arXiv:gr-qc/0512032 v1 5 Dec 2005

Thermo–inertial bouncing of a relativistic collapsing sphere: A numerical model

L. Herrera^∗ and A. Di Prisco^† Centro de Física Teórica y Computacional. Facultad de Ciencias. Universidad Central de Venezuela. Caracas. Venezuela.

W. Barreto^‡ Centro de Física Fundamental, Facultad de Ciencias, Universidad de los Andes, Mérida, Venezuela. (Dated: December 5, 2005)

We present a numerical model of a collapsing radiating sphere, whose boundary surface undergoes bouncing due to a decreasing of its inertial mass density (and, as expected from the equivalence principle, also of the “gravitational” force term) produced by the “inertial” term of the transport equation. This model exhibits for the first time the consequences of such an effect, and shows that under physically reasonable conditions this decreasing of the gravitational term in the dynamic equation may be large enough as to revert the collapse and produce a bouncing of the boundary surface of the sphere.

PACS numbers: 04.40.-b; 04.40.Dg; 95.30.Lz; 97.60.-s.

I. INTRODUCTION

In the study of gravitational collapse of massive stars, the inclusion of dissipative processes (in particular neutrino emission) is enforced by the fact that they provide the only plausible mechanism to carry away the bulk of binding energy, leading to a neutron star or black hole [1]. On the other hand, in cores of densities about 10^{12}g cm^{−3} the mean free path of neutrinos becomes small enough as to justify the use of diffusion approximation [2, 3]. This seems to be confirmed by the observational data collected from supernova 1987A, which indicates that the radiation transport regime prevailing during the emission process, is closer to the diffusion approximation than to the streaming out limit [4].

Motivated by the comments above, in a recent paper [5], the Misner and Sharp approach to the study of adiabatic gravitational collapse [6] was extended as to include dissipation in, both, the streaming out and diffusion approximation (for the case of pure free streaming approximation see [7]). Then from the coupling of the dynamical equation to a causal transport equation in the context of Müller–Israel–Stewart theory [8, 9] it was obtained that the effective inertial mass density of a fluid element and the gravitational force term in the dynamical equation, reduce by a factor which depends on dissipative variables. This reduction, in its turn, might lead to the bouncing of the collapsing sphere, as discussed in [5].

As can be seen from inspection of the transport equation, such an effect is directly related to the presence of the inertial term T a_β in the transport equation. This explains why we refer to such a bouncing as “thermo–inertial”.

It is our purpose in this work to present a numerical model of a radiating collapsing sphere, where the above mentioned effect produces the bouncing of the boundary surface of the sphere, for physically acceptable values of all variables.

Since we are mainly concerned with time scales of the order of magnitude of (or even smaller than) the hydrostatic time scale, as in the quick collapse phase preceding neutron star formation, we cannot rely on the quasistatic approximation, and therefore the full dynamic description has to be used [10, 11]. This implies that we have to appeal to a hyperbolic theory of dissipation. The use of a hyperbolic theory of dissipation is further justified by the necessity of overcoming the difficulties inherent to parabolic theories (see references [12]–[23] and references therein).

The plan of the paper is as follows. In the next section we define the conventions and present the dynamical equation coupled to the transport equation. The model to be considered as well as the strategy for the numerical integration is presented in Section III. Finally, a discussion of results is presented in Section IV.

∗Electronic address: laherrera@telcel.net.ve; Postal Address: Apartado 80793, Caracas 1080A, Venezuela †Electronic address: adiprisc@fisica.ciens.ucv.ve ‡Electronic address: wbarreto@ula.ve

II. THE DYNAMICAL EQUATION OF THE DISSIPATIVE FLUID

We consider a spherically symmetric distribution of collapsing fluid (for simplicity we shall consider the pressure to be locally isotropic) undergoing dissipation in the form of heat flow, bounded by a spherical surface Σ. We assume the interior metric to Σ to be comoving, shear free for simplicity, and spherically symmetric, accordingly it may be written as

ds^2 = −A^2(t, r)dt^2 + B^2(t, r)(dr^2 + r^2dθ^2 + r^2 sin^2 θdϕ^2), (1)

and hence we have for the four velocity V^α and the heat flux vector q^α

V^α = A^{−1}δ^α_0 , q^α = qδ^α_1 . (2)

