arXiv:gr-qc/0601011 v1 4 Jan 2006

Cosmology in Six Dimensions^∗

Eleftherios Papantonopoulos Department of Physics, National Technical University of Athens, GR 157 73 Athens, Greece

We discuss cosmological models in six-dimensional spacetime. For codimension-1 branes, we consider a (4+1) braneworld model and discuss its cosmological evolution. For codimension-2 branes, we consider an infinitely thin conical braneword model in the presence of an induced gravity term on the brane and a Gauss-Bonnet term in the bulk. We discuss the cosmological evolution of isotropic and anisotropic matter on the brane. We also briefly discuss cosmological models in six-dimensional supergravity.

1. INTRODUCTION

Recently, there have been many observational and theoretical motivations for the study of theories with extra spacetime dimensions and in particular the braneworld scenario. From the observational side, the current paradigm, supported by many recent observations like the cosmic microwave background anisotropies [1], large scale galaxy surveys [2] and type IA supernovae [3, 4] suggest that most of the energy content of our universe is in the form of dark matter and dark energy. Although there have been many plausible explanations for these dark components, it is challenging to try to explain these exotic ingredients of the universe using alternative gravity theories as such of the braneworlds. From the theoretical side, such extra-dimensional braneworld models are ubiquitous in theories like string or M-theory. Since these theories claim to give us a fundamental description of nature, it is important to study what kind of gravity dynamics they predict. The hope is to propose such modified gravity theories, which share many common features with general relativity, but at the same time give alternative non-conventional cosmology.

The essence of the braneworld scenario is that the Standard Model, with its matter and gauge interactions, is localized on a three-dimensional hypersurface (called brane) in a higher-dimensional spacetime. Gravity propagates in all spacetime (called bulk) and thus connects the Standard Model sector with the internal space dynamics. This idea, although quite old [5], gained momentum the last years [6, 7] because of its connection with string theory (for a review on braneworld dynamics see [8]).

∗Plenary talk at 100 Years of Relativity: International Conference on Classical and Quantum Aspects of Gravity and Cosmology, Sao Paulo, Brazil, 22-24 August 2005.

e-mail address: lpapa@central.ntua.gr

Cosmology in theories with branes embedded in extra dimensions has been the subject of intense investigation during the last years. The most detailed analysis has been done for braneworld models in five-dimensional space [9]. The effect of the extra dimension can modify the cosmological evolution, depending on the model, both at early and late times. The cosmology of this and other related models with one transverse to the brane extra dimension (codimension-1 brane models) is well understood (for a review see [10]). In the cosmological generalization of [7], the early times (high energy limit) cosmological evolution is modified by the square of the matter density on the brane, while the bulk leaves its imprints on the brane by the “dark radiation” term [9, 11]. The presence of a bulk cosmological constant in [7] gives conventional cosmology at late times (low energy limit) [11]. The early time modification for example, can be interesting phenomenologically because may require less fine-tuned inflationary parameters [12].

In the above models, there are strong theoretical arguments for including in the gravitational action extra curvature terms apart from the higher dimensional Einstein- Hilbert term. The localized matter fields on the brane, which couple to bulk gravitons, can generate via quantum loops a localized four-dimensional kinetic term for gravitons [13]. The latter comes in the gravitational action as a four-dimensional scalar curvature term localized at the position of the brane (induced gravity) [14]^1. In addition, curvature square terms in the bulk, in the Gauss-Bonnet combination, give the most general action with second-order field equations in five dimensions [16]. This correction is also motivated by string theory, where the Gauss-Bonnet term corresponds to the leading order quantum correction to gravity, and its presence guaran-

1 There has been a lot of discussion about the potential problem of the extra polarization states of the massive gravitons regarding phenomenology (discontinuity problem), but the particular model seems to be consistent in a non-trivial way [15].

tees a ghost-free action [17]. Let us note, however, that if the curvature squared terms are to play an important role in the low energy dynamics, one may face a difficulty when interpreting gravity as an effective field theory (in the sense that even higher dimensional operators would seem to be also relevant).

If curvature corrections are included in [7], the presence of the 3-brane gives similar modifications to the standard cosmology. In the case of a pure Gauss-Bonnet term in the bulk, the early time cosmology is modified by a term proportional to the matter density on the brane to the power two thirds [18]. If an induced gravity term is included, the conventional cosmology is modified by the square root of the matter density on the brane at low energies [19]. Finally, if both curvature corrections are present, at early time the effect of both the Gauss-Bonnet and the induced gravity terms make the universe to start with a finite temperature [20] while at late times the effect of induced gravity make the universe to accelerate without the need of dark energy [21].

Braneworld models can also be extended in higher than five-dimensions. We can consider a (n + 1) brane embedded in (n + 2) spacetime or a (3 + 1) brane embedded in (n + 1) spacetime. In this talk we will discuss (4 + 1) cosmological braneworld models embedded in six-dimensional spacetime (codimension-1 models) and (3+1) cosmological braneworld models embedded in sixdimensional spacetime (codimension-2 models).

Six or higher-dimensional braneworld models of codimension-1 are considered as generalizations of the Randall-Sundrum model. In [22] static and non-static solutions in a six-dimensional bulk as well as the stability of the radion field were discussed, while in [23] the evolution of the extra dimensions transverse to the brane in a Kasner-like metric was studied.

In braneworld scenarios, contrary to the Kaluza-Klein theories, the extra dimensions can be large if the geometry is non trivial. If the hierarchy problem is addressed in the braneworld scenarios for example, the extra dimensions should be large [6]. In a cosmological context however, these extra dimensions are observationally much smaller than the size of our perceived universe. Initially the universe could have started with the sizes of all dimensions at the Planck length. Then, a successful cosmological model should accommodate in a natural way a mechanism by which the extra dimensions remained comparatively small during cosmological evolution.

Such a mechanism was proposed in [24, 25]. The basic idea is that strings dominate the dynamics of the early universe and can see each other most efficiently in 2(p+1) (p=1 for strings) dimensions. Therefore, strings can only interact in three spatial dimensions, while strings moving in higher dimensions eventually cease to interact efficiently and their winding modes will prevent them from further expanding. If branes are included, it was shown in [26] that strings will still dominate the evolution of the universe at late times so the mechanism of [24] still survives.

In six dimensions and for codimension-2 braneworlds, the gravity dynamics appear even more radical and still a good understanding of cosmology and more generally gravity in such theories is missing. The most attractive feature of codimension-2 braneworlds is that the vacuum energy (tension) of the brane instead of curving the brane world-volume, merely induces a deficit angle in the bulk solution around the brane [27] (see also [28] for string-like defects in six dimensions). This looks very promising in relation to the cosmological constant problem, although in existing models, nearby curved solutions cannot be excluded [29], unless one allows for singularities more severe than conical in particular supersymmetric models [30]. It was soon realized [31] that one can only find nonsingular solutions if the brane energy momentum tensor is proportional to its induced metric, which means simply that it is pure tension. A non-trivial energy momentum tensor on the brane causes singularities in the metric around the braneworld which necessitates the introduction of a cut-off (brane thickness) [32–34].

An alternative approach to study the gravitational dynamics of matter on infinitely thin branes is to modify the gravitational action as discussed previously. Indeed, it was shown in [35] that the inclusion of a Gauss-Bonnet term in the gravitational action allows a non-trivial energy momentum tensor on the brane, and in the thin brane limit, four dimensional gravity is recovered as the dynamics of the induced metric on the brane. The peculiar characteristic of this way to obtain four dimensional gravity for codimension-2 branes, is that, apart from the inclusion of a (deficit angle independent) cosmological constant term, there appear to be no corrections to the Einstein equations coming from the extra dimensions in the purely conical case. Another possibility, discussed in [36], is to study (instead of conical 3-branes) codimension-2 branes sitting at the intersection of codimension-1 branes in the presence again of a bulk Gauss-Bonnet term.

Much less has been done, however, for the cosmology of theories in six or higher dimensions with branes of codimension greater than one. This is because, unlike the codimension one case, these branes exhibit bulk curvature singularities which are worse than δ-function singularities. They then need some regularization (introduction of brane thickness) which makes the study of cosmology on them rather complicated [37]. An alternative way to study cosmologies of branes of higher codimension would be to consider corrections to the gravitational action, such as an induced curvature term on the brane [14] and a Gauss-Bonnet term in the bulk [17], which allow the brane to have a mild singularity structure (see also [39]). These thin brane cosmologies would have the additional advantage that the internal structure of the brane does not influence the macroscopic cosmological evolution.

Six-dimensional models can also be obtained in supergravity theories. In six-dimensional supergravity theory there is a vacuum solution which has the structure of

Minkowski×S^2 [40, 41]. Cosmological applications of this solution was presented in [42]. These theories are interesting because many of the parameters of the models are fixed from the theory and in particular the form of the scalar potential is dictated from the structure of the supergravity theory. The drawbacks of these models however is that they are plagued from anomalies. The reason is that they are chiral and therefore a gauging of some symmetries is required for cancellation of these anomalies [41].

In this talk we will discuss braneworld models of codimension-1 and codimension-2 in six dimensions analyzing their cosmology. We will also briefly discuss cosmological models in six-dimensional supergravity. First we will discuss a (4 + 1) braneworld model in a sixdimensional spacetime bulk with a cosmological constant. We will consider a 4-brane fixed at some position in the sixth dimension and we derive the dynamical sixdimensional bulk equations in normal gaussian coordinates with a cosmological constant in the bulk and considering matter on the brane [43, 44]. We look for time dependent solutions allowing for two scale factors, the usual scale factor a(t) of the three dimensional space and a scale factor b(t) for the extra fourth dimension. If a(t) = b(t) we get the Friedmann equation of the generalized Randall-Sundrum model in six dimensions describing a four-dimensional universe. If a(t) ≠ b(t) we get a generalized Friedmann equation in six dimensions.

The problem can be looked at a different angle [45]. If a = b, we can write the bulk six-dimensional metric in “Schwarzschild” coordinates and then we have the equivalent description of a 4-brane moving in a static Schwarzschild-(A)dS six-dimensional bulk. If however a ≠ b, a brane observer uses a and b, for whom they are static quantities, to measure the departure from sixdimensional spherical symmetry of the bulk. The important result of this consideration is that [46], since the brane observer needs to define a cosmic time in order to derive an effective Friedmann equation on the brane, a and b are related through the Darmois-Israel junctions conditions and because of that, their relation depends on the energy-matter content of the brane. The physical reason of the existence of such a relation between a and b is that the requirement of having a cosmological evolution on the brane introduces a kind of compactification on it and the relation between a and b acts as a constraint of the brane motion in the bulk.

Using the six-dimensional generalized Friedmann equation and assuming that p ≠ p̂, where p is the pressure of the physical three dimensions and p̂ corresponds to the fourth dimension, we make a systematic numerical study of the cosmological evolution of the scale factors a(t) and b(t) for several values of the parameters of the model, Λ_6 the six-dimensional cosmological constant, k the brane spatial curvature and w and ŵ parameterizing the form of the brane energy-matter content of the three dimensions and of the extra fourth dimension respectively. We find that [46], in order the fourth dimension to be small relatively to the other three dimensions and to remain constant during cosmological evolution, ŵ must be negative, indicating the presence of a dark form of energy in the extra fourth dimension. We find this result for all cases considered, (A)dS or Minkowski bulk, open, closed or flat universe, radiation, dust, cosmological constant and dark energy dominated universe and the specific value of ŵ depends on the energy-matter content of the other three dimensions.

A codimension-2 braneworld model in six dimensions will be discussed next. Results similar to the Gauss- Bonnet case [35], i.e. four dimensional gravity for an arbitrary energy momentum tensor, can be obtained if we include in the action an induced gravity correction term instead. Again, in the purely conical case, there appear to be no corrections to the Einstein equations coming from the extra dimensions. The most important observation is that the brane and bulk energy momentum tensors are strongly related and any cosmological evolution on the brane is dictated by the bulk content [48]. We also see how this correlation is relaxed in the case where bulk Gauss-Bonnet terms and brane induced gravity terms are combined. Thus, the necessary presence of extra curvature terms in the gravitational action in order to give nontrivial gravitational dynamics on a codimension-2 brane, leads to a realistic cosmological evolution on the brane in the thin brane limit, only if a Gauss-Bonnet term is included. However, let us note that the most physical way to investigate the dynamics of codimension-2 branes, is by giving thickness to the brane [33, 34].

