arXiv:gr-qc/0511090 v2 5 Jan 2006

Non-Abelian Einstein-Born-Infeld-Dilaton Cosmology

A. Füzfa^1, J.-M. Alimi^2, Laboratory Universe and Theories, CNRS UMR 8102, Observatoire de Paris-Meudon and Université Paris 7, France 1 email: andre.fuzfa@obspm.fr 2 email: jean-michel.alimi@obspm.fr

Abstract

The non-abelian Einstein-Born-Infeld-Dilaton theory, which rules the dynamics of tensor-scalar gravitation coupled to a su(2)-valued gauge field ruled by Born-Infeld lagrangian, is studied in a cosmological framework. The microscopic energy exchange between the gauge field and the dilaton which results from a non-universality of the coupling to gravity modifies the usual behaviour of tensor-scalar theories coupled to matter fluids. General cosmological evolutions are derived for different couplings to gravitation and a comparison to universal coupling is highlighted. Evidences of cosmic acceleration are presented when the evolution is interpreted in the Jordan physical frame of a matter respecting the weak equivalence principle. The importance for the mechanism of cosmic acceleration of the dynamics of the Born-Infeld gauge field, the attraction role of the matter fluid and the non-universality of the gravitational couplings is briefly outlined.

1 Introduction

In the description of the very beginning of the universe, well before the Big Bang nucleosynthesis, field theoretical models are to be considered instead of the usual hydrodynamical description of matter. Those kinds of models, inspired by high-energy physics, have lead to numerous progress in modern cosmology, trying to solve various problems from cosmic acceleration or the flatness problem to the magnitude of the cosmological constant or the existence of topological defects. The motivation of this paper lies in two questions, amongst many others, that raise from the description of the very first moments by high energy physics.

First is the question whether large scale massless gauge fields can play any interesting role in cosmology. Indeed, such fields could have existed in the early 1 universe before the phase transitions of spontaneous symmetry breaking but, if they were ruled by usual Yang-Mills (YM) conformally invariant dynamics, their primeval excitations have probably been swept away by inflation. This point motivated some authors to study the impact of the Born-Infeld (BI) type modification of gauge dynamics, suggested by string theory, on cosmology (see [1]). The BI lagrangian breaks down the scale invariance of the gauge fields beyond some critical energy, and therefore it is not obvious to conclude directly on the becoming of such gauge fields during and after an inflation period. Furthermore, it was proved in [1] that such gauge fields of BI-type cannot provide any cosmic acceleration on their own although they can mimic a fluid of negative pressure. Before going further on this question, it is therefore of first importance to study more deeply in a cosmological context the interaction between gauge and scalar fields as suggested in models inspired by high-energy physics. The second question is to see what happens to a possible scalar sector of gravitation during the cosmological evolution. Indeed, string theories predict the existence of the dilaton [2], a Lorentz scalar partner to the tensor Einstein graviton as low-energy limit of bosonic actions. This large theoretical framework provides a physical background for tensor-scalar modification [3] of general relativity, in which gravitation is mediated by long-range scalar field acting in complement of the usual spin 2 gravity fields. Although this question has been widely studied when dilaton - or more generally tensor-scalar theories - is coupled to matter during radiation and matter dominated era, the case of a microscopic field model which would not be coupled universally to gravity, as suggested in string theory, has been less considered. In particular, how does the interaction between scalar and gauge fields modify their respective dynamics and the resulting cosmological evolution will be the main subject of the present paper.

But before going any further, let us locate the present work in the existing litterature. In this paper, we will focus on cosmological solutions of the Einstein- Born-Infeld-Dilaton (EBID) equations for flat spacetimes. Cosmologies with large scale massless homogeneous and isotropic gauge fields with gauge group SU (2) and ruled by usual YM dynamics have been studied for a long time ([4, 5, 6, 7, 8]). The gravitational instability of flat spacetimes filled with such gauge fields was studied in [9]. Generalisation to higher gauge groups have also been studied [10, 11] in the case of flat and closed cosmologies. The Einstein- Born-Infeld cosmology with non-abelian gauge fields deriving from gauge group SU (2) has been studied thoroughly in [1] for flat, closed and open spacetimes for any value of the cosmological constant. The minimal coupling of large scale cosmological gauge fields and scalar multiplets has been studied in [12, 13]. The Einstein-Yang-Mills-Dilaton (EYMD) equations for flat cosmologies and a special case of non-universal coupling to gravity, have been derived in [14, 15] where the authors highlighted the energy exchange between the dilaton and the gauge fields and briefly discussed its effects on inflation, entropy crisis and the Polonyi problem (domination of a nearly massless dilaton at late times). However, they did not propose a complete solution to the EYMD field equations in the cosmological framework which could allow to address completely these issues. Moreover, they did not discuss the general influence of non-universal coupling to gravity as well. The EYMD system was also studied in [17] in the case of closed Friedmann-Lemaitre-Robertson-Walker (FLRW) with a static gauge field^1 and vanishing dilaton potential and cosmological constant.

As we told before, tensor-scalar cosmologies have been widely studied, with a large spectrum of applications for physical cosmology: inflation, primordial nucleosynthesis, Cosmic Microwave Background, ... The question of the convergence of tensor-scalar theories to general relativity during the cosmological evolution has been widely studied in [18, 19, 20, 21] and references therein. For the so-called “Einstein conformal frame”, where the gravitational and scalar fields have pure spin 2 and spin 0 dynamics respectively, the scalar sector of gravitation disappears naturally during cosmic expansion due to its coupling to matter. The cosmological evolution of the dilaton emerging from string theory has been studied in [22].

In this paper, we will consider the cosmological evolution of the dilaton coupled directly to a large-scale non-abelian gauge field ruled by BI dynamics which go beyond the scale invariance of YM theory. A non-universal coupling to gravity, as suggested in preceding works, will lead to quite different results to the usual coupling of tensor-scalar theories to a fluid. For example, when the gauge fields are governed by YM scale-invariant dynamics, the scalar sector of gravitation remains directly coupled to the gauge fields although they mimic a radiation fluid. However, it is well-known that tensor-scalar theories decouple from radiation (except during phase transition). Through both numerical computations and analytical solutions, we will show how the dilaton evolution is modified by non-universal coupling to the metric. This will lead to remarkable consequences for cosmology.

The structure of this paper will be as follows. In section 2, we establish the general field equations for the EBID cosmology. In section 3, we first remind the reader about BI cosmology as was studied in [1]. The non-abelian BI cosmology can be split in two extreme regimes depending on the energy density of the gauge field compared with a critical scale introduced in the BI theory. For large energies, the gauge field is shown to mimic a fluid of negative pressure with p/ρ = −1/3 while in the low-energy limit the scale-invariant YM dynamics is retrieved and the gauge field looks like a radiation fluid. On the other hand, we also remind the reader about dilaton cosmology, studied in [18, 22]. As the equations are to be established and solved with pure spin degrees of freedom in the Einstein frame, the interpretation in terms of the Jordan physical frame is also recalled. The case of universal coupling is solved there with usual properties of tensor-scalar theories. In section 4, we will focus on the strong field limit of the

1 Due to this particular topology, the EYMD system does not reduce to pure Einstein- Dilaton field equations when the gauge field is static.

EBID system with general coupling to gravity and in section 5 the low-energy limit which consists of a generalised version of the EYMD system appearing in [14, 15] is treated. In section 6, we analyse a complete cosmological evolution of the EBID system and present evidences for possible cosmic acceleration in the physical Jordan frame. This frame is defined with respect to a pressureless matter fluid that has been added to the gauge sector. The acceleration is shown to resist to the attraction provided by matter and appears to be intrinsically related to the non-universality of the coupling to gravity. Finally, we conclude in section 7 by some perspectives to the present work.