Then it can be shown [5] that the following equation can be found from Bianchi identities

(μ + P )D_tU = −(μ + P ) [ m + 4πP R^3 ] 1 R^2 − E^2D_RP − E [ 5qB U R + BD_tq ] , (3)

where μ is the energy density, P the pressure,

D_t = 1 A ∂ ∂t , (4)

the proper radial derivative D_R, constructed from the radius of a spherical surface, as measured from its perimeter inside Σ, being

D_R = 1 R^′ ∂ ∂r , (5)

with R = rB, (6) and where dots and primes denote derivatives with respect to t and r respectively. The velocity U of the collapsing fluid is defined as U = rD_tB < 0 (in the case of collapse). (7) Also, the mass function m(t, r) of Cahill and McVittie [24] is obtained from the Riemann tensor component R_{23}^{23} and is for metric (1) m(t, r) = (rB)^3 2 R_{23}^{23} = r^3 2 BḂ^2 A^2 − r^3 2 B^{′2} B − r^2B^′, (8)

E is defined as E = (rB)^′ B = [ 1 + U^2 − 2m(t, r) rB ]_{1/2} . (9)

Next, the corresponding transport equation for the heat flux reads [8, 9] τ h^{αβ}V^γ q_{β;γ} + q^α = −κh^{αβ}(T_{,β} + T a_β) − 1 2 κT^2 ( τ V^β κT^2 ) ;β q^α, (10)

where h^{μν} is the projector onto the three space orthogonal to V^μ, κ denotes the thermal conductivity, and T and τ denote temperature and relaxation time respectively. Observe that due to the symmetry of the problem, equation (10) only has one independent component, which may be written as: BD_tq = − κT τ E D_tU − κT^′ τ B − qB τ (1 + τ U R ) − κT τ E [m + 4πP ] R^{−2} − κT^2qB 2Aτ ( τ κT^2 ) ˙− 3U Bq 2R , (11)

Then coupling (3) to (11) one obtains (some misprints in eq.(39) in [5] has been corrected here) (μ + P )(1 − α)D_tU = F_{grav}(1 − α) + F_{hyd} + EκT^′ τ B + EqB τ − 5qBEU 2R + κET^2qB 2Aτ ( τ κT^2 ) ˙, (12)

where F_{grav} and F_{hyd} are defined by F_{grav} = −(μ + P ) [ m + 4πP R^3 ] 1 R^2

, (13) and F_{hyd} = −E^2D_RP, (14)

with α given by α = κT τ (μ + P )

. (15)

Thus as α tends to 1, the effective inertial mass density of the fluid element tends to zero. Furthermore observe that F_{grav} is also multiplied by the factor (1 − α). Indicating that the effective gravitational attraction on any fluid element decreases by the same factor as the effective inertial mass (density). This of course is to be expected, from the equivalence principle. It is also worth mentioning that F_{hyd} is in principle independent (at least explicitly) on this factor.

With these last comments in mind, let us now imagine the following situation. As far as the right hand side of (12) is negative, the system keeps collapsing. However, let us assume that the collapsing sphere evolves in such a way that, for some region of the sphere, the value of α increases and approaches the critical value of 1. Then, as this process goes on, the ensuing decreasing of the gravitational force term would eventually lead to a change of the sign of the right hand side of (12). Since that would happen for small values of the effective inertial mass density, that would imply a strong bouncing of that part of the sphere, even for a small absolute value of the right hand side of (12).

