arXiv:gr-qc/0512080 v2 20 Feb 2006

ENERGY IN THE SCHWARZSCHILD-de SITTER SPACETIME‡

Mustafa Saltı and Oktay Aydogdu

Department of Physics, Faculty of Art and Science, Middle East Technical University, 06531, Ankara-Turkey E-mail(s): musts6@yahoo.com, oktay231@yahoo.com

The energy (due to matter and fields including gravitation) of the Schwarzschild-de Sitter spacetime is investigated by using the Møller energy-momentum definition in both general relativity and teleparallel gravity. We found the same energy distribution for a given metric in both of these different gravitation theories. It is also independent of the teleparallel dimensionless coupling constant, which means that it is valid in any teleparallel model. Our results sustain that (a) the importance of the energy-momentum definitions in the evaluation of the energy distribution of a given spacetime and (b) the viewpoint of Lessner that the Møller energy-momentum complex is a powerful concept of energy and momentum.

Keywords: Energy; Schwarzschild-de Sitter spacetime; general relativity; teleparallel gravity; Møller’s prescription.

1. INTRODUCTION

Choosing the Schwarzschild gauge, the line-element can be written in the following form.

ds^2 = Δ(r)dt^2 − Δ^{−1}(r)dr^2 − r^2(dθ^2 + sin^2 θdφ^2) (1)

where Δ(r) is an arbitrary (continuous, differentiable) function of r. For spacetime with a single horizon (like Schwarzschild, de Sitter), Δ(r) vanishes at one point, say, r = r_0. Near r_0, Δ(r) can be Δ(r) = Λ(r_0)(r − r_0), where Λ(r_0) is twice the surface gravity of the horizon. For spacetime with multiple horizons (like Schwarzschild-de Sitter), Δ(r) vanishes at more than one point, say, r = r_i (where i = 1, 2, 3, .., n). Around each of these points one can expand Δ(r) = Λ(r_i)(r − r_i), where^{Λ(ri)}_2 is the surface gravity of each of these horizons.

‡ Found. Phys. Lett. Vol.19 No.3 (2006) 269-276.

The spherically coordinate of the Schwarzschild-de Sitter spacetime is defined by line-element given above, where

Δ(r) = 1 − 2M r − r^2 l^2 (2) here M is the mass of the black hole, and l^2 is related to the positive cosmological constant. The spacetime model has more than one horizon if 0 < χ <^1_{27} where χ =^{M 2}_{l2} .

The black hole horizon r_h and the cosmological horizon r_c are located[1], respectively, at

r_h = 2M √ 3χ cos π + Ξ 3 , (3)

r_c = 2M √ 3χ cos π − Ξ 3 (4) where Ξ = arccos(3 √ 3χ). (5) It is of interest to investigate the energy distribution associated with this black hole model. We hope to calculate the same energy distribution in both general relativity and teleparallel gravity. This is the motivation of the present paper.

After the pioneering expression by Einstein[2] for the energy and momentum distributions of the gravitational field, many attempts have been proposed to resolve the gravitational energy problem[3, 4]. Except the definition of Møller, these definitions give meaningful results only if the calculations are performed in ”Cartesian” coordinates. Møller constructed an expression which enables one to evaluate energy and momentum in any coordinate system. In general relativity, Virbhadra[5] using the energy and momentum complexes of Einstein, Landau-Lifshitz, Papapetrou and Weinberg for a general non-static spherically symmetric metric of the Kerr-Schild class, showed that all of these energy-momentum formulations give the same energy distribution as in the Penrose energy-momentum formulation. Vargas in [4] using the definitions of Einstein and Landau-Lifshitz in teleparallel gravity, found that the total energy is zero in Friedmann-Robertson-Walker spacetimes and his result is the same as calculated in general relativity[6]. Further, several examples of particular spacetimes have been investigated and different energy-momentum pseudo-tensors are known to give the same energy distribution for a given spacetime[7, 8, 9].

Notations and conventions: c = h = 1, metric signature (+, −, −, −), Greek indices and Latin ones run from 0 to 3. Throughout this paper, Latin indices (i, j, ...) represent the vector number, and Greek indices (μ, ν,...) represent the vector components.

