arXiv:gr-qc/0601013 v2 30 Mar 2006

Fermions in Ashtekar-Barbero Connections Formalism for Arbitrary Values of the Immirzi Parameter

Simone Mercuri^{1, 2, ∗} 1Dipartimento di Fisica, Università di Roma “La Sapienza”, P.le Aldo Moro 5, I-00185, Rome, Italy. 2ICRA — International Center for Relativistic Astrophysics. (Dated: 30th March 2006)

The Ashtekar-Barbero-Immirzi formulation of General Relativity is extended to include spinor matter fields. Our formulation applies to generic values of the Immirzi parameter and reduces to the Ashtekar-Romano-Tate approach when the Immirzi parameter is taken equal to the imaginary unit. The dynamics of the gravity-fermions coupled system is described by the Holst plus Dirac action with a non-minimal coupling term. The non-minimal interaction together with the Holst modification to the Hilbert-Palatini action reconstruct the Nieh-Yan invariant, so that the effective action coming out is the one of Einstein-Cartan theory with a typical Fermi-like interaction term: in spite of the presence of spinor matter fields, the Immirzi parameter plays no role in the classical effective dynamics and results to be only a multiplicative factor in front of a total divergence.

We reduce the total action of the theory to the sum of dynamically independent Ashtekar-Romano- Tate actions for self and anti-self dual connections, with different weights depending on the Immirzi parameter. This allows to calculate the constraints of the complete theory in a simple way, it is only necessary to realize that the Barbero-Immirzi connection is a weighted sum of the self and anti-self dual Ashtekar connections. Finally the obtained constraints for the separated action result to be polynomial in terms of the self and anti-self dual connections, this could have implications in the inclusion of spinor matter in the framework of non-perturbative quantum gravity.

PACS numbers: 04.20.Fy, 04.20.Gz Keywords: Nieh-Yan topological term, fermions, Immirzi parameter

I. GENERAL REMARKS

In the last years with the introduction by Ashtekar of a new formalism for General Relativity [1, 2], many steps forward have been made in finding a consistent quantum theory of gravity. The main advantage represented by the Ashtekar formalism in the program of a background independent quantization of the gravitational field is the reduction of the phase space of General Relativity (GR) to that of a Yang-Mills gauge theory, with the introduction of self-dual SL(2, C) connection, satisfying appropriate reality conditions. Furthermore, introducing Ashtekar connections, the constraints of GR reduce to a polynomial form, opening the way to the canonical quantization procedure, which has led to the formalization of a background independent non-perturbative quantum theory of gravity, known as Loop Quantum Gravity (LQG) [3, 4] (for a mathematically rigorous approach to LQG see [5], in order to deepen into the role of Wilson’s loops in Quantum Field Theory and LQG see [6], arguments clarifying the meaning of background independence and of relational space-time are contained in [7], while a comparison between different approaches to the quantum gravity problem can be found in [8]).

The difficulties connected with the implementation on the quantum level of the reality conditions led Barbero to introduce real SU (2) connection [9], instead of the

∗Electronic address: mercuri@icra.it

complex Ashtekar’s one. In Barbero’s formalism we have not any need of the reality conditions, but the Hamiltonian scalar constraint is more complicate than the one coming out using complex connections. The link existing between Ashtekar and Barbero connections was clarified by Immirzi [10, 11], who observed that there exists a canonical transformation which allows to introduce a finite complex number β ≠ 0, called the Immirzi parameter, in the definition of the connection; this represents a generalization of the Ashtekar’s formalism and reduces to the original one when the Immirzi parameter is taken equal to the positive or negative determination of the imaginary unit, i, corresponding to the self or anti-self dual Ashtekar variables; on the other hand real values of the Immirzi parameter yield the Barbero connections, originally defined taking β = ±1.

