arXiv:gr-qc/0511162 v1 30 Nov 2005

Asymptotic charges in 3d gravity with torsion

M Blagojević and B Cvetković^1

Institute of Physics, P.O.Box 57, 11001 Belgrade, Serbia

E-mail: mb@phy.bg.ac.yu, cbranislav@phy.bg.ac.yu

Abstract. We discuss some new developments in three-dimensional gravity with torsion, based on Riemann-Cartan geometry. Using the canonical approach, we study the structure of asymptotic symmetry, clarify its fundamental role in defining the gravitational conserved charges, and explore the influence of the asymptotic structure on the black hole entropy.

1. Introduction Although general relativity (GR) successfully describes all the known observational data, such fundamental issues as the nature of classical singularities and the problem of quantization remain without answer. Faced with such difficulties, one is naturally led to consider technically simpler models that share the same conceptual features with GR. A particularly useful model of this type is three-dimensional (3d) gravity [1, 2, 3, 4, 5].

Following a widely spread belief that GR is the most reliable approach to describe the gravitational phenomena, 3d gravity has been studied mainly in the realm of Riemannian geometry. However, there is a more general conception of gravity, based on Riemann-Cartan geometry [6], in which both the curvature and the torsion are used to describe the gravitational dynamics. Here, we focus our attention on some new developments in 3d gravity, in the realm of Riemann-Cartan geometry [7, 8, 9, 10]. We show that the symmetry of anti-de Sitter asymptotic conditions is described by two independent Virasoro algebras with different central charges, in contrast to GR. We also derive the expressions for the related conserved charges, energy and angular momentum, and discuss the new form of the black hole entropy.

2. Basic dynamical features Theory of gravity with torsion can be formulated as Poincaré gauge theory (PGT), with an underlying geometric structure described by Riemann-Cartan space [6].

Basic gravitational variables in PGT are the triad field b^i and the Lorentz connection A^{ij} = −A^{ji} (1-forms). The corresponding field strengths are the torsion and the curvature: T^i = db^i + A^i_m ∧ b^m, R^{ij} = dA^{ij} + A^i_m ∧ A^{mj} (2-forms). Gauge symmetries of the theory are local translations and local Lorentz rotations, parametrized by ξ^μ and ε^{ij} .

In 3D, we simplify the notation by introducing A^{ij} = −ε^{ijk} ω_k , R^{ij} = −ε^{ijk} R_k, ε^{ij} = −ε^{ijk} θ_k. In local coordinates x^μ, we have b^i = b^i_μdx^μ, ω^i = ω^i_μdx^μ. The field strengths take the form

T^i = db^i + ε^i_{jk}ω^j ∧ b^k , R^i = dω^i + 1 2 ε^i_{jk}ω^j ∧ ω^k , (2.1)

1 Talk presented at Constrained Dynamics and Quantum Gravity 05 , Cala Gonone (Sardinia, Italy), September 12-16, 2005.

and gauge transformations are

δ_0b^i_μ = −ε^i_{jk}b^j_μθ^k − (∂_μξ^ρ)b^i_ρ − ξ^ρ∂_ρb^i_μ , δ_0ω^i_μ = −∇_μθ^i − (∂_μξ^ρ)ω^i_ρ − ξ^ρ∂_ρω^i_μ , (2.2)

where ∇_μθ^i = ∂_μθ^i + ε^i_{jk} ω^j_μθ^k is the covariant derivative of θ^i.

To clarify the geometric meaning of PGT, we introduce the metric tensor as a bilinear combination of the triad fields: g = η_{ij}b^i ⊗ b^j ≡ g_{μν} dx^μ ⊗ dx^ν , where η_{ij} = (+, −, −). Although metric and connection are in general independent geometric objects, in PGT they are related to each other by the metricity condition: ∇g = 0. Consequently, the geometric structure of PGT is described by Riemann-Cartan geometry. The metricity condition implies the identity

ω^i = ω̃^i + K^i , (2.3)

where ω̃^i is Riemannian connection, K_{ijk} = −^1_2 (T_{ijk} − T_{kij} + T_{jki}) is the contortion, and K^i is defined by K^{ij}_mb^m ≡ K^{ij} = −ε^{ijk} K_k.