2. THE ENERGY-MOMENTUM DEFINITION OF MØLLER

2.1. The Møller Energy in General Relativity

In general relativity, the energy-momentum complex of Mϕller[3] is given by

M^ν_μ = 1 8π Σ^{να}_{μ,α} (6) satisfying the local conservation laws: ∂M^ν_μ ∂x^ν = 0 (7)

where the antisymmetric super-potential Σ^{να}_μ is Σ^{να}_μ = √ −g[g_{μβ,γ} − g_{μγ,β} ]g^{νγ} g^{αβ} . (8) The locally conserved energy-momentum complex M^ν_μ contains contributions from the matter, non-gravitational and gravitational fields. M^0_0 is the energy density and M^0_a are the momentum density components. The momentum four-vector of Møller is given by

P_μ = ∫ ∫ ∫ M^0_μ dxdydz. (9) Using Gauss’s theorem, this definition transforms into

P_μ = 1 8π ∫ ∫ Σ^{0α}_μ μ_αdS. (10)

where μ_α (where α = 1, 2, 3) is the outward unit normal vector over the infinitesimal surface element dS. P_i give momentum components P_1, P_2, P_3 and P_0 gives the energy.

2.2. The Møller Energy in Teleparallel Gravity

The teleparallel theory of gravity(the tetrad theory of gravitation) is an alternative approach to gravitation and corresponds to a gauge theory for the translation group based on Weitzenböck geometry[10]. In the theory of teleparallel gravity, gravitation is attributed to torsion[11], which plays the role of a force[12], and the curvature tensor vanishes identically. The essential field is acted by a nontrivial tetrad field, which gives rise to the metric as a by-product. The translational gauge potentials appear as the nontrivial item of the tetrad field, so induces on spacetime a teleparallel structure which is directly related to the presence of the gravitational field. The interesting place of teleparallel theory is that, due to its gauge structure, it can reveal a more appropriate approach to consider some specific problem. This is the situation, for example, in the energy and momentum problem, which becomes more transparent.

Mϕller modified general relativity by constructing a new field theory in teleparallel space. The aim of this theory was to overcome the problem of the energy-momentum complex that appears in Riemannian Space[13]. The field equations in this new theory were derived from a Lagrangian which is not invariant under local tetrad rotation. Saez[14] generalized Mϕller theory into a scalar tetrad theory of gravitation. Meyer[15] showed that Mϕller theory is a special case of Poincare gauge theory[16, 17].

In teleparallel gravity, the super-potential of Mϕller is given by Mikhail et al.[4] as

U^{νβ}_μ = (−g)^{1/2} 2κ P^{τ νβ}_{χρσ} [Φ^ρg^{σχ}g_{μτ} − λg_{τ μ}ξ^{χρσ} − (1 − 2λ)g_{τ μ}ξ^{σρχ}] (11) where ξ_{αβμ} = h_{iα}h^i_{β;μ} is the con-torsion tensor and h^μ_i is the tetrad field and defined uniquely by g^{αβ} = h^α_i h^β_j η^{ij} (here η^{ij} is the Minkowski spacetime). κ is the Einstein constant and λ is free-dimensionless coupling parameter of teleparallel gravity. For the teleparallel equivalent of general relativity, there is a specific choice of this constant.

Φ_ρ is the basic vector field given by

Φ_μ ˙=ξ^ρ_{μρ} (12) and P^{τ νβ}_{χρσ} can be found by P^{τ νβ}_{χρσ} = δ^τ_χg^{νβ}_{ρσ} + δ^τ_ρ g^{νβ}_{σχ} − δ^τ_σg^{νβ}_{χσ} (13) with g^{νβ}_{ρσ} being a tensor defined by g^{νβ}_{ρσ} = δ^ν_ρ δ^β_σ − δ^ν_σδ^β_ρ . (14) The energy-momentum density is defined by Ξ^β_α = U^{βλ}_{α,λ} (15) where comma denotes ordinary differentiation. The energy is expressed by the surface integral; E = lim_{r→∞} ∫ r=constant U^{0ζ}_0 η_ζ dS (16) where η_ζ is the unit three-vector normal to surface element dS.

3. CALCULATIONS 3.1. Solution in General Relativity The matrix of the g_{μν} is defined by (1 −^{2M}_r +^{r2}_{l2} ) 0 0 0 0 −(1 −^{2M}_r +^{r2}_{l2} )^{−1} 0 0 0 0 −r^2 0 0 0 0 −r^2 sin^2 θ

(17)

and its inverse matrix g^{μν} is given by (1 −^{2M}_r +^{r2}_{l2} )^{−1} 0 0 0 0 −(1 −^{2M}_r +^{r2}_{l2} ) 0 0 0 0 −^1_{r2} 0 0 0 0 −^1_{r2 sin2 θ}

. (18)

