^2_0 ]

+ 1 2 √ 3β(4 − β) arctanh [ β(2r + r_0) r_0 √ 3β(4 − β) ] + C_1 . (28)

It is a simple matter to show that Φ(r) given by Eq. (28) is finite in the range (25), so that this solution now reflects a traversable wormhole. This interior wormhole solution is now matched to an exterior vacuum spacetime within the range of the inequality (25). Note that the condition A = β(64π^2r^4_0)^{−1} satisfies the restriction of the inequality (9).

D. Isotropic pressure

Consider an isotropic pressure, p_r = p_t, so that from Eq. (6), we have the differential equation Aαρ^′ ρ (A − ρ^{α+1})

= Φ^′(r) , (29) which has the following solution ρ(r) = [ A^{−1} + e^{− (α+1)α Φ(r)}C_1

]_− 1_{1+α}

. (30)

From the GCG equation of state, p_r = −A/ρ^α, and using Eq. (5), we verify that the energy density, evaluated at the throat, reduces to ρ(r_0) = ( 8πr^2_0A )_{1/α} , so that the constant C_1 is given by

C_1 = [( 8πr^2_0A )_{−(1+α)/α} − A^{−1} ] e^{(α+1)α Φ(r0)} . (31)

Taking into account Eq. (4), and considering a specific choice for the redshift function, for instance,

Φ(r) = ln ( r r_0 ) , (32)

we have

b^′(r) = 8πr^2 [ A^{−1} + C_1 ( r r_0 )_{−(1+α)/α}]−1/(1+α) . (33)

Equation (33) may be integrated to provide

b(r) = C_2 + (8πr^3/3) A^{1/(1+α)} ×

×hypergeom ([_1 1+α ,^{−3α}_{1+α} ] , [_{1−2α} 1+α ] , − (_{r0} r )_{1+} 1_α C_1A ) .(34)

For the particular case of α = 1, the hypergeometric function takes the form

hypergeom ( [1/2, −3/2], [−1/2], − r^2_0 C_1 A

r^2 ) = = r^{−3} ( r^2 − 2 r^2_0 C_1 A ) √ r^2 + r^2_0 C_1 A , (35)

so that the form function reduces to b(r) = 8π √ A 3 √ r^2 + r^2_0 C_1 A ( r^2 − 2r^2_0 C_1 A ) + C_2 .

(36) Note that the constant C_1, for this case, may be obtained from Eq. (31), and takes the form

C_1 = [( 8πr^2_0A )_{−2} − A^{−1} ] . (37)

Taking the radial derivative of the form function, or simply using Eq. (33), and inserting the expression deduced for C_1, we have

b^′(r) = 8π √ Ar^3 √ r^2 − r^2_0 + (8πr^2_0)^{−2}A^{−1}

, (38)

which evaluated at the throat, reduces to b^′(r_0) = (8πr^2_0)^2A. From the condition b^′(r_0) < 1, we verify once again A < (8πr^2_0)^{−2}, which is consistent with the generic wormhole restriction given by Eq. (9), with α = 1. Note that considering A = β(8πr^2_0)^{−2}, with 0 < β < 1, the constant C_1 takes the form C_1 = (8πr^2_0)^2(1 − β)/β^2.

The constant C_2, may be evaluated from the condition b(r_0) = r_0, and is given by C_2 = 2r_0/(3β). The form function is finally given by the following expression

b(r) = r_0 3β {√ β ( r r_0

)_2

+ (1 − β) ×

× [ β ( r r_0

)_2 − 2(1 − β) ] + 2 } . (39)

To be a solution of a wormhole, the condition b(r) < r is imposed, as emphasized above. This restriction is shown graphically in Fig. 2 for the values of β = 1/3 and β = 1/4. One verifies that the wormhole dimensions increase for decreasing values of β, so that the dimensions of this specific Chaplygin wormhole cannot be arbitrarily large.