We will discuss in details the cosmological evolution of a conical brane with both an induced gravity and a Gauss-Bonnet term added in the higher dimensional gravity action [49]. For simplicity we will assume that the only matter in the bulk is cosmological constant Λ_B . We will solve the equations of motion evaluated on the brane and assume that the integration of them in the bulk does not give rise to pathologies (i.e. singularities).

Firstly, we will discuss the isotropic cosmology, in which the brane matter has to obey a tuning relation. The physical meaning of this relation is that for any matter we put on the brane its ”image” should be present in the bulk. We will see that the evolution of the system for Λ_B = 0 tends to a fixed point with w = 1/3 and for Λ_B > 0 to a fixed point with w = −1. For Λ_B < 0 the system has a runaway behaviour to w → ∞.

We will then relax the isotropy requirement for the metric (keeping, however, the matter distribution isotropic) in order to find whether the above matter tuning is an attractor or not. The matter on the brane need not now satisfy the previous tuning relation and the allowed regions of initial values of the energy density and pressure are significantly larger. The analysis of the dynamics of the system shows that line of isotropic tuning is an attractor for Λ_B ≥ 0 and thus the system isotropises towards it. However, for values of Λ_B which give a realistic cosmological evolution of the equation of state, the attractor property of the previous line is very weak and fine tuning of the initial conditions is necessary in order to have an evolution with acceptably small anisotropy. For Λ_B < 0 the system shows, as in the isotropic case, a runaway behaviour.

Finally we will discuss in brief, six-dimensional cosmological models coming from supergravity theories. These models are interesting because, they give conventional four-dimensional cosmology with less arbitrariness in cosmological parameters and less fine-tuning.

2. A (4 + 1) COSMOLOGICAL BRANEWORLD MODEL IN SIX-DIMENSIONAL SPACETIME

In this section we describe a braneworld cosmological model of codimension-1 in six dimensions. This model is a generalization of the existing braneworld models in five-dimensions. We study the model following two different approaches. First we use normal gaussian coordinates to describe a static 4-brane at fixed position in a six-dimensional spacetime bulk. The six-dimensional Einstein equations are derived and with the use of the appropriate junction conditions the generalized Friedmann equation is given. The cosmological evolution described by this generalized Friedmann equation involves the usual three-dimensional scale factor a(t) and the scale factor b(t) describing the cosmological evolution of the extra fourth dimension.

We consider next a dynamical brane moving in a bulk described by six-dimensional static “coordinates”. In this case the dynamical brane is moving on a geodesic which is given by the junctions conditions. We derive the equations of motion of the brane which for a brane observer describe the cosmological evolution on the brane. We discuss the connection between the static and dynamical brane models and the physical information that can be extracted from these approaches.

2-1. Static Brane in a Dynamical Bulk

We look for a solution to the Einstein equations in sixdimensional spacetime with a metric of the form

ds^2 = −n^2(t, y, z)dt^2 + a^2(t, y, z)dΣ^2_k + b^2(t, y, z)dy^2 + d^2(t, y, z)dz^2 , (2.1)

where dΣ^2_k represents the 3-dimensional spatial sections metric with k = −1, 0, 1 corresponding to the hyperbolic, flat and elliptic spaces, respectively.

If the brane is fixed at the position z_0, then the total energy-momentum tensor can be decomposed in two parts corresponding to the bulk and the brane as

T̃^M_N = T̆^{M(B)}_N + T^{M(b)}_N , (2.2) where the energy-momentum tensor on the brane is

T^{M(b)}_N = δ(z − z_0) d diag (−ρ, p, p, p, p̂, 0) , (2.3) where p̂ is the pressure in the extra brane dimension. We assume that there is no matter in the bulk and the energy-momentum tensor of the bulk is proportional to the six-dimensional cosmological constant.

The presence of the brane in z_0 imposes boundary conditions on the metric: it must be continuous through the brane, while its derivatives with respect to z can be discontinuous at the brane position. This means that the generated Dirac delta function in the metric second derivatives with respect to z must be matched with the energy-momentum tensor components (2.3) to satisfy the Einstein equations. The Darmois-Israel conditions are [46], [∂_za] a_0d_0 = − κ^2_{(6)} 4 (p − p̂ + ρ) , [∂_zb] b_0d_0 = − κ^2_{(6)} 4 {ρ − 3(p − p̂)} , (2.4) [∂_zn] d_0n_0 = κ^2_{(6)} 4 {p̂ + 3(p + ρ)} , where the subscript (0) indicates quantities on the brane. The energy conservation equation on the brane can be derived taking the jump of the (06) component of the Einstein equations and using the junction conditions (2.4) and the corresponding time derivatives. We obtain

ρ̇ + 3(p + ρ) ȧ_0 a_0

+ (p̂ + ρ) ḃ_0

b_0

= 0 . (2.5)

To find the Friedmann equation we take the jump of the (66) component of the Einstein equations and we use the fact that

[∂_zf ∂_zg] = #∂_zf# [∂_zg] + [∂_zf] #∂_zg# , (2.6)

where

#f(y)# = f(0^+) + f(0^−) 2 , is the mean value of the function f through y = 0, and we arrive to the following equation #∂_za# a_0 p = 1 3 ρ #∂_zn# n_0 − 1 3 p̂ #∂_zb# b_0

. (2.7)

Taking the mean value of the (66) component of the Einstein equations and using the junction equations, (2.7) (we have assumed a Z_2 symmetry), we arrive to the generalized Friedmann equation in six-dimensions ( ä_0 a_0 + 1 3 b̈_0

b_0 + ȧ_0ḃ_0 a_0b_0 + ȧ^2_0 a^2_0 ) =

− κ^4_{(6)} 32 { ρ(ρ + 2p + 2 3 p̂) + (p − p̂)^2 } − −2 k a^2_0 − κ^2_{(6)}

3d^2_0

T̆_{66} , (2.8)

–5– where we have assume (∂_ya)_0 = 0, (∂^2_y a)_0 = 0 and we have chosen n_0 = 1.

In the case of a 3-brane in a five-dimensional bulk, the first integral of the space-space component of the Einstein equations, with the help of the other equations can be done analytically [9] and this results in the Friedmann equation on the brane with the dark radiation term as an integration constant [50]. In our case the Einstein equations cannot be integrated analytically and therefore, the usual form of the Friedmann equation on the brane cannot be extracted from (2.8). Nevertheless, if a(t) and b(t) are related, this equation will give the cosmological evolution of the scale factor a(t).

If a(t) = b(t) = R(t) then (2.8) becomes 2 R̈ R + 3 ( Ṙ R )_2

= −3 κ^4_{(6)} 64 ρ^2 − κ^4_{(6)} 8 ρp − 3 k R^2 − κ^2_{(6)}

2d^2_0

T̆^6_6 .

(2.9) This equation is the generalization of the Randall- Sundrum Friedmann-like equation in six dimensions, and it has, as expected, the ρ^2 term with a coefficient adjusted to six dimensions. Note that this equation can easily be generalized to D dimensions.

2-2. Dynamical Brane in a Static Bulk

We consider a 4-brane moving in a six-dimensional Schwarzschild-AdS spacetime. The metric in the “Schwarzschild” coordinates can be written as

ds^2 = −h(z)dt^2 + z^2 l^2 dΣ^2_k + h^{−1}(z)dz^2 , (2.10)

where

dΣ^2_k = dr^2 1 − kr^2 + r^2dΩ^2_{(2)} + (1 − kr^2)dy^2 , (2.11) and h(z) = k + z^2 l^2 − M z^3

. (2.12)

Comparing the metric (2.1) with the metric (2.10) we can make the following identifications n(z) = √ h(z) , a(z) = b(z) = z/l , d(z) = √ h^{−1}(z) . (2.13)

The two approaches of a static brane in a dynamical bulk described in Sec. 2. 2-1 and of a moving 4-brane in a static bulk are equivalent [51]. To prove this equivalence, consider the Darmois-Israel conditions for a moving brane, [K^μ_ν ] = −κ^2_{(6)} ( T^μ_ν −^1_4 T h^μ_ν ) , with h^μ_ν being the induced metric on the brane; analogously to the case in 5 dimensions one can obtain −h^′ − 2R̈ √ h + Ṙ^2

= −κ^2_{(6)}( 3 4 ρ − p) , (2.14)

−2 √ h + Ṙ^2 R = κ^2_{(6)} 4 ρ , (2.15)

where we have defined z = R(t). Combining these two equations and using (2.12) we find that

2 R̈ R +3 ( Ṙ R )_2

= −3 κ^4_{(6)} 64 ρ^2 − κ^4_{(6)} 8 ρp−3 k R^2 − 5 l^2

. (2.16)

Comparing with (2.9) we see that

κ^2_{(6)}T̆^6_6 = κ^2_{(6)}

d^2

T̆_{66} = 10 l^2

⇒ l^{−2} = − κ^2_{(6)} 10 Λ_6 , (2.17)

with T̆^6_6 = −Λ_6 the bulk cosmological constant, and l the size of the AdS space. Therefore, a brane observer describes the cosmological evolution of a four-dimensional universe with the Friedmann equation (2.16) with R parameterizing the motion of the brane in the z direction.

To describe the motion of the 4-brane with a(z) ≠ b(z) we can write the metric (2.10) as

ds^2 = −n(z)^2dt^2 + a^2(z)dΣ^2_3 + b(z)^2dy^2 + d^2(z)dz^2 . (2.18) We denote the position of the brane at any bulk time t by z = R(t) as before. Then, an observer on the brane defines the proper time from the relation

n^2(t, R(t))ṫ^2 − d^2(t, R(t))Ṙ^2 = 1 , (2.19)

which ensures that the induced metric on the brane will be in FRW form ds^2_{induced} = − [ n^2(t, R(t))ṫ^2 − d^2(t, R(t))Ṙ^2 ] dτ^2 + a^2(t, R(t))dΣ^2_{(3)} + b^2(t, R(t))dy^2

= −dτ^2 + a^2(t, R(t))dΣ^2_{(3)}

+ b^2(t, R(t))dy^2 , (2.20)

where the dot indicates derivative with respect to the brane time τ .

Introducing an energy-momentum tensor on the brane

T̂_{μν} = h_{να}T^α_μ − 1 4 T h_{μν} , (2.21)

where T^α_μ = diag(−ρ, p, p, p, p̂), the Darmois-Israel conditions become

[K_{μν}] = −κ^2_{(6)}T̂_{μν} , (2.22)

where K_{μν} is the extrinsic curvature tensor. These give the equations of motion of the brane

d^2ḋṘ^3 − dR̈ √ 1 + d^2Ṙ^2 − √ 1 + d^2Ṙ^2 n ( dṅṘ + ∂_zn d

–6– − (d∂_zn − n∂_zd)Ṙ^2 )

= − κ^2_{(6)} 8 ( 3(ρ + p) + p̂ ) , (2.23) ∂_za ad √ 1 + d^2Ṙ^2 = − κ^2_{(6)} 8 ( ρ + p − p̂ ) , (2.24) ∂_z b bd √ 1 + d^2Ṙ^2 = − κ^2_{(6)} 8 ( ρ − 3(p − p̂) ) . (2.25)

Notice that if a = b = R/l, we recover equations (2.14) and (2.15), corresponding to the Schwarzschild- AdS spacetime.

