arXiv:gr-qc/0511106 v1 18 Nov 2005

Asymptotic quasinormal modes of a coupled scalar field in the Gibbons-Maeda dilaton spacetime

Songbai Chen^∗ and Jiliang Jing^† Institute of Physics and Department of Physics, Hunan Normal University, Changsha, Hunan 410081, P. R. China

Abstract

Adopting the monodromy technique devised by Motl and Neitzke, we investigate analytically the asymptotic quasinormal frequencies of a coupled scalar field in the Gibbons-Maeda dilaton spacetime. We find that it is described by e^{βω} = −[1 + 2 cos (^{√2ξ+1}_2 π)] − e^{−βI ω} [2 + 2 cos (^{√2ξ+1}_2 π)], which depends on the structure parameters of the background spacetime and on the coupling between the scalar and gravitational fields. As the parameters ξ and βI tend to zero, the real parts of the asymptotic quasinormal frequencies becomes TH ln 3, which is consistent with Hod’s conjecture. When ξ =^{91}_{18} , the formula becomes that of the Reissner-Nordström spacetime.

PACS numbers: 04.30.-w, 04.62.+v, 97.60.Lf

I. INTRODUCTION

The study of quasinormal modes in a black hole background spacetime has a long history [1]-[19]. It is shown that their frequencies and damping times are entirely fixed by the black hole parameters and independent of the initial perturbations. Therefore, it is certain that quasinormal modes carry the characteristic information about a black hole and it can provide a new and direct way for astrophysicists to search black hole in the universe.

Recently, a great deal of efforts[20]-[31] has been devoted to the study of the asymptotic quasinormal modes because that Hod’s conjecture[20] shows that there maybe exist a connection between the asymptotic quasinormal frequencies and quantum gravity. In terms of Bohr’s correspondence principle, the transition frequencies at large quantum numbers (n → ∞) should equal to classical oscillation frequencies. Hod [20] generalized Bohr’s correspondence principle to the black hole physics and regarded the real parts of the asymptotic quasinormal frequencies (n → ∞) as the characteristic transition frequency for the black hole. Moreover, Hod observed that the real parts of highly damped quasinormal frequencies in Schwarzschild black hole can be expressed as ω_R = T_H ln 3, which is derived numerically by Nollert[21] and later confirmed analytically by Motl [22][23] and Andersson [24]. Together with the first law of black hole thermodynamics, Hod obtained the value of the fundamental area unit in the quantization of black hole horizon area. Following Hod’s works, Dreyer[25] found that the asymptotic quasinormal modes can fix the Barbero-Immirzi parameter which is introduced as an indefinite factor by Immirzi[26] to obtain the right form of the black hole entropy in the loop quantum gravity. Furthermore, Dreyer obtained that the basic gauge group in the loop quantum gravity should be SO(3) rather than SU (2). These exciting new results imply that Hod’s conjecture maybe create a new way to probe the quantum properties of black hole.

However, the question whether Hod’s conjecture applies to more general black holes still remain open. In their deduction, it is obvious that the factor ln 3 in the quasinormal frequencies plays an essential and important role. In other word, whether Hod’s conjecture is valid depends on whether the factor ln 3 appears in the asymptotic quasinormal frequencies or not. Recently, we [27] probed the asymptotic quasinormal modes of a massless scalar field in the Garfinkle-Horowitz-Strominger dilaton spacetime and find that the frequency spectra formula satisfies Hod’s conjecture. For the non-flat spacetime, Cardoso and Yoshida [28][29]found the asymptotic quasinormal frequencies in the Schwarzschild de Sitter and Anti-de Sitter spacetimes depend on the cosmological constant. Only in the case that the cosmological constant vanishes, the real parts of the asymptotic quasinormal frequencies returns T_H ln 3. For the Reissner-Nordström black hole, L. Motl and A. Neitzke[23] found the asymptotic quasinormal frequencies satisfy

e^{βω} + 2 + 3e^{−βI ω} = 0, (1)

∗Electronic address: csb3752@hotmail.com †Electronic address: jljing@hunnu.edu.cn

where β and β_I are the inverse black hole Hawking temperatures of the outer and inner event horizons respectively. It is obvious that it is relevant of the electric charge Q and the real parts of the quasinormal frequencies do not equal to T_H ln 3. The more perplexing is that the formula (1) does not return the Schwarzschild limit as the black hole charge Q tends to zero.