FIG. 2: To be a solution of a wormhole, the condition b(r) < r is imposed, so that only the interval below the solid line r/r0 provide wormhole solutions. The plot depicts the values of β = 1/3 and β = 1/4, and one verifies that the wormhole dimensions increase for decreasing values of β. See the text for details.

IV. SUMMARY AND CONCLUSION

The generalized Chaplygin gas (GCG) is a possible candidate for the unification of dark energy, responsible for the present accelerated cosmic expansion, and of dark matter, inferred, for instance, from galactic rotation curves. The GCG is parametrized by an exotic equation of state given by p_{ch} = −A/ρ^α_{ch}, where A and α are positive constants, with 0 < α ≤ 1. The GCG models, in a cosmological context, have at least two significant features that stand out. Firstly, they describe a smooth transition from a decelerated expansion of the Universe to a present epoch of a cosmic acceleration. Secondly, they provide a unified macroscopic phenomenological description of dark matter and of dark energy.

In this paper, we have studied the possibility that traversable wormholes may be supported by the GCG. We have found that to be a generic solution of a wormhole, the GCG equation of state imposes the following restriction A < (8πr^2_0)^{−(1+α)}, consequently violating the NEC condition, which is a necessary ingredient in wormhole physics. We analyzed the physical properties and characteristics of these Chaplygin wormholes, studying in some detail four specific solutions. The first is that of a constant redshift function, and specific wormhole dimensions, the traversal velocity and time were deduced from the traversability conditions for this particular geometry. The second solution is that of a specific choice for the form function, and the theoretical construction of this spacetime with infinitesimal amounts of averaged null energy condition violating Chaplygin gas was also explored. The third case analyzed is that of a constant energy density, and finally isotropic pressure Chaplygin traversable wormhole solutions were also presented. The solutions found are not asymptotically flat, where the spatial distribution of the exotic GCG is restricted to the throat vicinity, so that the dimensions of these Chaplygin wormholes are not arbitrarily large.

In concluding, it is noteworthy the relative ease with which one may theoretically construct traversable wormholes with the exotic fluid equations of state used in cosmology to explain the present accelerated expansion of the Universe. As for phantom energy traversable wormholes [5], these Chaplygin variations have farreaching physical and cosmological implications, namely apart from being used for interstellar shortcuts, an absurdly advanced civilization may convert them into timemachines [36, 43, 44], probably implying the violation of causality.

Acknowledgements

I thank José Jiménez Madrid for pointing out specific details of the constant B < 0 and the respective violation of the dominant energy condition; Neven Bilić and Xin Zhang for pointing out several references; and an anonymous referee for the constructive comments that ameliorated the manuscript.

[1] A. Grant et al, “The Farthest known supernova: Support for an accelerating Universe and a glimpse of the epoch of deceleration,” Astrophys. J. 560, 49-71 (2001) [arXiv:astro-ph/0104455];

S. Perlmutter, M. S. Turner and M. White, “Constraining dark energy with SNe Ia and large-scale strucutre,” Phys. Rev. Lett. 83, 670-673 (1999) [arXiv:astro-ph/9901052]; C. L. Bennett et al, “First year Wilkinson Microwave Anisotropy Probe (WMAP) observations: Preliminary maps and basic results,” Astrophys. J. Suppl. 148, 1 (2003) [arXiv:astro-ph/0302207];

G. Hinshaw et al, “First year Wilkinson Microwave Anisotropy Probe (WMAP) observations: The angular power spectrum,” Astrophys. J. Suppl. 148, 135 (2003) [arXiv:astro-ph/0302217].

[2] R. R. Caldwell, “A phantom menace: Cosmological consequences of a dark energy component with supernegative equation of state,” Phys. Lett. B 545, 23-29 (2002) [arXiv:astro-ph/9908168];

R. R. Caldwell, M. Kamionkowski and N. N. Weinberg, “Phantom Energy and Cosmic Doomsday,” Phys. Rev. Lett. 91, 071301 (2003) [arXiv:astro-ph/0302506].

