arXiv:gr-qc/0511009 v1 2 Nov 2005

The deterministic nature of conservative post-Newtonian accurate dynamics of compact binaries with leading order spin-orbit interaction

Achamveedu Gopakumar^∗ and Christian Königsdörffer^† Theoretisch-Physikalisches Institut, Friedrich-Schiller-Universität, Max-Wien-Platz 1, 07743 Jena, Germany (Dated: 2nd November 2005)

We formally show that the conservative second post-Newtonian (PN) accurate dynamics of spinning compact binaries moving in eccentric orbits, when spin effects are restricted to the leading order spin-orbit interaction cannot be chaotic for the following two distinct cases: (i) the binary consists of compact objects of arbitrary mass, where only one of them is spinning with an arbitrary spin and (ii) the binary consists of equal mass compact objects, having two arbitrary spins. We rest our arguments on the recent determination of PN accurate Keplerian-type parametric solutions to the above cases, indicating that the PN accurate dynamics is integrable in these two situations. We compare predictions of our case (i) with those from a numerical investigation of an equivalent scenario that observed chaos in the associated dynamics. We also present possible reasons for the discrepancies.

PACS numbers: 04.25.Nx, 95.10.Eg, 97.60.Jd, 97.60.Lf

I. INTRODUCTION

Inspiralling binaries consisting of spinning compact objects of arbitrary mass ratio are astrophysically interesting systems. These binaries are the most promising targets for the first direct detection of gravitational radiation by ground-based laser interferometric gravitationalwave detectors [1]. The radio-wave detections of spinning compact binaries are heavily sought after as they provide unique laboratories for relativistic gravity and plasma physics [2]. The orbital dynamics of such compact binaries are well described by the post-Newtonian (PN) approximation to general relativity. The PN approximation to general relativity allows one to express the equations of motion for a compact binary as corrections to Newtonian equations of motion in powers of (v/c)^2 ∼ GM/(c^2R), where v, M , and R are the characteristic orbital velocity, the total mass and the typical orbital separation of the binary. To extract lots of astrophysical informations from these binaries, both using gravitational and radio wave observations, it is understood that the compact binary dynamics should be known at least to second post-Newtonian (2PN) order [3, 4]. The 2PN order gives (v/c)^4 corrections to Newtonian equations of motion and the orbital dynamics is still conservative at this order. In the case of spinning compact binaries, the dynamics is determined, not only by the orbital equations of motion for these objects, but also by the precessional equations for the orbital plane and the spin vectors themselves [5]. The dynamics of these systems are required to be deterministic, at least during the observational window, for making any meaningful astrophysical measurements.

Few years ago, it was argued that spin-orbit and spin-

∗Electronic address: A.Gopakumar@uni-jena.de †Electronic address: C.Koenigsdoerffer@uni-jena.de

spin contributions to the conservative PN dynamics will force the orbits of compact binaries to become chaotic [6]. The “chaos” in the conservative dynamics of spinning compact binaries were identified with the aid of phase-space trajectories that form fractal basin boundaries. These trajectories were computed by numerically integrating 2PN accurate equations, describing the compact binary dynamics in harmonic gauge, available in Ref. [7]. It was reasoned that compact binaries, having initial conditions near the fractal basin boundaries will have unpredictable evolution. Therefore, it was argued that spinning compact binaries, evolving under PN accurate orbital dynamics, will have unpredictable gravitational waveforms during the inspiral. This will make the deployment of “matched filtering” and hence the detection of these binaries, via gravitational radiation, an impossible task. The above claim was questioned in Ref. [8]. These authors computed the divergence of nearby phase space trajectories of spinning compact binaries, with the aid of Lyapunov exponents, evolving under the same PN dynamics, as investigated in Ref. [6] and found no evidence for any chaotic behavior. However, the above analysis was strongly criticized in Ref. [9], based on arguments that in Ref. [8] the “proper” Lyapunov exponents were not computed. Further, the subtleties involved in the use of Lyapunov exponents in general relativity were emphasized in Ref. [10]. A recent detailed investigation of the conservative PN dynamics of spinning compact binaries, to substantiate the results of Ref. [6], using again the method of fractal basin boundaries, also observed the existence of “chaos” in these systems [11]. Moreover, it was even shown that 2PN accurate conservative dynamics of spinning compact binaries can be chaotic even if only one of the compact objects spins [see Figs. 4 and 5 in Ref. [11]].