Some authors suggested [30] that Hod’s conjecture about T_H ln 3 is valid only in the pure gravitational perturbations case. The formula (1) does not return the Schwarzschild limit as the black hole charge Q tends to zero because that it describe a complicated effect of the material-gravitational coupling. After considering the interaction between the matter and gravitational fields, Hod’s conjecture maybe possess a more general form. Thus, it is necessary to study the contribution of the interaction between the matter and gravitational fields to the asymptotic quasinormal modes in the more general background spacetimes. Recently, we [31] studied the asymptotic quasinormal modes of a coupled scalar field in the Garfinkle-Horowitz-Strominger dilaton spacetime. We found that the asymptotic quasinormal frequencies depend both on the structure parameters of the background spacetime and on the coupling between the matter and gravitational fields. Moreover, we noted that only in the minimal coupled case, the real parts of the asymptotic quasinormal frequencies is consistent with Hod’s conjecture about T_H ln 3.

In this paper, our main purpose is to investigate the asymptotic quasinormal modes of a coupled scalar field in the Gibbons-Maeda dilaton black hole background. Our plan of the paper is as follows. In Sec.II, we derive analytically the asymptotic quasinormal frequency formula of a coupled scalar field in the Gibbons-Maeda dilaton spacetime by making use of the monodromy method. At last, a summary and some discussions are presented.

II. ASYMPTOTIC QUASINORMAL FREQUENCIES FORMULA OF A COUPLED SCALAR FIELD IN THE GIBBONS-MAEDA DILATON SPACETIME

The metric for the Gibbons-Maeda dilaton spacetime is [32]

ds^2 = −

(r^′ − r^′_+)(r^′ − r^′_−) r^{′2} − D^2 dt^2 + r^{′2} − D^2 (r^′ − r^′_+)(r^′ − r^′_−) dr^{′2} + (r^{′2} − D^2)(dθ^2 + sin^2 θdφ^2), (2)

where D = (P^2 − Q^2)/2M and r^′_± = M ± √ M^2 + D^2 − P^2 − Q^2. The parameters P and Q represent the black hole magnetic and electric charges. When P = 0 and D = 0, the metric returns the Garfinkle-Horowitz- Strominger dilaton spacetime and the Reissner-Nordström spacetime respectively.

We introduce a coordinate change

r^2 = r^{′2} − D^2, (3)

and the metric (2) can rewritten as

ds^2 = − ( √ r^2 + D^2 − r^′_+)( √ r^2 + D^2 − r^′_−) r^2 dt^2 + r^2 ( √ r^2 + D^2 − r^′_+)( √ r^2 + D^2 − r^′_−) r^2 (r^2 + D^2) dr^2 + r^2(dθ^2 + sin^2 θdφ^2). (4)

The outer and inner horizons lie in r_± = √ r^{′2}_± − D^2.

The general perturbation equation for a coupled massless scalar field in the dilaton spacetime is [33] 1 √ −g ∂_μ( √ −gg^{μν} ∂_ν)ψ − ξRψ = 0, (5) where ψ is the scalar field and R is the Ricci scalar curvature. The coupling between the scalar and gravitational fields is represented by the term ξRψ, where ξ is a numerical couple factor.