[3] I. Brevik, S. Nojiri, S. D. Odintsov and L. Vanzo, “Entropy and universality of Cardy-Verlinde formula in dark energy universe,” Phys. Rev. D 70, 043520 (2004) [arXiv:hep-th/0401073];

S. Nojiri and S. D.Odintsov, “The final state and thermodynamics of dark energy universe,” Phys. Rev. D 70, 103522 (2004) [arXiv:hep-th/0408170].

[4] S. Sushkov, “Wormholes supported by a phantom energy,” Phys. Rev. D 71, 043520 (2005) [arXiv:gr-qc/0502084];

O. B. Zaslavskii, “Exactly solvable model of wormhole supported by phantom energy,” Phys. Rev. D 72, 061303

(2005) [arXiv:gr-qc/0508057].

[5] F. S. N. Lobo, “Phantom energy traversable wormholes,” Phys. Rev. D 71, 084011 (2005) [arXiv:gr-qc/0502099].

[6] F. S. N. Lobo, “Stability of phantom wormholes,” Phys.

Rev. D 71, 124022 (2005) [arXiv:gr-qc/0506001]. [7] B. Feng, X. Wang and X. Zhang, “Dark Energy Constraints from the Cosmic Age and Supernova,” Phys. Lett. B 607, 35-41 (2005) [arXiv:astro-ph/0404224]; Z. Guo, Y. Piao, X. Zhang and Y. Zhang, “Cosmological evolution of a quintom model of dark energy,” Phys. Lett. B 608, 177-182 (2005) [arXiv:astro-ph/0410654]; X.F. Zhang, H. Li, Y. Piao Z. and X. Zhang, “Twofield models of dark energy with equation of state across −1,” Mod. Phys. Lett. A 21, 231-242 (2006) [arXiv:astro-ph/0501652];

L. Perivolaropoulos, “Constraints on linear-negative potentials in quintessence and phantom models from recent supernova data,” Phys. Rev. D 71, 063503 (2005), [arXiv:astro-ph/0412308];

H. Wei and R. G. Cai, “Hessence: A New View of Quintom Dark Energy,” Class. Quant. Grav. 22, 3189-3202 (2005) [arXiv:hep-th/0501160];

M. Li, B. Feng and X. Zhang, “A Single Scalar Field Model of Dark Energy with Equation of State Crossing −1,” JCAP 0512, 002 (2005) [arXiv:hep-ph/0503268]; H. Stefancic, “Dark energy transition between quintessence and phantom regimes - an equation of state analysis,” Phys. Rev. D 71, 124036 (2005) [arXiv:astro-ph/0504518];

A. Anisimov, E. Babichev and A. Vikman, “B-Inflation,” JCAP 0506 006 (2005) [arXiv:astro-ph/0504560]; B. Wang, Y. Gong and E. Abdalla, “Transition of the dark energy equation of state in an interacting holographic dark energy model,” Phys. Lett. B 624, 141-146

(2005) [arXiv:hep-th/0506069];

S. Nojiri and S. D. Odintsov, “Unifying phantom inflation with late-time acceleration: scalar phantom-non-phantom transition model and generalized holographic dark energy,” [arXiv:hep-th/0506212];

X. Zhang and F. Wu, “Constraints on holographic dark energy from type Ia supernova observations,” Phys. Rev. D 72 043524 (2005) [arXiv:astro-ph/0506310]. I.Ya. Aref’eva, A.S. Koshelev, S.Yu. Vernov, “Crossing of the w = −1 Barrier by D3-brane Dark Energy Model,” Phys. Rev. D 72, 064017 (2005) [arXiv:astro-ph/0507067];

G. Zhao, J. Xia, M. Li, B. Feng and X. Zhang, “Perturbations of the Quintom Models of Dark Energy and the Effects on Observations,” Phys. Rev. D 72, 123515 (2005) [arXiv:astro-ph/0507482].