General gravitational dynamics is defined by Lagrangians which are at most quadratic in field strengths. Omitting the quadratic terms, Mielke and Baekler proposed a topological model for 3D gravity [7], defined by the action

I = aI_1 + ΛI_2 + α_3I_3 + α_4I_4 + I_M ,

I_1 ≡ 2 ∫ b^i ∧ R_i , I_2 ≡ − 1 3 ∫ ε_{ijk} b^i ∧ b^j ∧ b^k , I_3 ≡ ∫ ( ω^i ∧ dω_i + 1 3 ε_{ijk} ω^i ∧ ω^j ∧ ω^k ) , I_4 ≡ ∫ b^i ∧ T_i , (2.4)

where I_M is a matter contribution. The first term, with a = 1/16πG, is the usual Einstein- Cartan action, the second term is a cosmological term, I_3 is the Chern-Simons action for the Lorentz connection, and I_4 is a torsion counterpart of I_1. The Mielke-Baekler model is a natural generalization of Riemannian GR with a cosmological constant (GR_Λ).

For isolated gravitational systems, gravitational sources can be practically ignored in the asymptotic region. Hence, the asymptotic structure of the theory is determined by the vacuum field equations. In the sector α_3α_4 − a^2 ≠ 0, these equations take the simple form 2T^i = pε^i_{jk} b^j ∧ b^k , p ≡ α_3Λ + α_4a α_3α_4 − a^2 , 2R^i = qε^i_{jk} b^j ∧ b^k , q ≡ − (α_4)^2 + aΛ α_3α_4 − a^2

. (2.5)

Thus, the vacuum configuration is characterized by constant torsion and constant curvature. For p = 0 or q = 0, the vacuum geometry is Riemannian (T^i = 0) or teleparallel (R^i = 0).

In Riemann-Cartan spacetime, one can use the identity (2.3) to express the curvature R^i(ω) in terms of its Riemannian piece R̃^i ≡ R^i(ω̃) and the contortion: R^i(ω) = R̃^i+∇K^i−^1_2 ε^{imn}K_m∧K_n. This result, combined with the field equations (2.5), leads to

2R̃^i = Λ_{eff} ε^i_{jk} b^j ∧ b^k , Λ_{eff} ≡ q − 1 4 p^2 , (2.6)

where Λ_{eff} is the effective cosmological constant. Thus, our spacetime is maximally symmetric: for Λ_{eff} < 0 (Λ_{eff} ≥ 0), the spacetime manifold is anti-de Sitter (de Sitter, Minkowski). In what follows, our attention will be focused on the anti-de Sitter sector: Λ_{eff} = −1/ℓ^2 < 0.

3. The black hole with torsion For Λ_{eff} < 0, equation (2.6) has a well known solution for the metric — the BTZ black hole. In the static coordinates x^μ = (t, r, φ) with 0 ≤ φ < 2π, the black hole metric is given by

ds^2 = N^2dt^2 − N^{−2}dr^2 − r^2(dφ + N_φdt)^2 ,

N^2 = ( −8Gm + r^2 ℓ^2 + 16G^2J^2 r^2 ) , N_φ = 4GJ r^2

, (3.1)

Using local Lorentz invariance, we can choose b^i to have the simple, “diagonal” form:

b^0 = Ndt , b^1 = N^{−1}dr , b^2 = r (dφ + N_φdt) . (3.2a)

To find the connection, we combine the relation K^i = (p/2)b^i, which follows from the first field equation in (2.5), with the identity (2.3). This yields

ω^i = ω̃^i + p 2 b^i , ω̃^0 = −Ndφ , ω̃^1 = N^{−1}N_φdr , ω̃^2 = − r ℓ^2 dt − rN_φdφ . (3.2b) where ω̃^i is Riemannian connection, defined by dω̃^i + ε^i_{jk}ω̃^j b^k = 0. Equations (3.2) define the analogue of the BTZ black hole in Riemann–Cartan spacetime [8, 9].

As a constant curvature spacetime, the black hole is locally isometric to the AdS solution (AdS_3), obtained formally from (3.2) by the replacement J = 0, 8Gm = −1.

4. Asymptotic conditions For isolated gravitational systems, matter is absent from the asymptotic region, but it can influence global properties of spacetime through the asymptotic conditions. The symmetries of these conditions are closely related to the gravitational conserved charges [10].