In this paper, we show that the conservative 2PN accurate dynamics of spinning compact binaries cannot be chaotic, when only one of the compact objects spins. We rest our arguments on the fact that the above dynamics is integrable. In fact, it can be shown that even the conservative 3PN accurate dynamics of spinning compact binaries, when spin effects are restricted to the leading order spin-orbit interaction, is integrable in two distinct cases: (i) the binary consists of compact objects of arbitrary mass, where only one of them is spinning with an arbitrary spin and (ii) the binary consists of equal mass compact objects, having two arbitrary spins. The integrability is evident from the recent determination of PN accurate Keplerian-type parametric solution to the above two cases [12, 13]. Our 2PN accurate analytic solutions, especially for case (i), imply that the associated dynamics cannot be chaotic. However, numerical investigations did report chaos in 2PN accurate dynamics of spinning compact binaries when only one of the compact objects spins, i.e., our case (i) [11]. We present possible arguments for the above contradiction.

In what follows, we briefly describe the recently determined PN accurate parametric solutions and list their salient features. We present our arguments why the associated dynamics cannot be chaotic. We also clarify few erroneous statements made in Ref. [11]. Finally, we suggest a way to analyze PN accurate dynamics of spinning compact binaries, semi-analytically, but in a PN accurate manner. This should be helpful to determine if inspiralling spinning compact binaries, whose dynamics is correctly given by PN approximation to general relativity, can exhibit chaotic behavior, for the cases not considered here, in a realistic manner.

II. THE RELEVANT BINARY DYNAMICS AND ITS DETERMINISTIC NATURE

Let us first consider the 2PN accurate conservative dynamics of spinning compact binaries, when the spin effects are restricted to the leading order spin-orbit interaction. The dynamics is fully specified by a PN accurate (reduced) Hamiltonian H, which may be symbolically written as

H(r, p, S_1, S_2) = H_N(r, p) + H_{1PN}(r, p) + H_{2PN}(r, p) + H_{SO}(r, p, S_1, S_2) , (1)

where H_N, H_{1PN}, and H_{2PN} are, respectively, the Newtonian, first, and second PN contributions to the conservative dynamics of compact binaries, when the spin effects are neglected. The leading order spin-orbit coupling to the binary dynamics is given by H_{SO}. In the above equation, r = R/(GM ), r = |r|, and p = P/μ, where R and P are the relative separation vector and its conjugate momentum vector, respectively. The familiar symbols M and μ have the usual meaning, namely, the total mass and the reduced mass. The explicit expressions for PN corrections, associated with the motion of nonspinning compact binaries, were obtained in Refs. [14, 15]. The spin-orbit contributions, available in Refs. [13, 15, 16], read

H_{SO}(r, p, S_1, S_2) = 1 c^2r^3

(r × p) · S_{eff} , (2)

where S_{eff} gives the effective spin defined by

S_{eff} = δ_1S_1 + δ_2S_2 . (3)

In the above equation, δ_1 =^η_2 +^3_4 ( 1 − √ 1 − 4η ) and δ_2 = η 2 +^3_4 ( 1 + √ 1 − 4η ) , where η is the finite mass ratio η = μ/M . The reduced spin vectors S_1 and S_2 are related to the individual spins S_1 and S_2 by S_1 = S_1/(μGM ) and S_2 = S_2/(μGM ), respectively. We recall that R, P, S_1, and S_2 are canonical variables, such that the orbital variables commute with the spin variables, e.g., see Refs. [5, 16].

