arXiv:gr-qc/0512117 v2 21 Dec 2005

Local Experiments See Cosmologically Varying Constants

Douglas J. Shaw^∗ and John D. Barrow^† DAMTP, Centre for Mathematical Sciences, University of Cambridge, Wilberforce Road, Cambridge CB3 0WA, UK (Dated: 20th December 2005)

We describe a rigorous construction, using matched asymptotic expansions, which establishes under very general conditions that local terrestrial and solar-system experiments will measure the effects of varying ‘constants’ of Nature occurring on cosmological scales to computable precision. In particular, ‘constants’ driven by scalar fields will still be found to evolve in time when observed within virialised structures like clusters, galaxies, and planetary systems. This provides a justification for combining cosmological and terrestrial constraints on the possible time variation of many assumed ‘constants’ of Nature, including the fine structure constant and Newton’s gravitation constant.

PACS Nos: 98.80.Es, 98.80.Bp, 98.80.Cq

Investigations into the possibility that the fine structure ‘constant’, α, is slowly varying [1] combine observational evidence from quasar spectra with indirect solar system data and laboratory constraints on allowed variations. In so doing, most commentators invariably assume that the local and cosmological observations are directly comparable [2]. However, this is a strong assumption that requires proof. Why should local experiments ‘see’ variations in ‘constants’ occurring on cosmological scales in regions which are gravitationally unbound and participating in the universal Hubble flow? In this letter we describe the first rigorous demonstration of when such an assumption is justified and identify the key inequality that must be satisfied if local variations of ‘constants’ are to track global variations.

Theories which introduce varying constants selfconsistently into Einstein’s conception of a gravitation theory do so by deriving the ‘constant’ C from some scalar field, ϕ, so C → C (ϕ). The variations of this scalar field contribute to the spacetime curvature like other forms of mass-energy. They must also conserve energy and momentum and so their dynamics are constrained by a wave equation □ϕ = ∑ i,j,k λ_if_j (ϕ)L_k(ρ, p), (1) where ϕ is associated with the variation of a ‘constant’ C via a relation C = f(ϕ); the constants λ_i are dimensionless measures of the strength of the space-time variation of C , f_j (ϕ) are functions determined by the definition of ϕ, and L_k(ρ, p) are some linear combinations of the density, ρ, and pressure, p, of the matter that is coupled to the field ϕ. This form includes all the standard theories for varying constants, like those for the Newtonian gravitation ’constant’ G, α, and the electron-proton mass ratio, described in refs. [3, 4, 6, 7].

We shall refer to our scalar field as the ‘dilaton’, denote it by ϕ, and analyse the form of (1) further by assuming that ϕ(⃗x, t) satisfies a conservation equation that can be reduced to the form □ϕ = B_{,ϕ}(ϕ)κT − V_{,ϕ} (ϕ) (2) where T is the trace of the energy momentum tensor, T = T^μ_μ , with any contribution from a cosmological constant, Λ, excluded; we absorb any dilaton to cosmological constant coupling into the definition of V (ϕ). The dilaton to matter coupling, B(ϕ), and the self-interaction potential, V (ϕ), are arbitrary functions of ϕ, κ ≡ 8πG and c ≡ ℏ ≡ 1. This covers a wide range of theories which describe the spacetime variation of ‘constants’ of Nature, and includes Einstein-frame Brans-Dicke (BD), [3], and all other, single field, scalar-tensor theories of gravity. In cosmologies that are composed of dust, cosmological constant and radiation it will also contain the Bekenstein-Sandvik-Barrow-Magueijo (BSBM) of varying α, [6], and other (single dilaton) theories which describe the variation of standard model couplings, [8]. We assume that the background metric is of Friedmann- Robertson-Walker (FRW) form

ds^2 = dt^2 − a^2(t)dr^2 1 − kr^2 − a^2(t)r^2{dθ^2 + sin^2 θdϕ^2}, (3)

where k is the curvature parameter. In the background universe the dilaton is also assumed to be homogeneous (so ϕ = ϕ_c(t), where_c denotes background quantities) and satisfies: 1 a^3 ( a^3ϕ̇_c )_· = B_{,ϕ}(ϕ_c)κ (ϵ_c − 3p_c) − V_{,ϕ} (ϕ_c) . (4)