Using the matrices given above, the required non-vanishing component of Σ^{να}_μ is Σ^{01}_0 = 2 sin θ [ M + r^3 l^2 ] . (19) From this point of view, the energy of the Schwarzschild-de Sitter black holes in general relativity is found as given below. E(r) = M + r^3 l^2

(20)

3.2. Solution in Teleparallel Gravity

The general form of the tetrad, h^μ_i , having spherical symmetry was given by Robertson[18]. In the Cartesian form it can be written as h^0 = iA, h^0_a = Cx^a, h^α_0 = iDx^α, h^α_a = Bδ^α_a + Ex^αx^α + ϵ_{aαβ}F x^β (21) where A, B, C, D, E, and F are functions of t and r = √ x^αx^α, and the zeroth vector h^μ_0 has the factor i = √ −1 to preserve Lorentz signature. We impose the boundary condition that in the case of r → ∞ the tetrad given above approaches the tetrad of Minkowski spacetime, h^μ_a = diag(i, δ^α_a ).

Using the general coordinate transformation h_{aμ} = ∂X^ν ∂X^μ h_{aν} (22)

where X^μ and X^ν are, respectively, the isotropic and Schwarzschild coordinates (t, r, θ, ϕ), we obtain the tetrad h^μ_a as i √ 1−^{2M}_r +^{r2}_{l2}

0 0 0 0 √ 1 −^{2M}_r +^{r2}_{l2} sθcϕ^1_r cθcϕ −^{sϕ}_{rsθ} 0 √ 1 −^{2M}_r +^{r2}_{l2} sθsϕ^1_r cθsϕ^{cϕ}_{rsθ} 0 √ 1 −^{2M}_r +^{r2}_{l2} cθ −^1_r sθ 0

(23)

where we have introduced the following notation: sθ = sin θ, cθ = cos θ, sϕ = sin ϕ and cϕ = cos ϕ. Now, we are interested in to find the total energy distribution. Since the intermediary mathematical exposition are length, we give only the final result. After making the required calculations[19, 20], the required non-vanishing component of U^{νβ}_μ is U^{01}_0 =

2 sin θ κ [ M + r^3 l^2 ] . (24)

Substituting this result in energy integral, we have the following energy distribution

E(r) = M + r^3 l^2

(25)

4. DISCUSSION

Since the advent of Einstein’s theory of general relativity, several papers have been devoted to investigate the energy distribution for a given spacetime. Several black hole model considered to obtain the energy distribution. For example; Chamorro- Virbhadra[21] and Xulu[22] showed, considering the general relativity analogs of Einstein and Møller’s definitions, that the energy of a charged dilation black hole depends on the value λ which controls the coupling between the dilation and the Maxwell fields. E_{Einstein} = M − Q^2 2r (1 − λ^2) (26) E_{M oller} = M − Q^2 r (1 − λ^2). (27)

Also, Virbhadra[5] and Xulu[22] obtained that the energy distribution in the sense of Einstein and Møller disagree in general. Next, Lassner[23] showed that the Møller energy-momentum complex is a powerful concept of energy and momentum.

Møller showed that a tetrad description of a gravitational field equation allows a more satisfactory treatment of the energy-momentum complex than does general relativity. Therefore, we have applied the super-potential method by Mikhail et. al.[4] to calculate the energy of the central gravitating body.

Recently, one of us[24] has considered the Møller energy-momentum definition in both general relativity and teleparallel gravity for the viscous Kasner-type metric and calculated the same energy. Also the result of that paper agree with some of the previous papers by Cooperstock and Israelit, Rosen, Johri et al., Banerjee-Sen in general relativity and by Vargas in teleparallel gravity.

In this paper, in order to investigate the energy associated with the Schwarzschildde Sitter black hole, we considered the Møller energy-momentum formulation in both general relativity and teleparallel gravity. We obtained that the energy distribution is the same in both of these different gravitation theories and also found that the energy depends on the mass of the Schwarzschild-de Sitter black hole,

E(r) = M + r^3 l^2

. (28)

It is also independent of the teleparallel dimensionless coupling constant, which means that it is valid not only in teleparallel equivalent of general relativity but also in any teleparallel model. In the special case where there is no cosmological constant, we obtain the energy distribution as

lim_{l→∞} E(r) = M. (29)

Finally, this paper sustains (a) the importance of the energy-momentum definitions in the evaluation of the energy distribution of a given spacetime and (b) the viewpoint of Lessner[23].