After adopting WKB approximation ψ =^{e−iωtϕ(r)}_r Y (θ, φ), introducing the “tortoise coordinate” change x = √ r^2 + D^2 − D + r^{′2}_+ − D^2 r^′_+ − r^′_− ln [ √ r^2 + D^2 − r^′_+

r^′_+ − D ] − r^{′2}_− − D^2 r^′_+ − r^′_− ln [ √ r^2 + D^2 − r^′_− r^′_− − D ] , (6)

and substituting Eqs.(4),(6) into Eq.(5), we can write the radial perturbation equation for a coupled scalar field in the Gibbons-Maeda dilaton spacetime as

d^2ϕ dx^2 + (ω^2 − V [r(x)])ϕ = 0, (7) where

V [r(x)] = ( √ r^2 + D^2 − r^′_+)( √ r^2 + D^2 − r^′_−) r^2 × [ l(l + 1) r^2 − 3D^2( √ r^2 + D^2 − r^′_+)( √ r^2 + D^2 − r^′_−) − r^2[ √ r^2 + D^2(r^′_+ + r^′_−) − 2r^′_+r^′_−] r^6 + ξR ] , (8) and R = 2D^2[D^2 + r^2 − √ D^2 + r^2(r^′_+ + r^′_−) + r^′_+r^′_−]

r^6

. (9)

As in the Ref.[23][27], extending analytically Eq.(7) to the whole complex r-plane and comparing the local with global monodromy of ϕ(r) along the selected contour L, we can obtain the asymptotic quasinormal frequency spectra in the Gibbons-Maeda dilaton black hole spacetime. Because the regions for the different signs of Re(x) (as shown in Fig.1) are clearly different from that in the Garfinkle-Horowitz-Strominger dilaton spacetime case, the contour L we selected is more complicated than the former. Here, for avoiding the inner horizon at r = √ r^{′2}_− − D^2, the selected contour only goes around the outer horizon at r = √ r^{′2}_+ − D^2, where the boundary conditions and the monodromy are well defined. In order to compute conveniently, we introduce

FIG. 1: The complex r-plane and the contour L. The regions with the hachures denote the area Re(x) < 0.

the variable z = x − 2πi (_{r′2+ −D2} r^′_+ −r^′_− ) + 2πi (_{r′2− −D2} r^′_+ −r^′_− ) . For r = 0, we have z = 0. At the vicinity of the point r = 0, we have z ∼ r^4 4D(r^′_+ − D)(r^′_− − D)

, (10)

and the behaviors of the Ricci scalar curvature and the potential are R ∼ 2D^2(r^′_+ − D)(r^′_− − D) r^6

, (11) and V [r(z)] ∼ − 3 − 2ξ 16z^2

. (12)

We make the identification j =^{√2ξ+1}_2 , and then the perturbation equation (7) can be rewritten as ( d^2 dz^2 + ω^2 +

1 − j^2 4z^2

)ϕ(z) = 0. (13)

As before, from the boundary condition at point A

A_+e^{−iα+} + A_−e^{−iα−} = 0, (14) we easily obtain the asymptotic form of ϕ(z) at the point marked A is ϕ(z) ∼ (A_+e^{iα+} + A_−e^{iα−} )e^{−iωz} . (15) To follow the contour L and approach to point B, we first turn an angle^π_2 around the origin point, corresponding to 2π around z = 0. From the Bessel function behavior near the origin point, we find that after the 2π rotation the asymptotic are

ϕ(z) ∼ (A_+e^{5iα+} + A_−e^{5iα−} )e^{−iωz} + (A_+e^{3iα+} + A_−e^{3iα−} )e^{iωz}. (16)

Then we must go out along the lobe where the behavior of the wave function can be approximated as the purely oscillatory. After going around the lobe, we return to the Bessel region a second time. However, in this time, we must add an additional distance to z, namely, δ = −2πi ( r^{′2}_− − D^2 r^′_+ − r^′_− ) . (17)