Equation (2.23) is the main dynamical equation describing the movement of the brane-universe in the sixdimensional bulk, while a combination of (2.24) and (2.25) acts as a constraint relating a and b (remember that for a brane observer a and b are static, depending only on z) a = A b^{(ρ+p−p̂)/(ρ−3(p−p̂))}, (2.26) where A is an integration constant. This means that the relative cosmological evolution of a, the scale factor of the three-dimensional physical universe and b, the scale factor of the extra dimension, depends on the dynamics of the energy-matter content of the brane-universe.

Another interesting observation is that, a brane observer can measure the departure from full sixdimensional spherical symmetry of the bulk using the quantities a and b. If a(z) = b(z) = z/l then the symmetry of the bulk is S^4 having a six-dimensional Schwarzschild-(A)dS black hole solution. If a(z) ≠ b(z) fixing a to be a(z) = z/l, because of (2.26) b(z) is given by

b = { 1 A (z l )}(ρ−3(p−p̂))/(ρ+p−p̂) (2.27)

and we expect the topology of the bulk to be S^3 × M, M being a compact or non-compact manifold. There are no analytical solutions in the six-dimensional spacetime with such topology and the reflection of this on the brane is the difficulty of the brane equations (2.23)-(2.25) to be integrated analytically. Note also that because of (2.27), a change in the topology of the bulk is triggered by the dynamics of the matter distribution on the brane.

It is also interesting to further explore the relation we found between the cosmological evolution of a higher-dimensional brane-universe with the static properties of the bulk. The cosmological evolution on a higher-dimensional brane-universe is related to a topology change of the bulk during the evolution, and this relation might lead to a better understanding of the Gregory- Laflamme [47] instabilities of higher-dimensional objects.

3. THE COSMOLOGICAL EVOLUTION OF A (4+1) BRANE-UNIVERSE

To study the cosmological evolution of the fourdimensional brane-universe, we made the following assumptions for the initial conditions and the matter distribution on the brane. We assume that the universe started as a four-dimensional one at the Planck scale, all the dimensions were of the Planck length and the matter was isotropically distributed. In this case the cosmological evolution is described by the generalized Friedmann equation (2.9). Then an anisotropy was developed in the sense that p̂ = Qp with Q ≠ 1. The cosmological evolution is now described by (2.8) supplemented with the constrained equation (2.26) and the matter distribution on the brane is given by the equations of state

p = wρ , (3.1) p̂ = ŵρ . (3.2)

Using (2.26) and relations (3.1) and (3.2) the generalized Friedmann equation (2.8) becomes ŵ − w 1 + ŵ

Ḣ_a + (1 + ŵ)(−3w + 2ŵ − 1) + 3(1 + ŵ)^2 (1 + ŵ)^2

H^2_a + 2w − ŵ + 1 (1 + ŵ)^2 ρ̇ ρ H_a +

2 + ŵ 3(1 + ŵ)^2 ρ̇^2 ρ^2 − ρ̈ 3(1 + ŵ)ρ = − κ^2_{(6)} 32 { 1 + 2w + 2 3 ŵ + (w − ŵ)^2 } ρ^2 − 2 k a^2 + κ^2_{(6)} 3 Λ_6 . (3.3)

Using the conservation equation (2.5) to eliminate ρ and its derivatives from the above equation, the cosmological evolution of the three-dimensional scale factor a(t) is given by the equation [ 1 + B 3 ] äa^{2C+1} + [ B2 3 + 2B 3 + 1 ] ȧ^2a^{2C} + κ^2_{(6)} 32 a^2 [ 1 + 2w + 2 3 ŵ + (w − ŵ)^2 ]

− a^{2C} [ a^2 κ^2_{(6)} 3 Λ_6 − 2k ] = 0 , (3.4)

where the constants B and C are given by B = 1 − 3w + 3ŵ 1 + w − ŵ , (3.5)

C = 3(1 + w) + B(ŵ + 1) , (3.6)

while the b(t) scale factor is

b(t) = a(t)^B . (3.7)

We made a numerical analysis of equations (3.4) and (3.7) and studied the time evolution of the two scale factors for different backgrounds and spatial brane-curvature. We allowed for all possible forms of energy-matter on the physical three dimensions (w=0, 1/3, -1/3) and also for the possibility of dark energy (w=-1), leaving ŵ as a free parameter.

For the scale factor b(t) to be small compared to the scale factor a(t), the constant B in (3.7) should be negative. In Table 1 we give the allowed range of values of ŵ for various values of w. These values in turn were used to plot the time evolution of the scale factors a(t) and b(t) using (3.4) and (3.7) respectively. The criterion for the acceptance of a solution is to give a growing evolution of a(t) and a decaying and freezing out evolution for b(t). The results for various choices of the parameters of the model are presented in the following table w ŵ −1 > 0 or < −4/3 0 > 1 or < −1/3 1/3 > 4/3 or < 0 −1/3 > 2/3 or < −2/3 TABLE I: The allowed values of ŵ for B to be negative.

The numerical analysis showed [46] that in all the cases considered, ŵ is negative in the range of values given in Table 1 for all acceptable solutions, indicating the need of dark energy to suppress the extra fourth dimension compared to the three other dimensions.

4. CODIMENSION-2 BRANEWORLD MODEL WITH INDUCED GRAVITY IN SIX DIMENSIONS

We will next discuss a codimension-2 braneworld model in six dimensions. We will first consider a sixdimensional theory with general bulk dynamics encoded in a Lagrangian L_{Bulk} and a 3-brane at some point r = 0 of the two-dimensional internal space with general dynamics L_{brane} in its world-volume. If we include an induced curvature term localized at the position of the brane, the total action is written as: S = M^4_6 2 [∫ d^6x √ GR^{(6)} + r^2_c ∫ d^4x √ gR^{(4)} δ(r) 2πL ]

+ ∫ d^6xL_{Bulk} + ∫ d^4xL_{brane} δ(r) 2πL . (4.1)

In the above action, M_6 is the six-dimensional Planck mass, M_4 is the four-dimensional one and r_c = M_4/M^2_6 the cross over scale between four-dimensional and sixdimensional gravity. The above induced term has been written in the particular coordinate system in which the metric is

ds^2_6 = g_{μν}(x, r)dx^μdx^ν + dr^2 + L^2(x, r)dθ^2 , (4.2)

where g_{μν}(x, 0) is the braneworld metric and x^μ denote four non-compact dimensions, μ = 0, ..., 3, whereas r, θ denote the radial and angular coordinates of the two extra dimensions (the r direction may or may not be compact and the θ coordinate ranges form 0 to 2π). Capital M ,N indices will take values in the six-dimensional space. Note, that we have assumed that there exists an azimuthal symmetry in the system, so that both the induced four-dimensional metric and the function L do not depend on θ. The normalization of the δ-function is the one discussed in [52].

To obtain the braneworld equations we expand the metric around the brane as

L(x, r) = β(x)r + O(r^2) . (4.3)

At the boundary of the internal two-dimensional space where the 3-brane is situated, the function L behaves as L^′(x, 0) = β(x), where a prime denotes derivative with respect to r. As we will see in the following, the demand that the space in the vicinity of the conical singularity is regular, imposes the supplementary conditions that ∂_μβ = 0 and ∂_r g_{μν} (x, 0) = 0.

The Einstein equations which are derived from the above action in the presence of the 3-brane are

G^{(6)N}_M + r^2_c G^{(4)ν}_μ δ^μ_M δ^N_ν δ(r) 2πL = 1 M^4_6 [ T^{(B)N} M + T^{(br)ν}_μ δ^μ_M δ^N_ν δ(r) 2πL ] , (4.4)

with G^{(6)N}_M and G^{(4)ν}_μ the six-dimensional and the fourdimensional Einstein tensors respectively, T^{(B)N}_M the bulk energy momentum tensor and T^{(br)ν}_μ the brane one.

We will now use the fact that the second derivatives of the metric functions contain δ-function singularities at the position of the brane. The nature of the singularity then gives the following relations [35] L^{′′} L = −(1 − L^′) δ(r) L + non − singular terms ,(4.5) K^′_{μν} L = K_{μν} δ(r) L + non − singular terms . (4.6)

From the above singularity expressions we can match the singular parts of the Einstein equations (4.4) and get the following “boundary” Einstein equations

G^{(4)ν}_μ |_0 = 1 r^2_c M^4_6

T^{(br)ν}_μ + 2π r^2_c

(1−β)δ^ν_μ + 2πL 2r^2_c

(K^ν_μ −δ^ν_μK)|_0 ,

(4.7) where K_{μν} is the extrinsic curvature and we denote by |_0 the value of the corresponding function at r = 0.

We will now make the assumption that the singularity is purely conical. In the opposite case, there would be curvature singularities R^{(6)} ∝ 1/r, because in the Ricci tensor R^{(6)}_{μν} there are terms of the form [35]

R^{(6)}_{μν} = − 1 2 L^′ L ∂_rg_{μν} + ... = − ∂_rg_{μν} 2r + O(1) , (4.8)

which in the vicinity of r = 0 are singular if ∂_rg_{μν} (x, 0) ≠ 0. The absence of this type of singularities imposes the requirement that K_{μν} |_0 = 0. Then, the Einstein equations (4.7) reduce to

G^{(4)}_{μν} |_0 = 1 r^2_c M^4_6

T^{(br)}_{μν} + 2π r^2_c

(1 − β)g_{μν} |_0 . (4.9)

The four-dimensional Einstein equations (4.9) describe the gravitational dynamics on the brane [48]. The effective four-dimensional Planck mass and cosmological constant are simply

M^2_{P l} = M^2_4 = r^2_c M^4_6 , (4.10) Λ_4 = λ − 2πM^4_6 (1 − β) , (4.11)

where λ is the contribution of the vacuum energy of the brane fields. The normalization of Λ_4 is defined by the convention that the four dimensional Einstein equation reads G_{μν} =^1_{M 2P l} (T_{μν} − Λ_4g_{μν}). Note that in contrast to the case of [35], the four dimensional Planck mass is independent of the deficit angle.

Furthermore, it is interesting to see that contrary to the five-dimensional case, the induced gravity term in six dimensions does not introduce any correction terms, apart from a cosmological term, in the four-dimensional Einstein equations on the brane, unless singularities of other type than conical are allowed in the theory, and a regularization scheme is employed. In the latter case, the last term of the right hand side of (4.7) would provide information of the bulk physics. This absence of corrections in the purely conical case, is exactly what happens also in the case of the bulk Gauss-Bonnet theory [35].

What is important to note at this point, is that although we have found a “boundary” Einstein equation, there is more information about the dynamics of the theory contained in the full six-dimensional Einstein equations. In [48] it was showed that the energy momentum tensor of the bulk is strongly related to the energy momentum tensor of the brane via the relation

T^{(B)r}_r |_0 = 1 2r^2_c [ T^{(br)μ} μ + 8πM^4_6 (1 − β) ] . (4.12)

This equation constitutes a very strong tuning relation between brane (T^{(br)μ}_μ ) and bulk (T^{(B)r}_r |_0) matter. It shows that, in order to have some cosmological evolution on the brane (i.e.time dependent T^{(br)}_{μν} ) and since β is constant, the bulk content should evolve as well in a precisely tuned way.

We can compare the above result with what is happening in five dimensions. The action of a general fivedimensional theory with a 3-brane at the point r = 0 of the extra dimension, and with an induced curvature term localized on it, is S = M^3_5 2 [∫ d^5x √ GR^{(5)} + r_c ∫ d^4x √ gR^{(4)} δ(r) ]

+ ∫ d^5xL_{Bulk} + ∫ d^4xL_{brane} δ(r) . (4.13) In the above action, M_5 is the five-dimensional Planck mass, M_4 is the four dimensional one and r_c = M^2_4 /M^3_5 the cross over scale of the five-dimensional theory. The above induced term has been written in the particular coordinate system in which the metric is written as

ds^2_5 = g_{μν}(x, r)dx^μdx^ν + dr^2 , (4.14)

where the x^μ denote the usual four non-compact dimensions, μ = 0, ..., 3, whereas r denotes the radial extra coordinate and capital M ,N indices will now take values in the five-dimensional space.