2 Field Equations of Einstein-Born-Infeld-Dilaton Cosmology

Most of the interest of field models, for example deriving from string theory in the low energy-limit, comes from their non-universal coupling to the gravity fields g_{μν} and its scalar counterpart ϕ (each type of matter field has in general its own coupling function to the dilaton, see [22]). This results in a violation of the weak equivalence principle and therefore the gravitational interaction of these microscopic field models is different from an usual tensor-scalar theory where the weak equivalence principle is usually assumed. Without imposing such a violation of the weak equivalence principle at a microscopic scale, field models would not be different than considering a tensor-scalar theory in presence of a fluid with the equation of state of the considered fields. Therefore, we will make use of a general form of the action for the non-abelian Einstein-Born- Infeld-Dilaton system, that takes into account a possible violation of the weak equivalence principle. This action writes down S = ∫ { − 1 2κ R − 1 2 ∂^μϕ∂_μϕ − V (ϕ) − A^4 (ϕ) L_{BI} ( B^2(ϕ)g_{μν} , A_μ ) } √ −gd^4x +S_m [ ψ_m, C^2(ϕ)g_{μν} ] · (1)

In this action, the gravitational interaction is described by the scalar curvature R and the dilaton ϕ, κ being the “bare” gravitational coupling constant and A(ϕ), B(ϕ) and C(ϕ) being three different coupling functions of the dilaton to matter. The first two illustrate the coupling of the gauge sector to the volume form and to the Einstein metric g_{μν} inside the Born-Infeld lagrangian L_{BI} (where A_μ are the non-abelian gauge potentials) and the last coupling function C(ϕ) is related to another type of matter ruled by the action S_m. Another parametrisations of Einstein-Born-Infeld-Dilaton action were considered in the litterature, for example with A = 1 and B = exp(k/2ϕ) in [14, 15, 16, 17] and with B = A^2 = exp(k/2ϕ) in [23]. The non-abelian gauge interaction is described by the Born-Infeld lagrangian build upon the field strength tensor

F_{μν} = F^a_{μν} T_a,

(with T_a are the generators of the gauge group under consideration^2) and its dual tensor F̃_{μν} . Indeed, this lagrangian, denoted by L_{BI} in (1), is defined as

L_{BI} = ϵ_c (R − 1) = ϵ_c (√ 1 + B^{−4}(ϕ) 2ϵ_c F_{μν} F^{μν} − B^{−8}(ϕ) 16ϵ^2_c ( F_{μν}F̃^{μν} )_2 − 1 ) · (2)

where ϵ_c is the Born-Infeld critical energy and B(ϕ) is the dilaton coupling function which is equal to e^{k/2ϕ} when non-perturbative effects are not taken into account (see [14, 15, 22]). In this case, k will be called the dilaton coupling constant. Throughout this paper, we will assume the Planck system of units, in which h̄ = c = 1 and G = m^{−2}_{P l} , with the Planck mass m_{P l} = 1.2211 × 10^{19}GeV and the gravitational coupling constant is κ = 8πG. We have also set the gauge coupling constant to unity, as it actually defines a system of units for the dilaton field ϕ, provided the dilaton being massless (V = 0). The Born-Infeld critical energy ϵ_c defines the scale above which non local effects of string theory arise and where the scale invariance of the gauge fields is broken. For example, in the low-energy limit ϵ_c → ∞ of the Born-Infeld part of the action (1), we recover the usual, conformally invariant, Yang-Mills (YM) lagrangian density for the non-abelian gauge field: √ −gL_{Y M} = − √ −gA^4(ϕ)B^{−4}(ϕ) 1 4 F^a_{μν} F^{μν}_a · (3)

In this paper, we will focus on cosmology and therefore we will adopt the prescriptions of the cosmological principle which states that the spatial sections of our Universe are homogeneous and isotropic. For the sake of simplicity, we will also restrict ourselves to the case of flat space-times, which constitutes however a very nice approximation of the present universe and its early stages as well. The metric describing such spacetimes is the one of Friedmann-Lemaitre- Robertson-Walker (FLRW):

ds^2 = −N^2(t)dt^2 + a^2(t) ( dr^2 + r^2dθ^2 + r^2 sin^2 θdφ^2 ) (4) where a(t) is the scale factor and N is the so-called lapse function of the hamiltonian Arnowitt-Deser-Misner approach to general relativity. This function can be fixed by a specific choice of time coordinate (gravitational gauge freedom). The symmetries prescribed by the cosmological principle we assume impose that the dilaton scalar field ϕ depends only on time.

A remarkable fact about non-abelian gauge fields is that they admit non-trivial homogeneous and isotropic configurations at the opposite of their abelian U (1) counterparts (see [1, 5] and references therein for a complete discussion of the SU (2) case). The main reason for that is because only the gauge invariant quantities such as the field strength tensor have to exhibit the symmetries explicitly,

2 Gauge indices will be noted as bold latin letters.

while the gauge potentials can be symmetric up to a gauge transformation (see [24, 4] for more general gauge groups). As a result, the energy can be distributed amongst the different gauge degrees of freedom while the stress-energy tensor remain compatible with the maximal symmetry of the space-time background. In this paper, we will restrict ourselves to the case of su(2)−valued gauge potentials, for which the ansatz

A = A^a_μT_adx^μ = σ(t)T_mdx^m (5)

of the connexion one-form A makes the gauge invariant quantities satisfying the required symmetry (see [4, 5]). The remaining dynamical degrees of freedom of the gauge potential are now expressed by the field σ(t). However, our results will not depend on this particular choice as the ansatz above can be generalised to higher gauge groups (see [10, 11]). In the equation above, the generators T_m of the Lie algebra of the gauge group SU (2) are to be taken in the coordinate dependent basis of the gauge degrees of freedom space as follows:

T_r = sin θ cos φT_1 + sin θ sin φT_2 + cos θT_3

T_θ = ∂ ∂θ T_r

T_φ = ∂ sin θ∂φ T_r

with T_i =^1_2 σ_i the usual basis of the Lie algebra su(2) (σ_i being the Pauli matrices) with the following standard normalization conditions and commutation relations: tr (T_aT_b) = 1 2 δ_{ab}, [T_a, T_b] = iϵ^c_{ab}T_c

The ansatz (5) is of course independent of the particular choice of the action for the gauge field, as was shown in [1].

The symmetries implied by the cosmological principle therefore allow us to write down (1) as an effective one dimensional action, after integrating over R^3 and dividing by the infinite volume of its orbits: S_{eff} = ∫ dt { − 3 κ ȧ^2a N + ϕ̇2 2 a^3 N − V (ϕ)N a^3 − N a^3ϵ_cA^4(ϕ) (R − 1) } + S_m (6)

where a dot denotes a derivative with respect to the time t and where R is given by R = √ 1 − 3

B^{−4}(ϕ) ϵ_c ( σ̇^2 a^2N^2 − σ^4 a^4 ) − 9 B^{−8}(ϕ) ϵ^2_c a^6N^2 σ̇^2σ^4, (7)

where σ(t) is the gauge potential as defined in (5). Following [1], it is also convenient to write R as R = √ 1 − Γ √ 1 + Δ (8) with Γ = 3σ̇^2B^{−4}(ϕ) ϵ_ca^2N^2

, Δ =

3σ^4B^{−4}(ϕ)

ϵ_ca^4

· (9)

From the action (6) and relation (7), it is straightforward to write down the field equations for the Einstein-Born-Infeld-Dilaton system by varying this action over the following degrees of freedom: N, a, ϕ and σ. First, the Euler-Lagrange equation for the variable N gives the hamiltonian constraint ( ȧ a )_2 = κ 3 [ ϕ̇2 2 + V (ϕ) + ϵ_cA^4(ϕ) (P − 1) + ρ_m ] (10)

which we will refer to as the F riedmann equation. In the previous equation, ρ_∗ stands for the energy density of the matter fluid ruled by S_m and the function P is defined in terms of Γ and Δ in (9) as P = √ 1 + Δ 1 − Γ

· (11)