In the next section a model will be presented where the effect above appears explicitly. For simplicity we shall consider a particular case of the transport equation, corresponding to the so called truncated version, in which case the last term on the right of (10) is absent [14, 20]. In this case, (12) becomes (μ + P )(1 − α)D_tU = F_{grav}(1 − α) + F_{hyd} + EκT^′ τ B + EqB τ − 4qBEU R . (16)

III. THE MODEL

In this section we shall present a numerical model where the decreasing of the effective mass mentioned in the previous section will produce a bouncing during the evolution of a dissipative sphere. For simplicity we shall assume our fluid to be shear–free and conformally flat, and also that a relevant increase of α takes place only at the boundary surface of the sphere. Thus we shall need only to integrate at the boundary surface, implying that we shall deal with ordinary differential equations for variables defined on that surface.

A. The general form of the metric and the field equations

If the fluid sphere is shear–free and conformally flat, the metric functions take the form [25] A = [ C_1(t)r^2 + 1 ] B (17) and B = 1 C_2(t)r^2 + C_3(t)

, (18)

where C_1, C_2 and C_3 are arbitrary functions of t. Although the shear free and the conformally flat conditions are introduced here in order to simplify calculations, it is worth noticing that these conditions generalize physical assumptions widely used in astrophysics. Indeed, the shear free condition in the Newtonian regime describes the homologous evolution and has been extensively considered in general relativity [26]. On the other hand it is well known that the conformally flat condition implies in the perfect fluid case the homogeneity of the energy density distribution.

For the numerical integration we shall need to write all variables in dimensionless form, accordingly we shall redefine the metric functions C_1 and C_2 by (C_3 is already dimensionless):

C_{1,2} → C_{1,2} r^2_Σ

, (19)

where r = r_Σ = constant defines the boundary surface of the fluid sphere.

In terms of these dimensionless functions, A and B become A = [ C_1(t)(r/r_Σ)^2 + 1 ] B (20) and B = 1 C_2(t)(r/r_Σ)^2 + C_3(t)

. (21)

Then the following expressions for the physical variables are obtained from Einstein equations

μr^2_Σ = 3 8π ( Ċ_2(r/r_Σ)^2 + Ċ_3 C_1(r/r_Σ)^2 + 1

)_2 + 3 2π C_2C_3, (22)

r^2_ΣP = 1 8π(C_1 (r/r_Σ)^2 + 1)^2

[2(C̈_2(r/r_Σ)^2 + C̈_3)(C_2(r/r_Σ)^2 + C_3)

−3(Ċ_2(r/r_Σ)^2 + Ċ_3)^2 − 2

Ċ_1(r/r_Σ)2 C_1(r/r_Σ)^2 + 1

(Ċ_2(r/r_Σ)^2 + Ċ_3) ( C_2(r/r_Σ)^2 + C_3 ) ] + 1 2π(C_1(r/r_Σ)^2 + 1) [ C_2(C_2 − 2C_1C_3)(r/r_Σ)^2

+C_3(C_1C_3 − 2C_2)] , (23)

qr^2_Σ = 1 2π (r/r_Σ)(Ċ_3C_1 − Ċ_2) ( C_2(r/r_Σ)^2 + C_3 C_1(r/r_Σ)^2 + 1

)_2 , (24)

where from now on dot denotes derivative with respect to t/r_Σ.

B. The surface equations

Next, from (6) we obtain for the dimensionless proper radius of the sphere

R_Σ = 1 C_2 + C_3

, (25)

and from (9) evaluated at the boundary surface

E_Σ =

C_3 − C_2 C_3 + C_2

. (26)

Solving these two equations we obtain

C_2 =

1 − E_Σ 2R_Σ

(27) and C_3 =

1 + E_Σ 2R_Σ

. (28)

On the other hand we have

A_Σ = (C_1 + 1)R_Σ, (29)

and from (7)

U_Σ = −

Ċ_2 + Ċ_3 (C_1 + 1)(C_2 + C_3)

, (30)

where, again, dots denote derivatives with respect to the dimensionless time t/r_Σ. Using (25) and (29) in (30) we may write

Ṙ_Σ = A_ΣU_Σ, (31)

which is our first equation at the surface.

