arXiv:gr-qc/0512167 v2 13 Mar 2006

gr-qc/0512167 UM-PP-05-54

Over the Rainbow: Numerical Relativity beyond Scri+

Charles W. Misner^∗ Department of Physics, University of Maryland, College Park, MD 20742-4111, USA and Albert-Einstein-Institut, Max-Planck-Institut für Gravitationsphysik, Am Mühlenberg 1, D-14476 Potsdam, Germany (Dated: 12 March 2006)

This is a study of the behavior of wave equations in conformally compactified spacetimes suited to the use of computational boundaries beyond Scri+. There light cones may be adjusted for computational convenience and/or Scri+ may be approximated by a “proto-Scri” spacelike hypersurface just outside a de Sitter horizon. One expects a numerical implementation to excise the physically unnecessary universe somewhat beyond the outer horizon. As an entry level example I study forms of the Maxwell equations and causal relations for an outer boundary in that example.

I. INTRODUCTION

The focus of this essay is the matching of a computational model of a source of gravitational waves (such as a compact object binary) to the cosmological environment through which any emitted signal travels to a detector. The transmission phase is well understood and is essentially the propagation of a linearlized gravitational wave through a background cosmology which includes such effects as a cosmological redshift and gravitational lensing due to intervening masses, plus the kinetic effects of the detector’s motions. For these purposes the geometrical optics approximation is often adequate. Although implementing this transmission model in observatory data analysis demands skill, it is simpler than the electromagnetic case where interactions with dust, gas and plasmas en route must also be considered. In this large scale background the source can be taken to be a point source of linearized gravitational waves having some specific antenna patterns and wave forms. The more unsettled question then is how to extract from a detailed model of a wave generation system the appropriate linearized wave. The most common assumption is that the wave generator can be modeled as existing in an asymptotically flat spacetime where waves propagating out to future null infinity (Scri+ or I^+) will be described there by linearlized gravitation and inserted as the point source is the cosmological context. This is clearly justified by the huge difference in scales between the size of the wave generator and the radius of curvature of its surrounding spacetime (the cosmos or a galaxy or stellar cluster). The question then is how to efficiently calculate and extract the waveforms at I^+.

In the usual Cauchy evolutions on asymptotically flat spacelike hypersurfaces, the waves must be recognized at large distances from the source, possibly a long time after the source motions have ceased violent activity. One way to overcome this time lag is through the use of a retarded time coordinate. This works well in spherical symmetry [1, 2], but is poorly defined otherwise.

∗Electronic address: misner@physics.umd.edu

The Pittsburgh group has used such characteristic evolution at larger distances while matching to more common Cauchy evolution in the interior [3]. The use of hyperboloidal time slices (some generalization of hyperboloids in Minkowski spacetime) appears attractive as a smooth transition from conventional time slices in central regions to asympotically null spacelike hypersurfaces toward infinity. Were such a slicing to be combined with a straightforward Cauchy evolution, the Courant time step condition would defeat the advantages of approximating retarded time, as the nearly infinite speed of light toward infinity would require infinitesimal time steps. Thus hyperboloidal slicings effectively require a conformal compactification which makes the coordinate speed of light finite again [4].

While many other approaches [3, 5, 6] reformulate the Einstein equations, I conjecture that the ordinary Einstein equations might be used for a conformally compactified metric g_{μν} = Ω^2g̃_{μν} where g_{μν} is the compactified metric and g̃_{μν} is the physical metric. If the compactification is successful both metrics will have nonsingular Einstein tensors where Ω = 0; the physical metric because it has a vanishing Einstein tensor, and the compactified metric because the null hypersurface where Ω = 0 is by assumption smoothly imbedded in the conformally regulated spacetime with metric g_{μν} . Thus the Einstein equations should reduce to the Einstein tensor of g_{μν} set equal to an effective stress energy tensor computed from the conformal factor Ω as described in [7, Equation 11.1.16]. Although these terms contain Ω in denominators, this effective stress-energy tensor must be regular since the conformally regulated metric and its Einstein tensor are. Before studying this conjecture in constructive detail, I want to confirm that wave equations, evolved numerically by conventional Cauchy evolution schemes, do not fail for some unanticipated cause. Thus this paper formulates a problem for numerical study in which the Maxwell equations are to be evolved in a conformally compactified spacetime that is nearly Minkowskian.