The careful reader should have noticed that, after varying over N , we set the gravitational gauge to N = 1, meaning that we work with the synchronous time coordinate (another convenient choice for the study of the gauge dynamics in the Yang-Mills regime is the conformal gauge N = a as it naturally exhibits the conformal invariance). The Friedmann equation allows us to define the Born- Infeld effective energy density of the gauge field as a generalisation of what was proposed in [1] ρ_{BI} = ϵ_cA^4(ϕ) (P − 1) . (12) The Euler-Lagrange equation for the scale factor a gives the acceleration equation: ä a = κ 3 [( V (ϕ) − ϕ̇^2 ) + ϵ_cA^4(ϕ) ( P^{−1} − 1 ) − 1 2 (ρ_m + 3p_m) ] , (13)

where p_m stands for the pressure of the additional matter fluid. This allow us to define the Born-Infeld effective pressure p_{BI} = ϵ_c 3 A^4(ϕ) ( 3 − P − 2P^{−1} ) (14)

and the equation of state λ_{BI} = p_{BI} ρ_{BI} = 1 3 ( ϵ_cA^4(ϕ) − ρ_{BI} ϵ_cA^4(ϕ) + ρ_{BI} ) (15)

for the gauge part of the EBID system as in [1]. Here we see that the su(2)−valued gauge fields ruled by Born-Infeld lagrangian can be represented by a fluid with an equation of state that varies continuously from −^1_3 , when the BI energy density is much larger that the ’critical field’ A^{−4}(ϕ)ρ_{BI} ≫ ϵ_c, to^1_3 at low energies

A^{−4}(ϕ)ρ_{BI} ≪ ϵ_c. These two extreme regimes correspond to a gas of Nambu- Goto strings in three spatial dimensions on one hand (strong field limit) and radiations on the other (weak field limit). The transition between these regimes occurs at vanishing pressure when the BI energy density is of order of the BI critical energy scale ϵ_c. At low energies (ϵ_c → ∞), the gauge field behaves like radiation as expected because the BI lagrangian reduces to the conformally invariant Yang-Mills one.

It is also important to notice that there is no cosmic acceleration with the metric g_{μν} as long as the dilaton is massless. Indeed, the highest value of ä that can be achieved in this frame is identically zero (see 13), in the limit of the pure Einstein-Born-Infeld system at high energies (ϕ̇ = 0, λ_{BI} = −^1_3 ). However, we will see that cosmic acceleration may appear once we examine the behaviour in another frame.

By varying the action (6) with respect to the dilaton ϕ, we find the Klein- Gordon equation:

ϕ̈ + 3 ȧ a ϕ̇ = − dV (ϕ) dϕ − 2ϵ_cA^4(ϕ) [ β(ϕ) ( P + P^{−1} − 2R ) + α(ϕ) (2R − 2) ] −γ(ϕ) (ρ_m − 3p_m) (16)

where α(ϕ) =^{d ln A(ϕ)}_{dϕ} , β(ϕ) =^{d ln B(ϕ)}_{dϕ} and γ(ϕ) =^{d ln C(ϕ)}_{dϕ} . The key point of the physics in the EBID system lies in the fact that the dilaton field couples differently to the gauge sector of the theory (last term) depending on the values of the coupling functions A and B. Although the cosmological dynamics of the gauge fields ruled by Born-Infeld lagrangian can be regarded as a fluid with an equation of state given by (15), the coupled dynamics of the dilaton and the gauge field does not reduce in general to a scalar-tensor theory with this fluid as background. This is only the case when we have a universal coupling to the metric g_{μν} , i.e. when A = B. In the general case, there exists a non-trivial energy exchange between the dilaton and the gauge sectors of the theory that will dominate at late epochs as we shall see further.

Finally, the Euler-Lagrange equation for the gauge field σ gives the Born-Infeld equation that rules the gauge potential dynamics:

σ̈ +2 σ^3 a^2

P^{−2} −2 ȧ a σ̇ ( 1 2 − P^{−2} ) +2ϕ̇σ̇ [ 2α(ϕ) R P − β(ϕ) ( 2 R P + 1 − P^{−2} )] = 0·

(17) This equation is essentially the same that in [1] except from the coupling term proportional to ϕ̇ which accounts for the direct energy exchange at the microscopic level between the fields. It is important to notice that we did not assume any direct coupling between the gauge field and the additional matter fluid, which will allow to treat them separately.

Indeed, from equation (17), and following [1], it is possible to derive an energy conservation equation for the BI density :

ρ̇_{BI} = −2 ȧ a ρ_{BI} ρ_{BI} + 2ϵ_cA^4(ϕ) ρ_{BI} + ϵ_cA^4(ϕ)

+ 4α(ϕ)ϕ̇ϵ_cA^4(ϕ) (R − 1) −2β(ϕ)ϕ̇ϵ_cA^4(ϕ) ( Δ + Γ R − 2P + 2R ) · (18)

Now that we have derived the complete set of the EBID field equations for cosmology, we propose the reader to briefly review some basic features of Born- Infeld cosmology on one hand and dilaton cosmology on the other. In the rest of this paper, we will only consider a massless dilaton (i.e., vanishing selfinteraction potential V (ϕ) = 0).

3 Born-Infeld and Dilaton Cosmologies

3.1 Non-Abelian Born-Infeld Cosmology

The Non-Abelian Born-Infeld cosmology in various spacetimes with different values of the curvature and the cosmological constant was described in detail in [1]. The field equations governing these models are those of the previous section with a vanishing dilaton ϕ = ϕ̇ = 0, constant coupling functions A = B = 1 and no additional matter fluid ρ_m = 0. The equation (18) for BI energy conservation can be written as ρ̇_{BI} = −2 ȧ a ρ_{BI} ρ_{BI} + 2ϵ_c ρ_{BI} + ϵ_c (19)

which admits a first integral:

a^4ρ_{BI} (ρ_{BI} + 2ϵ_c) = C (20)

where C is a positive constant. In the strong field limit, ρ_{BI} ≫ ϵ_c, the BI energy density redshifts as ρ_{BI} ≈ a^{−2} while in the weak limit, ρ_{BI} ≪ ϵ_c, we retrieve the radiation behaviour ρ_{BI} ≈ a^{−4} characteristic of the conformal invariance of the gauge field at such energies. This allows to treat separately the spacetime evolution and the dynamics of the gauge field. Although the complete analytical solutions for both gravitational and gauge sector were derived in [1], let us illustrate simply the main features of this cosmological model.

First, the strong field limit ρ_{BI} ≫ ϵ_c corresponds to P ≫ 1. In this limit, the acceleration equation (13) reduces to ä a = − κ 3 ϵ_c whose general solution is

a(t) = a^∗ sin (√ κϵ_c 3 t ) where we set a(0) = 0 and a^∗ is the value of the scale factor at the time t^∗ =

√_3 κϵ_c π 2 (in Planck units). Therefore, the cosmic expansion starts with a zero acceleration at the singularity. Then, setting P ≫ 1 in equation (17) brings σ̈ − ȧ a σ̇ = 0

which shows that σ̇ scales as a. Near the singularity, the behaviour of the gauge field is therefore σ(t) = ∓ √ 3ϵ_c 3 a^∗ cos ( ( √ κϵ_c 3 t ) , and the gauge potential σ starts at rest.

Then, in the weak field regime, ρ_{BI} ≪ ϵ_c and P ≈ 1 (ϵ_c → ∞). This limit corresponds to the Einstein-Yang-Mills cosmological solution studied in [5]. The conformal invariance of the gauge field in that regime yields that the scale factor behaves like in the radiation-dominated era : a(t) ≈ √ t (in synhronous time).

On the other hand, the energy conservation equation (18) now reduces to

a^2σ̇^2 + σ^4 = C 3ϵ_c which can be integrated in terms of the Jacobi elliptic function. Moving to the conformal time coordinate dt = adη, we find σ(η) = E^{1/4}cn ( E^{1/4}η; −1 ) , where cn(u, k) is the Jacobi elliptic function and E =^C_{3ϵc} . In synchronous time, the gauge potential σ oscillates with a fixed amplitude and a growing period.

More generally, it is possible to derive a general solution for the gauge potential. Let us rewrite the first integral (20) in terms of P as P = √ 1 + C ϵ^2_ca^4

· (21)

Using the definitions (11) and (9), the previous equation may be integrated to give the gauge potential (in the conformal gauge dt = adη):

σ(η) = a^2_0 √ ϵ_ccn ( P^{−1}η; −1 ) · Figure 1 illustrates the evolution of the scale factor, the gauge potential and the equation of state during the expansion of a non-abelian Born-Infeld universe. The figures correspond to the numerical integration of equations (13) and (17) with ϕ = ϕ̇ = 0 and A = B = 1. During numerical evolution, we monitor the violation of the hamiltonian constraint (10) (see the appendix for more details on integrating the EBID system). In this case, this violation does not exceed a part on 10^{−12}. Initial conditions at t_i = 0 were assumed such as ρ_{BI} (t_i) = 100ϵ_c, a(t_i) = a_i = 1 and σ̇(t_i) = 0 (ϵ_c = 10^{−4} × m^4_{P l} ).