S. Tsujikawa, “Reconstruction of general scalar-field dark energy models,” Phys. Rev. D 72 083512 (2005) [arXiv:astro-ph/0508542].

[8] A. Vikman, “Can dark energy evolve to the Phantom?,” Phys. Rev. D 71, 023515 (2005) [arXiv:astro-ph/0407107].

[9] A. Y. Kamenshchik, U. Moschella and V. Pasquier, “An alternative to quintessence,” Phys. Lett. B 511, 265 (2001), [arXiv:gr-qc/0103004].

[10] M. C. Bento, O. Bertolami and A. A. Sen, “Generalized Chaplygin Gas, Accelerated Expansion and Dark Energy-Matter Unification,” Phys. Rev. D 66, 043507 (2002), [arXiv:gr-qc/0202064].

[11] M. Bouhmadi-López and J. A. J. Madrid, “Escaping the Big Rip?,” JCAP 0505, 005 (2005) [arXiv:astro-ph/0404540].

[12] N. Bilić, G. B. Tupper and R. D. Viollier, “Unification of dark matter and dark energy: the inhomogeneous Chaplygin gas,” Phys. Lett. B 535, 17 (2002), [arXiv:grqc/astro-ph/0111325].

[13] X. Zhang, F. Wu and J. Zhang, “New Generalized Chaplygin Gas as a Scheme for Unification of Dark Energy and Dark Matter” JCAP 0601 003 (2006) [arXiv:astro-ph/0411221] [14] M. C. Bento, O. Bertolami, N. M. C. Santos and A.

A. Sen, “Supernovae constraints on models of dark energy revisited,” Phys. Rev. D 71, 063501 (2005) [arXiv:astro-ph/0412638];

O. Bertolami, A. A. Sen, S. Sen and P. T. Silva, “Latest Supernova data in the framework of Generalized Chaplygin Gas model,” Mon. Not. Roy. Astron. Soc. 353, 329 (2004) [arXiv:astr-ph/0402387].

[15] M. C. Bento, O. Bertolami and A. A. Sen, “Generalized Chaplygin gas and CMBR constraints,” Phys. Rev. D 67, 063003 (2003) [arXiv:astro-ph/0210468]; D. Carturan and F. Finelli, “Cosmological Effects of a Class of Fluid Dark Energy Models,” Phys. Rev. D 68, 103501 (2003) [arXiv:astro-ph/0211626];

M. C. Bento, O. Bertolami and A. A. Sen, “WMAP Constraints on the Generalized Chaplygin Gas Model,” Phys. Lett. B 575, 172 (2003) [arXiv:astro-ph/0303538]; L. Amendola, F. Finelli, C. Burigana and D. Carturan, “WMAP and the Generalized Chaplygin Gas,” JCAP 0307, 005 (2003) [arXiv:astro-ph/0304325]; M. C. Bento, O. Bertolami and A. A. Sen, “Generalized Chaplygin Gas Model: Dark Energy - Dark Matter Unification and CMBR Constraints,” Gen. Rel. Grav. 35, 2063 (2003) [arXiv:gr-qc/0305086].

[16] P. T. Silva and O. Bertolami, “Expected constraints on the generalized Chaplygin equation of state from future supernova experiments and gravitational lensing statistics,” Astrophys. J. 599, 829 (2003) [arXiv:astro-ph/0303353];

A. Dev, D. Jain and J. S. Alcaniz, “Constraints on Chaplygin quartessence from the CLASS gravitational lens statistics and supernova data,” Astron. Astrophys. 417, 847 (2004) [arXiv:astro-ph/0311056];

J. C. Fabris, S. V. B. Goncalves and M. S. Santos, “Gravitational waves in the generalized Chaplygin gas model,” Gen. Rel. Grav. 36, 2559 (2004) [arXiv:gr-qc/0404053].

[17] P. T. Silva and O. Bertolami, “Gamma-ray bursts as dark energy-matter probes in the context of the generalized Chaplygin gas model,” Mon. Not. Roy. Astron. Soc. 365, 1149-1159 (2006) [arXiv:astro-ph/0507192].