Thus, the general solution of the Eq.(13) is

ϕ(z) = B_+c_+ √ ω(z − δ)J_{+j/2}(ω(z − δ)) + B_−c_− √ ω(z − δ)J_{−j/2}(ω(z − δ)). (18) In terms of the continuity and asymptotic behavior of the wave function, we have

A_+e^{3iα+} + A_−e^{3iα−} = (B_+e^{iα+} + B_−e^{iα−} )e^{−iωδ} , A_+e^{5iα+} + A_−e^{5iα−} = (B_+e^{−iα+} + B_−e^{−iα−} )e^{iωδ} . (19)

To approach the point B, we must finally turn the second 2π rotation around the point z = δ. The asymptotic forms of the wave function ϕ(z) near the point B becomes ϕ(z) ∼ (B_+e^{3iα+} + B_−e^{3iα−} )e^{iωδ} e^{−iωz} + (B_+e^{5iα+} + B_−e^{5iα−} )e^{−iωδ}e^{iωz}. (20) Running over the large semicircle to come back to the point A, we find that the wave function e^{−iωz} must multiply the factor (B_+e^{3iα+} + B_−e^{3iα−} )e^{iωδ} A_+e^{iα+} + A_−e^{iα−} = −(1 + 2 cos πj) − e^{2iωδ}(2 + 2 cos πj). (21)

In the globe monodromy analysis of ϕ(z) around the point r = r_+, we find the coefficient of e^{−iωz} must be multiplied by e^{βω} , where β = 4π (_{r′2+ −D2} r^′_+ −r^′_− ) , is the inverse black hole Hawking temperature of the outer event horizon. Then matching the local and globe monodromies of the function ϕ(z), we find the asymptotic quasinormal frequency spectra formula of a coupled scalar field in the Gibbons-Maeda spacetime is

e^{βω} = −[1 + 2 cos ( √ 2ξ + 1 2 π)] − e^{−βI ω}[2 + 2 cos ( √ 2ξ + 1 2 π)], (22)

where β_I = 4π (_{r′2− −D2} r^′_+−r^′_− ) , is the inverse black hole Hawking temperature of the inner event horizon. As our expectation, the asymptotic quasinormal frequency spectra formula of a coupled scalar field in the Gibbons- Maeda dilaton spacetime also depends on the coupling between the scalar and the gravitational fields. Moreover, we find that as both P = 0 and ξ = 0, the real part of quasinormal frequency becomes T_H ln 3, which is consistent with Hod’s conjecture.

III. SUMMARY AND DISCUSSION

We have investigated the analytical forms of the asymptotic quasinormal frequencies for a coupled scalar field in the Gibbons-Maeda dilaton spacetime by adopting the monodromy technique. As in the Garfinkle- Horowitz-Strominger dilaton spacetime, the asymptotic quasinormal frequencies depend not only on the structure parameters of the background spacetime, but also on a couple constant ξ. The fact tells us again that the interaction between the matter and gravitational fields affects the frequencies spectra formula of the asymptotic quasinormal modes. Moreover, the formulas (22) and (1) look like very similar. Both formulas have a correction term which come from the phase shift δ. As the formula (1) can not yield the Schwarzschild limit when the electric charge Q tends to zero, the frequency spectra formula (22) still does not return to the formula of a coupled scalar field in the Garfinkle-Horowitz-Strominger dilaton black hole as the magnetic charge P approaches zero. Similarly, the formula (22) also can not return that of in the Reissner-Nordström spacetime as D approaches to zero. The mathematical reason for these behaviors is that the variable z and the effective potential V depend heavily on parameters D and P . In the cases D = 0 and P = 0, the forms of the variable z and the effective potential V near the point z = 0 are clear different from Eqs.(10) and (12). However, when both ξ and P vanish, we find that the real part of quasinormal frequency in the Gibbons- Maeda dilaton spacetime can become T_H ln 3, which agrees with that of a minimal coupled scalar field in the Garfinkle-Horowitz-Strominger dilaton spacetime. More interestingly, when ξ =^{91}_{18} , the formula (22) becomes e^{βω} + 2 + 3e^{−βI ω} = 0, which is entirely consistent with that of the Reissner-Nordström black hole spacetime. This maybe imply that the coupling between the matter and gravitational field play an important role in the asymptotic quasinormal modes. The relation between the couple factor ξ and the asymptotic quasinormal modes in more general spacetime need to be study more deeply in the future.