Fig. 1: Illustration of Non-Abelian Born-Infeld cosmology : a) scale factor b) gauge potential c) equation of state of the Born-Infeld “fluid”

3.2 Dilaton Cosmology

Dilaton cosmology can retrieved from our fundamental equations by setting σ equal to 0. Indeed, tensor-scalar theories can be written in the so-called “Einstein” conformal frame: S = 1 2κ ∫ d^4x √ −g_∗ {R_∗ − 2g^{μν}_∗ ∂_μφ∂_ν φ} + S_m [ ψ_m, C^2(φ)g^∗_{μν} ] , (22)

where κ is therefore the “bare” gravitational coupling constant, S_m is the action for the matter fields ψ_m, φ = √ κ/2ϕ and g^∗_{μν} the “Einstein” metric tensor which corresponds to basic gravitational variables with pure spin 2 propagation modes. This metric is measured by using purely gravitational rods and clocks and allows to account for the dynamics in a simpler way^3 than a observable frame in which the metric tensor g̃_{μν} is universally coupled to matter fields ψ_m. This frame is called the “Jordan-Fierz ” frame in which the action (22) can be written S = 1 2 ∫ d^4x √ −g̃ { ΦR̃ − ω (Φ) Φ g̃^{μν} ∂_μΦ∂_ν Φ } + S_m [ψ_m, g̃_{μν}] , (23)

where R̃ is the curvature scalar build upon the physical metric g̃_{μν} which is measured using non-gravitational rods and clocks and where ω (Φ) is called the coupling function. The scalar field Φ now gives the effective gravitational coupling constant. In this frame, matter fields evolves in the same way that they could do in general relativity because the action of matter does not depend

3 In particular, this frame represents gravitation with its pure scalar and tensor degrees of freedom and the limit of general relativity is not singular.

explicitly on the scalar field ϕ, as matter couples universally to the physical metric g̃_{μν}. Einstein and Jordan frames can be linked together through the conformal transformation g̃_{μν} = C^2 (φ) g^∗_{μν} (24)

and the following relation between the scalar field ϕ in the Einstein frame (pure spin 0 dynamics) and its counterpart Φ in the Jordan physical frame:

Φ^{−1} = κC^2 (φ) , (25)

with φ = √ κ/2ϕ. The energy density and pressure of the matter fluid in both frames are related by

ρ_m = C^4ρ̃_m (26) p_m = C^4p̃_m, (27)

where ρ_m and p_m represent these quantities expressed in the Einstein frame. At the opposite of scalar-tensor theories, we did not assume here an universal coupling to the metric tensor g_{μν} . Indeed, the action (1) reduces to a tensor-scalar theory in the Einstein frame (22) only when A(ϕ) = B(ϕ) = C(ϕ), i.e. when the weak equivalence principle applies. Let us now remind the reader about the behaviour of such tensor-scalar theories in the presence of a background cosmological fluid. When the matter fields ψ_m are represented under the approximation of a perfect fluid, the dynamics of the scalar field is ruled by (see [18, 19, 20, 21]): 2 (3 − φ^{′2}) φ^{′′} + (1 − λ) φ^′ + (1 − 3λ)γ(φ) = 0, (28)

where γ(φ) =^{d ln C(φ)}_{dφ} and λ = ρ/p is the equation of state for the cosmological fluid. In the previous equation, a prime denotes the derivative with respect to the variable p = ln(a/a_i). The action of the cosmological fluid is thus to damp the dynamics of the scalar field while it is rolling down some effective potential depending on the coupling function. Furthermore, the scalar field now has an effective, velocity-dependent, mass of m(φ) = 2 (3 − φ^{′ 2})

(29)

where the field has a limiting speed φ^′ ≤ √ 3 for which its effective mass diverges.

This relativistic limit corresponds to the case where the energy density of the background fluid is negligible compared to the kinetic energy of the scalar field (the universe is dominated by the kinetic energy of the scalar field).

3.3 The universal coupling for EBID cosmology

Let us now turn back to the EBID system we wrote in the previous section and focus on the gauge sector only by setting S_m = 0. If we now assume a universal coupling to the metric g_{μν} by setting A = B, we now have for the dilaton equation (16):

ϕ̈ + 3 ȧ a ϕ̇ + α(ϕ) (ρ_{BI} − 3p_{BI} ) = 0, (30)

where ρ_{BI} − 3p_{BI} = 2ϵ_cA^4(ϕ) ( P + P^{−1} − 2 ) . In this case of universal coupling, we recognize the equation for the scalar field in presence of a background fluid for general tensor-scalar theories^4. The equations (10), (13) and (16) can be simply solved in the Jordan frame by using the results on the non-abelian Born-Infeld cosmology (previous paragraph). The equation (17) for the gauge field in the Einstein frame can also be written

σ̈ + 2 σ^3 a^2

P^{−2} − 2 ȧ a σ̇ ( 1 2 − P^{−2} ) − 2α(ϕ)ϕ̇σ̇ ( 1 − P^{−2} ) = 0 · (31)

Therefore, in the weak energy regime ρ_{BI} ≪ ϵ_c (P ≈ 1), the gauge field undergoes a conformally invariant dynamics (non-abelian radiation, ρ_{BI} = 3p_{BI} ) and decouples from the scalar field.

In a radiation-dominated universe, where the equation of state is λ = p/ρ = 1/3, the dynamics of the scalar field is given by the following solution to (28) (cf. [18, 19, 21]): φ(p) = φ_∞ − √ 3 ln [ Ke^{−p} + √ 1 + K^2e^{−2p} ] , (32)

where the integration constant K is determined from the initial velocity φ^′(p = 0) = φ^′_0: K = φ^′_0 3 − φ^{′2}_0 · This should correspond to the low-energy limit of the Born-Infeld field equations when a universal coupling is assumed: the scalar field velocity in p-time should be damped to zero by the cosmological expansion. It should be noticed that when there is no universal coupling A ≠ B, we do keep an energy exchange between the dilaton and the gauge fields and the usual dynamics of tensor-scalar theories will be modified. Moreover, when there is no universal coupling, the energy exchange between the gauge potentials and the dilaton field will prevent the dynamics to be purely dictated by the solution (32). As we shall see in section 5, this solution will accurately describe the early epochs of evolution when the field is almost relativistic. However, at late times, energy transfer between dilaton and gauge fields will substantially alter the dynamics.

Once again, let us assume a universal coupling and consider the strong field

4 We also have ρ_{BI} = A^4ρ̃_{BI} (see 12) for the relation between the energy density expressed in the Einstein and Jordan frames (quantities with a ~·).

limit of the Born-Infeld system where we have λ = −1/3. The dilaton equation (28) now becomes φ^{′′} 3 − φ^{′2} + 2 3 φ^′ + α(φ) = 0 · (33)

Let us now write down for the dilaton coupling function

A^2 (ϕ) = e^{kϕ} (34)

ω(Φ) =

2κ − 3k^2 2k^2

(35) α(φ) = k √ 2κ (36)

|3 + 2ω(Φ)| = α^{−2}(φ) (37)

and face the simplest tensor-scalar theory of Brans-Dicke type (φ = √ κ/2ϕ). Using CONVODE [25], it is possible to find an analytic solution for φ^′ under the following implicit form when we use the coupling function (34): ( 6A^2 − 8 ) (p + p_0) = √ 3A ln (| | | | φ^′ − √ 3 φ^′ + √ 3 | | | | | ) − 2 ln ( φ^{′2} − 3 (3A + 2φ^′)^2 ) (38)

where A = k/ √ 2κ and p_0 some integration constant. When p → ∞, there is an attractor for φ^′, namely φ^′(p → ∞) = − 3 2 k √ 2κ · (39)

Therefore, there is also a maximum value for the dilatonic coupling constant k for which the attractor corresponds to the relativistic limit for the dilaton (|φ^′_∞| → √ 3): k_{max} = √ 8κ 3 · (40)

In the non-relativistic limit |φ^′| ≪ √ 3, equation (33) now becomes

φ^{′′} + 2φ^′ + 3A = 0,

which can be solved easily to give φ(p) = − 3 2 k √ 2κ ( p + 1 2 e^{−2p} − 1 2 ) , (41)

where we assumed φ_i = 0. We can see that, due to the constant potential term in equation (33), the value of the dilaton field goes to −∞ (+∞ if k < 0) with the time-variable p. However, the gauge energy density will also decrease with time and finally the assumption of strong field will be no longer true as ρ_{BI} becomes less than the critical energy ϵ_c. At the end of the evolution, we should retrieve the radiation case for which the solution in case of universal coupling was described above. Once again, a non-universal coupling to the metric yields modification of these behaviours as we shall see further.