The dilaton conservation equation also reduces to an ordinary differential equation if we are only interested in its time-independent mode ϕ(r) in a static spherically symmetric Schwarzschild spacetime. In the actual universe, however, spacetimes that look static in some locality must match smoothly on to the cosmological background on large scales. Hence, to model the evolution of the dilaton accurately in some inhomogeneous region, embedded in a homogeneous background, we require that at large distances ϕ → ϕ_c appropriately. Even if spherical symmetry is assumed, the conservation equation is difficult to solve, either exactly or approximately. Even numerical models are technically difficult to set-up, see ref. [9], and only allow us to consider one particular choice of B(ϕ), V (ϕ), and the spacetime background at a time. If we are to bring all the experimental evidence to bear on these models, we need to know when we are allowed to use local observations to constrain cosmological variations of ‘constants’ like α. Hence, we would like to find the conditions which ensure that the local timevariation of ϕ tracks the cosmological one ϕ̇(⃗x, t) ≈ ϕ̇_c(t) (5) to some specified precision.

We shall assume that the dilaton field is only weakly coupled to gravity, and has a negligible effect on the background spacetime geometry. If we ignore this backreaction then we can consider the dilaton evolution on a fixed background with given matter density. We will take the background to be an exact solution to Einstein’s equations with matter possessing the following properties. The local metric is approximately Schwarzschild, with mass m at time t = t_0, inside a closed region of spacetime outside a surface at r = R_s. The metric for r < R_s is left unspecified. Asymptotically, the metric must approach FRW and the whole spacetime should become exact FRW in the limit m → 0. As the local inhomogeneous energy density of the asymptotically FRW spacetime tends to zero, the local spacetime metric exterior to r = R_s must tend to the Schwarzschild metric. Similar scenarios have been considered by Wetterich in [10] and in a very recent work by Avelino et al [11]. Whilst our conclusions will be similar to the ones claimed in both of these studies, we believe that neither study proves what is claimed. In [16] we identified an flaw in [10]. When this is corrected the proof provided breaks down. A key point of the matched asymptotic expansion method is that the excluded terms in the asymptotic expansions for ϕ and ϕ̇ must be shown to be smaller than the included ones. These are non-trivial requirements. In [11] they are simply assumed and so no proof of the main claim is provided.

In the local, approximately Schwarzschild region, the intrinsic interior length scale, L_I , of a sphere centred on the Schwarzschild mass with surface area 4πR^2_s is defined by the Riemann invariant:

L_I =

(_1 12 R_{abcd}R^{abcd} )_{−1/4} = R^{3/2}_s (2m)^{1/2}

. (6)

In the asymptotically FRW region, the intrinsic length scale is proportional to the inverse root of the local energy density: 1/ √ κϵ_c + Λ, where ϵ_c is the total energy density of matter, We shall assume that the FRW region is approximately flat (k = 0), and we define a length scale appropriate for this exterior region at epoch at t = t_0 equal to the inverse Hubble parameter at that time:

L_E = 1/H_0.

For realistic models L_E ≫ L_I ; we therefore define δ to be a small parameter given by δ = L_I /L_E .

We solve the dilaton equation (4) using an asymptotic expansion for small δ in the interior region, where L^{−1}_I (t − t_0), R^{−1}_s r ∼ O(1), and also in the exterior where H_0t ∼ O(1) ∼ H_0r. In general, an asymptotic expansion valid in one region will not also be valid in the other. We can only enforce a subset of our boundary conditions in each region, hence the resulting expansions will each contain undefined constants of integration. We have used the method of matched asymptotic expansions to remove this ambiguity in the expansions by assuming that there exists an intermediate region, where L^{−1}_I (t − t_0), R^{−1}_s r ∼ O(δ^{−α}) and H_0t, H_0r ∼ O(δ^{1−α}), in which both the interior and exterior expansions for ϕ remain valid. Then, by the uniqueness of asymptotic expansions, the two expressions must be equal there, see [12]. In this way we can determine the previous unknown constants of integration in each expansion, and effectively apply all of our boundary conditions to each expansion.