Recently, as mentioned earlier, the 3PN accurate Keplerian-type parametric solution to the dynamics of spinning compact binaries, when spin effects are restricted to the leading order spin-orbit interaction, for the following two distinct cases, namely, (i) the binary consists of compact objects of arbitrary mass, where only one of them is spinning with an arbitrary spin and (ii) the binary consists of equal mass compact objects, having two arbitrary spins, were obtained in Refs. [12, 13]. We display below the 2PN accurate version of the above parametric solution. It turned out that PN accurate dynamics, we are interested in, allows Keplerian-type parametrization in an orbital orthonormal triad, (i, j, k). In this triad, i defines the line of nodes, associated with the intersection of the orbital plane with the invariable plane (e_X , e_Y ), which is the plane perpendicular to the total (reduced) angular momentum J = Je_Z , the only constant vector in our dynamics. The unit vector k is always perpendicular to the orbital plane and defined by k = L/L, where L = r × p is the (reduced) orbital angular momentum vector. The dynamical vectors of the problem are given by

r(t) = r(t) cos φ(t) i(t) + r(t) sin φ(t) j(t) , (4) L(t) = Lk(t) , (5) S(t) = Je_Z − Lk(t) , (6) where S is the (reduced) total spin, which is related to the effective spin by S_{eff} = χ_{so}S for the considered cases. The mass dependent coupling constant χ_{so} equals δ_1 or δ_2 for the single-spin case and is given by δ_1 = δ_2 = 7/8 for the equal-mass case. The magnitude of J is denoted by J and is given by J = (L^2 + S^2 + 2LS cos α)^{1/2}. Note that the angle α between L and S can be chosen quite arbitrarily. The time dependent basic vectors (i, j, k) are explicitly given by

i = cos Υe_X + sin Υe_Y , (7a) j = − cos Θ sin Υe_X + cos Θ cos Υe_Y + sin Θ e_Z , (7b) k = sin Θ sin Υe_X − sin Θ cos Υe_Y + cos Θ e_Z . (7c)

The angle Θ gives the constant precessional angle between L and J [see Fig. 1 in Ref. [13]]. The time evolution for r, φ, and Υ is given in a parametric and PN accurate way, which reads

r = a_r (1 − e_r cos u) , (8a)

l ≡ n (t − t_0) = u − e_t sin u + g_{4t} c^4 (v − u) + f_{4t} c^4 sin v ,

(8b)

φ − φ_0 = (1 + k)v + f_{4φ} c^4 sin 2v + g_{4φ} c^4 sin 3v ,

(8c)

Υ − Υ_0 = χ_{so}J c^2L^3

(v + e sin v) , (8d)

where v = 2 arctan [( 1 + e_φ 1 − e_φ )_{1/2} tan u 2 ] . (8e)

The PN accurate orbital elements a_r, e^2_r , n, e^2_t , k, and e^2_φ, and the PN order orbital functions g_{4t}, f_{4t}, f_{4φ}, and g_{4φ}, expressible in terms of E, L, S, η, and α, are obtainable from Ref. [13]. We recall that the above parametric solution is usually referred to as the generalized quasi-Keplerian parametrization for the PN accurate orbital dynamics of compact binaries and extends the seminal works done by Damour, Deruelle, Schäfer, and Wex [15, 17–19]. The quasi-Keplerian parametric solution is heavily employed to construct the “timing formula” for relativistic binary pulsars, which in turn is used to extract astrophysical information from these systems and to test general relativity in strong field regimes [20, 21]. The recent determination of “ready to use” search templates for nonspinning compact binaries moving in inspiralling eccentric orbits, given in Ref. [22], also required the above mentioned quasi-Keplerian parametrization.

The existence of such a PN accurate parametric solution and hence the integrability of the spinning binary dynamics should not be surprising if one carefully counts the degrees of freedom and the existing conserved quantities in the above mentioned two distinct cases, where our parametrization is valid. In our Hamiltonian system, for the two cases considered, the dimension of the associated phase space is 8 [the nonspinning part of the Hamiltonian contributes 6 dimensions and the spin contributes 2 dimensions. This indicates that the number of independent degrees of freedom, for the two cases considered, is 4 and there are 4 independent constants of motion, namely, E, L, S, and L · S. The deterministic nature of the Hamiltonian, given by Eq. (1) and treated as a self-contained dynamical system, naturally follows from above arguments.