[18] J. C. Fabris, S. V. B. Gonalves and P. E. Souza, “Mass Power Spectrum in a Universe Dominated by the Chaplygin Gas,” Gen. Rel. Grav. 34, 2111 (2002), [arXiv:astro-ph/0203441];

A. Dev, J. S. Alcaniz and D. Jain, “Cosmological consequences of a Chaplygin gas dark energy,” Phys. Rev. D 67, 023515 (2003), [arXiv:astro-ph/0209379]. J. S. Alcaniz, D. Jain and A. Dev, “High-redshift objects and the generalized Chaplygin gas,” Phys. Rev. D 67, 043514 (2003), [arXiv:astro-ph/0210476];

T. Multamaki, M. Manera and E. Gaztanaga, “Large scale structure and the generalised Chaplygin gas as dark energy,” Phys.Rev. D 69, 023004 (2004), [arXiv:astro-ph/0307533].

J. S. Alcaniz and J. A. S. Lima, “Measuring the Chaplygin gas equation of state from angular and luminosity distances,” Astrophys. J. 618, 16 (2005) [arXiv:astro-ph/0308465].

Y. Gong, “Observational constraints on generalized Chaplygin gas model,” JCAP 0503, 007 (2005), [arXiv:astro-ph/0411253];

M. Makler, B. Mota and M. J. Reboucas, “Constraints from the Detection of Cosmic Topology on the Generalized Chaplygin Gas,” [arXiv:astro-ph/0507116].

[19] Z-K. Guo, Y-Z. Zhang, “Variable Chaplygin Gas,” [arXiv:astro-ph/0506091];

Z-K. Guo, Y-Z. Zhang, “Observational Constraints on Variable Chaplygin Gas,” [arXiv:astro-ph/0509790].

[20] T. Barreiro and A. A. Sen, “Generalized Chaplygin Gas in a modified gravity approach,” Phys. Rev. D 70, 124013 (2004), [arXiv:astro-ph/0408185].

[21] J. C. Fabris, S. V. B. Goncalves and P. E. de Souza, “Density perturbations in an Universe dominated by the Chaplygin gas,” Gen. Rel. Grav. 34, 53 (2002), [arXiv:gr-qc/0103083].

[22] M. C. Bento, O. Bertolami, A. A. Sen, “The revival of the unified dark energy-dark matter model?” Phys.Rev. D 70, 083519 (2004) [arXiv:astro-ph/0407239].

[23] H. Zhang and Z-H. Zhu , “Interacting Chaplygin gas,” Phys. Rev. D 73, 043518 (2006) [arXiv:astro-ph/0509895].

[24] X-H. Meng, M-G. Hu and J. Ren, “Cosmology with extended Chaplygin gas media and w = −1 crossing,” [arXiv:astro-ph/0510357].

[25] A. A. Sen and R. J. Scherrer, “Generalizing the generalized Chaplygin gas,” Phys. Rev. D 72, 063511 (2005) [arXiv:astro-ph/0507717].

[26] P. F. González-Díaz, “Wormholes and ringholes in a dark-energy universe,” Phys. Rev. D 68, 084016 (2003) [arXiv:astro-ph/0308382].

[27] P. F. González-Díaz, “Achronal cosmic future,” Phys.

Rev. Lett. 93 071301 (2004) [arXiv:astro-ph/0404045]. [28] P. F. González-Díaz and J. A. J. Madrid, “Phantom inflation and the ‘Big Trip’,” Phys. Lett. B596 16-25 (2004) [arXiv:hep-th/0406261].

[29] P. F. González-Díaz, “K−essential phantom energy:

Doomsday around the corner?,” Phys. Lett. B586 1 (2004) [arXiv:astro-ph/0312579].

[30] P. F. González-Díaz, “You need not be afraid of phantom energy,” Phys. Rev. D 68 021303(R) (2003) [arXiv:astro-ph/0305559].