Formally, we require that, as δ → 0, our choice of spacetime background should be FRW at zeroth order in the exterior expansion and Schwarzschild to lowest order in the interior expansion. All spherically-symmetric solutions to Einstein’s equations with pressureless matter and a Λ term fall into the Tolman-Bondi class (see ref. [13]). They are parametrised by two arbitrary functions of one spatial variable, r. We have only looked at the flat, Tolman-Bondi models with non-simultaneous initial singularities [13, 14], and the non-flat Tolman-Bondi models with simultaneous initial singularities. These two subcases are fully specified by prescribing only one function: the matter density ϵ(r, t_i) on some initial space-like hypersurface, t_i. Another metric used to study the effect of the universe’s expansion on solar system dynamics is the McVittie metric [13, 15]. In the exterior limit the McVittie metric asymptotes to a dust-plus-Λ FRW cosmology. For radii r where H^{−1}_0 ≫ r ≫ 2m, the McVittie metric looks like Schwarzschild; the horizon in the McVittie metric possesses a naked curvature singularity and so cannot model a black hole in an expanding universe.

To zeroth order in both the exterior and interior, all these background choices will look alike and the solution for ϕ will also be the same in all cases. As boundary conditions we take ϕ → ϕ_c(t) as r → ∞, where ϕ_c(t) satisfies the cosmological dilaton equation (4). We assume that the dilaton flux out of the ‘star’, with surface at R = R_s, is given, to leading order, by −R^2_s ( 1 − 2m R_s ) ∂_Rϕ_0|_{R=Rs} = 2mF (¯ ϕ_0 )

= ∫_{Rs} 0 dR^′R^{′2}B_{,ϕ}(ϕ_0(R^′, t))κϵ(R^′), where R is the ‘physical radius’, i.e. a surface (t, R) = const has surface area 4πR^2. For black-holes we must demand F (¯ ϕ_0 ) = 0, we otherwise expect F (¯ ϕ_0 ) ≈ B_{,ϕ}(ϕ_c). At higher orders we find the flux by perturbing the above expression as explained in [16]. The zeroth-order exterior solution is then just ϕ = ϕ_c(t). In the interior we find

ϕ^{(0)} = ϕ_e (δT ) − F (¯ ϕ_0 ) ln ( 1 − 2m R_sξ ) , where T = L^{−1}_I (t − t_0) and ξ = R^{−1}_s R. The matching procedure gives ϕ_e (δT ) = ϕ_c(t).

We have performed our analysis under the assumption that the background universe is described by McVittie metric. In isotropic coordinates this is

ds^2 = [ 1 − μ(t, r) 1 + μ(t, r) ]_2 dt^2 − [1 + μ(t, r)]^4 (1 +^1_4 kr^2)^2 a^2(t) [ dr^2 (7)

+r^2{dθ^2 + sin^2 θdϕ^2} ] , where μ(t, r) = m 2ra(t) ( 1 +^1_4 kr^2 )_{1/2} , (8)

and m and k are arbitrary constants. In the limit a = 1, m is the Schwarzschild mass, k is the curvature of the surfaces (t, r) = const in the m = 0 (i.e. FRW) limit.

The McVittie metric provides a good approximation to the exterior metric of a massive spherical body with a physical radius much larger than its Schwarzschild radius. In the interior it is most convenient to work with

R = [1 + μ] (1 +^1_4 kr^2)^{−1/2}a(t)r

as the radial coordinate. If k = 0, then the surface (t, R) = const has area 4πR^2. When t = t_0 the interior geometry will be approximately Schwarzschild over scales where dR ∼ O(R_s) and dt ∼ O(L_I ). We define new dimensionless coordinates by

T = (t − t_0)/L_I and ξ = R/R_s.