For Λ_{eff} < 0, maximally symmetric AdS solution has the role analogous to the role of Minkowski space in the Λ_{eff} = 0 case. Following the analogy, we could choose that all the fields approach the single AdS_3 configuration at large distances, leading to the global AdS symmetry. However, this choice would exclude the important black hole solution. This motivates us to introduce the asymptotic AdS configurations, determined by the following requirements: (a) the asymptotic conditions include the black hole configuration, (b) they are invariant under the action of the AdS group SO(2, 2), and (c) the asymptotic symmetries have well defined canonical generators.

The asymptotics of the triad field b^i_μ that satisfies (a) and (b) reads:

b^i_μ = r ℓ + O_1 O_4 O_1

O_2 ℓ r + O_3 O_2 O_1 O_4 r + O_1

. (4.1a)

Here, for any O_n = c/r^n, we assume that c is not a constant, but a function of t and φ, c = c(t, φ), which is the simplest way to ensure the global SO(2, 2) invariance.

The asymptotic form of ω^i_μ is defined in accordance with (3.2b):

ω^i_μ = pr 2ℓ + O_1 O_4 − r ℓ + O_1

O_2 pℓ 2r + O_3 O_2 − r ℓ^2

+ O_1 O_4 pr 2 + O_1

. (4.1b)

A verification of the third condition (c) is left for the next section.

Having chosen the asymptotic conditions, we now wish to find the subset of gauge transformations (2.2) that respect these conditions. They are defined by restricting the original gauge parameters in accordance with (4.1), which yields

ξ^0 = ℓ [ T + 1 2 ( ∂^2T ∂t^2 ) ℓ^4 r^2 ] + O_4 , ξ^1 = −ℓ ( ∂T ∂t ) r + O_1 , ξ^2 = S − 1 2 ( ∂^2S ∂φ^2 ) ℓ^2 r^2

+ O_4 ,

θ^0 = − ℓ^2 r ∂_0∂_2T + O_3 , θ^1 = ∂_2T + O_2 , θ^2 = ℓ^3 r ∂^2_0 T + O_3 . (4.2)

The functions T and S are such that ∂_±(T ∓ S) = 0, with x^± ≡ x^0/ℓ ± x^2, which implies T + S = g(x^+), T − S = h(x^−), where g and h are two arbitrary, periodic functions.

The commutator algebra of the Poincaré gauge transformations (2.2) is closed: [δ^′_0, δ^{′′}_0 ] = δ^{′′′}_0 , where δ^′_0 = δ_0(ξ^′, θ^′) and so on. Using the related composition law with the restricted parameters (4.2), and keeping only the lowest order terms, one finds the relation

T^{′′′} = T^′∂_2S^{′′} + S^′∂_2T^{′′} − T^{′′}∂_2S^′ − S^{′′}∂_2T^′ , S^{′′′} = S^′∂_2S^{′′} + T^′∂_2T^{′′} − S^{′′}∂_2T^′ − T^{′′}∂_2ST^′ . (4.3)

Let us separate the parameters (4.2) into two pieces: the leading terms containing T and S define a (T, S) transformation, while the rest defines the residual (pure gauge) transformation. The PGT commutator algebra implies that the commutator of two (T, S) transformations produces not only a (T, S) transformations, but also an additional pure gauge transformation. This result motivates us to introduce an improved definition of the asymptotic symmetry: it is the symmetry defined by the parameters (4.2), modulo pure gauge transformations. As we shall see in the next section, this symmetry coincides with the conformal symmetry.

5. Canonical generators and conserved charges We continue our study of the asymptotic symmetries and conservation laws in the canonical formalism [10]. Introducing the canonical momenta (π_i^μ, Π_i^μ), corresponding to the Lagrangian variables (b^i_μ, ω^i_μ), we find that the primary constraints of the theory (2.4) are of the form:

ϕ_i^0 ≡ π_i^0 ≈ 0 , Φ_i^0 ≡ Π_i^0 ≈ 0 , ϕ_i^α ≡ π_i^α − α_4ε^{0αβ}b_{iβ} ≈ 0 , Φ_i^α ≡ Π_i^α − ε^{0αβ}(2ab_{iβ} + α_3ω_{iβ} ) ≈ 0 .