The Immirzi parameter is a free parameter of the theory and, being introduced, as said above, via a canonical transformation, does not affect the classical dynamics; but, as shown in [12], the canonical transformation cannot be implemented unitarily in the quantum theory, yielding striking effects, for example, in the spectra of the area and volume operators computed in LQG: they come out to be proportional respectively to βℓ^2_{pl} and β^{3/2}ℓ^3_{pl}. In this respect the role of the Immirzi parameter becomes clear when we treat the Ashtekar-Barbero-Immirzi formalism in the covariant Holst approach [13], it, in fact, results to be a multiplicative factor in front of a modification of the Hilbert-Palatini action; this modification does not affect the dynamics if space-time is torsion-less. Therefore the role of the Immirzi parameter can be compared with the θ angle in QCD, in fact, both provide effects only in non-perurbative quantum regimes.

Recently Perez and Rovelli on one side [14] and Freidel, Minic and Takeuchi on the other side [15] showed that when minimally coupled spinor fields are present, the Holst modification is, in general, no more “topological” and, as a consequence, the effective theory is not the expected Einstein-Cartan theory. The reason is connected with the well known fact that the presence of fermions, minimally coupled to the gravitational field, modifies the structure of space-time, yielding a non vanishing torsion tensor [16]. This implies some modifications in the effective theory involving the Immirzi parameter, thus opening the way to a (classical) physical interpretation of this parameter, which comes out to be related with the coupling constant in front of the four fermions interaction term characterizing the Einstein-Cartan effective theory^1. But this harshly contrasts with the spirit of the Ashtekar-Barbero-Immirzi formalism and with the quantization program of GR: we expect, in fact, that also in the presence of spinor matter, which is a fundamental ingredient of any physical theory, the low energy limit be the ordinary one. In the case of gravity we expect to find the Einstein-Cartan theory as effective low energy limit as in the original Ashtekar-Romano-Tate’s paper [18] (see also [19]), in which the inclusion of bosons and fermions however leads to the Einstein-Cartan as effective theory. In other words we expect that, also in presence of matter, the Immirzi parameter had none effect in the classical theory.

The request that the classical effective theory be not affected, in any case, by the Immirzi parameter implies a generalization of the Holst covariant approach. Since the presence of spinor fields generates torsion, then we expect that a central role be played by the following term S_{NY} (e, ω, T ) = ∫ ( T^a ∧ T_a − e_a ∧ e_b ∧ R^{ab} ) , (1)

called Nieh-Yan invariant [20], which is the only exact 4- form invariant under local Lorentz transformations associated with torsion [21] and represents the natural generalization of the Holst modification to the Hilbert-Palatini action.

In this paper we present a theory where fermions coupled to the gravitational field are present: the gravitational field is described by the Holst action, while fermions are described by a non-minimal Dirac Lagrangian. The non-minimal Lagrangian is introduced so that the low energy effective dynamics be equivalent to the one of the Einstein-Cartan theory, with the typical

1 Furthermore, as showed in [15, 17], the introduction of a non minimal coupling in the fermions action leads not only to a modification in the coupling constant in front of the four fermions interaction term, but also to a parity violation in the effective field theory, unfortunately this effect cannot provide constraints on the value of the Immirzi parameter [15].

axial-axial currents interaction. Our theory generalizes the Ashtekar-Romano-Tate one [18] (which can be obviously obtained from the general case taking β = i), to arbitrary values of the Immirzi parameter, as a consequence, also to the case of real connections, which plays a central role in the quantization program.

The non-minimal coupling term present in our approach together with the additional term in the Holst action reconstruct the Nieh-Yan invariant (1), as expected from the very beginning, ensuring that the classical dynamics be the one described by the Einstein-Cartan theory.

The non-minimal spinor action can be, unexpectedly, separated in two independent actions with different weights depending on the Immirzi parameter where the respective interaction terms contain the self-dual and anti-self-dual Ashtekar connections; this suggests to search for a similar separation in the Holst action, in order to rewrite the total action as the sum of two actions describing independently the self-dual and anti-self-dual sector of the complete theory. This separation is in fact possible [22, 23] and seems to reflect a partial parity violation in the gravitational interaction^2.