In ref. [16] we found the interior solution for the dilaton field to O(δ^2) and the exterior solution to order O(δ), and explicitly performed the matching. The inner approximation to ϕ is then given by:

ϕ_I ∼ ϕ^{(0)} + δ^2 2m R_s ϕ^{(1)}_I + O ( δ^4 ) , where

ϕ^{(1)}_I ∼ 2mξ R_s ( 1 2 ( ϕ^{(0)′′}_E + hϕ^{(0)′}_E − h^′F (¯ ϕ_0 )) +^1_8 Ω_k(δT )F (¯ ϕ_0 ) − h^2F (¯ ϕ_0 ) + 3 2 B_{,ϕ}(ϕ_E ) ( h^′(δT ) +^{11}_4 Ω_k(δT ) ) (9) − 1 2 F (¯ ϕ_0 ) B_{,ϕϕ} (ϕ_E ) R^2_sκϵ^{(0)}_{dust} + F (¯ ϕ_0 ) R^2_sV_{,ϕϕ} (ϕ_E ) ) + 2m R_s ( C(δT ) ξ + D(δT ) ) + O ( 2m R_s )_2 ,

ϕ_c(t) = ϕ^{(0)}_E (τ ) is the cosmological value of dilaton field, and C(δT ) and F (¯ ϕ_0 ) are ‘constants’ of integration to be specified by a boundary condition at R = R_s depending on the details of the energy-distribution in R < R_s. We do not expect these two latter terms to be any larger than the other terms in the above expression when ξ = 1. Our primary concern is the behaviour of the time derivative of ϕ in the interior and in the McVittie background. We have ∂_tϕ_I ∂_tϕ_c ∼ 1 − F_{,ϕ} (¯ ϕ_0 ) ln ( 1 − 2m R ) + O ( δ^2 ( 2m R )_2) . Since, in most cases of interest, the dilaton to matter coupling is weak and we are far outside the Schwarzschild radius of the Sun, both F ( (¯ ϕ_0 ) and 2m/R are ≪ 1. Hence, ∂_tϕ_I/∂_tϕ_c ≈ 1, and the local time evolution of the dilaton tracks the cosmological one. The strength of this result arises partly from our restrictive choice of background metric.

We now consider Tolman-Bondi backgrounds, where more interesting behaviour is allowed. The background metric is

ds^2 = dt^2 − R^2_{,r}(t, r) 1 − k(r) dr^2 − R^2(t, r){dθ^2 + sin^2 θdϕ^2},

where

R^2_{,t} = −k(r) +

2m + 2Z (r) R + 1 3 ΛR^2.

The matter content of these models is pressureless dust and there is a cosmological constant, Λ. To reproduce our required geometrical set-up, with the dust density positive everywhere, and approach to spatial homogeneity at large r, we need

Z(R_s) = 0, Z_{,r} ⩾ 0, lim_{r→∞} Z(r) = 1 2 Ω^{(0)}_{dust}H^2_0 r^3.

In the interior we take T = (t − t_0)/L_I , and ξ = R/R_s as coordinates and

Z(r)/m ∼ δ^qμ_1(η) + o (δ^q ) , where η = ( ξ^{3/2} + 3T /2 )_{2/3} and R_sη = r + O(δ^q , δ^{2/3}).

From the exact solutions (with r = R at t = t_0) we find

k(η) = δ^{2/3}k_0 (1 + δ^qμ_1(η) + o (δ^q )) + O ( δ^{5/3} ) , where k_0 = (2m/R_s)(π/H_0t)^{2/3}. Solving for ϕ in the interior to order δ^q we find

ϕ_I ∼ ϕ^{(0)}_I (δT ) + δ^qϕ^{(1)}_I + o(δ^q ), where ϕ^{(0)}_I is given by

ϕ^{(0)}_I = ϕ_e ( δ √ 1 − δ^{2/3}k_0T̃^∗ ) − F (¯ ϕ_0 ) ln ( 1 − 2m R_sξ ) ,

and the transformation T → T̃^∗ is given in ref. [16] along with the expression for ϕ^{(1)}_I . We find that the time variation of ϕ_I is given by

ϕ_{I,T̃∗} ≈ δ √ 1 − δ^{2/3}k_0ϕ^′_e( √ 1 − δ^{2/3}k_0δT̃^∗) ( 1 − F_{,ϕ} (¯ ϕ_0 ) ln ( 1 − 2m R_sξ )) (10) −δ^q B_{,ϕ}(ϕ_c) 2m R_s [∫_η dη^′ μ_1 (η^′)_{,η} ξ^{5/2}(η^′, T ) + ( 1 − F (ϕ̄_0) B(ϕ_c) ) μ_{1,η}(ξ = 1, T^∗) ξ^{3/2} ] + ...