In addition to the use of hyperboloidal time slices and conformal compactification, I suggest two additional tools to ameliorate the extraction of outgoing waves in numerical evolutions. One is the use of artificial cosmology to convert the null hypersurface I^+ into a spacelike hypersurface in the future of the initial Cauchy hypersurface as proposed in [8]. This procedure fattens I^+ into a shell of spacelike hypersurfaces by changing the value of the cosmological constant plausible for the present universe by many orders of magnitude so that the de Sitter horizon is located, not at cosmological distances, but merely well beyond the region where the wave generating mechanism can be influenced by it. In this sense it is similar to the computational tool of artificial viscosity which fattens a shock from its physical thickness on the order of the molecular mean free path into a much larger length which is still small in the range of scales that otherwise are met in the physical problem at hand. The second additional tool is the tilting of the null cones governing wave propagation in ways that ease the computational behavior in the unphysical (‘Oz’) region beyond the de Sitter horizon and beyond I^+.

II. BACKGROUND SPACETIME

As in [8] the background metric for this study will be the de Sitter spacetime

ds^2 = −dT^2+dX^2 +dY^2 +dZ^2+(R^2/L^2)(dT −dR)^2 (1)

with an artificial cosmological constant Λ = +3/L^2. We are interested in the limit 1/L^2 = 0 when this becomes Minkowski spacetime, and the cosmological constant is used to make boundary conditions numerically simpler at the de Sitter horizon than they would be at flat spacetime’s I^+. The de Sitter horizon is the null hypersurface R = L in this metric.

As before I introduce the coordinate changes T s = u + 1 2 r^2 1 −^1_4 r^2

. (2a)

X^i s = x^i 1 −^1_4 r^2

. (2b)

where R^2 = X^2+Y^2+Z^2 ≡ X^iX^i and r^2 = x^2+y^2+z^2 ≡ x^ix^i. This brings I^+ in to r = 2 in the Minkowski case and in the de Sitter case makes this a spacelike hypersurface beyond the de Sitter horizon which I call proto-I^+. The hypersurfaces of constant u are then hyperboloids

[T − s(u − 1)]^2 − R^2 = s^2 (3)

in Minkowski spacetime and are also asymptotically null spacelike hypersurfaces in the de Sitter modification. This leads to a metric which is singular at r = 2, but only in a conformal factor s^2/q^2 = s^2/(1 −^1_4 r^2)^2 which does not appear in the Maxwell equations (see [8]). Thus we can drop this conformal factor and our test problem is to solve the Maxwell equations in the resultant metric which is of the usual 3+1 form

ds^2 = −α^2dt^2 + γ_{ij}(dx^i + β^idt)(dx^j + β^j dt) (4) with t = u,

α^2 = α_0^2 [ 1 + s^2 L^2

S(r)^2 ]_{−1} , (5a)

β^k = (x^k/r)β , (5b)

β = −r [ 1 + s^2 L^2 S(r) ] [ 1 + s^2 L^2

S(r)^2 ]_{−1} (5c) and γ_{ij} = δ_{ij} + (s/L)^2 x_ix_j r^2

S(r)^2 . (5d)

The definitions S(r) = r (1 +^1_2 r)^2

(6a) and α_0 = 1 +^1_4 r^2 (6b)

yield the regulated de Sitter metric, but could be modified outside r = 2 to control error propagation in the unphysical region.

To see the behavior of the light cones for this regulated metric, we calculate the coordinate speed of light dr/du in radial null directions. This gives v = r + r(s^2/L^2)S ± α_0

1 + (s^2/L^2)S^2

. (7)

For the de Sitter values above this reduces to

v_{out} = (1 +^1_2 r)^2 (8) and v_{in} =

−(1 −^1_2 r)^2 + (s^2/L^2)(1 +^1_2 r)^2S^2 1 + (s^2/L^2)S^2

. (9)

Note that the constant r hypersurfaces are never spacelike when s/L = 0 since then the inward speed of light is v_{in} ≤ 0. When the de Sitter option is used one finds v_{in} > 0, i.e., both the inward and the outward sides of the lightcone point toward increasing r, for an interval around r = 2.