The plan of the paper is the following one: In Section II we introduce the Holst action, clarifying the role of the Immirzi parameter.

In Section III we give a brief review of Einstein-Cartan theory, digressing on the main results of [14] and [15]. In Section IV we motivate and present our approach, moreover the link between the non-minimal coupling term in the spinor action and the Nieh-Yan invariant is explained (a brief description of the Nieh-Yan topological term and its relation with the Pontryagin four dimensional classes are contained in the Appendix A); finally we show that the Ashtekar-Romano-Tate Lagrangian is obtainable by our non-minimal Lagrangian in the limit β = ± i (this part of Section IV is supported by the formulas and results contained in the Appendix B). In Section V the separation of the total action in self-dual and anti-self-dual part is carried out.

In Section VI we present the canonical Hamiltonian theory, we calculate the constraints of the theory for general values of the Immirzi parameter, starting from the Lagrangian introduced in section IV.

A discussion of the result presented is contained in the Concluding Remarks.

Along all the paper we use the sign convention of the Landau Lifšits series. We assume 8πG = 1.

2 In the interesting paper [22] the author shows how to extend the Kodama state to arbitrary values of the Immirzi parameter just using the separation of the Holst action we are speaking about.

II. THE HOLST ACTION AND THE ROLE OF THE IMMIRZI PARAMETER

Let us introduce in this section the Holst action, which represents an important contribute in understanding the geometrical content of the Ashtekar-Barbero-Immirzi formalism. In [13], the author shows that the Barbero’s Hamiltonian formulation of General Relativity can be derived from an action which generalizes the ordinary Hilbert-Palatini action. The Holst action is: S_{Hol} = S_{HP} (e, ω) + S_{T T} (e, ω) = 1 4 ∫ ( ϵ_{abcd} e^a ∧ e^b ∧ R^{cd} − 2 β e_a ∧ e_b ∧ R^{ab} ) , (2)

where e^a is the gravitational field, while R^{ab} = dω^{ab} + ω^a_c ∧ ω^{cb} is the Riemann curvature 2-form and ω^{ab} is the Lorentz valued spin connection 1-form. The constraints coming out from the ADM 3+1-splitting of the Holst action are the following ones [4] (Indexes from the beginning of the Greek alphabet α, β, γ . . . are spatial indexes, while indexes from the middle of the Latin alphabet, i, j, k . . . denote internal degrees of freedom, both the sets of indexes run from 1 to 3):

G_i = D_αE^α_i = ∂_αE^α_i + ϵ^k_{ij}^{(β)}A^j_αE^α_k = 0, (3a)

C_α = E^β_i F^i_{αβ} = 0, (3b) C = 1 2 E^α_i E^β_j [ ϵ^{ij}_kF^k_{αβ} + 2 ( β^2 + 1 ) K^i_{[α}K^j_{β]} ] = 0, (3c)

where

(β)A^i_α = Γ^i_α + βK^i_α (4a)

E^α_i = − 1 2 ϵ_{ijk}ε^{αβγ} e^j_β e^k_γ = − √ | det q| e^α_i, (4b)

F^k_{αβ} = 2∂_{[α}^{(β)}A^k_{β]} + ϵ^k_{ij}^{(β)}A^i_α^{(β)}A^j_β, (4c)

are respectively the connection 1-form taking values in SU (2) or SO(3), its conjugate momentum and the curvature 2-form associated with the connection A^i; det q represents the determinant of the metric on the 3- dimensional spatial surface [5]. The first class secondary constraints (3) reflect the gauge freedom of the physical theory, in particular the internal automorphisms of the gauge bundle and the diffeomorphisms invariance of the space-time, constraining the system on a restricted region of the phase space.