Here, the excluded terms are guaranteed to be smaller than the one of the two included terms; however, since they might be larger than the other term, both numerically and in the limit δ → 0 , the above expression is not a formal asymptotic approximation. When the first term in eq.(10) dominates, condition (5) holds, and the local time evolution of the scalar field is, to leading order, the same as the cosmological one. Assuming our background choice is suitable for the application of this method, condition (5) fails to hold if, and only if, the second term in this expression dominates over the first.

We have explicitly checked that the McVittie background matching works, and by analysing the forms of the interior and exterior expansions in the Tolman-Bondi metric we can show that the matching procedure will break down if m < 1−pα ≤ 1−p(1−m)^{−1}or if m ≥ 1−pα when pα = 0, where μ_1 (χ) ∼ χ^n as χ → ∞ for some n > 0, and where Z = Z_{F RW} + δ^pz_1 + O(δ^q), and z_1(H_0r) ∼ (H_0r)^m. By considering the behaviour of the next-to-leading order terms we can say that if both the interior and exterior zeroth-order approximations are simultaneously valid in some intermediate scaling region we need

lim_{δ→0} ( R^2κϵ(R, t) ) = o(1)

for all α ∈ (0, 1), where the limit is taken with {L^α_I L^{1−α}_E (t − t_0), L^α_I L^{1−α}_E R} held fixed. This is also the condition for matching that we have found in the nonspherically symmetric extension of our result using the Szekeres spacetime [17]. If such an intermediate region does indeed exist then the zeroth-order matching will be valid. The general form of the interior approximation to O (δ^p) will then be correct; the only unknown function in it is B(δT ). If the matching works to order δ^p, as well as zeroth-order, then we have argued in [16] that B(δT ) will be quasi-static. If the matching procedure does not work to this order then its quasi-static character may be lost. However, we would not expect it to vary in time any faster than the other O (δ^p) terms. So long as we can match the zeroth-order approximations in some region, we can find the circumstances under which condition (5) holds by comparing the sizes of the two terms in (10). By adding sub-leading order terms to this condition so as to express it in terms of physical quantities, we find [16] that to leading order it is equivalent to

I := ϕ̇ − ϕ̇_c ϕ_c = B_{,ϕ}(ϕ_c) ∫ γ(R) dl Δ(R,tκϵ) ϕ̇_c(t) (11) − ∫ γ(R) dlΔ(R_{,t}) ϕ̈_c(t) ϕ̇_c(t) ≪ 1

where dl = dr^′R_{,r}, and the path of integration, γ(R), runs from R to ∞, and Δ(R_{,t}ϵ) = R_{,t}κϵ − HRκϵ_c(t), Δ(R_{,t}) = R_{,t}−HR. R_{,t}(r, t) is instantaneous the velocity of a matter particle at (r, t). Since we expect ϕ will only feel its causal past, we should take γ(R) to run from R to spatial infinity along a past radially-directed light-ray. Eq. (11) has the form expected for condition (5) to hold inside a local, spherically-symmetric, inhomogeneous region produced by a Schwarzschild mass embedded in an asymptotically FRW universe: the LHS of eq. (11) vanishes as we approach the cosmological region and the local time variation of the dilaton field is driven by the time variation of the energy density along its past light-cone. The second, or drag, term in 11 comes from the change of time-coordinate T → T̃^∗ and is small compared to the first term whenever there is a local overdensity of matter.

Therefore we are led to conjecture that eq.(11) is a general sufficient condition for eq.(5) to hold: applicable even in spherically-symmetric (or almost sphericallysymmetric), dust plus cosmological constant, backgrounds in which the matching procedure formally fails.

