arXiv:gr-qc/0511025 v1 5 Nov 2005

A Note on the Asymptotic Limit of the Four Simplex

Suresh. K. Maran

November 5, 2005

Abstract

Recently the asymptotic limit of the Barrett-Crane models has been studied by Barrett and Steele. Here by a direct study, I show that we can extract the bivectors which satisfy the essential Barrett-Crane constraints from the asymptotic limit. Because of this the Schlaffi identity is implied by the asymptotic limit, rather than to be imposed as a constraint.

The asymptotic limit [7], [6], [4] of the Barrett-Crane models [2], [3] has been recently studied systematically in [5]. Here by a direct study, I show that we can extract the bivectors which satisfy the essential Barrett-Crane constraints^1 from the asymptotic limit. Because of this the Schlaffi identity is implied by the asymptotic limit, rather than to be imposed as a constraint as in Ref:[2]. Here I focus on the Riemannian Barrett-Crane model [2] only, but it can be generalized to the Lorentzian Barrett-Crane model [3].

Consider the amplitude of a four-simplex[2] with a real scale parameter λ, Z_λ = (−1)^{∑k<l 2Jkl} ∫ n_k∈S^3 ∏ i<j sin(λJ_{ij} θ_{ij} ) sin(θ_{ij} ) ∏ k dn_k,

= (−1)^{∑k<l 2Jkl} (2i)^{10} ∫ n_k∈S^3 ∏ i<j ∑ ε_{ij} =±1 ε_{ij} exp(iε_{ij} λ(ρJ_{ij} θ_{ij} )) sin(θ_{ij} ) ∏ k dn_k,

where the θ_{ij} is defined by n_i.n_j = cos(θ_{ij} ). Here the θ_{ij} is the angle between n_i and n_j. The asymptotic limit of Z_λ(s) under λ −→ ∞ is controlled by

S({n_i}, {J_{ij}}, {q_i}) = ∑ i<j ε_{ij}J_{ij}θ_{ij} + ∑ i q_i(n_i.n_i − 1), where the q_i are the Lagrange multipliers to impose n_i.n_i = 1, ∀i. My goal now is to find stationary points for this action. The stationary value under the

1Here by the essential Barrett-Crane constraints [2] I mean all the constraints except those that relate to degeneracy conditions of a four simplex.

variation of n_j’s are determined by ∑ i≠j ε_{ij} J_{ij} ∂ζ_{ij} ∂n_i + 2q_jn_j = 0, ∀j, (1a)

and n_j.n_j = 1, ∀j where the j is a constant in the summation. ∂ζ_{ij} ∂n_i = n_j sin(ζ_{ij})

, (2)

where the vector index has been suppressed on both the sides.

Using equation (2) in equation:(1a) and taking the wedge product of the equation with n_j we have, ∑ i≠j ε_{ij} J_{ij} n_i ∧ n_j sin(ζ_{ij}) = 0, ∀j. If E_{ij} = ε_{ij}J_{ij} n_i ∧ n_j sin(ζ_{ij} ) , then the last equation can be simplified to ∑ i≠j E_{ij} = 0, ∀j. (3) We now consider the properties of E_{ij} :

• Each i represents a tetrahedron. There are ten E_{ij}’s, each one of them is associated with one triangle of the four-simplex.

• The square of E_{ij}: E_{ij} · E_{ij} = J^2_{ij} sin^2(ζ_{ij})

(n^2_j n^2_i − (n_i · n_j )^2) = J^2_{ij} sin^2(ζ_{ij})

(1 − (cos(ζ_{ij})^2)

= J^2_{ij}.

• The wedge product of any two E_{ij} is zero if they are equal to each other or if their corresponding triangles belong to the same tetrahedron.

• Sum of all the E_{ij} belonging to the same tetrahedron are zero according to equation (3).

It is clear that these properties contain the first four Barrett-Crane constraints[2]. So we have successfully extracted the bivectors corresponding to the triangles of a general flat four-simplex in Riemannian general relativity and the n_i are the normal vectors of the tetrahedra. The J_{ij} are the areas of the triangle as one would expect. Since we did not impose any non-degeneracy Barrett-Crane conditions [2], it is not guaranteed that the tetrahedra or the four-simplex have non-zero volumes.

The asymptotic limit of the partition function of the entire simplicial manifold with triangulation Δ is S(Δ, {n_{is} ∈ S^3, J_{ij}, ε_{ijs}}) = ∑ i<j,s ε_{ijs}J_{ij}ζ_{ijs}, where I have assumed variable s represents the four simplices of Δ and i, j represents the tetrahedra. The ε_{ijs} can be interpreted as the orientation of the triangles. Each triangle has a corresponding J_{ij}. The n_{is} denote the vector associated with the side of the tetrahedron i facing the inside of a simplex s. Now there is one bivector E_{sij} associated with each side facing inside of a simplex s of a triangle ij defined by E_{ijs} = ε_{ijs}J_{ij} n_{js} ∧ n_{js} sin(ζ_{ijs}) . If the n_{is} are chosen such that they satisfy stationary conditions ∑ i≠j E_{ijs} = 0, ∀j, s, and if θ_{ij} = ∑ s ε_{ijs}ζ_{ijs}, then

S(Δ, {J_{ij} , ε_{ijs}}) = ∑ i<j,s ε_{ijs}J_{ij}ζ_{ijs}, = ∑ i<j J_{ij} θ_{ij} can be considered to describe the Regge calculus [1] for the Riemannian general relativity. The angle θ_{ij} are the deficit angles associated with the triangles and the n_{is} are the vector normals associated with the tetrahedra.

References

[1] Regge. T., General Relativity without Coordinates, Nuovo Cimento A 19, 558-571.

[2] J. W. Barrett and L. Crane, Relativistic Spin Networks and Quantum general relativity. J.Math.Phys., 39:3296–3302, 1998.

[3] J. W. Barrett and L. Crane, A Lorentzian Signature Model for Quantum General relativity , Class.Quant.Grav., 17:3101–3118, 2000.

[4] J. W. Barrett and R. Williams, The asymptotics of an amplitude for the 4-Simplex, Preprint available as arXiv:gr-qc/9809032.

[5] J. W. Barrett and C. Steele, Asymptotics of relativistic spin networks, Preprint available as arXiv:gr-qc/0209023.

[6] G. Ponzano and T. Regge, Semiclassical Limit of Racah Coefficients, Spectroscopy and Group Theoretical Methods in Physics, F. Block et al (Eds), North-Holland, Amsterdam, 1968.

[7] Klaus Schulten and Roy G. Gordon, Semiclassical approximations to 3jand 6j- coefficients for quantum-mechanical coupling of angular momenta, J.Math.Phys, Vol.16, No.10, October 1975.