Now that we have recalled the main features of Born-Infeld and dilaton cosmologies as well as EBID system with universal coupling, let us now discuss how the non universal coupling in the general EBID system will modify a tensorscalar cosmological picture. This will be done in three steps: in the following section, we will focus on the strong field limit where the gauge field mimics a Nambu-Goto string gas ; then on the low-energy limit which corresponds to the Yang-Mills regime for the gauge fields and finally to the general cosmological evolution where transition between both regimes occurs.

4 The Strong Field Regime

As we have seen earlier, the strong field limit is reached when the BI critical energy ϵ_c can be neglected with regards to the gauge field energy density. Setting P ≫ 1 into the EBID field equations (10), (13) and (16) and (17) with ρ_m = p_m = 0 and V = 0, we find: ( ȧ a )_2 = κ 3 [ ϕ̇2 2 + ϵ_cA^4(ϕ)P ] (42) ä a = − κ 3 [ ϕ̇^2 + ϵ_cA^4(ϕ) ] (43)

ϕ̈ + 3 ȧ a ϕ̇ + 2ϵ_cA^4(ϕ)P [−β(ϕ) + 2α(ϕ)] = 0 (44) σ̈ − ȧ a σ̇ + 2ϕ̇σ̇ [2α(ϕ) − 3β(ϕ)] = 0· (45)

where we used^R_P = 1 − Γ and assumed Γ ≪ 1 which will be verified afterwards by the agreement between analytical and numerical solutions.

In the following, we will assume the exponential coupling function (34) for the sake of simplicity. However, the qualitative analysis will be valid for any coupling functions.

In terms of the new time variable

p = ln ( a a_i )

(where a_i defines the initial zero value for p) we can combine equations (42) to (44) to obtain φ^{′′} 3 − φ^{′ 2} + 2 3 φ^′ + (−β(φ) + 2α(φ)) = 0, (46) where φ = √ κ/2ϕ· In order to particularise, we can set now α = 0 (A = 1) and B(φ) = exp(k/ √ 2κφ) and find for the dilaton equation φ^{′′} 3 − φ^{′2} + 2 3 φ^′ − k √ 2κ = 0 (47)

which admits a solution similar to the case of a tensor-scalar theory with Nambu- Goto string gas (33): ( 6A^2 − 8 ) (p + p_0) = − √ 3A ln (| | | | φ^′ − √ 3 φ^′ + √ 3 | | | | ) − 2 ln ( φ^{′2} − 3 (3A − 2φ^′)^2 ) , (48)

where A = k/ √ 2κ· When p → ∞, the attractor for φ^′ is now exactly the opposite of the universal coupling case: φ^′(p → ∞) = 3 2 k √ 2κ . (49)

The maximum value for the dilatonic coupling constant k is the same as before (equation (40)) and the non-relativistic limit can be obtained from (41) with an opposite sign. The constant potential term in equation (46) is negative so that the value of the dilaton field is pushed toward +∞ (−∞ if k < 0) with the time-variable p, as long as the gauge field remains in the strong field limit ρ_{BI} ≫ ϵ_c. Figure 2 a) illustrates the evolution of the dilaton velocity with respect to the time variable p in the strong field limit. The trajectory has been computed numerically (solid line in Figure 2 a)) from the integration of the full EBID system with the initial conditions indicated in the caption (with A = 1 and B(φ) = exp(k/ √ 2κφ)). Also shown is the analytical approximation of the strong field limit given by equation (48) represented by big dots.

Figure 2 b) gives the evolution of the dilaton field along the cosmic expansion for the case A = 1 and B(φ) = exp(k/ √ 2κφ). Starting with a negative velocity, the dilaton is damped to a minimum before being accelerated to infinite values (with k > 0). Fortunately, as the BI energy density will decrease with time, the strong field limit ρ_{BI} ≫ ϵ_c will soon be no longer valid. We shall see further that, in the Yang-Mills limit, the same coupling to gauge fields will bring the dilaton to infinitely negative values. Of course, similar conclusion can be found when k is negative. Figure 2 c) gives the behaviour of the scale factor in the case discussed here. As the dilaton field is relativistic at infinitely-low times p → −∞ and therefore dominates the energy content of the universe, the expansion starts with an infinite rate, breaking the “renormalisation” that was done in simple BI cosmologies. Finally, let us focus on the gauge sector of the EBID system. In the strong field limit, the features of Born-Infeld cosmologies for the gauge field are conserved: it starts at rest, damped by the cosmic expansion, before entering the oscillation regime of the weak energy Yang-Mills

Fig. 2: Evolution of the EBID system in the strong-field regime with the p-time variable a) φ^′ b) dilaton field ϕ c) scale factor a(t) d) Energy density of the BI gauge field (a_i = 1, ρ_{BI} (a_i)/ϵ_c = 10^{10}, ϵ_c = 10^{−4} × m^4_{P l} , k = 5, ϕ^′_i = −1.73, δH/H < 10^{−13}) limit. Figure 2 d) illustrates the evolution of P for the numerical solution (solid line) with dilaton compared to the evolution in a simple BI universe with same initial BI energy density (dash-dotted line). This holds for the particular coupling A = 1 and B(φ) = exp(k/ √ 2κφ). If we now transpose A and B, it is easy to see from (46) that the attracting value for φ^′ will be twice the value of the universal coupling (39). Therefore, when the coupling to the volume form is weaker than the coupling to the metric^5, the scalar field behaves just the opposite way than in the universal coupling (with λ = −1/3). Up to this point, we have obtained both analytical and numerical solutions for the strong field limit, ρ_{BI} ≫ ϵ_c, of the EBID system. We have also explained qualitatively the effects of non-universal coupling to the Einstein metric g_{μν} on the dynamics of the scalar field. Let us now turn to the weak field regime in which the gauge sector is ruled by Yang-Mills lagrangian.

5 The Weak Field Regime: solutions of the Einstein-Yang-Mills-Dilaton system

The weak field regime of the EBID system is reached when the BI energy density A^4(φ)ρ_{BI} becomes much smaller than the critical energy ϵ_c. In this case, the lagrangian ruling the gauge sector takes the usual Yang-Mills form (3), which gives for the spatially homogoneous and isotropic gauge potentials (5): L_{Y M} = − 3 2 ( σ^4 a^4 − σ̇^2 N^2a^2 ) · (50)

Taking into account the limit ϵ_c → ∞ (and P ≈ 1) into the EBID field equations (10), (13), (16) and (17) (with V = 0), we obtain: ( ȧ a )_2 = κ 3 [ 3 2 A^4(ϕ)B^{−4}(ϕ) ( σ̇^2a^2 + σ^4 a^4 ) + ϕ̇2 2 ] (51) ä a = − κ 3 [ 3 2 A^4(ϕ)B^{−4}(ϕ) ( σ̇^2a^2 + σ^4 a^4 ) + ϕ̇^2 ] (52)

ϕ̈ + 3 ȧ a ϕ̇ − 6A^4(ϕ)B^{−4}(ϕ) (α(ϕ) − β(ϕ)) ( σ̇^2a^2 − σ^4 a^4 ) = 0 (53)

σ̈ + 2 σ^3 a^2 + ȧ a σ̇ + 4ϕ̇σ̇ (α(ϕ) − β(ϕ)) = 0· (54)

These equations constitute the Einstein-Yang-Mills-Dilaton system, and the special case of A = 1 and B(ϕ) = exp(k/2ϕ) can be found in [14, 15]. In this paper, the authors highlighted the importance of the energy exchange between the dilaton and the Yang-Mills field. Indeed, this coupling yields a new force term in the field equation for the dilaton (53) and the gauge field (54) which disappear in case of universal coupling (A = B and α = β). With non-universal coupling the

5 For example, in the case A = 1 and B(φ) = exp(k/ √ 2κφ) we just discussed.

gravitation is now sensitive to the force term when it is coupled to Yang-Mills radiation although its equation of state is those of radiation (see (28)). Let us now describe the dynamics of the different fields in the EBID system for this low-energy regime.