If the cosmic evolution of the dilaton field is dominated by its coupling to matter, so |B_{,ϕ}(ϕ_c)κϵ_c| ≫ |V_{,phi}(ϕ_c)|, then ϕ̇_c(t) = O (B_{,ϕ}(ϕ_c)κϵ_c(t)/H(t)) and so condition (5) holds at the time t = t_0 whenever ∫ γ(R) dl H(t_0) |Δ(R_{,t}ϵ)| ϵ_c(t_0)

≪ 1. (12)

where we assumed the drag term to be negligible and dropped it. Alternatively, if the cosmic evolution is potential-driven, so |V_{,ϕ}(ϕ_c)| ≫ |B_{,ϕ}(ϕ_c)κϵ_c|, then the LHS of the above expression will be suppressed by an additional factor of |B_{,ϕ}(ϕ_c)κϵ_c/V_{,ϕ}(ϕ_c)| ≪ 1.

We can apply out results to solve our original problem: to determine if condition (5) holds when the local region is the Earth or the solar system. Consider a star (and associated planetary system) inside a galaxy that is embedded in a large cluster. The cluster, of size R_{clust}, is assumed to have virialised. We consider the different contributions to the LHS of condition (12) in this astronomical hierarchy, with: I = I_{clust} + I_{gal} + I_{star}.

Since we have only performed our calculations for spherically-symmetric backgrounds, we should, strictly speaking, also require spherical symmetry about our star. However, in a forthcoming paper we will show, by determining the explicit matched asymptotic expansions for the case of the Szekeres background metric [17], which possesses no Killing vectors [18], that criterion (11) still gives a very good approximation to the true condition in the absence of spherical symmetry. For illustration we have evaluated I for Brans-Dicke theory. For other theories, I will still take very similar values. We assume that the density of non-virialised matter, just outside the virialised cluster, is no greater than the average density of the cluster and if we move away from the edge of the virialised region, the over-density drops off quickly, i.e. as R^{−s}, s > 1/2. In this case, the Tolman-Bondi result, eq. (10), applies and the magnitude of I is bounded by: I_{clust} ≲ t^{−1}_0 (s − 1/2)^{−1} √ 2M_{clust}R_{clust} ϵ_{clust} ϵ_c ≈ 1.2 × 10^{−7} Ω_m(s − 1/2) ( R_{clust} Mpc ) ( v_{clust} km s^{−1} ) (1 + z_{vir})^3

≈ 1.5 × 10^{−3}[3/(2s − 1)]Ω^{−1}_m (1 + z_{vir})^3 ≪ 1,

where we have used 3GM/R_{clust} = v^2_{clust}; R_{clust} is the post-virialisation scale of the cluster, and v_{clust} is its average virial velocity; t_0 = 13.7Gyrs is the age of the universe. In the final approximation we used representative values R_{clust} = 100M pc and v_{clust} = 200km s^{−1} appropriate for a cluster like Coma. Taking a cosmological density parameter equal to Ω_m = 0.27, in accordance with WMAP we expect that for a typical cluster which virialised at a redshift z_{vir} ≪ 1, we would have I_{clust} ≈ 5.7 × 10^{−3}. The term in [] is unity when s = 2, i.e. 2GM/r → const; such a matter distribution is characteristic of dark matter halos. Different choices of s > 1/2 can be seen to only change this estimate by an O(1) factor. As s → 1/2 the matched asymptotic expansion method, and hence this particular evaluation, breaks down. We believe that the generalised formula for I will, however, still give accurate results. For the star and galaxy contribution, we assume each is accreting matter from the interstellar medium (ISM) and intergalactic medium (IGM) respectively. We find I_{gal} ≈ −2t^{−1}_0 √ 2GM_{gal}R^{(gal)}_G ϵ_{IGM} ϵ_c = −2.4 × 10^{−15}Ω^{−1}_m M_{gal} M_⊙ (1 + z_{vir})^3 ( km s^{−1} v_{clust} )