One may argue, that the equations of motion for spinning compact binaries presented in Ref. [7] and employed in Refs. [6, 11] are in harmonic coordinates and employ a different spin supplementary condition (SSC) than the one used in Ref. [13]. Therefore it is not desirable to compare results of Ref. [11] with results of Ref. [13], especially about the deterministic nature of the underlying dynamics. Following Ref. [12], it is trivial to obtain a harmonic coordinate version of Eqs. (4)–(8). Furter, since different SSCs, which may be regarded as different ways to specify center-of-motion world line of each spinning body, can be related by a PN order shift of the center-of-motion world lines [see Appendix A of Ref. [7]], it is clear that the equations of motion, given in Ref. [7] and that given by Eq. (1), for the two cases considered, describe the same dynamics. More importantly, using Eqs. (2.6)–(2.13) of Ref. [7], it is straightforward to show that the quantities E, L, S, and L · S are also conserved to the required PN order for our two cases. This shows that the deterministic nature of the dynamics of spinning compact binaries, for the two distinct cases (i) and (ii), does not depend on coordinate conditions, SSCs, and the representations. It is interesting to note (again) that Ref. [11] reported chaos in case (i), where only one object spins, using the dynamics prescribed in Ref. [7].

The physical argument employed in Ref. [11] to explain the apparent “chaos” is the highly irregular behavior of the orbital plane due to the inclusion of leading order spin effects on to the conservative 2PN accurate dynamics, associated with the nonspinning compact binaries. In Ref. [11], the Newtonian orbital angular momentum vector was used to specify the orientation of the orbital plane. We believe that it is not an appropriate quantity to specify the orbital plane as it is not even perpendicular to the orbital plane, when spin effects are included. However, in the Hamiltonian formulation of PN dynamics, L ≡ r × p, always remains perpendicular to the orbital plane and easily tracks its orientation. Recall that L, as defined above, also occurs in the Poincaré algebra of gravitating two-body system of spin-less particles to 3PN order [23]. We observe that in the two cases, where analytic solutions exist, the orbital plane, specified by L, carves out a simple cone as it precesses around the invariant direction, defined by the total angular momentum J . Further note that, in these cases, L̇ = −Ṡ and we think this is not the way the evolution of L and S is treated in Ref. [11] [see Eq. (2.6) in Ref. [11]]. When spin-spin effects are included, the angle between L and J no longer remains a constant, as is roughly evident from Eq. (4.15) in Ref. [13]. However, we note that the time scale for the evolution of Θ, which defines the angle between L and J , should be large and the amplitude of its variation small. This is so as spin-spin interactions, responsible for the variation of Θ, may be treated to be 2PN or 3PN order corrections, depending on the magnitudes of spins [see discussions at the end of Sec. II in Ref. [13]].

It was stated in Ref. [11] that beyond 2PN order, the dynamics of compact binaries will be chaotic even in the absence of spin. The erroneousness of this conclusion is clearly evident from the recent determination of 3PN accurate generalized quasi-Keplerian parametrization for the solution of the 3PN accurate equations of motion for two nonspinning compact objects moving in eccentric orbits [12]. The underlying dynamics, derivable from an ordinary Hamiltonian, can be extracted from the papers of Damour, Jaranowski, and Schäfer [24]. It can easily be shown that the motion is restricted to a plane, namely the orbital plane, and we can introduce polar coordinates such that r = r(cos φ, sin φ, 0). The 3PN accurate generalized quasi-Keplerian parametrization for compact binaries moving in eccentric orbits, in the center-of-mass frame, is then given by

r = a_r (1 − e_r cos u) , (9a)

l ≡ n (t − t_0) = u − e_t sin u + ( g_{4t} c^4 + g_{6t} c^6 ) (v − u) + ( f_{4t} c^4 + f_{6t} c^6 ) sin v + i_{6t} c^6 sin 2v + h_{6t} c^6 sin 3v , (9b)