First, let us move to the p-time variable p = ln(a/a_i) and use the acceleration and Friedmann equations (52), (51) to rewrite (53) as φ^{′′} 3 − φ^{′2} + φ^′ 3 − 2 (α(ϕ) − β(ϕ)) σ̇^2a^2 − σ^4 σ̇^2a^2 + σ^4

= 0, (55)

with φ = √ κ 2 ϕ· The energy exchange term in σ̇^2a^2 − σ^4 inside relations (53) and (55) is in general oscillating, due to the self-coupling of the non-abelian gauge field (term in 2σ^3/a^2 in (54)). A way to handle this easily is to replace it by an effective source term which would account for the average effect of the gauge field oscillations. Let us therefore proceed to the following replacement

σ̇^2a^2 − σ^4 σ̇^2a^2 + σ^4

≈ ℵ (56)

with ℵ some constant expressing the effectiveness of the energy exchange between dilaton and gauge fields in the weak field regime. This constant ℵ can for instance be estimated numerically by computing the average of the driving term in (55) over one period. Equation (55) is the same field equation than (28) for the tensor-scalar theory of the dilaton but now with a non-vanishing force term due to our averaging of the gauge oscillations. By averaging the gauge oscillations, we obtain a similar equation to the strong energy limit (equation (46)) seen in the previous section. Therefore, we can use the same procedure as before : if we set A = 1 and B(ϕ) = exp(k/2ϕ), we can propose the following implicit solution for φ^′: ( 6A^2 − 2 ) (p + p_0) = − √ 3A ln (| | | | φ^′ + √ 3 φ^′ − √ 3 | | | | | ) − ln ( φ^{′2} − 3 (3A + φ^′)^2 ) , (57)

where A = 2ℵk/ √ 2κ. Once again, the p-time derivative of the dilaton field φ^′ evolves towards the following attractor φ^′(p → ∞) = −6 ℵk √ 2κ , and the maximum value allowed for the dilatonic coupling constant k for which the dilaton remains relativistic (φ^′_∞ → − √ 3) is k_{max} = √ κ 6ℵ^2 ·

It is important to notice the opposite sign between the attractors of the strong and weak field regimes which will have important consequences on the cosmological evolution of the dilaton. In the non-relativistic limit, φ^{′2} ≤ 3, we find the following solution for the dilaton φ = −3A ( e^{−p} + p − 1 ) + φ_i (58)

and we see that the dilaton tends to −∞, if the dilatonic coupling constant is positive (ℵ > 0).

Figure 3 compares our analytical solution (57) coming from an averaging approximation (dashed line) to a numerical solution of the full EBID system (solid line). In the YM regime, the velocity of the dilaton φ^′ appears oscillating, around average values given by the approximation (57) with ℵ = 1/3. This value numerically appeared to account for the average behaviour of the EBID system in the low-energy limit for a wide range of parameters (k, ϵ_c, φ_i or φ^′_i). Therefore, averaging the oscillations of the source term to about a third of their amplitude seems in very agreement with numerical solutions. Therefore, the attractor for the p-time derivative of the dilaton is now φ^′(p → ∞) = −2 k √ 2κ , (59)

while the maximum value allowed for the dilatonic coupling constant is k_{max} = √ 3κ 2 · (60)

When A = 1 and B(ϕ) = exp(k/2ϕ), the p-time derivative of the dilaton appears to converge to a constant negative value which is directly given by the non-relativistic approximation (58) which is valid when k is small compared with √ (κ) (dotted line). When B = 1 and A(ϕ) = exp(k/2ϕ), it is obvious from equation (55) that the attractor has exactly the opposite value. Therefore, the case of non-universal coupling A ≠ B is quite different to what happens in a usual tensor-scalar theory: in a radiation-dominated universe, the p-time velocity of the dilaton freezes to zero (see the solution (32)). Indeed, this will make the dilaton field diverging after an infinite amout of time as can be seen in Figure 4. In this figure, we represented the evolution of the dilaton in the numerical solution with A = 1 and B(ϕ) = exp(k/2ϕ) (solid line) to the solution (32) for the same field in a radiation-dominated universe. More precisely, the dilaton tends to −∞. As a conclusion, although the gauge field looks like radiation at a large-scale level, the non-universal microscopic coupling between dilaton and gauge sectors finally dominates at large redshift and freezes the energy contribution of both sectors in such a way that none of these components completely dominates. Figure 5 presents the evolution of the gauge field velocity σ̇ with the scale factor. The gauge field appear to be damped by its coupling

Fig. 3: Evolution of φ^′ as a function of the p-time variable in the weak field limit (a_i = 1, ρ_{BI} (a_i)/ϵ_c = 10^{−3}, ϵ_c = 10^{−4} × m^4_{P l} , k = 1, ϕ^′_i = 0.1, δH/H < 10^{−7})

Fig. 4: Evolution of the dilaton field ϕ as a function of the p-time variable in the weak field limit (Same parameters as above)

Fig. 5: Evolution of the gauge field velocity as a function of the scale factor in the weak field limit (Same parameters as above)

to the dilaton and in fact the whole gauge sector looses energy at a rate fixed by (18).

Figure 6 shows the departure of the scale factor from the radiation solution: | | | | a a_{rad} − 1 | | | | for the numerical solution presented in this section. We see that the departure is important when the scalar field is dominating at early times (t < 5 × 10^4t_{P l}) then finally converges to a slightly less strong expansion at late times (a ≈ 0.99 × a_{rad}), when the equilibrium has been reached.

Before going further, let us summarise the cosmological evolution of the fields constituting the EBID system in the YM regime. First, the dilaton is damped until its velocity is attracted to a negative (resp. positive) value for the particular coupling A = 1 and B(ϕ) = exp(k/2ϕ) and k > 0 (resp. B = 1 and A(ϕ) = exp(k/2ϕ)). However, it should have been damped to rest if it would have been plunged in a radiation-dominated universe with universal coupling. Because its velocity has been attracted to a negative value, the dilaton field will eventually diverge linearly to −∞ (k > 0). This is exactly the opposite situation of the strong field limit that was presented before where the coupling term drives the dilaton to infinitely high values. In a general situation where the gauge field starts with an energy much higher than the BI critical energy and then cools down to YM dynamics, one should expect that the dilaton reaches some extremum value (φ^′ = 0) during the transition. This will be treated in the next section.