III. TILT

In evolution codes which permit setting the computational boundary on a coordinate sphere (such as those described in [9, 10, 11, 12]) the outer boundary could be set at r = 2 or slightly beyond in the metric described above (or ones asymptotically similar). However, if a cubic boundary enclosing I^+ is to be used, there are additional behaviors beyond I^+ that need attention. For example, if the artificial de Sitter horizon is set at L = 10s, then the r = constant hypersurfaces are spacelike only in the narrow interval of (approximately) r = 1.81 to r = 2.21. But a boundary cube enclosing r = 2 has corners at r = 2 √ 3 ≈ 3.46. Thus on most of such a cubic boundary the light cones (from equation 9) would allow inwardly propagating waves, requiring careful attention to the boundary conditions which one hopes to avoid. In this case I suggest that the metric be modified outside r = 2 so that all r = constant hypersurfaces beyond r = 2 are spacelike — i.e., so that v_{in} > 0 in the entire computational domain beyond r = 2. Analytically this would have no effect on the physical solution inside r = 2 provided all fields propagate causally. It is also straightforward to do in the test case of a Maxwell field with a fixed background metric. If these methods were to be developed for the Einstein equations (without using a spherical boundary such as r = 2) it would necessitate distinguishing, in the Einstein equations beyond r = 2, the g_{μν} metric begin evolved from the appearances of the metric as coefficients of the principle derivatives which determine the causal relations in the evolution algorithm.

In the Minkowski case s/L = 0 (no artificial cosmology) it is not possible to make a C^2 change in the metric only beyond r = 2 which avoids inward pointing null rays just beyond r = 2 — in that case one has, from the r ≤ 2 formula above for v_{in} that (d^2/dr^2)v_{in} = −^1_2 at r = 2 so that v_{in} must have a local maximum value of zero at that point and is necessarily negative (inward) in a neighborhood of that point, including some r > 2 points. For the de Sitter case there is again a maximum of v_{in} near r = 2, but its value there is positive so it can be smoothly turned upward (to avoid zero or negative values) in suitable intervals beyond the de Sitter horizon (and beyond r = 2 for small values of s/L).

IV. MAXWELL’S EQUATIONS WITH CONSERVED CONSTRAINTS

We take the Maxwell equations in the form given in the DeserFest paper [8]. The quantities involved are all various components of the usual 4-dimensional Maxwell fields F_{μν} and F^{μν} = √ −gg^{μα}g^{νβ}F_{αβ}. In particular we define, F^{0i} = D^i , F^{ij} = H^{ij} = [ijk]H_k and F_{i0} = E_i, F_{ij} = B_{ij} = [ijk]B^k. Here [ijk] is the completely antisymmetric symbol [ijk] = 0, ±1 with [123] = +1. The index 0 here refers to the coordinate basis vectors ∂_t or dt. The fundamental fields in the formulation are B^i and D^i. The constraints read

∂_iB^i = 0 = ∂_iD^i . (10)

In terms of these primary fields, two auxiliary fields E_i and H_i are computed by the formulae E_i = (α/ √ γ)γ_{ij} D^j + [ijk]β^j B^k (11a) and H_i = (α/ √ γ)γ_{ij} B^j − [ijk]β^j D^k . (11b)

The evolution equations are then

∂_tB^i = −[ijk]∂_j E_k (12a) and ∂_tD^i = [ijk]∂_jH_k . (12b)

Because the combinations of metric components appearing in equations (11) are each conformally invariant, it follows that field components B^i, D^i, E_i, and H_i satisfying these Maxwell equations are also each conformally invariant.

By differentiating equations (12) one find equations for the evolution of the constraints

∂_t(∂_iD^i) = 0 = ∂_t(∂_iB^i) . (13)

These show that the constraints are conserved, so that if they are initially zero they remain zero within the limits of the numerical approximations used. This sort of behavior has been found less than optimal as shown, e.g., in a Maxwell example by Baumgarte et al. [13]. An alternative form for the equations is given in section VI below which emphasizes use of the direction normal to the time slices.

V. ENERGY CONSERVATION

Because the metrics here are stationary with Killing vectors ξ = ∂_0 = ∂_t there is a conserved energy. The covariant “conservation” law T^{μν}_{;ν} = 0 leads to a true conservation law ∂_ν ρ^ν = 0 where ρ^ν = −ξ^μ √ −gT_μ^ν which gives a conserved integral ∫ ρ^t d^3x whose changes can be monitored by the energy flow through a boundary integral. Most of these equations hold only in a coordinate basis, so we express the energy current components using the coordinate basis components of the Maxwell field from section IV above.