φ − φ_0 = (1 + k)v + ( f_{4φ} c^4 + f_{6φ} c^6 ) sin 2v + ( g_{4φ} c^4 + g_{6φ} c^6 ) sin 3v + i_{6φ} c^6 sin 4v + h_{6φ} c^6 sin 5v , (9c)

where v = 2 arctan [( 1 + e_φ 1 − e_φ )_{1/2} tan u 2 ] . (9d)

The PN accurate orbital elements a_r, e^2_r , n, e^2_t , k, and e^2_φ, and the PN orbital functions g_{4t}, g_{6t}, f_{4t}, f_{6t}, i_{6t}, h_{6t}, f_{4φ}, f_{6φ}, g_{4φ}, g_{6φ}, i_{6φ}, and h_{6φ}, expressible in terms of E, L, and η, are obtainable from Ref. [12]. The number of degrees of freedom are three and there are sufficient conserved quantities to restrict the orbits to a plane and the dynamics to be integrable. The deterministic nature of the dynamics does not change when radiation reaction, which enters at 2.5PN order, is included. It is actually possible to incorporate, almost analytically, the effects of reactive H_{2.5PN}(r, p), derivable easily from Ref. [14], in to the 3PN accurate conservative dynamics of Ref. [12], employing the techniques described in Ref. [22]. We would like to remind that a fully 2.5PN accurate orbital dynamics of inspiralling binaries consisting of nonspinning compact objects of arbitrary mass ratio, available in Ref. [22], requires numerical evaluation of just one quadrature [see Sec. V of Ref. [22] and discussions therein]. Further, with the help of Refs. [12, 22], one can easily conclude that the motion is still restricted to a plane to 3PN order in the case of inspiralling nonspinning compact binaries.

Finally, note that PN accurate differential equations, employed in Ref. [11], are realistic, only if one is allowed to neglect the omitted higher order correction terms. Therefore, extreme care should be taken to make sure that the solutions to these differential equations are also as PN accurate and this is not an easy task, while solving these differential equations numerically. In the parametric solutions, described above, we can easily control their PN accuracy and determine the validity of the approximate dynamcis in a gauge invariant way. However, it is not always possible to obtain PN accurate simple parametric solutions, as given in Refs. [12, 13]. For example, in case of a spinning compact binary with leading order spin-orbit interaction, it will not be possible to obtain a simple parametric solution for the general case, where m_1 ≠ m_2 and S_1 ≠ S_2, as Θ is no longer a constant angle there. In this case, it is still possible to parametrize the radial motion, but the angular motions do not accommodate any simple parametric solutions.

We want to point out that our case (ii), which includes two spinning objects with leading order spin-orbit interaction, should not be taken to argue that spin-spin interactions will not make the dynamics of spinning compact binaries chaotic. Our case (ii) should be viewed as a toy model to test numerical investigations that probe the deterministic nature of PN accurate dynamics of spinning compact binaries. When H_{SS} terms, which specify the spin-spin interactions, are included in Eq. (1), even the radial motion does not allow simple parametrization. However, it should be possible to obtain semi-analytic PN accurate solution to the PN accurate dynamics of spinning compact binaries, moving in eccentric orbits, when all leading order spin effects are included. This will require adapting techniques from classical perturbation theory and will be similar to the way classical spin-orbit coupling was incorporated into the Newtonian accurate orbital motion [25, 26]. We believe that such PN accurate solutions to PN accurate binary dynamics may be more suitable to analyze the question of “chaos” in PN accurate dynamics of spinning compact binaries, in a realistic manner. Many of these issues are currently under investigation in Jena.

III. SUMMARY

Let us recapitulate. We have shown that the conservative PN accurate dynamics of spinning compact binaries with leading order spin-orbit interaction, for the two distinct cases mentioned above, is integrable and hence cannot be chaotic. We emphasized that these two scenarios are as deterministic as the PN accurate conservative dynamics of nonspinning compact binaries. We hope that our parametric solutions, for the two distinct cases, will be employed to test numerical investigations that probe the question of chaos in spinning compact binaries. Finally, we feel that PN accurate semi-analytic solutions to the PN accurate dynamics of spinning compact binaries may help to clarify the question of chaos in spinning compact binaries.