The Einstein equations which are derived from the action (4.13) in the presence of the 3-brane are

G^{(5)N}_M + r_cG^{(4)ν}_μ δ^μ_M δ^N_ν δ(r) = 1 M^3_5 [ T^{(B)N} M + T^{(br)ν}_μ δ^μ_M δ^N_ν δ(r) ] , (4.15)

with T^{(B)N}_M the bulk energy momentum tensor and T^{(br)ν}_μ the brane one. Performing a similar analysis like the sixdimensional case [48] we get

R^{(4)}|_0 + 1 4 (K^ν_μ K^μ_ν − K^2)|_0 = − 2 M^3_5

T^{(B)r}_r |_0 . (4.16)

From the above equation we see that the bulk matter content does not necessarily dictate the brane cosmological evolution. This is because the extrinsic curvature on the brane K_{μν} can be non-trivial and it is this one which plays the most crucial role in the cosmology. In other words, in five dimensions it is the freedom of the brane to bend in the extra dimension which makes the evolution not tuned to the bulk matter content. The absence of such bending in six dimensions (imposed by singularity arguments) gives the bulk the crucial role for how the brane evolves.

We can also introduce a Gauss-Bonnet term in the sixdimensional action (4.1) and see how the above results are modified. In this case the action (4.1) is augmented by the term S_{GB} = M^4_6 α 2 ∫ d^6x(R^{(6) 2} −4R^{(6) 2}_{MN} +R^{(6) 2}_{MNKΛ}) . (4.17)

Then the variation of the above action introduces an extra term in the left hand side of the Einstein equations

(4.4), H^N_M = −α [ 1 2 δ^N_M (R^{(6) 2} − 4R^{(6) 2}_{KΛ} + R^{(6) 2}_{ABKΛ})

− 2R^{(6)}R^{(6)N}_M + 4R^{(6)}_{MP} R^{NP}_{(6)}

+ 4R^{(6) N}

KMP R^{KP}_{(6)} − 2R^{(6)}_{MKΛP} R^{NKΛP}_{(6)} ] . (4.18)

Equating the singular terms of the Einstein equations by the standard procedure of section 2, and demanding that the singularity is purely conical, we obtain the following “boundary” Einstein equations

G^{(4)}_{μν} |_0 = 1 M^4_6 (r^2_c + 8π(1 − β)α) T^{(br)}_{μν} + 2π(1 − β) r^2_c + 8π(1 − β)α g_{μν}|_0 . (4.19)

Equation (4.19) describes the gravitational dynamics on a codimension-2 brane when both induced gravity and Gauss-Bonnet correction terms are present. The effective four-dimensional Planck mass and cosmological constant are simply

M^2_{P l} = M^4_6 (r^2_c + 8π(1 − β)α) , (4.20) Λ_4 = λ − 2πM^4_6 (1 − β) , (4.21)

where λ is the brane tension. Note that the Planck mass this time can depend on the deficit angle. This is an effect of solely the bulk Gauss-Bonnet term.

Evaluating the the (rr) component of the Einstein equation at the position of the brane r = 0 we obtain the following relation [48]

R^{(4)}|_0 + α(R^{(4) 2} − 4R^{(4) 2}_{κλ} + R^{(4) 2}_{αβκλ})|_0 = − 2 M^2_6

T^{(B)r}_r |_0 .

(4.22) From (4.22) we see that there can be no relation between the extra dimensional component T^{(B)r}_r |_0 of the bulk energy momentum tensor at the position of the brane with the brane energy momentum tensor T^{(br)μ}_μ . This is due to the appearance of the Riemann curvature which cannot be evaluated from previous equations (the Ricci tensor and scalar can be substituted from (4.19)). Instead, using (4.19) and (4.22), one can solve for R^{(4) 2}_{αβκλ}|_0 as a function of the brane and bulk matter at the position of the brane.

5. COSMOLOGICAL EVOLUTION OF A CONICAL CODIMENSION-2 BRANEWORLD MODEL

We consider a six-dimensional theory with general bulk dynamics encoded in a Lagrangian L_{Bulk} and a 3-brane at some point r = 0 of the two-dimensional internal space with general dynamics L_{brane} in its world-volume. The gravitational dynamics is described as we discuss in the previous sections by a Gauss-Bonnet term in the bulk and an induced four-dimensional curvature term localized at the position of the brane. Then the total action is written as S = M^4_6 2 { ∫ d^6x √ −g^{(6)}[R^{(6)} + α(R^{(6) 2}

− 4R^{(6) 2}_{MN} + R^{(6) 2}_{MNKΛ})] + r^2_c ∫ d^4x √ −gR^{(4)} δ(r) 2πL }

+ ∫ d^6xL_{Bulk} + ∫ d^4xL_{brane} δ(r) 2πL . (5.1)

The full equations of motion that are derived from the above action using the metric (4.2) are

G^{(6)N}_M + r^2_c G^{(4)ν}_μ δ^μ_M δ^N_ν δ(r) 2πL − αH^N_M = 1 M^4_6 [ T^{(B)N} M + T^{(br)ν}_μ δ^μ_M δ^N_ν δ(r) 2πL ] , (5.2)

with G^{(6) N}_M = R^{(6) N}_M −^1_2 R^{(6)}δ^N_M the six-dimensional Einstein tensor, G^{(4) ν}_μ = R^{(4) ν}_μ −^1_2 R^{(4)}δ^ν_μ the fourdimensional Einstein tensor and H^N_M is given by (4.18).

In order that there are no curvature singularities more severe than conical, we will impose certain conditions on the value of the extrinsic curvature K_{μν} = g^′_{μν} on the brane, where the prime denotes derivative with respect to r, and on the expansion coefficients of the function L

L = β_1(x)r + β_2(x)r^2 + β_3(x)r^3 + . . . (5.3)

These conditions read [35]

K_{μν} |_{r=0} = 0 , (5.4) β_1 = const. and β_2 = 0 . (5.5)

Imposing these conditions and keeping only the finite part in L^{′′}/L, the Einstein equations (5.2) can be evaluated at r = 0. The effective Einstein equations on the brane (obtained by equating the δ-function parts of the Einstein equations) are

G^{(4)ν}_μ = 1 M^2_{P l} [ T^{(br)ν}_μ − Λ_4δ^ν_μ ] , (5.6)

with M^2_{P l} = M^4_6 [r^2_c + 8π(1 − β_1)α] and Λ_4 = −2πM^4_6 (1 − β_1). The various components of the bulk Einstein equations evaluated at r = 0 are given in the following:

The (μν) component

G^{(4)ν}_μ − 1 2 K^{ν ′}_μ + 1 2 δ^ν_μ ( K^′ + 2 L^{′′} L )

−α [ 1 2 δ^ν_μ ( R^2 − 4R^2_{κλ} + R^2_{κλξσ}

+4K^{κ ′}_λ R^λ_κ − 2K^′R − 4 L^{′′} L R ) −2RR^ν_μ + 4R_{μκ}R^{νκ} + 4R^ν_{κμλ} R^{κλ}

−2R_{μκλρ}R^{νκλρ} +4 L^{′′} L R^ν_μ + 2K^′R^ν_μ + K^{ν ′}_μ R −2K^{ν ′}_κ R^κ_μ − 2g_{μλ}K^{λ ′}_κ R^{νκ} ] = 1 M^4_6

T^{(B)ν}_μ . (5.7)

The (rr) component − 1 2 R − α 1 2 (R^2 − 4R^2_{μν} + R^2_{μνκλ}) = 1 M^4_6

T^{(B)r}_r . (5.8)

The (θθ) − (rr) component 1 2 K^′ + α ( K^′R − 2K^{μ ′}_ν R^ν_μ ) = 1 M^4_6

(T^{(B)θ}_θ − T^{(B)r}_r ) . (5.9) The (μ, r) component

T^{(B)r}_μ = 0 . (5.10)

In the following, we will study the above equations in a time dependent background, assuming that the bulk consists of a pure cosmological constant T^{(B)N}_M = −Λ_B δ^N_M and that the matter content of the brane is an isotropic fluid with T^{(br)ν}_μ = δ^ν_μ diag(−ρ_b, P_b, P_b, P_b).

5-1. The Constrained Isotropic Case

We are interested in the cosmological evolution of a flat isotropic brane-universe, therefore we will consider the following time dependent form of the metric (4.2)

ds^2 = −N^2(t, r)dt^2 + A^2(t, r)d⃗x^2 + dr^2 + L^2(x, r)dθ^2 . (5.11) We can use the gauge freedom to fix N (t, 0) = 1, while we define A(t, 0) ≡ a(t). The curvature singularity avoidance condition (5.4) we imposed, dictates that N^′(t, 0) = A^′(t, 0) = 0, while the second derivatives of these metric functions are unconstrained.

For this ansatz, the Einstein equations (5.6) and (5.8) give 3 ȧ^2 a^2 = ρ_b + Λ_4 M^2_{P l}

, (5.12) 2 ä a + ȧ^2 a^2 = −P_b + Λ_4 M^2_{P l}

, (5.13) 3 ( ä a + ȧ^2 a^2 ) + 12α äȧ^2 a^3 = Λ_B M^4_6

. (5.14)

The equations (5.12) and (5.13) are the usual Friedmann and Raychaudhuri equations of a four-dimensional universe with a scale factor a, while the third equation (5.14) appears because of the presence of the bulk and acts as a constraint between the matter density and pressure on the brane. To see this, a simple manipulation of the above equations gives − Λ_B M^4_6 = ( 1 2 + 2 3 α Λ_4 M^2_{P l} ) 3P_b − ρ_b M^2_{P l} − 2 Λ_4 M^2_{P l} ( 1 + 2 3 α Λ_4 M^2_{P l} )

+ 2 3 α ρ_b(3P_b + ρ_b) M^2_{P l}

, (5.15)

which shows a precise relation between Λ_B , ρ_b and P_b. To simplify the equations, we assume that the vacuum energy (tension) of the brane cancels the contribution Λ_4 induced by the deficit angle, i.e.

ρ_b = −Λ_4 + ρ_m and P_b = Λ_4 + P_m , (5.16)

with P_m = w_cρ_m. Then the above equations read 3 ȧ^2 a^2 = ρ_m M^2_{P l}

, (5.17) 2 ä a + ȧ^2 a^2 = −w_c ρ_m M^2_{P l}

, (5.18)

while the constraint equation becomes − Λ_B M^4_6 = ρ_m M^2_{P l} [ 1 2 (3w_c − 1) + 2 3 (3w_c + 1)α ρ_m M^2_{P l} ] . (5.19) Using the metric (5.11), the Einstein equations (5.7) and (5.9) can be solved for the second r-derivatives of the metric, as functions of the matter content on the brane, and in principle they can give us information about the structure of the bulk at r = 0 A^{′′} A = 1 4 ( 1 + 4α^{ΛB}_{M 46} ) (w_c + 1)^{ρm}_{M 2P l} 1 − 2α^{ρm}_{M 2P l} [ w_c − 1 + 2α^{ρm}_{M 2P l} (w_c + 1)(3w_c − 1) ]

N^{′′} N = 3 A^{′′} A 4αw_c^{ρm}_{M 2P l} − 1 4α^{ρm}_{M 2P l} + 1 , L^{′′} L = 1 1 + 4α^{ρm}_{M 2P l} [ ρ_m M^2_{P l} − Λ_B M^4_6 −3 A^{′′} A ( 1 + 2α(w_c + 1) ρ_m M^2_{P l} )] . (5.20)

A potential problem in the cosmology of the system would be, if the denominator of (5.20) is equal to zero, i.e.when w_c = w^±_s with

w^±_s ≡ − ( 1 + 4α^{ρm}_{M 2P l} ) ± √ 64α^{2 ρ2m}_{M 4P l} + 32α^{ρm}_{M 2P l} + 13 12α^{ρm}_{M 2P l} . (5.21) When this happens, the six-dimensional curvature invariant will diverge close to the brane. Thus, after discussing the cosmological evolution of the brane world-volume, we should always check that it does not pass through a point which satisfies the above relation.