[31] J. A. J. Madrid, “Chaplygin gas may prevent big trip,” Phys. Lett. B634 106 (2006) [arXiv:astro-ph/0512117].

[32] O. Bertolami and J. Paramos, “The Chaplygin dark star,” Phys. Rev. D 72 123512 (2005) [arXiv:astro-ph/0509547].

[33] N. Bilić, G. B. Tupper and R. D. Viollier, “Born- Infeld phantom gravastars,” JCAP 0602, 013 (2006) [arXiv:astro-ph/0503427].

[34] F. S. N. Lobo, “Stable dark energy stars,” Class. Quant.

Grav. 23, 1525-1541 (2006) [arXiv:gr-qc/0508115]. [35] M. S. Morris and K. S. Thorne, “Wormholes in spacetime and their use for interstellar travel: A tool for teaching General Relativity,” Am. J. Phys. 56, 395 (1988).

[36] Visser M 1995 Lorentzian Wormholes: From Einstein to Hawking (American Institute of Physics, New York) [37] M. Visser, S. Kar and N. Dadhich, “Traversable wormholes with arbitrarily small energy condition violations,” Phys. Rev. Lett. 90, 201102 (2003) [arXiv:gr-qc/0301003];

[38] D. Hochberg and M. Visser, “Geometric structure of the generic static traversable wormhole throat,” Phys. Rev. D 56, 4745 (1997) [arXiv:gr-qc/9704082];

D. Hochberg and M. Visser, “Null energy condition in dynamic wormholes,” Phys. Rev. Lett. 81, 746 (1998) [arXiv:gr-qc/9802048].

[39] E. Poisson and M. Visser, “Thin-shell wormholes: Linearization stability,” Phys. Rev. D 52, 7318 (1995) [arXiv:gr-qc/9506083].

[40] G. Darmois, “Mémorial des sciences mathématiques XXV,” Fascicule XXV ch V (Gauthier-Villars, Paris, France, 1927).

W. Israel, “Singular hypersurfaces and thin shells in general relativity,” Nuovo Cimento 44B, 1 (1966); and corrections in ibid. 48B, 463 (1966).

[41] F. S. N. Lobo and P. Crawford, “Stability analysis of dynamic thin shells,” Class. Quant. Grav. 22, 4869 (2005), [arXiv:gr-qc/0507063].

[42] J. P. S. Lemos, F. S. N. Lobo and S. Q. de Oliveira, “Morris-Thorne wormholes with a cosmological constant,” Phys. Rev. D 68, 064004 (2003) [arXiv:gr-qc/0302049].

F. S. N. Lobo and P. Crawford, “Linearized stability analysis of thin-shell wormholes with a cosmological constant,” Class. Quant. Grav. 21, 391 (2004) [arXiv:gr-qc/0311002].

J. P. S. Lemos and F. S. N. Lobo, “Plane symmetric traversable wormholes in an anti-de Sitter background,” Phys. Rev. D 69, 104007 (2004) [arXiv:gr-qc/0402099]; F. S. N. Lobo, “Surface stresses on a thin shell surrounding a traversable wormhole,” Class. Quant. Grav. 21, 4811 (2004) [arXiv:gr-qc/0409018];

F. S. N. Lobo, “Energy conditions, traversable wormholes and dust shells,” Gen. Rel. Grav. 37 2023-2038 (2005) [arXiv:gr-qc/0410087].

[43] M. S. Morris, K. S. Thorne and U. Yurtsever, “Wormholes, Time Machines and the Weak Energy Condition,” Phy. Rev. Lett. 61, 1446 (1988).

[44] For a review article, see for example:

F. Lobo and P. Crawford, “Time, Closed Timelike Curves and Causality,” in The Nature of Time: Geometry, Physics and Perception, NATO Science Series II. Mathematics, Physics and Chemistry - Vol. 95, Kluwer Academic Publishers, R. Buccheri et al. eds, pp.289-296 (2003) [arXiv:gr-qc/0206078].