Next, we use the total loss of mass equation which can be easily derived from (8) and the junction condition

P_Σ = (qB)_Σ, (32)

to obtain (see [5]) for details)

Ṁ_Σ = −Q(t)A_ΣR_Σ(U_Σ + E_Σ), (33)

where M_Σ is the dimensionless mass, Q(t) ≡ 4πq_ΣR^2_Σ and q_Σ denotes the dimensionless heat flow qr^2_Σ, evaluated at the boundary surface. This is our second surface equation.

Finally, in order to obtain the third surface equation we proceed as follows. From the equations (23) and (32) in [25], it can be shown that

U̇_Σ = 1 2R_Σ [ A_Σ ( 3E^2_Σ − 1 − U^2_Σ − 2R_ΣQ(t) ) + 2E_Σ (A_Σ − 2R_Σ) ] . (34)

This is the third equation to be integrated at the surface of the distribution.

Thus we have a system of three equations (31), (33) and (34) for the five unknown functions of time R_Σ, A_Σ, U_Σ, E_Σ and Q. In order to integrate such a system, we shall prescribe the “luminosity” (Q), and obtain a constraint equation from (16), on what we shall elaborate as follows .

From the dynamic equation (16), using the boundary condition (32) we obtain the pressure gradient at the surface

P^′_Σ = −

R_Σ E_Σ { [1 − α_Σ] [μ_Σ + P_Σ] [4πR_Σ(μ_Σ/3 + P_Σ) + U̇_Σ/A_Σ] − T_Σ } , (35)

where primes and dots denote derivatives with respect to the dimensionless variables r/r_Σ and t/r_Σ respectively,

μ_Σ =

3M_Σ 4πR^3_Σ

, (36)

P_Σ = Q(t) 4πR_Σ , (37)

(observe that μ_Σ and P_Σ denote the dimensionless expressions for the energy density and pressure evaluated at the boundary surface, i.e. these variables multiplied by r^2_Σ) and

T_Σ = α_Σ ( μ^′_Σ + P^′_Σ ) E_Σ R_Σ + E_ΣQ(t) 4πR_Στ − 4QE_ΣU_Σ 4πR^2_Σ

, (38)

where we have used kT = ατ (μ + P ) (conveniently adimensionalised) and have assumed for simplicity that α^′_Σ = 0. Finally, using the field equations (22)–(24) we obtain the following expression for A_Σ

A_Σ = τ R_Σ[4α_Σ(3M_Σ/R_Σ + QR_Σ) − Q̇R_Σ(1 + α_Σ)] 2τ α_Σ(1 + E_Σ)(QR_Σ + 3M_Σ/R_Σ) − QR_Σ(R_Σ − 7U_Στ )

. (39)

C. Strategy of integration

The integration scheme is now an easy shot: Giving initial conditions for R_Σ, U_Σ and M_Σ, and prescribing α_Σ and Q(t), we can integrate numerically, equations (31), (33), (34), with the constraint equation (39).

The form of α_Σ is suggested by the very idea underlying the motivation of this work, namely: the fact that as α increases, the ensuing reduction of the gravitational term in the dynamical equation may lead to a bouncing of the sphere. Accordingly, we shall take for α_Σ a smooth function of time, rising from zero to some value below the critical one (α = 1).

D. Model

We have ran a large number of models exhibiting bouncing, under physically reasonable conditions, corresponding to a wide range of initial data and values of the parameters, and very different choices of Q(t) and α(t). For all these choices, the qualitative behaviour associated to the increase of α is essentially the same. From them we have selected the following model.

The initial conditions are

R_Σ(0) = 20,

M_Σ(0) = 1,

U_Σ(0) = −0.1,

with τ = 0.1. These values correspond to a sphere with an initial radius of the order of 400 Km, an initial mass of the order of 10 solar masses and a relaxation time of the order of 10^{−4} seconds.

The sphere is assumed to be radiating according to Q(t) = Q_0e^{−(t−tm)2 /σ}, where Q_0 = 0.001, t_m = 0.5 and σ = 0.005, producing a total mass ejection of the order of 0.1%.

For α we choose α(t) = α_m/(e^{−(t−tm)/σ} + 1), with α_m ranging from 0 to 1.