For the electromagnetic field the stress-energy tensor density is given by 4π √ −gT_μ^ν = F_{μα}F^{να} −^1_4 δ^ν_μF_{αβ}F^{αβ} . (14)

When the components in 3+1 form are inserted with ξ^μ = (1; 0, 0, 0) one finds for the energy density

4πρ^t =^1_2 (D^kE_k + B^kH_k) (15)

and for the energy flux

4πρ^i = [ijk]E_jH_k . (16)

These expressions, in addition to the constraints, provide possible checks to monitor the validity of numerical implementations of the Maxwell field evolution. Note that these expressions are conformally invariant (since each field is) and yield spatial coordinate independent integrals as no further metric factors enter when forming integrals of these densities.

VI. MAXWELL’S EQUATIONS WITH DISPERSING CONSTRAINTS

I here reformulate the Maxwell equations from the DeserFest paper [8] and section IV above to make the principal terms invoke the derivative along the normal ∂_N = ∂_t − β^k∂_k. This makes it natural to work with components of the fields taken in a frame whose time axis is normal to the t = const hypersurfaces. Thus I use the basis

e_N = ∂_N = ∂_t − β^k∂_k , (17a) e_i = ∂_i ,

and dual basis

ω^N = dt , (17b) ω^k = dx^k + β^k dt . Note that this basis is constructed in a conformally invariant way since the shift β^i is a conformally invariant aspect of the metric tensor. Tensor components will be identified by a tilde when referred to this basis. Thus the metric components g̃_{μν} can be read from equation (4) and are g̃_{NN} = −α^2, g̃_{Ni} = 0, and g̃_{ij} = γ_{ij} = g_{ij}. For the other fields of interest we define

A = −ψdt + A_idx^i = −ψ̃ω^N + Ã_iω^i , (18a)

F = −Ẽ_iω^N ∧ ω^i +^1_2B̃_{ij} ω^i ∧ ω^j , (18b) and F = D̃^ie_N ∧ e_i +^1_2 H̃^{ij}e_i ∧ e_j . (18c)

By inserting the basis vectors from equations (17) these can be expressed in terms of the coordinate based components used in [8] and section IV and one finds that the principle fields are the same: Ã_i = A_i, B̃_{ij} = B_{ij}, and D̃i = Di. The subsidiary field components do change

ψ = ψ̃ − β^kA_k , (19a)

E_i = Ẽ_i + B_{ij} β^j = Ẽ_i + [ijk]β^j B^k , (19b) and H^{jk} = H̃^{jk} − β^j D^k + β^kD^j (19c) or H_i = H̃_i − [ijk]β^jD^k . (19d)

The antisymmetric 3-tensors have been renumbered in a metric independent way to 3-vectors of a different density by relations such as

H_k =^1_2 [kij]H^{ij} or H^{ij} = [ijk]H_k (20) and similarly B^k =^1_2 [kij]B_{ij} .

As the fundamental fields being evolved remain D^i and B_{ij} or B^k, the constraints are the unchanged equations (10) above. Evolution equations in terms of the frame based components are found by substituting equations (19) into the evolution equations (12).

In the slicing normal frame (17) it is straightforward to relate the F components to those of F since there are no time-space metric components g̃_{Ni} in that basis. Thus we find B_{ij} = (1/α √ γ)γ_{ik}γ_{jl}H̃^{kl} (21) or H̃_i = (α/√γ)γ_{ij} B^j . (22a) and Ẽ_i = (α/√γ)γ_{ij} D^j (22b)

To obtain equation (22a) from (21) does, however, need the definition of a determinant in the form [ijk]γ_{ip}γ_{jq}γ_{kr} = [pqr]γ . (23) The evolution equations for B and D found in this way are (∂_t − L_β)B^i = −[ijk]∂_jẼ_k − β^i(∂_kB^k) (24a) and (∂_t − L_β)D^i = [ijk]∂_jH̃_k − β^i(∂_kD^k) . (24b)

In these equations the Lie derivative can be expanded as

L_βB^i = ∂_j(β^j B^i) − B^j∂_j β^i (25)

and similarly for L_βD^i. These equation (24) are unchanged, just rearranged, from (12). But on the right hand side of each of equations (24) the terms containing β vanish in view of the constraints. Thus these terms can be omitted, leading to

(∂_t − L_β)B^i = −[ijk]∂_jẼ_k (26a) and (∂_t − L_β)D^i = [ijk]∂_jH̃_k . (26b)

This system (26) is physically equivalent to (12) — i.e., agrees with them when the constraints are satisfied — but may have different behavior in numerical approximations when the constraints will not be exactly zero. This is in fact the case, as the evolution equations (12) leave the constraint values constant in time, while the evolutions system (26) show a different behavior as I now show.