5-2. Cosmological Evolution of an Isotropic Brane-Universe

From the constraint relation (5.19), we can solve for w_c, the allowed equation of state of the matter on the brane. It should satisfy the following equation

w_c =

−2^{ΛB}_{M 46} +^{ρm}_{M 2P l} ( 1 −^4_3 α^{ρm}_{M 2P l} ) 3^{ρm}_{M 2P l} ( 1 +^4_3 α^{ρm}_{M 2P l}

) , (5.22)

with ρ_m > 0 so that the Hubble parameter is real.

Before analyzing the system, let us note a first important difference between the system of the pure four dimensional dynamics and the one with the extra constraint added because of the presence of the bulk. In the four dimensional system, a constant w is allowed and its value is preserved during the evolution of the system. On the other hand, the evolution of the system with the extra constraint forbids any evolution with constant w_c. Indeed, by differentiating (5.22) and using (5.17) and the conservation equation ρ̇_m + 3(1 + w_c)ρ_m^ȧ = 0, we can find a differential equation for w_c

ẇ_c + 3(1 + w_c)ρ_m ∂w_c ∂ρ_m ȧ a = 0 . (5.23)

Imposing a further condition of keeping w_c constant, would result to a constant ρ_m, related to w_c in a specific way, and by the conservation equation, to zero Hubble for a. Thus, an a priori fixing of w_c would result to an inconsistent system [49].

To study the cosmological evolution, we look at the system

Ḣ = − 1 2 (1 + w_c) ρ_m M^2_{P l}

, (5.24)

ρ̇_m = −3(1 + w_c)ρ_mH , (5.25)

where H = ȧ/a is the Hubble parameter. We will analyze the above system of the isotropic case for Λ_B = 0 and Λ_B ≠ 0, because of the different features that arise in the two choices of this parameter.

5-2-1. Evolution of the System for Λ_B = 0

From the above dynamical system, taking into account (5.22), we find that there is only one fixed point in the evolution, the one with

(ρ_m, H^2, w_c) = (0, 0, 1/3) . (5.26)

Linear perturbation around this point reveals that it is an attractor. From (5.23) and the conservation equation (5.25) we find for the Hubble parameter ȧ a = 2ẇ_c (1 + 3w_c)(1 − 3w_c)(1 + w_c)

. (5.27)

The above equation can easily be integrated and solved for w_c (the^{′′}−^{′′} sign in the solution of w_c is rejected because it gives imaginary Hubble parameter)

w_c = − 1 3 + 2 3 a^4 √ 3 + a^8

. (5.28)

From this equation, we see that from any initial condition along the line of tuning (5.22), the expansion of the universe drives the equation of state to w_c → 1/3, i.e.radiation. We have also verified this by integrating the system numerically. During this cosmological evolution, it can never happen that w_c = w^±_s (compare (5.21) with (5.22)) and thus the whole system is regular.

5-2-2. Evolution of the System for Λ_B ≠ 0

From the dynamical system, as written in the previous subsection, taking into account (5.22) with Λ_B ≠ 0, we find that there is a fixed point in the cosmological evolution

(ρ_m, H^2, w_c) = ( ρ_f , ρ_f 3M^2_{P l} , −1 ) , (5.29)

with^{αρf}_{M 2P l} = −^3_4 +^3_4 √ 1 +^4_3^{αΛB}_{M 46} . Since we should have ρ_m > 0, this fixed point exists only for Λ_B > 0 and corresponds to a de Sitter vacuum. Linear perturbation around this point reveals that it is an attractor. Thus, any matter density on the brane eventually evolves to a state of vacuum energy.

A potentially interesting case, with a cosmological evolution resembling that of our universe, would be the one where 0 < αΛ_B/M^4_6 ≪ 1. Then, the line of isotropic tuning, as it is given by relation (5.22), has a maximum close to w_c ∼ 1/3. The evolution of an initial energy density larger than the one corresponding to that maximum, will evolve towards w_c ∼ 1/3, pass from w_c = 0 and asymptote to w_c → −1 (see Fig. 1 for an example). The asymptotic value of the effective cosmological constant at the fixed point will be α^{Λeff}_{M 2P l} ∼ α^{ΛB}_{M 46} ≪ 1 and should be rather small to match with observations (when performing such a comparison, it is reasonable to assume that all the dimensionful scales of the theory are roughly of the same order, i.e.α^{−1/2} ∼ M_{P l} ∼ M_6). The latter requirement of extremely small αΛ_B/M^4_6 is the usual cosmological constant problem. Although the standard cosmological evolution is described by piecewise constant equations of state with w ∼ 1/3, 0, −1, in the present theory the equation of state has always time dependence.

For Λ_B < 0, there does not exist any fixed point. The evolution of this system has a runaway behaviour and flows to w_c → ∞ while ρ_m → 0^+. During this evolution, the singular point w_c = w^+_s can be encountered only if Λ_B/M^4_6 ≲ −.326 (equating the expressions (5.21) and (5.22) the energy density ρ_m can be real and positive only for this range of Λ_B). It is easily verified that for these t w_c

FIG. 1: The evolution of the equation of state w_c for the case of αΛ_B/M^4_6 = 10^{−4} with initial conditions w_c = .31 and^{αρm}_{M 2P l} = .02.

“dangerous” values of Λ_B, it is w^+_s > 1/3. Therefore even in the case in which Λ_B takes these values, the dangerous point w^+_s is reached only if initially w_c < w^+_s , We finally note that, for Λ_B ≠ 0, there does not exist a fixed point with (ρ_m, H^2) = (0, 0) because the equation of state w_c diverges at that point.

6. THE UNCONSTRAINED ANISOTROPIC CASE

In the previous section we found some interesting cosmological evolutions of an isotropic brane-universe if Λ_B > 0. We should keep in mind however, that in all cases studied, the energy density on the brane is tuned to the equation of state in a specific way, which seems at first sight artificial. Therefore, it would be worth studying some cosmological evolution, in a codimension-2 braneworld model, in which this tuning is not required. If the system then evolves towards the previously studied line of isotropic tuning, we will conclude that this tuning is an attractor and thus not artificial.

To do so, we have to consider geometries which are not isotropic and in which the Riemann tensor cannot be expressed in terms of the Ricci tensor and the curvature scalar [48]. Then, the constraint equation (5.8) will not give rise to a brane-bulk matter tuning, but rather to a dynamical equation for the anisotropy of the space. For this purpose, let us consider the following anisotropic ansatz where the metric functions depend only on the time t and the radial coordinate r (i.e.keeping the azimuthal symmetry)

ds^2 = −N^2(t, r)dt^2+ 3∑ i=1 A^2_i (t, r)(dx^i)^2+dr^2+L^2(x, r)dθ^2 .

(6.1) We can again use the gauge freedom to fix N (t, 0) = 1, while we define A_i(t, 0) ≡ a_i(t). The singularity conditions dictate as before that N^′(t, 0) = A^′_i(t, 0) = 0, while the second derivatives of these metric functions are unconstrained. The most general anisotropic evolution scale factors with the above property can be written as

A_1(t, r) = a(t)b(t)c(t) + ξ_1(t)r^2 + . . . , (6.2)

A_2(t, r) = a(t) b(t) + ξ_2(t)r^2 + . . . , (6.3)

A_3(t, r) = a(t) c(t) + ξ_3(t)r^2 + . . . (6.4)

where a = (a_1a_2a_3)^{1/3} represents the “mean” scale factor and b, c represent two degrees of anisotropy. To simplify further the analysis of the system, we will choose c = const. (by a coordinate redefinition then we can always set c = 1). The dynamics of this particular choice can help us to understand the qualitative features of the general case.

The purely four-dimensional brane Einstein equations take the form 3 ȧ^2 a^2 − ḃ2 b^2 = ρ_b + Λ_4 M^2_{P l}

, (6.5) 2 ä a + 4 ȧ^2 a^2 = ρ_b − P_b + 2Λ_4 M^2_{P l}

, (6.6) b̈ b − ḃ2 b^2 + 3 ȧḃ ab = 0 , (6.7)

while the equation which is coming from the extra dimensions is now dynamical, providing a Hubble equation for b ḃ2 b^2 = − ρ_b + Λ_4 4M^2_{P l} ± √ 3 16α { √ −16α Λ_4 M^2_{P l} ( 2 + α

Λ_4 M^2_{P l} )

+ √ 16αΛ_B M^4_6 + 8αρ_b M^2_{P l} ( − 1 + 2α ρ_b M^2_{P l} )

+ √ 16α P_b M^2_{P l} ( 3 2 + 2α ρ_b + Λ_4 M^2_{P l} )} . (6.8)

We will now assume, as before, that the vacuum energy (tension) of the brane cancels the contribution Λ_4 induced my the deficit angle as in(5.16). After this simplification, the above equations read 3 ȧ^2 a^2 − ḃ2 b^2 = ρ_m M^2_{P l}

, (6.9) 2 ä a + 4 ȧ^2 a^2

= (1 − w) ρ_m M^2_{P l}

, (6.10) b̈ b − ḃ2 b^2 + 3 ȧḃ ab = 0 , (6.11)

while the equation coming from the extra dimensions becomes ḃ2 b^2 = − ρ_m 4M^2_{P l} + √ 3 32α

–13– √ 2 Λ_B M^4_6 + ρ_m M^2_{P l} [ (3w − 1) + 2(2w + 1)α ρ_m M^2_{P l} ]

≡ f(ρ_m , w) . (6.12)

It is interesting to observe that the Hubble equation (6.9) for the “mean” scale factor a, after substitution of (6.12), has apart from the usual linear term in ρ (of the conventional four-dimensional cosmology), additional correction terms in ρ. This is similar to what happens also to fivedimensional brane-world models [9] and is due to the presence of extra dimensions. This modification happens only in the anisotropic case. In the pure isotropic case the four-dimensional brane-universe feels the extra dimensions by only adjusting its energy density to its equation of state, but without any modification in the structure of the Friedmann equation.

6-1. Cosmological Evolution of an Anisotropic Brane-Universe

Before analyzing the system, let us note again that in contrast to pure four dimensional anisotropic dynamics, where a constant w is allowed, in the present case, where there is an extra dynamical equation because of the presence of the bulk, w has to evolve. Indeed, by differentiating (6.12) and then using the four dimensional equations of motion and the conservation equation ρ̇_m + 3(1 + w)ρ_m^ȧ = 0 we can find a differential equation for w ∂f ∂w ẇ + 3 [ 2f − (1 + w)ρ_m ∂f ∂ρ_m ] ȧ a = 0 . (6.13)

Imposing a further condition to keep w constant, would result to a constant ρ_m related to w in a specific way and by the conservation equation, to zero Hubble for a. Thus, an a priori fixing of w would result to an inconsistent system [38, 49].

To have real Hubble parameters for a and b, ρ_m and w have to lie in specific regions for which the following inequalities are satisfied f > 0 , f + ρ_m M^2_{P l}

> 0 . (6.14)

Define the following boundaries of the allowed regions

w_1 ≡

−2^{ΛB}_{M 46} +^{ρm}_{M 2P l} ( 1 −^4_3 α^{ρm}_{M 2P l} )

3^{ρm}_{M 2P l} ( 1 +^4_3 α^{ρm}_{M 2P l}

) , (6.15)

w_2 ≡

−2^{ΛB}_{M 46} +^{ρm}_{M 2P l} ( 1 + 4α^{ρm}_{M 2P l} ) 3^{ρm}_{M 2P l} ( 1 +^4_3 α^{ρm}_{M 2P l}

) . (6.16)

The quantity w_1 coincides with the line of isotropic tuning w_c given in (5.22). The inequalities (6.14) can then be re-expressed as conditions for ρ_m and w:

• For ρ_m > 0, we should have w > w_1.

• For ρ_m < 0, we distinguish two cases

- for −^3_4 <^{αρm}_{M 2P l} < 0, we should have w < w_2.

- for^{αρm}_{M 2P l} < −^3_4 , we should have w > w_2.