IV. DISCUSSION

The influence of pre–relaxation effects on gravitational collapse has been brought out in many works in last decade [27], however the specific effect of bouncing, associated with the decreasing of the effective inertial mass density, produced by the increasing of α, had not been illustrated until now. It is worth stressing that α–terms in Eq. (12) come from the inertial factor T a_β in Eq. (10).

In this work we provide a numerical model of such bouncing, by assuming an increasing of α at the boundary surface. We have concentrated the increase of α on the boundary surface to illustrate the effect, the remaining of the sphere is assumed to be dissipating at much lower values of α. Of course, the increasing of α may in principle occur at any region of the sphere and even in more that one, simultaneously. The results of our integration is deployed in the figures 1–6, which exhibit the evolution of different variables with respect to the dimensionless time t/r_Σ.

Figure 1 shows the evolution of R_Σ for different values of α_m from 0 to 1, the bouncing is clearly exhibited as well as its dependence on α. Figure 2 emphasizes further the link between the increasing of α and the bouncing.

Figures 3–6, shows the behaviour of (dimensionless) energy density, pressure, heat flow and temperature, evaluated at the boundary surface. Their values are always regular and satisfy the physical conditions ρ > P > 0.

The dimensionless quantity κT_Σ plotted in Figure 6 is, in conventional units,

κT_Σ = 2 10^6 G c^5

[κ][T_Σ] (40) with G and c denoting the gravitational constant and the speed of light, and where [κ] and [T ] denote the numerical values of conductivity and temperature in g cm^{−3} K^{−1} and K respectively. Therefore the maximum values of κT_Σ reached just after the bouncing, correspond to

[κ][T_Σ] ≈ 10^{46} (41)

which may be obtained with [T_Σ] ≈ 10^{12} and [κ] ≈ 10^{34}. These values are well within the acceptable range for those variables in a pre–supernovae event [28].

Thus we have seen that a relatively simple model, whose physical variables exhibit good behaviour and have acceptable numerical values, may serve to illustrate the bouncing of a dissipating self–gravitating sphere, produced by the decreasing of its effective inertial mass density associated to an increasing of α.

Nevertheless, in spite of the appeal of the presented model, we are well aware that invoking such an effect to describe a specific observed phenomena, would require a much more detailed astrophysical setting. This, however, is out of the scope of this paper.

Acknowledgments

WB was benefited from research support from FONACIT under grant S1–98003270. Computer time was provided by the Centro Nacional de Cálculo Científico, Universidad de Los Andes (CeCalcULA).

[1] D. Kazanas and D. Schramm, Sources of Gravitational Radiation, L. Smarr ed., (Cambridge University Press, Cambridge, 1979).

[2] W. D. Arnett, Astrophys. J. , 218, 815 (1977). [3] D. Kazanas, Astrophys. J. , 222, L109 (1978). [4] J. Lattimer, Nucl. Phys., A478, 199 (1988).

[5] L. Herrera and N.O. Santos, Phys. Rev. D, 70 084004 (2004). [6] C. W. Misner and D. H. Sharp, Phys. Rev., 136, B571 (1964). [7] C. W. Misner, Phys. Rev., 137, B1360 (1965). [8] I. Müller, Z. Physik, 198, 329 (1967).

[9] W. Israel, Ann. Phys., NY, 100, 310 (1976); W. Israel and J. Stewart, Phys. Lett. A, 58, 2131 (1976); Ann. Phys. (NY), 118, 341 (1979).

[10] I. Iben, Astrophys. J. 138, 1090 (1963). [11] E. Myra, A. Burrows, Astrophys. J. 364, 222 (1990). [12] D. Joseph and L. Preziosi, Rev. Mod. Phys., 61, 41 (1989). [13] D. Jou, J. Casas-Vázquez J. and G. Lebon, Rep. Prog. Phys., 51, 1105 (1988). [14] R. Maartens, astro-ph/9609119 [15] L. Herrera and D. Pavón, Physica A, 307, 121 (2002). [16] W. Hiscock and L. Lindblom, Ann. Phys. NY, 151, 466 (1983). [17] D. Pavón, D. Jou and J. Casas-Vázquez, Ann. Inst. H Poicaré, A36, 79 (1982). [18] B. Carter, Journées Relativistes, Ed. M. Cahen, Deveber R. and Geheniahau J., (ULB) (1976). [19] C. Cattaneo, Atti. Semin. Mat. Fis. Univ. Modena, 3, 3 (1948). [20] J. Triginer and D. Pavón, Class. Quantum Grav., 12, 689 (1995).