Acknowledgments

We are grateful to Gerhard Schäfer for illuminating discussions and persistent encouragement. Conversations with T. Damour and R.-M. Memmesheimer are warmly acknowledged. The work is supported by the Deutsche Forschungsgemeinschaft (DFG) through SFB/TR7 “Gravitationswellenastronomie”.

[1] V. Kalogera et al., Astrophys. J. 601, L179 (2004). [2] A. G. Lyne et al., Science 303, 1153 (2004). [3] E. Poisson and C. M. Will, Phys. Rev. D 52, 848 (1995);

A. Królak, K. D. Kokkotas, and G. Schäfer, Phys. Rev. D 52, 2089 (1995).

[4] I. A. Morrison, T. W. Baumgarte, S. L. Shapiro, and V. R. Pandharipande, Astrophys. J. 617, L135 (2004); J. M. Lattimer and B. F. Schutz, Astrophys. J. 629, 979 (2005).

[5] For a brief introduction to spin effects in general relativity, see G. Schäfer, Gen. Relativ. Gravit. 36, 2223 (2004), gr-qc/0407116.

[6] J. Levin, Phys. Rev. Lett. 84, 3515 (2000). [7] L. E. Kidder, Phys. Rev. D 52, 821 (1995). [8] J. D. Schnittman and F. A. Rasio, Phys. Rev. Lett. 87, 121101 (2001).

[9] N. J. Cornish and J. Levin, Phys. Rev. D 68, 024004 (2003).

[10] N. J. Cornish and J. Levin, Class. Quantum Grav. 20, 1649 (2003).

[11] J. Levin, Phys. Rev. D 67, 044013 (2003). [12] R.-M. Memmesheimer, A. Gopakumar, and G. Schäfer, Phys. Rev. D 70, 104011 (2004).

[13] C. Königsdörffer and A. Gopakumar, Phys. Rev. D 71, 024039 (2005).

[14] G. Schäfer, Ann. Phys. (N.Y.) 161, 81 (1985). [15] T. Damour and G. Schäfer, Nuovo Cimento Soc. Ital.

Fis., B 101, 127 (1988).

[16] T. Damour, Phys. Rev. D 64, 124013 (2001). [17] T. Damour and N. Deruelle, Ann. Inst. Henri Poincaré Phys. Theor. 43, 107 (1985).

[18] G. Schäfer and N. Wex, Phys. Lett. A 174, 196 (1993);

177, 461(E) (1993).

[19] N. Wex, Class. Quantum Grav. 12, 983 (1995). [20] T. Damour and N. Deruelle, Ann. Inst. Henri Poincaré Phys. Theor. 44, 263 (1986).

[21] T. Damour and J. Taylor, Phys. Rev. D 45, 1840 (1992). [22] T. Damour, A. Gopakumar, and B. R. Iyer, Phys. Rev.

D 70, 064028 (2004).

[23] T. Damour, P. Jaranowski, and G. Schäfer, Phys. Rev.

D 62, 021501 (2000).

[24] To obtain a detailed account of the derivation of 3PN accurate Hamiltonian in ADM-type coordinates, see T. Damour, P. Jaranowski, and G. Schäfer, Phys. Lett. B 513, 147 (2001); Phys. Rev. D 62, 044024 (2000) and references therein. For a similar description in harmonic coordinates, see L. Blanchet and B. R. Iyer, Class. Quantum Grav. 20, 755 (2003); L. Blanchet, T. Damour, and G. Esposito-Farèse, Phys. Rev. D 69, 124007 (2004) and references listed there.

[25] A. E. Roy, Orbital Motion, IOP Publishing Ltd, Bristol (2005).

[26] N. Wex, Mon. Not. R. Astron. Soc, 298, 67 (1998).