To study the cosmological evolution, we look at the system

Ḣ_a = − 1 2 (1 + w) ρ_m M^2_{P l}

− f , (6.17)

Ḣ_b = −3H_aH_b , (6.18)

ρ̇_m = −3(1 + w)ρ_mH_a , (6.19)

where H_a = ȧ/a and H_b = ḃ/b are the Hubble parameters for a and b respectively. The third equation is the energy conservation equation in which only the Hubble parameter H_a for the “mean” scale factor a appears. Again we will analyze the anisotropic case for Λ_B = 0 and Λ_B ≠ 0 and we will compare the cosmological evolution with the cosmological evolution of the tuned isotropic case.

6-1-1. Evolution of the System with Λ_B = 0

There are three different regions in the (w, ρ_m) plane where these inequalities are satisfied. This relative freedom to choose the matter on the brane should be compared to the tuning that happens in the isotropic case. Relaxing the isotropy condition, the system can have initial conditions in a vast region of the parametric space.

From the dynamical system (6.17), (6.18), (6.19) we see that there is only one fixed point and that it is the same with that of the isotropic evolution, i.e.

(ρ_m, H^2_a, H^2_b , w) = (0, 0, 0, 1/3) . (6.20)

Linear perturbation around this point reveals again that it is an attractor.

The presence of the previous attractor fixed point will drive the system towards a final isotropic state of radiation. The way in which this fixed point is approached from an arbitrary initial energy density, can tell us whether the line of isotropic tuning is an attractor or not. If the anisotropy monotonically decreases during the evolution, it means that the line of isotropic tuning is an attractor.

In order to analyze the features of the anisotropic evolutions, we proceed numerically. We solve the system of the two second order equations (6.10), (6.11) and the two first order equations (6.13), (6.19) for the four functions a, b, ρ_m, w. To understand how the anisotropy involves we define the mean anisotropy by the following quantity

A = 3∑ i=1 (⟨H⟩ − H_i)^2 3⟨H⟩^2 = √ 2 3 | | | | | aḃ ȧb | | | | | , (6.21) where H_i = ȧ_i/a_i (with a_i defined after (6.1)) and ⟨H⟩ = 1 3 ∑_3 i=1 H_i = ȧ/a . Our analysis shows that, the relaxation of the tuning relation between w and ρ_m, has as a consequence the appearance of new branches of brane world evolution, while the system tends quickly to the isotropic fixed point attractor. Furthermore, we observe that the anisotropy in all cases decreases much more quickly than in the four dimensional case with the same initial conditions but without the extra dimensional constraint.

6-1-2. Evolution of the System with Λ_B ≠ 0

Studying the asymptotics for w_1 and w_2 from (6.15), (6.16) we find that for Λ_B ≠ 0, there are three intervals of Λ_B with different shape of the allowed regions in the (ρ_m, w) plane.

From the dynamical system (6.17), (6.18), (6.19) we see that there are two fixed points in general. The first one is the same with that of the isotropic evolution, i.e.

(ρ_m, H^2_a, H^2_b , w) = ( ρ_f , ρ_f 3M^2_{P l} , 0, −1 ) , (6.22)

with^{αρf}_{M 2P l} = −^3_4 +^3_4 √ 1 +^4_3^{αΛB}_{M 46} and it exists only for Λ_B > 0. Linear perturbation around this point reveals again that it is an attractor.

The second fixed point that we find is

(ρ_m, H^2_a, H^2_b , w) = ( −Λ_B M^2_{P l} M^4_6 , 0, Λ_B M^4_6 , 1 ) . (6.23)

and it exists only for Λ_B > 0. Linear perturbation around this point reveals that it is a repeler.

Whenever the previous attractor fixed point exists, the system will be driven towards a final isotropic de Sitter state. The way in which this fixed point is approached from an arbitrary initial energy density, can tell us whether the line of isotropic tuning is an attractor or not. We analyzed the anisotropic system numerically and we found [49] that, the relaxation of the tuning between w and ρ_m, has as a consequence the appearance of new branches of brane world evolution, while for choice of the parameters the system tends to the attractor fixed points, whenever they exist. For the cases when Λ_B > 0 the lines of isotropic tuning are attractors, with strength depending on the value of Λ_B .

Furthermore, we observe that the anisotropy in all cases, apart for Λ_B < 0, decreases much more quickly than in the four dimensional case, with the same initial conditions, but without the extra dimensional constraint. For Λ_B < 0, the anisotropy increases and is larger than the one of the purely four dimensional case.

Let us now examine again the interesting possibility of 0 < αΛ_B/M^4_6 ≪ 1 with the transition between w = 1/3 to w = 0 and finally to w = −1. As it can be inferred from the previous discussion, the system tracks the line of isotropic tuning and evolves towards the attractor fixed point with w = −1. However, due to the small value of αΛ_B /M^4_6 , the line of isotropic tuning is a very weak attractor. Most of the evolution is rather anisotropic with A ∼ O(1) − O(10^{−1}) until the fixed point is approached, in which region it drops to zero.

This large anisotropy makes the cosmological evolution phenomenologically problematic. In order that the anisotropy is acceptably small, the initial conditions for the energy density and the equation of state should be fine tuned to lie very close to the line of isotropic tuning initially.

In conclusion, by analyzing the anisotropic dynamics of the system we have seen that the lines of isotropic tuning are attractors for Λ_B > 0, with Λ_B-dependent attracting strength. The most phenomenologically accepted evolutions with 0 < αΛ_B/M^4_6 ≪ 1 do not isotropise quickly enough and thus need a fine tuning in order to evolve with acceptable anisotropy.

7. SIX-DIMENSIONAL SUPERGRAVITY COSMOLOGICAL MODELS

There are also cosmological models in six dimensions coming from supergravity theories [53]. In some early works cosmological solutions were found in D=6, N=2 supergravity theories. These solutions describe vacuum state or radiation four-dimensional universe in a Minkowski×S^2 space [42].

Chaotic inflation was studied in an anolaly-free, gauged (1,0) supergravity model in six dimensions in which the unique vacuum state is Minkowski spacetime cross an internal S^2 which leaves half of the sixdimensional supersymmetries unbroken [54]. It was shown that inflationary dynamics consistent with the cosmological constraints can be realized provided that the radius of the internal space S^2 satisfies a constraint. In this model, the inflaton field ϕ originates from the complex scalar fields in the D=6 scalar hyper-multiplet. The mass and the self couplings of the scalar field are dictated by the D=6 Lagrangian. The scalar potential has an absolute minimum at ϕ = 0 with no undetermined moduli fields.

The model is based in a Lagrangian which have been constructed in [55, 56]. It is chiral, hence potentially inconsistent due to the presence of gauge, gravity and mixed anomalies. In [41], an anomaly free model with a gauge group E_6 × E_7 × U (1)_R has been constructed which involves a hyper-scalar multiplet transforming in a 912-dimensional pseudo-real representation of E_7. In a convenient parameterization, the potential for the scalars take a simple form V = g^2_1 κ^4 e^{−κσ} [(1 + |ϕ|^2)^2 + g^2_7 g^2_1

(ϕT^aϕ)^2] (7.1) where κ is the D=6 gravitational coupling and has a dimension of square length. The g_1 and g_7 are the coupling constants of the U (1)_R and E_7, respectively, and they have the dimensions of a length, the T^a are the Hermitian generators of E_7 in its 912-dimensional representation. The most important property of this potential is that it has a unique minimum at ϕ = 0. Chaotic inflation is realized for the zero KK mode with a potential (7.1) without the constant term.

8. CONCLUSIONS

In this talk we discussed cosmological models in six dimensions. First we presented a (4+1)-braneworld cosmological model in a six-dimensional bulk. If a(t) = b(t), with a(t) the usual scale factor of the three physical dimensions, and b(t) the scale factor of the extra fourth dimension, we found the generalized Friedmann equation in six-dimensions of the Randall-Sundrum model describing the cosmological evolution of a four-dimensional braneuniverse. If a(t) ≠ b(t) the four-dimensional universe evolves with two scale factors. However, for an observer in the moving brane, a and b are static depending only on the coordinate on which the 4-brane is moving. Then, demanding to have an effective Friedmann-like equation on the brane, we showed that the motion of the 4-brane in the static bulk is constrained by Darmois-Israel boundary conditions, resulting in a relation connecting a and b acting as a constraint of the brane motion.

The way a and b are related depends on the energymatter content of the 4-brane. We then explored what are the consequences of the presence of this constraint of motion for the cosmological evolution of the braneuniverse. We assumed that the universe started higherdimensional at the Planck scale with all the dimensions at the Planck length, and subsequently an anisotropy was developed between the three physical dimensions and the extra-dimension. We then followed the evolution by making a “phenomenological” analysis of how the two scale factors evolved under various physical assumptions. In all considered cases, (A)dS and Minkowski six-dimensional bulk, open, closed and flat brane-universe and matter, radiation, cosmological constant and dark energy dominated three-dimensional physical universe, we found that dark energy is needed for the dynamical suppression and subsequent freezing out of the extra fourth dimension.

We next discussed the gravitational dynamics of conical codimension-2 branes of infinitesimal thickness. We have considered theories with codimension-2 branes which are augmented with an induced gravity term on the brane and a Gauss-Bonnet term in the bulk. We made the observation that the dynamics of the these theories is not exhausted by studying the “boundary” Einstein equation, which is exactly four-dimensional and bears no information of the internal space (modulo a cosmological constant contribution). In the case of a pure brane induced gravity term, the higher dimensional Einstein equations evaluated at the position of the brane, give a very precise and strong relation between the matter on the brane and the matter in the bulk in the vicinity of the brane. In other words, the bulk energy content is the primary factor for the cosmological evolution on the brane. Alternatively, for a static matter distribution on the brane to be possible, there should exist its bulk matter “image”.

This strong relation, that we have noted, can be avoided with the inclusion of a bulk Gauss-Bonnet term. An even more natural way to achieve this is to relax the requirement of purely conical branes and admit general brane solutions with an appropriate regularization (thickening of the brane), so that the singularities are smoothened. In view of the difficulties related to the Gauss-Bonnet term in the context of effective field theory, we pointed out that the thickening of the brane is the most physical direction that one should follow in order to discuss the dynamics of codimension-2 branes.

We then discussed the cosmological dynamics of a conical codimension-2 braneworlds in a theory with a Gauss- Bonnet term in the six-dimensional bulk and an induced gravity term on the three-brane. For simplicity, we considered that the bulk matter consists only of a cosmological constant Λ_B but the brane matter is general and isotropic. We then analyzed in detail the Einstein equations evaluated on the boundary.

We studied the system first for an isotropic metric ansatz. In the pure induced gravity dynamics there is a tuning between the matter allowed on the brane and in the bulk. This tuning, when the matter in the bulk is only a cosmological constant, gives a precise relation between the matter density on the brane and its equation of state. If a Gauss-Bonnet term is added in the bulk, the constraint equation giving the previous tuning is modified by the addition of a Riemann squared term. However, since for isotropic evolutions the Riemann tensor can be expressed in terms of the Ricci tensor and the scalar curvature, the conclusion about the presence of the tuning remains the same as in the induced gravity case. We found that if Λ_B > 0 the system has a fixed point with equation of state w = −1 and corresponds to a de Sitter vacuum. If Λ_B = 0, the system has a fixed point with equation of state w = 1/3. Both of the previous fixed points are attractors. If Λ_B < 0 the system has no fixed point and the evolutions exhibit a runaway behaviour to w → +∞.

We then looked on the cosmological evolution of the system for a particular anisotropy. If the system starts its evolution in the region of parametric space which has as a boundary the line of isotropic tuning, it tracks the latter line and isotropises towards the attractor fixed point with w = −1 for Λ_B > 0, or the one with w = 1/3 for Λ_B = 0. In the two other regions the system has a runaway behaviour w → ∞ and does not isotropise. For Λ_B < 0, the system has always a runaway behaviour. The important result of this analysis is that the line of isotropic tuning, is an attractor. However, for values of

Λ_B which give acceptable cosmological evolutions, a fine tuning is unavoidable because of the weak strength of the above-mentioned attractor.