Up to an irrelevant divergence, the total Hamiltonian reads

H_T = b^i_0H_i + ω^i_0K_i + u^i_0π_i^0 + v^i_0Π_i^0 , H_i = −ε^{0αβ} ( aR_{iαβ} + α_4T_{iαβ} − Λε_{ijk}b^j_αb^k_β ) − ∇_β ϕ_i^β + ε_{imn}b^m_β ( pϕ^{nβ} + qΦ^{nβ} ) , K_i = −ε^{0αβ} (aT_{iαβ} + α_3R_{iαβ} + α_4ε_{imn}b^m_αb^n_β ) − ∇_βΦ_i^β − ε_{imn}b^m_β ϕ^{nβ} . The constraints (π_i^0, Π_i^0, H_i, K_i) are first class, (ϕ_i^α, Φ_i^α) are second class.

Applying the general Castellani’s algorithm [6], we find the canonical gauge generator:

G = −G_1 − G_2 , (5.1)

G_1 ≡ ξ̇^ρ ( b^i_ρπ_i^0 + ω^i_ρΠ_i^0 ) + ξ^ρ [ b^i_ρH_i + ω^i_ρK_i + (∂_ρb^i_0)π_i^0 + (∂_ρω^i_0)Π_i^0 ] , G_2 ≡ θ̇^iΠ_i^0 + θ^i [ K_i − ε_{ijk} ( b^j_0π^{k0} + ω^j_0 Π^{k0} )] .

Here, the time derivatives ḃ^i_μ and ω̇^i_μ are shorts for u^i_μ and v^i_μ, respectively, and the integration symbol ∫ d^2x is omitted in order to simplify the notation. The transformation law of the fields, δ_0ϕ ≡ {ϕ , G}, is in complete agreement with the gauge transformations (2.2) on shell.

The behaviour of momentum variables at large distances is defined by the following general principle: the expressions that vanish on-shell should have an arbitrarily fast asymptotic decrease, as no solution of the field equations is thereby lost.

The canonical generator acts on dynamical variables via the Poisson bracket operation, which is defined in terms of functional derivatives. In general, G does not have well defined functional derivatives, but the problem can be corrected by adding suitable surface terms [6]. The improved canonical generator G̃ reads:

G̃ = G + Γ , Γ ≡ − ∫_{2π} 0 dφ ( ξ^0E^1 + ξ^2M^1 ) , (5.2) E^α ≡ 2ε^{0αβ} [( a + α_3p 2 ) ω^0_β + ( α_4 + ap 2 ) b^0_β + a ℓ b^2_β + α_3 ℓ ω^2_β ] b^0_0 , M^α ≡ −2ε^{0αβ} [( a + α_3p 2 ) ω^2_β + ( α_4 + ap 2 ) b^2_β + a ℓ b^0_β + α_3 ℓ ω^0_β ] b^2_2 .

The adopted asymptotic conditions guarantee differentiability and finiteness of G̃. Moreover, G̃ is also conserved.

The value of the improved generator G̃ defines the gravitational charge. Since G̃ ≈ Γ, the charge is completely determined by the boundary term Γ. Note that Γ depends on T and S, but not on pure gauge parameters. For ξ^2 = 0, G̃ reduces to the time translation generator, while for ξ^0 = 0 we obtain the spatial rotation generator. The corresponding surface terms, calculated for ξ^0 = 1 and ξ^2 = 1, respectively, have the meaning of energy and angular momentum: E = ∫_{2π} 0 dφ E^1 , M = ∫_{2π} 0 dφ M^1 . (5.3)

Energy and angular momentum are conserved gravitational charges.

Using these results, one can calculate the conserved charges for the black hole [8, 9]:

E = m + α_3 a ( pm 2 − J ℓ^2 ) , M = J + α_3 a ( pJ 2 − m ) . (5.4)

They differ from the corresponding expressions in Riemannian GR_Λ, where α_3 = 0.