[21] D. Jou, J. Casas–Vázquez and G. Lebon, Extended Irreversible Thermodynamics, second edition (Springer–Verlag, Berlin, 1996).

[22] D. Y. Tzou, Macro to Micro Scale Heat Transfer: The Lagging Behaviour, (Taylor & Francis, Washington, 1996). [23] A. Anile, D. Pavón and V. Romano, gr–qc/9810014. [24] M. E. Cahill and G. C. McVittie, J. Math. Phys., 11, 1382 (1970).

[25] L. Herrera, G. Le Denmat, N.O. Santos and A. Wang, Int. J. Modern. Phys. D, 13, 583 (2004). [26] C. B. Collins and J. Wainwright, Phys. Rev. D, 27, 1209 (1983); E. N. Glass, J. Math. Phys., 20, 1508 (1979); P. Joshi, R. Goswami and N. Dadhich, gr–qc/0308012; L. Herrera and N.O. Santos, Month. Not. R. Astron. Soc., 343, 1207 (2003).

[27] A. Di Prisco, L. Herrera and M. Esculpi, Class. Quantum Grav., 13, 1053 (1996); A. Di Prisco, N. Falcón, L. Herrera, M.

Esculpi and N. O. Santos, Gen. Rel. Grav., 29, 1391 (1997); L. Herrera and J. Martínez, Astrophysics and Space Science, 259, 235 (1998); L. Herrera and J. Martínez, Gen. Rel. Grav., 30, 445 (1998); M. Govender, S. Maharaj and R. Maartens, Class. Quantum Grav., 15, 323 (1998); M. Govender, R. Maartens and S. Maharaj, Month. Not. R. Astron. Soc., 310, 557 (1999); M. Govender and K. Govinder, Phys. Lett. A, 283, 71 (1999); L. Herrera, Phys. Lett. A, 300, 157 (2002); M. Govender, S. Maharaj and R. Maartens, Class. Quantum Grav., 15, 323 (1998); S. Wagh, M. Govender, K. Govinder, S. Maharaj, P. Muktibodh and M. Moodly, Class. Quantum Grav.,18 , 2147 (2001); S. Maharaj and M. Govender, Int. J. Modern Phys. D, 14, 667 (2005).

[28] J. Martínez, Phys. Rev. D, 53, 6921 (1996).

FIG. 1: Evolution of RΣ for different values of αm: 0.0 (solid line); 0.2 (large dashed line); 0.4 (short dashed line); 0.6 (dotted line); 0.8 (dot–large dashed line) and 1 (dot–short dashed line).

FIG. 2: Evolution of RΣ (continuous line) and α (dashed line) for αm = 0.5. The curves were normalized (and shifted only for RΣ) in order to display them together.

FIG. 3: Energy density at the surface (multiplied by 10^5) evolution for different values of αm: 0.0 (solid line); 0.2 (large dashed line); 0.4 (short dashed line); 0.6 (dotted line); 0.8 (dot–large dashed line) and 1 (dot–short dashed line).

FIG. 4: Pressure at the surface (multiplied by 10^6 ) evolution for the same values of α as in previous figure. They all overlap within the approximation of the plotter.

FIG. 5: Heat flow at the surface (multiplied by 10^7) evolution for the same values of αm. They all overlap within the approximation of the plotter.

FIG. 6: Temperature at the surface (multiplied by κ10^7 ) evolution for different values of αm: 0.0 (solid line); 0.2 (large dashed line); 0.4 (short dashed line); 0.6 (dotted line); 0.8 (dot–large dashed line) and 1 (dot–short dashed line).