Acknowledgments

This work was supported by the National Natural Science Foundation of China under Grant No. 10275024; the FANEDD under Grant No. 200317; and the Hunan Provincial Natural Science Foundation of China under Grant No. 04JJ3019; and the Hunan Normal University Natural Science Foundation under Grant No.22040639.

[1] S. Chandrasekhar and S. L. Detweiler, Proc. R. Soc. London A 344, 441 (1975). [2] B. Wang , C. Y. Lin and E. Abdalla, Phys. Lett. B 481, 79 (2000). [3] J. Maldacena, Adv. Theor. Math. Phys. 2, 253 (1998). [4] T. Regge and J. A. Wheeler, Phys. Rev. 108, 1063 (1957). [5] F. J. Zerilli, Phys.Rev. Lett. 24, 737 (1970).

[6] S. L. Detweiler and E. Szedenits, Astrophys. J. 231, 211 (1979). [7] S. L. Smarr, Sources of Gravitational Radiation (Cambridge University Press, 1979). [8] V. Ferrari, M. pauri and F. Piazza, Phys. Rev. D 63 , 064009 (2001) [9] A. Corichi, Phys. Rev. D 67 , 087502 (2003).

[10] A. C. Martinez, R. Troncoso and J. Zanelli, Phys. Rev. D 67, 087104 (2002). [11] G. Kunstatter, Phys. Rev. Lett. 90, 161301 (2003). [12] D. Birmingham Phys. Rev. D 64, 456 (2001).

[13] D. Birmingham, I. Sachs and S. N. Solodukhin, Phys. Rev. Lett. 88, 202 (2002). [14] V. Cardoso and J. Lemos, Phys. Rev.D 63, 124015 (2001). [15] M. Giammatteo and J. L. Jing, Phys. Rev. D71, 024007 (2005). [16] J. L. Jing, Phys. Rev. D 69, 084009 (2004). [17] R. A. Konoplya, Phys. Rev. D 68, 024018 (2002). [18] A. Bachelot, Annales Poincare Phys. Theor. 59, 3 (1993). [19] E. W. Leaver, Proc. R. Soc. A 402, 285 (1985). [20] S. Hod, Phy. Rev. Lett. 81, 4293 (1998). [21] H. P. Nollert, Phy. Rev. D 47, 5253 (1993). [22] L. Motl, Adv. Theor. Math. Phys. 6, 1135 (2003). [23] L. Motl and A. Neitzke, Adv. Theor. Math. Phys. 7, 307 (2003). [24] N. Andersson, Class. Quantum Grav. 10, L61 (1993). [25] O. Dreyer, Phy. Rev. Lett. 90, 081301 (2003). [26] G. Immirzi, Nucl. Phys. Proc. Suppl. 57, 65 (1997). [27] S. B. Chen and J. L. Jing, Chin. Phys. Lett.21, 2109 (2004). [28] V. Cardoso, J. Natario and R. Schiappa, J. Math. Phys.45, 4698-4713 (2004). [29] S. Yoshida and T. Futamase, Phys. Rev. D69, 064025 (2004).

[30] E. Berti, V. Cardoso, K. D. Kokkotas and H. Onozawa, Phys. Rev. D 68, 124018 (2003). [31] S. B. Chen and J. L. Jing, Class. Quantum Grav. 22, 533-540 (2005). [32] G. W. Gibbons and K. Maeda, Nucl. Phys. B 298 741 (1988). [33] V. Frolov and A. zelnikov, Phys. Rev. D 63, 125026 (2001).