Fig. 6: Evolution of the departure from a radiation-dominated universe of the weak field limit during expansion (Same parameters as above)

6 General Cosmological Evolution

Let us follow in detail some typical cosmological evolutions of the EBID system for various couplings. Starting at singularity, the dilaton is in general relativistic (|φ| → ∞ and φ^{′2} → 3). The expansion therefore begins at a = 0 with an infinite rate and the gauge field dynamics is dominated by the non-local effects induced by the BI non-linearity (ρ_{BI} ≫ ϵ_c). As energy is exchanged between the dilaton and the gauge field in the strong-field regime, the dilaton velocity is attracted to some value depending on the coupling functions, as illustrated in figure 7. During this phase, the velocity of the dilaton in p-time is indeed a positive (negative) constant when A = 1 and B(ϕ) = exp(k/2ϕ) (B = 1 and A(ϕ) = exp(k/2ϕ) or the universal coupling A = B). When the gauge energy density has decreased to the BI critical energy (ρ_{BI} ≈ ϵ_c), the dilaton velocity leaves the strong-field attractor to enter the YM low-energy regime. The epoch of this transition varies according to the coupling functions considered (see Figure 7). It then moves to the low-energy attractor by accomplishing damped oscillations around the analytical solutions proposed in the previous section (with A ≠ B) or is damped to vanishing velocities when there is universal coupling (see section 3). With non-universal coupling (A ≠ B), the value of the dilaton field reaches some extremum (φ^′ = 0) on its way to the second attractor. This extremum is unavoidable as we have seen that the attractors of the dilaton velocity in the strong and weak field regimes are of opposite signs and its velocity will therefore vanish at some time during the transition between these two attracting regimes. It is also interesting to examine the evolution of the gauge field energy density. Figure 8 represents the gauge field energy den-

Fig. 7: Evolution of the dilaton velocity with p-time for three different couplings:

β = 0 and α = k/2 (solid line) ; α = 0 and β = k/2 (dashed-dot) and universal coupling (A = B, dotted line) (a_i = 1, ρ_{BI} (a_i)/ϵ_c = 10^4, ϵ_c = 10^{−4} × m^4_{P l}, k = 2, ϕ^′_i = 0.1, δH/H < 10^{−10})

Fig. 8: Evolution of the physical energy density ρ̃ with p̃ = ln(exp(k/2ϕ)a) for the curves in Figure 7 (Same parameters as above) sity (P − 1) related to the curves in Figure 7. With universal coupling A = B, we retrieve a cosmological evolution given by equation (19) and its first integral (20): ρ_{BI} ≈ a^{−2} in the strong field regime and ρ_{BI} ≈ a^{−4} at low energies. The assumption of non-universal coupling now leads to different evolutions of the gauge field energy density, which in fact are given by the more general energy conservation equation (18). The differences between the evolutions comes from the particular trajectories illustrated in Figure 7.

Now that we have reviewed the main features of a general full cosmological evolution from high to low energy regimes, it is also important to discuss the evolution of the observed cosmological parameters like the scale factor, the Hubble expansion rate or the accelerating parameter in the Jordan physical frame. In order to define such a frame, we will introduce an additional matter pressureless fluid which will verify the weak equivalence principle. The energy density ρ_m of this fluid in the Einstein frame is related to the physical energy density ρ̃_m through the relation (26). The coupling function C(ϕ) to ordinary matter defines now our “observable” Jordan frame by

g̃_{μν} = C^2(ϕ)g_{μν} · (61)

In the Jordan frame obtained by the previous conformal transformation, the energy density ρ̃_m of the matter fluid is ruled by the same conservation laws as in general relativity. This is true because there is no direct interaction between the gauge sector and the additional matter fluid and therefore they decouple from each other. The field equation for the gauge potential σ does not need to be modified as we do not assume any direct coupling with the pressureless fluid. We will now consider the field equations for the EBID system we have written in section 2 for the Einstein metric g_{μν} with a pressureless fluid p_m = 0.

The observable scale factor in the Jordan frame will be given by

ã = C(ϕ)a, (62)

while the synchronous time in the Jordan frame is denoted by dt̃ = C(ϕ)dt · (63) Then, the Hubble expansion rate can be derived directly H̃ = dã ãdt̃ = C^{−1}(ϕ) ( H + γ(ϕ)ϕ̇ ) , (64)

where H = ȧ/a is the Hubble parameter in the Einstein frame, a prime denoting a derivative with respect to p = ln(a/a_i) (Einstein frame) and γ(ϕ) = d ln C(ϕ)/dϕ. The acceleration parameter q̃ in the Jordan frame can be written

q̃ = ¨ãã ˙ã^2 = a ( dγ(ϕ) dϕ ϕ̇^2a + γ(ϕ)ϕ̈a + γ(ϕ)ϕ̇ȧ + ä ) ( ȧ + aγ(ϕ)ϕ̇ )_{−2} (65) where a dot over a quantity expressed in the Jordan frame means a derivative with respect to the synchronous time t̃ in that frame. Although there is no possibility of a cosmic acceleration (q > 0) in the Einstein frame (unless one considers a non-vanishing potential, see relation (13)), this does not rule out a possible acceleration for the observable scale factor given by (62). Indeed, the existence of fluid (constituted by our Born-Infeld non-abelian gauge field) that violates the weak equivalence principle will result in a possibility of cosmic acceleration. To show that this is actually the case even in presence of matter fluid which would make the tensor-scalar theory converging to general relativity if taken alone, we will use the coupling function γ(φ) = φ. Figure 9 illustrates evolutions of the acceleration parameter in the Jordan frame q̃(p̃), given by (65) as a function of the Jordan scale factor ã. The solutions presented here are expanding universes (H̃ > 0). Four different couplings have been considered, including the simple case of A = B ≠ C which corresponds to different couplings of gravitation to the gauge and the matter sector. The pressureless fluid energy density at start has been chosen to dominate the BI energy density by more than one order of magnitude. As the gauge field starts in the strong field regime, its energy density will scale approximately with a^{−2}, depending on the coupling functions (see also Figure 8). Therefore, the gauge sector rapidly dominates the energy content of the universe. The dynamics of the dilaton is as described earlier: after having moved to the strong field regime attractor, the transition to YM dynamics occurs and the dilaton quickly moves to the low-energy attractor. During this transition, acceleration appears in the Jordan frame defined by the pressureless fluid as indicated in Figure 9. We see also that any violation of the weak equivalence principle (here by taking C ≠ A, C ≠ B or C ≠ A = B) lead to cosmic acceleration even with tensor-scalar theory that would alone converge to general relativity. An important condition for cosmic acceleration is to have a repulsive force term in the dilaton equation. Therefore, the EBID system with a non-universal coupling to gravitation offers the interesting possibility to build a scenario for dark energy or inflation. For the curves represented here, the acceleration periods are shorter than in a usual LCDM or quintessence model^6. and therefore a more complete study should be done to determine if it is possible to explain distance-redshifts measurements with EBID fields. It should also be noticed that an EBID dark energy scenario would predict a finite period of acceleration. Indeed, as the gauge field will recover a YM dynamics at the end of its evolution, its energy density will finally scales as a^{−4} and will finally

6 To give an idea on how these universes accelerate, we remind the reader about the following values of the acceleration parameter for various energy content: q(radiation) = −1 q(relativistic ϕ) = −2 q(Λ) = 1 q(ghost) = 2 where Λ tends for the cosmological constant (the de Sitter solution to which inflation is usually matched as an exponential expansion).

Fig. 9: Evolution of acceleration parameter in the Jordan frame for four different couplings: β = 0 and α = k/2 (solid line) ; α = 0 and β = k/2 (dasheddot) ; universal coupling (α = β = γ = φ, dotted line) and α = β = kϕ, γ = φ (dashed-dashed, k < 0) (a_i = 1, ρ_{BI} (a_i)/ϵ_c = 10^5, ϵ_c = 10^{−4} × m^4_{P l} , k = 4, δH/H < 10^{−10}, φ^′_i = 0.1, ρ_m(a_i)/ρ_{BI} (a_i) ≈ 100)

be dominated by a pressureless fluid. Therefore, the questions whether cosmic acceleration (q̃ > 0) can occur, with which intensity and for how long seems to depend on both initial energy distribution, the value of the dilaton coupling constant and the critical BI energy scale ϵ_c. More work should focus on that point to see if it would be possible to build a physically relevant quintessence model with the EBID field equations. However, the perspectives of cosmic acceleration in the Jordan frame do exist and this looks particularly interesting for our view of modern cosmology.

7 Conclusion

The non-abelian Einstein-Born-Infeld-Dilaton model provides an interesting framework, motivated by string theory, to study the impact of large scale non abelian gauge fields on tensor-scalar theories of the gravitational interaction. In this paper, we focused on the cosmological evolution of an homogeneous and isotropic configuration of these fields in a flat background. The microscopic coupling between the dilaton and gauge fields induced by non-universal coupling to the metric leads to an energy exchange between both gravitational and gauge sectors that will alter the usual dynamics of tensor-scalar theories (for which the coupling is universal).