REFERENCES

[1] S. Shankaranarayanan, Phys. Rev. D67, 084026 (2003) [2] A. Einstein, Sitzungsber. Preus. Akad. Wiss. Berlin (Math. Phys.) 778 (1915), Addendum-ibid. 799 (1915) [3] L.D. Landau and E.M. Lifshitz, The Classical theory of fields (Pergamon Press, 4th Edition, Oxford, re-printed in 2002); P.G. Bergmann and R. Thomson, Phys. Rev. 89, 400 (1953); S. Weinberg, Gravitation and Cosmology: Principle and Applications of General Theory of Relativity (John Wiley and Sons, Inc., New York, 1972); A. Papapetrou, Proc. R. Irish. Acad. A52, 11 (1948); C. Møller, Ann. Phys. (NY) 4, 347 (1958); R.C. Tolman, Relativity, Thermodinamics and Cosmology (Oxford Univ. Pres. London, P.227) (1934); A. Qadir and M. Sharif, Phys. Lett. A167, 331 (1992) [4] F.I. Mikhail, M.I. Wanas, A. Hindawi and E.I. Lashin, Int. J. Theor. Phys. 32, 1627 (1993); T.

Vargas, Gen. Rel. and Grav. 36, 1255 (2004) [5] K.S. Virbhadra, Phys. Rev. D60, 104041 (1999) [6] N. Rosen, Gen. Rel. Gravit. 26, 319 (1994); V.B. Johri, D. Kalligas, G.P. Singh and C.W.F. Everitt, Gen. Rel. Grav. 27, 323 (1995); N. Banerjee and S. Sen, Pramana-J. Phys. 49, 609 (1997)

Energy in the Schwarzschild-de Sitter Spacetime 7

[7] K.S. Virbhadra, Phys. Rev. D41, 1086 (1990); Phys. Rev. D42, 2919 (1990); A. Chamorro and K.S. Virbhadra, Int. J. Mod. Phys. D5, 251 (1996) [8] I. Radinschi, Mod. Phys. Lett. A15, 2171 (2000); Fizika B9, 43 (2000); Chin. J. Phys. 42, 40 (2004); Fizika B14, 3 (2005); Mod. Phys. Lett. A17, 1159 (2002); U.V.T., Physics Series 42, 11 (2001); Ragab M. Gad, Astrophys. Space Sci. 295, 459 (2005); E. Vagenas, Int. J. Mod. Phys. A18, 5781 (2003); Int. J. Mod. Phys. A18, 5949 (2003); Mod. Phys. Lett. A19, 213 (2004); Int. J. Mod. Phys. D14, 573 (2005).

[9] M. Saltı and A. Havare, Int. J. Mod. Phys. A20, 2169 (2005); O. Aydogdu and M. Saltı, Astrophys.

Space Sci. 299, 227 (2005); O. Aydogdu, M. Saltı and M. Korunur, Acta. Phys. Slov. 55, 537 (2005); M. Saltı, Astrophys. Space Sci. 299, 159 (2005); Nuovo Cim. B 120, 53 (2005); Acta. Phys. Slov. 55, 563 (2005).

[10] R. Weitzenböck, Invariantten theorie (Gronningen: Noordhoff, 1923) [11] K. Hayashi and T. Shirafuji, Phys. Rev. D 19, 3524 (1978) [12] V.V. de Andrade and J.G. Pereira, Phys. Rev. D56, 4689 (1997) [13] C. Møller, Mat. Fys. Medd. K. Vidensk. Selsk. 39, 13 (1978); 1, 10 (1961) [14] D. Saez, Phys. Rev. D27, 2839 (1983) [15] H. Meyer, Gen. Rel. Gravit. 14, 531 (1982) [16] K. Hayashi and T. Shirafuji, Prog. Theor. Phys. 64, 866 (1980); 65, 525 (1980) [17] F.W. Hehl, J. Nitsch and P. von der Heyde, in General Relativity and Gravitation, edited by A.

Held (Plenum, New York) (1980) [18] H.P. Robertson, Ann. Math. (Princeton) 33, 496 (1932) [19] Wolfram Research, Mathematica 5.0 (2003) [20] TCI Software Research, Scientific Workplace 3.0 (1998) [21] A. Chamorro and K.S. Virbhadra, Int. J. Mod. Phys. D5, 251 (1996) [22] S.S. Xulu, preprint: gr-qc/0010068 [23] G. Lessner, Gen. Relativ. Gravit. 28, 527 (1996) [24] M. Saltı, Mod. Phys. Lett. A20, 2175 (2005)