≈ −4.4 × 10^{−6}(1 + z_{vir})^3 ≪ 1,

I_{star} ≈ −2t^{−1}_0 √ 2Gmr_G ϵ_{ISM} ϵ_c = −1.2 × 10^{−13}Ω^{−1}_m m M_⊙ ( km s^{−1} v_{ISM} ) h^{−2}n ≈ −1.8 × 10^{−14}n ≪ 1, where we have taken ϵ_{IGM} ≈ ϵ_{clust} and v_{IGM} ≈ v_{clust}, M_{gal} = 10^{12}M_⊙, v_{clust} = 200km s^{−1}, R_G = 2GM_{gal}/v^2_{IGM} , r_G = 2Gm/v^2_{ISM} , and ϵ_{ISM} = n protons cm^{−3}, where we expect n ≈ 1 − 10^4, using v_{ISM} = 5km s^{−1} and m = M_⊙ for the numerical estimates. We take h ≡ (H_0/100kms^{−1}M pc^{−1}) = 0.71 for the Hubble constant. It is clear that, in general, |I_{star}| ≪ |I_{gal}| ≪ |I_{clust}| as expected. The infall of dust into the cluster will tend to be the dominant contribution to the LHS of eq. (12). Our estimate of I_{clust} should be viewed as an upper bound on its value, which is very small compared with unity and hence we expect condition (5) to hold near the Sun; with deviations from that behaviour bounded by the 0.6% level (if the dilaton couples only to baryonic matter this could rise to as high as 3%). Assuming that the conditions in our solar system are not too different from those considered above, we conclude that irrespective of the value of the dilaton-to-matter coupling, and what dominates the cosmic dilaton evolution, that the condition (5) will hold in the solar system in general, and on Earth in particular, to high precision. Cosmological variations of ’constants’, like α, will therefore be detected directly in terrestrial experiments to the accuracy specified by the value of I.

We can also conclude that, even if condition (5) is violated during the collapse of an overdense region of matter, then once the region stops collapsing as a result of its virialisation, the time evolution of the dilaton field continue evolving towards homogeneity. Contrary to what has been assumed before in the literature, local virialisation does not stabilise the value of the dilaton, and protect it from any global cosmological variation. In addition, by considering what happens when 2m/R_s → 0, we show in ref. [16] that we expect the time variation of ϕ (and hence G in a scalar-tensor gravity theory like Brans-Dicke [19]) on the horizon of a black-hole (as measured by an infalling observer) to track its cosmological value, confirming the prediction made by Jacobson, [20], the inhomogeneous models of ref. [21], and the numerical calculations of Harada et. al., [9], who also studied the Tolman-Bondi background. We have found that whenever weak condition, ϵ_l/ϵ_c ≪ 1/(2mH_0)(≫ 1) holds, that Jacobson’s particular solution to □ϕ = 0 in the Schwarzschild metric is a true asymptotic approximation to the local behaviour of the dilaton close to the Schwarzschild horizon.

In conclusion: we have used the method of matched asymptotic expansions to find a sufficient condition for the local time-variation of a scalar field, or varying physical ‘constant’ driven by such a field, to track the cosmological evolution, and we have proposed a generalisation of this condition that is applicable to scenarios more general than those explicitly considered here. By numerically evaluating the condition for an astronomical scenario similar to the one appropriate for our solar system, we have concluded that almost irrespective of the form of the dilaton-to-matter, and the form of the dilaton self-interaction, its time variation in the solar system and in terrestrial laboratories will track the cosmological one. We have therefore provided a general proof of what was previously merely assumed: that terrestrial and solar system based observations can legitimately be used to constrain the cosmological time variation of many supposed ‘constants’ of Nature.

We would like to thank Timothy Clifton and Peter D’Eath for discussions. DS is supported by a PPARC studentship.

∗ Electronic address: D.Shaw@damtp.cam.ac.uk † Electronic address: J.D.Barrow@damtp.cam.ac.uk [1] J.K. Webb et al, Phys. Rev. Lett. 82, 884 (1999); M. T.

Murphy et al, Mon. Not. Roy. Astron. Soc. 327, 1208 (2001); J.K. Webb et al, Phys. Rev. Lett. 87, 091301 (2001); M.T. Murphy, J.K. Webb and V.V. Flambaum, Mon. Not R. astron. Soc. 345, 609 (2003); H. Chand et al., Astron. Astrophys. 417, 853 (2004); R. Srianand et al., Phys. Rev. Lett. 92, 121302 (2004); R. Quast, D. Reimers and S.A Levshakov, A. & A. 386, 796 (2002); S.A. Levshakov, et al., A. & A. 434, 827 (2005); S.A. Levshakov, et al., astro-ph/0511765.