As in non-abelian Born-Infeld cosmology, we considered two different regimes depending on the gauge energy density compared to the critical energy that parametrizes the Born-Infeld lagrangian. We have derived both analytical and numerical solutions to describe the cosmological evolution of the whole system. In the case of non-universal coupling, the gravitational scalar field no more depends on the equation of state of the gauge field and the dynamics is altered as follows.

In the particular case of a Brans-Dicke theory, in which non-perturbative terms for the dilaton are not considered, we have shown that the energy exchange resulting from the particular couplings damps the dilaton to a frozen nonvanishing velocity. In the high energy regime of the gauge dynamics, the attracting value for the velocity is positive when the gauge field couples more to the metric than to the volume form. The opposite situation happens in the low-energy regime where the gauge field is ruled by Yang-Mills lagrangian. Therefore, in a general cosmological evolution where the gauge field cools down to low-energies, there is a transition between the two attractors. Their values are directly proportional to the value of the dilatonic coupling constant.

However, it is well-known from experimental tests of the gravitational theory, especially the determination of the post-newtonian parameter γ̄, that the value of the coupling ω_0 is at least of order 500, roughly 10^{−3} for α_0 (see [26] for a recent estimation of the post-newtonian parameter γ). The influence of the dilaton potential is also important to consider. Furthermore, the constraints on the weak equivalence principle obtained by the tests on the universality of free fall exclude a violation of this principle that would exceed a part in 10^{−12}. One can therefore argue that the effect of such non-universal couplings should be neglected. But, if the violation of the weak equivalence principle only applies to large-scale fields which do not couple to ordinary matter and whose distribution is roughly homogeneous, their energy density on our scales is far beyond experimental reach and the violation could be hard to exhibit.

The interesting possibility introduced by such a violation is a cosmic acceleration in the physical frame associated to ordinary matter. In this work, we build a first simple model based on our treatment of the EBID field equations that exhibits periods of accelerations in presence of ordinary matter verifying the weak equivalence principle. The acceleration has been shown to resist to the attracting property of the accompanying matter and seems to be a general feature of a non-universal coupling to gravitation. Furthermore, this model respects the weak energy condition ρ + 3p > 0 in the frame of the physical degrees of freedom (the Einstein frame). The Born-Infeld dynamics of the gauge field plays a crucial role in this kind of dark energy model by ensuring a late arising of this mechanism (when the gauge field mimics a Nambu-Goto string gas) and even predicts an end to the dark energy domination (when the gauge field looks like radiation). An interesting perspective to this work would be to use this remarkable feature of non-abelian Born-Infeld gauge fields to build physical models for quintessence and, maybe, inflation.

In conclusion, we can say that our study of non-abelian Born-Infeld gauge fields coupled to to tensor-scalar gravity opens new and interesting perspectives for the question of the attraction to general relativity as well as other crucial topics of modern cosmology such as inflation or dark energy.

Acknowledgements

The authors warmly thank J. Larena for the many interesting discussions we had about the underlying physics of this paper.

Appendix : numerical integration of the EBID system

Here we give some details of the numerical integration of the full EBID system we use to illustrate this paper. In order to integrate the system of equations (13), (10), (16) and (17), we choose the following procedure. First, we rewrite equations (13), (16) and (17) as a system of six first-order ODE’s and keep the hamiltonian constraint (10) to check the consistency of the numerical computation. Then, let us redefine the fields in such a way that they will be approximately of the same order of magnitude (this will avoid stiffness problems in the integration): a = A a_i ϕ = Φm_{P l} σ = Σm_{P l} , (66)

where A, Φ and Σ will be the fields to integrate. It is also useful to set k = K/m_{P l} and ϵ_c = ϵ^′_cm^4_{P l} . Once the equations have been rewritten under these considerations, we choose the initial conditions as follows: a_i is set to 1 and ϕ_i to zero (we therefore start with a “bare” gauge coupling constant equal to unity in the Einstein frame). We choose the ratio ρ_{BI} (a = a_i)/ϵ_c = r so that we can control the type of gauge dynamics (BI, YM or transition) we start with. Then, we choose the value of ϕ^′(a_i) = ϕ^′_i so that the initial expansion rate will be given by H^2_i = κ/3ρ_{BI} (a_i)/(1 − κϕ^{′2}_i /6). This gives also ϕ̇_i as it is equal to H_iϕ^′_i. Then, without loss of generality, we can assume σ_i = 0 and determine σ̇_i from the postulated value of ρ_{BI} (a = a_i). Numerical integration of the system of six ODE’s is performed using the standard method of Shampine-Gordon [27]. To monitor the accuracy of the numerical solution, we compute the absolute violation of the hamiltonian constraint (10): δH H = | | |H − Ȧ/A | | | H all along the integration. The numerical integration makes the violation of the hamiltonian constraint diverging exponentially with time and we indicated in the previous figures the final absolute error reached for each of the numerical solution that were presented.

References

[1] V.V Dyadichev, D.V. Galtsov,A.G. Zorin, M.Y. Zotov, Phys.Rev. D65 084007 (2002) [2] M.M. Green, J.H. Schwarz and E. Witten, “Superstring theory”, Vol.2, Cambridge U.P., Cambridge, 1988 [3] P. Jordan, Nature 164, 637 (1949)

M. Fierz, Helv. Phys. Acta 29, 128 (1956) C. Brans and R. H. Dicke, Phys. Rev. 124, 925 (1961) [4] M. Henneaux, J. Math. Phys. 23, 830 (1982) [5] D.V. Gal’tsov and M.S. Volkov, Phys. Lett. B 256, 17 (1991) [6] J. Cervero and L. Jacobs, Phys. Lett. B 78, 427 (1978) [7] Y. Hosotani, Phys. Lett. B 147, 44 (1984) [8] S. Sinzinkayo and J. Demaret, Gen. Rel. Grav. 17, 187 (1985) [9] A. Füzfa, Class. Quant. Grav. 20, 4753 (2003) [10] O. Bertolami, J.M. Mourao, R.F. Picken and I.B. Volobujev, Int. J. Mod.

Phys. 6, 4149 (1991) [11] P.V. Moniz and J.M. Mourao, Class. Quant. Grav. 8, 1815 (1991) [12] P.V. Moniz, J.M. Mourao and P.M. Sa, Class. Quant. Grav. 10, 517 (1993) [13] A.B. Henriques, J.M. Mourao and P.M. Sa, Phys. Lett. B 256, 359 (1991) [14] M.C. Bento and O. Bertolami, Phys. Lett. B336, 6-10 (1994) [15] M.C. Bento and O. Bertolami, Gen. Rel. Grav. 28, 565-572 (1996) [16] G. Clement, D. Gal’tsov, Phys.Rev. D62 124013 (2000) [17] D. Scialom, P. Jetzer, Phys.Rev. D51, 5698-5706 (1995) [18] T. Damour and K. Nordtvedt, Phys. Rev. D48 (8), 3436-3450 (1993). [19] A. Serna, J.-M. Alimi and A. Navarro, Class.Quant.Grav. 19 (2002) 857-874 [20] J.D. Barrow, Phys.Rev. D47, 5329 (1993) [21] A. Serna and J.-M. Alimi, Phys.Rev. D53, 3074 (1996)

[22] T. Damour and A.M. Polyakov, Nucl.Phys. B423, 532-558 (1994)

[23] T. Tamaki and T. Torii, Phys.Rev. D62 (2000) 061501(R)

[24] P. Forgacs and N.S. Manton, Comm. Math. Phys. 72, 15-35 (1980)

[25] Convode is a powerful computer algebra-code written by A. Moussiaux that solves (systems of) differential equations and partial differential equations. It can be used freely via email at the following address: http://convode.physique.fundp.ac.be/convode/Main/ See also http://www.physique.fundp.ac.be/administration/convode.html for more details.

[26] B. Bertotti, L. Iess and P. Tortora, Nature 425, 374 (2003)

[27] L. F. Shampine and M. K. Gordon, “Computer Solution of Ordinary Differential Equations: The Initial Value Problem, W. H. Freeman, San Francisco, 1975.