In operating the 3+1-splitting of the Holst action we can appreciate a profound difference between Ashtekar and Barbero connections [24], indeed, while the Ashtekar connections are the pullback to the spatial surface of the 4-dimensional connection, as it appears clear in the Lagrangian formulation presented by Jacobson and Smolin [25]; the Barbero ones are defined using specific components of the space-time connection. As a consequence the holonomy along a loop of the Barbero connections depends on the slicing [26], while the holonomy of the Ashtekar connection depends only on the loop.

As far as the constraints are concerned it is worth noting that the Gauss’ law (3a) and the vector constraint (3b) does not depend on β, while the scalar constraint (3c) is β-dependent, implying that the physical predictions of the quantum theory will in general depend on the Immirzi parameter; a striking consequence is that even physical quantities not directly depending on the Hamiltonian, for example the area operator, as above remarked, come out to be β-dependent.

Even though the Immirzi parameter has an important role in the quantum regimes, as just remarked, it plays no role in the classical dynamics, in fact, the Holst action differs from the Hilbert-Palatini action for the presence of the following term: S_{T T} (e, ω) = − 1 2β ∫ e_a ∧ e_b ∧ R^{ab}, (5) which does not affect the classical dynamics; in fact the variation of the Holst action (2) with respect to the spin connection ω^{ab} gives us the II Cartan structure equation in the torsion-less case

de^a + ω^a_b ∧ e^b = T^a = 0, (6)

this equation implies the following identity

R^a_b ∧ e^b = 0, (7)

then the variation of the Holst action with respect to the gravitational field e^a leads to the usual Einstein dynamical equation:

ϵ_{abcd} e^b ∧ R^{cd} (ω (e)) = 0, (8)

where we have taken into account the identity in line (7).

It is worth stressing that the presence of a torsion tensor in the right hand side of the II Cartan structure equation would make the Holst action no more dynamically equivalent to the Hilbert-Palatini action. In other words for the action S_{T T} to be a topological term the II Cartan structure equation with vanishing right hand side has to be valid, otherwise the Bianchi identity would assume its general form:

R^a_b ∧ e^b = dT^a + ω^a_b ∧ T^b (9)

and a contribution proportional to the Immirzi parameter would appear in the right side of the Einstein field equations.

Then, in vacuum, an analogy between the Immirzi parameter and the θ-angle in QCD exists: their position with respect to the topological term is just the same, moreover both do not affect the classical dynamical vacuum equations and appear only in non-perturbative quantum effects (an interesting work on this subject is [27], where the authors propose an analogy between the Immirzi ambiguity and ambiguities present in Yang-Mills and Maxwell theories). It is interesting to ask whether this analogy survives in the presence of spinor matter.

III. IMMIRZI PARAMETER AND EFFECTIVE THEORY

The Einstein-Cartan theory describes a system of fermion fields coupled to gravity, the action for this system is the following one: S_{EC} ( e, ω, ψ, ψ ) = 1 4 ∫ ϵ_{abcd} e^a ∧ e^b ∧ R^{cd} + i 2 ∫ ⋆ e_a ∧ ( ψγ^aDψ − Dψγ^aψ ) , (10)

where the symbol “ ⋆ ” indicates the Hodge dual, while the covariant derivative operator D acts on the spinor fields as follows: Dψ = dψ − i 4 ω^{ab}Σ_{ab}ψ and Dψ = dψ + i 4 ψΣ_{ab}ω^{ab}, (11) Σ_{ab} are the generators of the Lorentz group, defined in lines (B17).