[2] J.P. Uzan, Rev. Mod. Phys. 75, 403 (2003): J.-P. Uzan, astro-ph/0409424; K.A. Olive and Y-Z. Qian, Physics Today, pp. 40-5 (Oct. 2004); J.D. Barrow, Phil. Trans. Roy. Soc. 363, 2139 (2005).

[3] C. Brans and R.H. Dicke, Phys. Rev. 124, 925 (1961). [4] J.D. Bekenstein, Phys. Rev. D 25, 1527 (1982). [5] J.D. Barrow, D. Kimberly and J. Magueijo, Class. Quantum Grav. 21, 4289 (2004).

[6] H. Sandvik, J.D. Barrow and J. Magueijo, Phys. Rev.

Lett. 88, 031302 (2002); J. D. Barrow, H. B. Sandvik and J. Magueijo, Phys. Rev. D 65, 063504 (2002); J. D. Barrow, H. B. Sandvik and J. Magueijo, Phys. Rev. D 65, 123501 (2002); J. D. Barrow, J. Magueijo and H. B. Sandvik, Phys. Rev. D 66, 043515 (2002); J. Magueijo, J. D. Barrow and H. B. Sandvik, Phys. Lett. B 541, 201 (2002); H. Sandvik, J.D. Barrow and J. Magueijo, Phys. Lett. B 549, 284 (2002); D. Kimberly and J. Magueijo, Phys. Lett. B 584, 8 (2004); D. Shaw and J.D. Barrow, Phys. Rev. D 71, 063525 (2005).

[7] J.D. Barrow and J. Magueijo, Phys. Rev. D 72, 043521 (2005); J.D. Barrow, Phys. Rev. D 71, 083520 (2005) [8] K.A. Olive and M. Pospelov, Phys. Rev. D 65, 085044 (2002); E. J. Copeland, N. J. Nunes and M. Pospelov, Phys. Rev. D 69, 023501 (2004); S. Lee, K.A. Olive and M. Pospelov, Phys. Rev. D 70, 083503 (2004); G. Dvali and M. Zaldarriaga, hep-ph/0108217; T. Damour and A. Polyakov, Nucl. Phys. B 423, 532 (1994); P.P. Avelino, C.J.A.P. Martins, and J.C.R.E. Oliveira, Phys. Rev. D 70 083506 (2004).

[9] T. Harada, C. Goymer and B. J. Carr, Phys. Rev. D. 66, 104023 (2002).

[10] C. Wetterich, JCAP 10, 002 (2003).

[11] P.P. Avelino, C.J.A.P. Martins, J. Menezes, C. Santos, astro-ph/0512332 [12] E. J. Hinch, Perturbation methods, (Cambridge UP, Cambridge, 1991).

[13] A. Krasinski, Inhomogeneous Cosmological Models, (Cambridge UP, Cambridge, 1996).

[14] R. Gautreau, Phys. Rev. D. 29, 198 (1984). [15] G.C. McVittie, Mon. Not. Roy. Astron. Soc. 93, 325 (1933) and General Relativity and Cosmology (Chapman and Hall, London, 1965).

[16] D. J. Shaw and J. D. Barrow, gr-qc/0512022. [17] P. Szekeres, Comm. Math. Phys. 41, 55 (1975); J.D. Barrow and J. Stein-Schabes, Phys. Lett. A 103, 315 (1984) [18] W.B. Bonnor, A.H. Sulaiman, N. Tomimura Gen. Rel.

Gravn. 8, 549 (1977).

[19] J.D. Barrow, Phys. Rev. D 46, R3227 (1992); J.D. Barrow and B.J. Carr, Phys. Rev. D 54, 3920 (1996).

[20] T. Jacobson, Phys. Rev. Lett. 83, 2699 (1999). [21] H. Saida and J. Soda, Class. Quantum Gravity 17, 4967 (2000); J.D. Barrow and N. Sakai, Class. Quantum Gravity 18, 4717 (2001).