Six-dimensional supergravity models have a much richer structure. There are many scalar fields with a scalar potential fixed by the supergravity theory. There are also gauge fluxes which guarantee the stability of the theory. Recently, they are six-dimensional warped braneworld solutions in supergravity teories [57] and it would be interesing to find also codimension-1 or codimension-2 cosmological braneworld solutions in sixdimensional supergravity theories.

Acknowlegements

Most of the work reported in this talk was done in collaboration with Bertha Cuadros-Melgar and Antonios Papazoglou and it is supported by (EPEAEK II)- Pythagoras (co-funded by the European Social Fund and National Resources).

[1] D. N. Spergel et al. [WMAP Collaboration], “First Year Wilkinson Microwave Anisotropy Probe (WMAP) Observations: Determination of Cosmological Parameters,” Astrophys. J. Suppl. 148 (2003) 175 [arXiv:astro-ph/0302209].

[2] R. Scranton et al. [SDSS Collaboration], “Physical Evidence for Dark Energy,” [arXiv:astro-ph/0307335].

[3] A. G. Riess, “Peculiar Velocities from Type Ia Supernovae,” [arXiv:astro-ph/9908237].

[4] G. Goldhaber et al. [The Supernova Cosmology Project Collaboration], “Timescale Stretch Parameterization of Type Ia Supernova B-band Light Curves,” [arXiv:astro-ph/0104382].

[5] K. Akama, “An Early Proposal Of ’Brane World’,” Lect. Notes Phys. 176 (1982) 267 [arXiv:hep-th/0001113], V. A. Rubakov and M. E. Shaposhnikov, “Do We Live Inside A Domain Wall?,” Phys. Lett. B 125 (1983) 136.

[6] N. Arkani-Hamed, S. Dimopoulos and G. R. Dvali, “The hierarchy problem and new dimensions at a millimeter,” Phys. Lett. B 429 (1998) 263 [arXiv:hep-ph/9803315], I. Antoniadis, N. Arkani-Hamed, S. Dimopoulos and G. R. Dvali, “New dimensions at a millimeter to a Fermi and superstrings at a TeV,” Phys. Lett. B 436 (1998) 257 [arXiv:hep-ph/9804398], N. Arkani-Hamed, S. Dimopoulos and G. R. Dvali, “Phenomenology, astrophysics and cosmology of theories with sub-millimeter dimensions and TeV scale quantum gravity,” Phys. Rev. D 59 (1999) 086004 [arXiv:hepph/9807344].

[7] L. Randall and R. Sundrum, “A large mass hierarchy from a small extra dimension,” Phys. Rev. Lett. 83, 3370 (1999) [arXiv:hep-ph/9905221], L. Randall and R. Sundrum, “An alternative to compactification,” Phys. Rev. Lett. 83, 4690 (1999) [arXiv:hep-th/9906064].

[8] R. Maartens, “Brane-world gravity,” Living Rev. Rel. 7, 7 (2004) [arXiv:gr-qc/0312059].

[9] P. Binetruy, C. Deffayet and D. Langlois, “Non-conventional cosmology from a brane-universe,” Nucl. Phys. B 565 (2000) 269 [arXiv:hep-th/9905012], P. Binetruy, C. Deffayet, U. Ellwanger and D. Langlois, “Brane cosmological evolution in a bulk with cosmological constant,” Phys. Lett. B 477 (2000) 285 [arXiv:hep-th/9910219], C. Csaki, M. Graesser, L. Randall and J. Terning, “Cosmology of brane models with radion stabilization,” Phys. Rev. D 62 (2000) 045015 [arXiv:hep-ph/9911406], P. Kanti, I. I. Kogan, K. A. Olive and M. Pospelov, “Single-brane cosmological solutions with a stable compact extra Phys. Rev. D 61 (2000) 106004 [arXiv:hep-ph/9912266], R. Maartens, “Cosmological dynamics on the brane,” Phys. Rev. D 62 (2000) 084023 [arXiv:hepth/0004166], P. Bowcock, C. Charmousis and R. Gregory, “General brane cosmologies and their global spacetime structure,” Class. Quant. Grav. 17, 4745 (2000) [arXiv:hepth/0007177].

[10] E. Papantonopoulos, “Braneworld cosmological models,” [arXiv:gr-qc/0410032], U. Gunther and A. Zhuk, “Phenomenology of brane-world cosmological models,” [arXiv:grqc/0410130], D. Langlois, “Gravitation and cosmology in brane-worlds,” [arXiv:gr-qc/0410129].

[11] N. Kaloper, “Bent domain walls as braneworlds,” Phys.

Rev. D 60 (1999) 123506 [arXiv:hep-th/9905210], C. Csaki, M. Graesser, C. F. Kolda and J. Terning, “Cosmology of one extra dimension with localized gravity,” Phys. Lett. B 462 (1999) 34 [arXiv:hep-ph/9906513], J. M. Cline, C. Grojean and G. Servant, “Cosmological expansion in the presence of extra dimensions,” Phys. Rev. Lett. 83 (1999) 4245 [arXiv:hep-ph/9906523], P. Kanti, I. I. Kogan, K. A. Olive and M. Pospelov, “Cosmological 3-brane solutions,” Phys. Lett. B 468, 31 (1999) [arXiv:hep-ph/9909481], P. Kraus, “Dynamics of anti-de Sitter domain walls,” JHEP 9912 (1999) 011 [arXiv:hep-th/9910149], A. Kehagias and E. Kiritsis, “Mirage cosmology,” JHEP 9911 (1999) 022 [arXiv:hepth/9910174], E. E. Flanagan, S. H. H. Tye and I. Wasserman, “Cosmological expansion in the Randall-Sundrum brane world scenario,” Phys. Rev. D 62 (2000) 044039 [arXiv:hepph/9910498], D. Ida, “Brane-world cosmology,” JHEP 0009 (2000) 014 [arXiv:gr-qc/9912002], C. Charmousis, “Dilaton spacetimes with a Liouville potential,” Class. Quant. Grav. 19, 83 (2002) [arXiv:hep-th/0107126].

[12] R. Maartens, D. Wands, B. A. Bassett and I. Heard, “Chaotic inflation on the brane,” Phys. Rev. D 62 (2000) 041301 [arXiv:hep-ph/9912464], J. E. Lidsey and N. J. Nunes, “Inflation in Gauss-Bonnet brane cosmology,” Phys. Rev. D 67, 103510 (2003) [arXiv:astro-ph/0303168], A. R. Liddle and A. J. Smith, “Observational constraints on braneworld chaotic inflation,” Phys. Rev. D 68, 061301 (2003) [arXiv:astro-ph/0307017], E. Papantonopoulos and V. Zamarias, “Chaotic inflation on the brane with induced gravity,” JCAP 0410, 001 (2004) [arXiv:gr-qc/0403090], G. Calcagni, “Slow-roll parameters in braneworld cosmologies,” Phys. Rev. D 69, 103508 (2004) [arXiv:hepph/0402126].

[13] A. D. Sakharov, “Vacuum Quantum Fluctuations In Curved Space And The Theory Of Gravitation,” Sov. Phys. Dokl. 12 (1968) 1040, S. L. Adler, “Einstein Gravity As A Symmetry Breaking Effect In Quantum Field Theory,” Rev. Mod. Phys. 54 (1982) 729 [Erratum-ibid. 55 (1983) 837].

[14] H. Collins and B. Holdom, “Brane cosmologies without orbifolds,” Phys. Rev. D 62 (2000) 105009 [arXiv:hepph/0003173], G. R. Dvali, G. Gabadadze and M. Porrati, “4D gravity on a brane in 5D Minkowski space,” Phys. Lett. B 485 (2000) 208 [arXiv:hep-th/0005016], G. R. Dvali and G. Gabadadze, “Gravity on a brane in infinite-volume extra space,” Phys. Rev. D 63 (2001) 065007 [arXiv:hepth/0008054].

[15] T. Tanaka, “Weak gravity in DGP braneworld model,” Phys.

Rev. D 69 (2004) 024001 [arXiv:gr-qc/0305031], A. Nicolis and R. Rattazzi, “Classical and quantum consistency of the DGP model,” JHEP 0406 (2004) 059 [arXiv:hepth/0404159], C. Deffayet, “Cosmological perturbations of brane-induced gravity and the vDVZ discontinuity on FLRW space-times,” [arXiv:gr-qc/0412114].

[16] D. Lovelock, “The Einstein Tensor And Its Generalizations,” J. Math. Phys. 12 (1971) 498.

[17] B. Zwiebach, “Curvature Squared Terms And String Theories,” Phys. Lett. B 156 (1985) 315, B. Zumino, “Gravity Theories In More Than Four-Dimensions,” Phys. Rept. 137 (1986) 109, D. J. Gross and J. H. Sloan, “The Quartic Effective Action For The Heterotic String,” Nucl. Phys. B 291 (1987) 41.

[18] J. E. Kim, B. Kyae and H. M. Lee, “Various modified solutions of the Randall-Sundrum model with the Gauss-Bonnet interaction,” Nucl. Phys. B 582 (2000) 296 [Erratum-ibid. B 591 (2000) 587] [arXiv:hep-th/0004005], C. Charmousis and J. F. Dufaux, “General Gauss-Bonnet brane cosmology,” Class. Quant. Grav. 19 (2002) 4671 [arXiv:hep-th/0202107], N. E. Mavromatos and J. Rizos, “String inspired highercurvature terms and the Randall-Sundrum scenario,” Phys. Rev. D 62, 124004 (2000) [arXiv:hep-th/0008074]; “Exact solutions and the cosmological constant problem in dilatonic domain wall higher-curvature string gravity,” Int. J. Mod. Phys. A 18, 57 (2003) [arXiv:hep-th/0205299]. “Generalised Israel junction conditions for a Gauss-Bonnet brane world,” Phys. Rev. D 67, 024030 (2003) [arXiv:hep-th/0208205]; E. Gravanis and S. Willison, “Israel conditions for the Gauss- Bonnet theory and the Friedmann equation on the brane universe,” Phys. Lett. B 562, 118 (2003) [arXiv:hep-th/0209076], N. E. Mavromatos and E. Papantonopoulos, “Induced curvature in brane worlds by surface terms in string effective actions with higher-curvature corrections,” [arXiv:hepth/0503243].

[19] Y. V. Shtanov, “On brane-world cosmology,” [arXiv:hepth/0005193], G. Kofinas, “General brane cosmology with (4)R term in (A)dS(5) or Minkowski bulk,” JHEP 0108 (2001) 034 [arXiv:hep-th/0108013], N. J. Kim, H. W. Lee and Y. S. Myung, “Role of the brane curvature scalar in the brane world cosmology,” Phys. Lett. B 504 (2001) 323 [arXiv:hep-th/0101091], C. Deffayet, G. R. Dvali and G. Gabadadze, “Accelerated universe from gravity leaking to extra dimensions,” Phys. Rev. D 65 (2002) 044023 [arXiv:astro-ph/0105068], C. Deffayet, S. J. Landau, J. Raux, M. Zaldarriaga and P. Astier, “Supernovae, CMB, and gravitational leakage into extra dimensions,” Phys. Rev. D 66 (2002) 024019 [arXiv:astro-ph/0201164].

[20] G. Kofinas, R. Maartens and E. Papantonopoulos, “Brane cosmology with curvature corrections,” JHEP 0310 (2003) 066 [arXiv:hep-th/0307138], R. A. Brown, R. Maartens, E. Papantonopoulos and V. Zamarias, “A late-accelerating universe with no dark energy - and no big bang,” JCAP 0511, 008 (2005) [arXiv:gr-qc/0508116].