In order to get the effective theory, we should vary the action above with respect to the spin connection field ω^{ab} and solve the II Cartan structure equation resulting from the principle of stationary action, obtaining the expression of the spin connection as function of the gravitational and spinor fields. A useful characteristic of the solution of the II Cartan structure equation is that the pure gravitational contribution to the spin connection can be separated from other possible contribution, this allows us to write

ω^{ab}_μ =^∘ω^{ab}_μ (e) + K^{ab}_μ , (12)

where^∘ω^a_{μb} (e) = e^a_ρ ∇_μe^ρ_b is the pure gravitational part of the total spin connection: in other words it is the solution of the II Cartan structure equation in the torsion-less case (6) (the symbol “^∘ ” will denote the torsion-less geometrical objects), while K^{ab}_μ = K^{νρ}_μe^a_{[ν} e^b_{ρ]} is the tetrad projection of the so-called contortion tensor K^{νρ}_μ, which is different from zero only when external sources for torsion are present in the total action. Some formulas and definitions are useful for what follows: first of all, we recall the following relation between the contortion tensor and torsion K^ν_{ρμ} = 1 2 ( T^ν_{ρμ} − T^ν_{ρ μ} − T^ν_{μ ρ} ) , (13)

it is worth noting that while the contortion tensor is antisymmetric in the first two indexes: K_{νρμ} = −K_{ρνμ}, the torsion tensor is antisymmetric in the last two indexes: T_{νρμ} = −T_{νμρ}. It is useful to divide torsion into its irreducible parts: the trace vector

T_μ = T^ν_{μν}; (14a)

the pseudo-trace axial vector S_μ = ϵ_{μνρσ}T^{νρσ} (14b) and the tensor

q_{νρσ}, satisfying: q^ν_{ρν} = 0 and ϵ_{μνρσ} q^{νρσ} = 0. (14c) The expression of the torsion tensor through the above new fields is: T_{μνρ} = 1 3 (T_ν g_{μρ} − T_ρg_{μν} ) − 1 6 ϵ_{μνρσ}S^σ + q_{μνρ}, (15) where g_{μν} = η_{ab}e^a_μ e^b_ν is the metric tensor^3. Using the above formulas and definitions we can rewrite the Einstein-Cartan action as follows:

3 A detailed classification of the torsion components can be found in [28], while multidimensional classical gravity with torsion is described in [29].

S_{EC} ( e, S, T, q, ψ, ψ ) = − 1 2 ∫ d^4x det(e) ( e^μ_ae^ν_b^∘R^{ab}_{μν} −2^∘∇_μ T^μ − 2 3 T_ρT^ρ + 1 24 S_ν S^ν + 1 2 q_{μνρ}q^{μνρ} )

+ i 2 ∫ d^4x det(e) ( e^μ_a ( ψγ^{a ∘}D_μ ψ −^∘D_μ ψγ^aψ ) + i 4 S_ρJ^ρ_{(A)} ) , (16)

where J^ρ_{(A)} = ψγ^ργ^5ψ indicates the spinor axial current. For completeness we wrote in the action also a total divergence term, which can be dropped out supposing the manifold we are integrating over is compact without boundary or requiring that the fields vanish on the boundary.

In order to calculate the effective theory, we apply the variational principle to the trace vector T_μ, pseudo-trace axial vector S_ν and q_{μνρ}, obtaining respectively the following equations:

T^μ = 0, 1 24 S^ν + 1 8 J^ν_{(A)} = 0, q^{μνρ} = 0; (17)

the solutions above allows to rewrite the spin connection as ω^{ab}_μ =^∘ω^{ab}_μ + 1 4 ϵ^{ab}_{cd}e^c_μJ^d_{(A)}, (18) which is, as expected, of the form in line (12). Now on the base of a well known theorem^4, we reinsert the solutions of the equations above into the action obtaining: S_{J(A) −J(A)} ( e, ψ, ψ ) = ∫ d^4x det(e) ( − 1 2 e^μ_ae^ν_b^∘R^{ab}_{μν} + i 2 e^μ_a [ ψγ^{a ∘}D_μ ψ −^∘D_μ ψγ^aψ ] + 3 16 η_{ab}J^a_{(A)}J^b_{(A)} ) . (19)