By taking the divergence of equations (26) one finds

(∂_t − β^i∂_i)(∂_kB^k) = (∂_iβ^i)(∂_kB^k) (27a) and (∂_t − β^i∂_i)(∂_kD^k) = (∂_iβ^i)(∂_kD^k) . (27b)

These are each ordinary differential equations for the respective constraints along curves with tangents (∂_t−β^i∂_i) along which the constraints will have an exponential behavior with e-folding time (∂_iβ^i)^{−1}. Although all the equations in sections IV, V, and VI are valid for any metric of the form (4), we are most interested in the regulated de Sitter metric defined by equations (5) through (6). There one calculates that (for small values of s/L) to good approximation β^i = −x^i and ∂_kβ^k = −3 so that the constraint propagation equations (27) show the constraints propagating along the normals to the constant u hypersurfaces while decaying exponentially with an efolding time of Δu = 1/3. It may not be possible to preserve this favorable constraint behavior if the metric is modified by tilting the light cones beyond I^+.

Acknowledgments

I thank colleagues at AEI Potsdam for support and expert advice as this work was being done, and I thank James van Meter and David Fiske in the Maryland area for motivating me to complete this paper by offering to test some of its ideas numerically [14].

[1] W. C. Hernandez, Jr. and C. W. Misner, Astrophy. J. 143, 452 (1966), URL

http://adsabs.harvard.edu/abstract_service.html.

[2] T. W. Baumgarte, S. L. Shapiro, and S. A.

Teukolsky, Astrophy. J. 443, 717 (1995), URL

http://adsabs.harvard.edu/abstract_service.html.

[3] J. Winicour, Living Reviews Relativity 8 (2005), [Online article], URL

http://www.livingreviews.org/Articles/Volume4/2005-10/.

[4] C. W. Misner, M. Scheel, and L. Lindblom, Wave propagation with hyperboloidal slicings (2003), URL

http://online.kitp.ucsb.edu/online/gravity03/misner.

[5] H. Friedrich, in [15], pp. 1–50, arXiv:gr-qc/0209018. [6] S. Husa, in [15], pp. 239–260, arXiv:gr-qc/0204043. [7] R. M. Wald, General Relativity (University of Chicago Press, 1984).

[8] C. W. Misner, in DESERFEST: A Celebration of the Life and Works of Stanley Deser, edited by J. T. Liu, M. J. Duff, K. S. Stelle, and R. P. Woodard (World Scientific, Singapore, 2006), ISBN 981-256-082-3, arXiv:grqc/0409073.

[9] L. E. Kidder, L. Lindblom, M. A. Scheel, L. T. Buchman, and H. P. Pfeiffer, Phys. Rev. D71, 064020 (2005), arXiv:gr-qc/0412116.

[10] J. Thornburg, Class. Quant. Grav. 21, 3665 (2004), arXiv:gr-qc/0404059.

[11] L. Lehner, O. Reula, and M. Tiglio, Class. Quant. Grav.

22, 5283 (2005), arXiv:gr-qc/0507004.

[12] P. Diener, E. N. Dorband, E. Schnetter, and M. Tiglio (2005), arXiv:gr-qc/0512001.

[13] A. M. Knapp, E. J. Walker, and T. W. Baumgarte, Phys.

Rev. D65, 064031 (2002), arXiv:gr-qc/0201051, URL

http://link.aps.org/abstract/PRD/v65/e064031.

[14] J. R. van Meter, D. R. Fiske, and C. W. Misner (2006), arXiv:gr-qc/0603034.

[15] H. Friedrich and J. Frauendiener, eds., Tübingen Workshop on the Conformal Structure of Space-times, Lecture Notes in Physics 604 (Springer, 2002).