6. Canonical algebra The structure of the asymptotic symmetry is encoded in the Poisson bracket algebra of the improved generators. In the notation G^′ ≡ G[T^′, S^′], G^{′′} ≡ G[T^{′′}, S^{′′}], and so on, the Poisson bracket algebra is found to have the form { G̃′′, G̃′ } = G̃^{′′′} + C^{′′′}, where the parameters T^{′′′}, S^{′′′} are determined by the composition rules (4.3), and C^{′′′} is the central term of the algebra. Expressed in terms of the Fourier modes, this algebra takes a more familiar form—the form of two independent Virasoro algebras with classical central charges: {L_n, L_m} = −i(n − m)L_{n+m} − c 12 in^3δ_{n,−m} , {¯ L_n, L̄_m } = −i(n − m)L̄_{m+n} − c̄ 12 in^3δ_{n,−m} , (6.1) and {L_n, L̄_m} = 0. The central charges have the form: c = 3ℓ 2G + 24πα_3 ( pℓ 2 + 1 ) , c̄ = 3ℓ 2G + 24πα_3 ( pℓ 2 − 1 ) . (6.2)

Asymptotically, the gravitational dynamics is characterized by the conformal symmetry with two different central charges, in contrast to Riemannian GR_Λ, where c = c̄ = 3ℓ/2G.

7. The black hole entropy A particularly interesting consequence of the theory defined by the action (2.4) is that the entropy of the black hole with torsion differs from the corresponding Riemannian result. Indeed, the semi-classical calculation based on the Hamiltonian form of the action leads to S = 2πr_+ 4G + 4π^2α_3 ( pr_+ − 2 r_− ℓ ) , (7.1)

where r_± are the zeros of N^2. For GR_Λ with Riemannian Chern-Simons term (p = 0, α_4 = 0, but α_3 ≠ 0), our formula for S yields Solodukhin’s result [11]. Using the new expressions (5.4) for energy and angular momentum, one can easily verify that the first law of black hole thermodynamics takes the form

dE = T dS + ΩdM , Ω ≡ N_φ(r_+) . (7.2)

Thus, the existence of torsion is in complete agreement with the first law of thermodynamics.^2

8. Concluding remarks

3d gravity with torsion, defined by the action (2.4), is based on an underlying Riemann- Cartan geometry of spacetime.

The theory possesses the black hole solution (3.2), a generalization of the Riemannian BTZ black hole. Energy and angular momentum of the black hole differ from the corresponding Riemannian expressions in GR_Λ.

The AdS asymptotic conditions (4.1) imply the conformal symmetry in the asymptotic region, which is described by two independent Virasoro algebras with different central charges.

The existence of different central charges (α_3 ≠ 0) modifies the black hole entropy, but remains in agreement with the first law of thermodynamics.

Acknowledgments This work was partially supported by the Serbian Science Foundation, Serbia.

References

[1] For a recent review, see: Carlip S 2005 Class. Quant. Grav. 22 R85-R124 [2] Brown J D and Henneaux M 1986 Comm. Math. Phys. 104 207-26 [3] Witten E 1988/89 Nucl. Phys. B 311 46-78

Achucarro A and Townsend P 1986 Phys. Lett. B 180 89-92 [4] Bañados M, Teitelboim C and Zanelli J 1993 Phys. Rev. Lett. 16 1849-51

Bañados M, Henneaux M, Teitelboim C and Zanelli J 1993 Phys. Rev. D48 1506-25 [5] See, for instance: Bañados M 1996 Phys. Rev. D 52 5816-25

Strominger A 1998 J. High Energy Phys. 02 009 Bañados M 1999 Three-dimensional quantum geometry and black holes Preprint hep-th/9901148 Bañados M 1999 AIP Conf. Proc. No. 490 (AIP, Melville) 198-216 Bañados M, Brotz T and Ortiz M 1999 Nucl. Phys. B 545 340-70 [6] See, for instance: Blagojević M 2003 SFIN A 1 147-72 (Preprint gr-qc/0302040)

Blagojević M 2002 Gravitation and gauge symmetries (Bristol: Institute of Physics Publishing) [7] Mielke E W, Baekler P 1991 Phys. Lett. A 156 399-403

Baekler P, Mielke E W, Hehl F W 1992 Nuovo Cim. B 107 91-110 [8] García A, Hehl F W, Heinecke C and Macías A 2003 Phys. Rev. D 67 124016 [9] Blagojević M and Vasilić M 2003 Phys. Rev. D 67 084032

Blagojević M and Vasilić M 2003 Phys. Rev. D 68 104023 Blagojević M and Vasilić M 2003 Phys. Rev. D 68 124007 [10] Blagojević M and Cvetković B 2004 Canonical structure of 3d gravity with torsion Preprint gr-qc/0412134 [11] Solodukhin S N 2005 Holography with Gravitational Chern-Simons Term Preprint hep-th/0509148

2 Thermodynamics of black holes is properly formulated in the Euclidean sector.