[21] C. Deffayet, G. R. Dvali and G. Gabadadze, “Accelerated universe from gravity leaking to extra dimensions,” Phys. Rev. D 65 (2002) 044023 [arXiv:astro-ph/0105068], C. Deffayet, “Cosmology on a brane in Minkowski bulk,” Phys. Lett. B 502 (2001) 199 [arXiv:hep-th/0010186], V. Sahni and Y. Shtanov, “New vistas in braneworld cosmology,” Int. J. Mod. Phys. D 11, 1515 (2000) [arXiv:gr-qc/0205111], V. Sahni and Y. Shtanov, “Braneworld models of dark energy,” JCAP 0311, 014 (2003) [arXiv:astro-ph/0202346].

[22] P. Kanti, R. Madden and K. A. Olive, “A 6-D brane world model,” Phys. Rev. D 64, 044021 (2001) [arXiv:hepth/0104177].

[23] N. Arkani-Hamed, S. Dimopoulos, N. Kaloper and J. March- Russell, “Rapid asymmetric inflation and early cosmology in theories with sub-millimeter dimensions,” Nucl. Phys. B 567, 189 (2000) [arXiv:hep-ph/9903224].

[24] R. H. Brandenberger and C. Vafa, “Superstrings In The Early Universe,” Nucl. Phys. B 316, 391 (1989).

[25] See R. Brandenberger’s talk in this conference. [26] S. Alexander, R. H. Brandenberger and D. Easson, “Brane gases in the early universe,” Phys. Rev. D 62, 103509 (2000) [arXiv:hep-th/0005212], A. Kaya, “Brane gases and stabilization of shape moduli with momentum and winding stress,” Phys. Rev. D 72, 066006 (2005) [arXiv:hep-th/0504208], T. Rador, “Stabilization of extra dimensions and the dimensionality of the observed space,” arXiv:hep-th/0504047.

[27] J. W. Chen, M. A. Luty and E. Ponton, “A critical cosmological constant from millimeter extra dimensions,” JHEP 0009 (2000) 012 [arXiv:hep-th/0003067].

[28] T. Gherghetta and M. E. Shaposhnikov, “Localizing gravity on a string-like defect in six dimensions,” Phys. Rev. Lett. 85 (2000) 240 [arXiv:hep-th/0004014], P. Tinyakov and K. Zuleta, “On the thin-string limit of the 6d stringlike defect model,” Phys. Rev. D 64 (2001) 025022 [arXiv:hepth/0103062], M. Giovannini, H. Meyer and M. E. Shaposhnikov, “Warped compactification on Abelian vortex in six dimensions,” Nucl. Phys. B 619 (2001) 615 [arXiv:hepth/0104118].

[29] S. M. Carroll and M. M. Guica, “Sidestepping the cosmological constant with football-shaped extra [arXiv:hepth/0302067], I. Navarro, “Codimension two compactifications and the cosmological constant problem,” JCAP 0309 (2003) 004 [arXiv:hep-th/0302129], Y. Aghababaie, C. P. Burgess, S. L. Parameswaran and F. Quevedo, “Towards a naturally small cosmological constant from branes in 6D supergravity,” Nucl. Phys. B 680 (2004) 389 [arXiv:hepth/0304256], I. Navarro, “Spheres, deficit angles and the cosmological constant,” Class. Quant. Grav. 20 (2003) 3603 [arXiv:hep-th/0305014], H. P. Nilles, A. Papazoglou and G. Tasinato, “Selftuning and its footprints,” Nucl. Phys. B 677 (2004) 405 [arXiv:hep-th/0309042], H. M. Lee, “A comment on the self-tuning of cosmological constant with deficit angle on a sphere,” Phys. Lett. B 587 (2004) 117 [arXiv:hep-th/0309050], M. L. Graesser, J. E. Kile and P. Wang, “Gravitational perturbations of a six dimensional self-tuning model,” Phys. Rev. D 70 (2004) 024008 [arXiv:hep-th/0403074], A. Kehagias, “A conical tear drop as a vacuum-energy drain for the solution of the cosmological constant problem,” Phys. Lett. B 600 (2004) 133 [arXiv:hepth/0406025], S. Randjbar-Daemi and V. Rubakov, “4dflat compactifications with brane vorticities,” JHEP 0410 (2004) 054 [arXiv:hep-th/0407176], H. M. Lee and A. Papazoglou, “Brane solutions of a spherical sigma model in six dimensions,” Nucl. Phys. B 705 (2005) 152 [arXiv:hepth/0407208], V. P. Nair and S. Randjbar-Daemi, “Nonsingular 4d-flat branes in six-dimensional supergravities,” [arXiv:hep-th/0408063], M. Redi, “Footballs, conical singularities and the Liouville equation,” arXiv:hep-th/0412189, G. Kofinas, “Conservation equation on braneworlds in six dimensions,” [arXiv:hep-th/0412299], J. M. Schwindt and C. Wetterich, “Dark energy cosmologies for codimension-two branes,” [arXiv:hep-th/0501049], C. P. Burgess, “Supersymmetric large extra dimensions and the cosmological constant problem,” arXiv:hep-th/0510123.

[30] G. W. Gibbons, R. Guven and C. N. Pope, “3-branes and uniqueness of the Salam-Sezgin vacuum,” Phys. Lett. B 595 (2004) 498 [arXiv:hep-th/0307238], C. P. Burgess, F. Quevedo, G. Tasinato and I. Zavala, “General axisymmetric solutions and self-tuning in 6D chiral gauged supergravity,” JHEP 0411 (2004) 069 [arXiv:hep-th/0408109], C. P. Burgess, “Towards a natural theory of dark energy: Supersymmetric large extra dimensions,” [arXiv:hepth/0411140].

[31] J. M. Cline, J. Descheneau, M. Giovannini and J. Vinet, “Cosmology of codimension-two braneworlds,” JHEP 0306 (2003) 048 [arXiv:hep-th/0304147].

[32] S. Kanno and J. Soda, “Quasi-thick codimension 2 braneworld,” JCAP 0407 (2004) 002 [arXiv:hep-th/0404207].

[33] J. Vinet and J. M. Cline, “Can codimension-two branes solve the cosmological constant problem?,” Phys. Rev. D 70 (2004) 083514 [arXiv:hep-th/0406141], J. Vinet and J. M. Cline, “Codimension-two branes in six-dimensional supergravity and the cosmological constant problem,” [arXiv:hepth/0501098].

[34] I. Navarro and J. Santiago, “Gravity on codimension 2 brane worlds,” [arXiv:hep-th/0411250].

[35] P. Bostock, R. Gregory, I. Navarro and J. Santiago, “Einstein gravity on the codimension 2 brane?,” Phys. Rev. Lett. 92 (2004) 221601 [arXiv:hep-th/0311074].

[36] H. M. Lee and G. Tasinato, “Cosmology of intersecting brane world models in Gauss-Bonnet gravity,” JCAP 0404 (2004) 009 [arXiv:hep-th/0401221], I. Navarro and J. Santiago, “Higher codimension braneworlds from intersecting branes,” JHEP 0404 (2004) 062 [arXiv:hep-th/0402204].

[37] M. Kolanovic, M. Porrati and J. W. Rombouts, “Regularization of brane induced gravity,” Phys. Rev. D 68 (2003) 064018 [arXiv:hep-th/0304148], S. Kanno and J. Soda, “Quasithick codimension 2 braneworld,” JCAP 0407 (2004) 002 [arXiv:hep-th/0404207], I. Navarro and J. Santiago, “Gravity on codimension 2 brane worlds,” JHEP 0502, 007 (2005) [arXiv:hep-th/0411250].

[38] G. Kofinas, “On braneworld cosmologies from six dimensions, and absence thereof,” [arXiv:hep-th/0506035].

[39] E. Gravanis and S. Willison, “Intersecting hypersurfaces, topological densities and Lovelock gravity,” arXiv:grqc/0401062, H. M. Lee and G. Tasinato, “Cosmology of intersecting brane world models in Gauss-Bonnet gravity,” JCAP 0404 (2004) 009 [arXiv:hep-th/0401221], I. Navarro and J. Santiago, “Higher codimension braneworlds from intersecting branes,” JHEP 0404 (2004) 062 [arXiv:hep-th/0402204], C. Charmousis and R. Zegers, “Matching conditions for a brane of arbitrary codimension,” JHEP 0508, 075 (2005) [arXiv:hep-th/0502170]. C. Charmousis and R. Zegers, “Einstein gravity on an even codimension brane,” [arXiv:hepth/0502171], [40] A. Salam and E. Sezgin, “Chiral Compactification On Minkowski X S**2 Of N=2 Einstein-Maxwell Phys. Lett. B 147, 47 (1984).

[41] S. Randjbar-Daemi, A. Salam, E. Sezgin and J. Strathdee, “An Anomaly Free Model In Six-Dimensions,” Phys. Lett. B 151, 351 (1985).

[42] K. i. Maeda and H. Nishino, “Cosmological Solutions In D = 6, N=2 Kaluza-Klein Supergravity: Friedmann Universe Without Fine Tuning,” Phys. Lett. B 154, 358 (1985).

[43] E. Abdalla, A. Casali and B. Cuadros-Melgar, “Shortcuts for graviton propagation in a six dimensional brane world model,” Nucl. Phys. B 644, 201 (2002) [arXiv:hepth/0205203].

[44] B. Cuadros-Melgar, “Non-linear brane dynamics in a six dimensional model,” Class. Quant. Grav. 21, 2669 (2004) [arXiv:hep-th/0303131].

[45] See B. Cuadros-Melgar’s talk in this conference. [46] B. Cuadros-Melgar and E. Papantonopoulos, “The need of dark energy for dynamical compactification of extra dimensions on the brane,” Phys. Rev. D 72, 064008 (2005) [arXiv:hep-th/0502169].

[47] R. Gregory and R. Laflamme, “Black strings and p-branes are unstable,” Phys. Rev. Lett. 70 (1993) 2837 [arXiv:hepth/9301052].

[48] E. Papantonopoulos and A. Papazoglou, “Brane-bulk matter relation for a purely conical codimension-2 brane world,” JCAP 0507, 004 (2005) [arXiv:hep-th/0501112].

[49] E. Papantonopoulos and A. Papazoglou, “Cosmological evolution of a purely conical codimension-2 brane world,” JHEP 0509, 012 (2005) [arXiv:hep-th/0507278].

[50] T. Shiromizu, K. i. Maeda and M. Sasaki, “The Einstein equations on the 3-brane world,” Phys. Rev. D 62, 024012 (2000) [arXiv:gr-qc/9910076]. S. Mukohyama, “Brane-world solutions, standard cosmology, and dark radiation,” Phys. Lett. B 473, 241 (2000) [arXiv:hep-th/9911165].

[51] S. Mukohyama, T. Shiromizu and K. i. Maeda, “Global structure of exact cosmological solutions in the brane world,” Phys. Rev. D 62, 024028 (2000) [Erratum-ibid. D 63, 029901 (2001)] [arXiv:hep-th/9912287].

[52] F. Leblond, R. C. Myers and D. J. Winters, “Consistency conditions for brane worlds in arbitrary dimensions,” JHEP 0107 (2001) 031 [arXiv:hep-th/0106140].

[53] See S. Randjbar-Daemi’s talk in this conference [54] R. H. Brandenberger and S. Randjbar-Daemi, “Inflation in 6D gauged supergravity,” JHEP 0410, 022 (2004) [arXiv:hepth/0404228].

[55] H. Nishino and E. Sezgin, “The Complete N=2, D = 6 Supergravity With Matter And Yang-Mills Couplings,” Nucl. Phys. B 278, 353 (1986).

[56] H. Nishino and E. Sezgin, “New couplings of six-dimensional supergravity,” Nucl. Phys. B 505, 497 (1997) [arXiv:hepth/9703075].

[57] Y. Aghababaie et al., “Warped brane worlds in six dimensional supergravity,” JHEP 0309 (2003) 037 [arXiv:hepth/0308064], S. Mukohyama, Y. Sendouda, H. Yoshiguchi and S. Kinoshita, JCAP 0507, 013 (2005) [arXiv:hepth/0506050]. H. M. Lee and C. Ludeling, arXiv:hepth/0510026.