This is the well known effective action of the Einstein- Cartan theory with the peculiar Fermi-like four fermions interacting term. In this approach torsion is a nondynamical field, in particular the pseudo-trace axial vector is the only interacting field of the irreducible parts of the contortion tensor and is characterized by a contact interaction with the axial spinor current; as a consequence, the effective theory is completely torsion free, as one can easily recognize looking at the action (19), but the dynamics is complicated by the presence of a four fermions point-like interaction, “mediated” by the non-dynamical pseudo-trace axial vector field. The four fermions term becomes important when the energy available reaches a huge critical density [30] and it can be easily neglected at the energy at present available in “on Earth” experiments, but it could have important effects in Cosmology, because the very early Universe reached energies even higher than those required to make the J_{(A)} − J_{(A)} term dominant.

Generalizing the Einstein-Cartan theory substituting the Hilbert-Palatini action with the Holst action in line (2), the dynamical equations for the irreducible components of the torsion tensor change and come out to be dependent on the Immirzi parameter. In particular, be- ing ∫ e^a ∧ e^b∧R_{ab} = 1 2 ∫ d^4x det(e) ( e^μ_ae^ν_bϵ^{ab}_{cd}^∘R^{cd}_{μν} −∇_μS^μ − 2 3 T_μS^μ − ϵ_{μνρσ}q^{μρ}_τ q^{τνσ} ) , (20)

the irreducible components of the torsion tensor are given by the following expressions:

T^ρ = 3 4 β β^2 + 1

J^ρ_{(A)}, (21a)

S^σ = −

3β^2 β^2 + 1

J^σ_{(A)}, q^{μνρ} = 0, (21b)

4 Let S (q_i, Q_j ) be an action depending on two sets of dynamical variables, q_i and Q_j . The solutions of the dynamical equations are extrema of the action with respect to both the two sets of variables: if the dynamical equations ∂S/∂q_i = 0 have a unique solution, q^{(0)}_i (Q_j ) for each choice of Q_j , then the pullback S (q_i (Q_j ) , Q_j ) of the action to the set of solution has the property that its extrema are precisely the extrema of the total total action S (q_i, Q_j ) [18].

and reduce to the ones in line (17) in the limit β → ∞. It is worth noting that the solutions above are not completely consistent, because the solution in line (21a) gives a relation of proportionality between a vector and a pseudo-vector which have different properties under coordinates transformations, moreover the same relation constraints the Immirzi parameter to be real otherwise the scalar vector irreducible component of torsion would become imaginary (this also prevents by a possible divergence of the action, as one can easily realize looking at the constant in front of the four Fermions interaction term below). However a formal substitution of the above solutions in the action provides the result obtained in [14] and in [15]: S_{J(A) −J(A)} ( e, ψ, ψ ) = ∫ d^4x det(e) ( − 1 2 e^μ_ae^ν_b^∘R^{ab}_{μν} + i 2 e^μ_a ( ψγ^{a ∘}D_μ ψ −^∘D_μ ψγ^aψ ) (22) + 3 16 β^2 β^2 + 1 η_{ab}J^a_{(A)}J^b_{(A)} ) , where we have taken into account the identity in line (7). This result shows that the Immirzi parameter, which appears in the action for the gravitational field used as starting point in the construction of LQG, not only appears in non-perturbative quantum effects but also in the classical equations of motion, when fermions are present, leading to (independently from the quantum theory) possible observable effects. It plays the role of coupling constant in front of the four fermions interacting term.

In this respect the analogy between the θ-term in QCD and the Holst modification to the Hilbert-Palatini action cannot be put forward in presence of spinor matter, indeed, while the former remains a topological term of the Pontryagin class even though minimally coupled fermion fields are present, the latter is no more a topological term. The presence of spinor matter generates, in fact, a nonvanishing torsion, thus, as formally remarked in the previous section, the Bianchi identity assumes its general form, preventing the Holst action to yield a dynamics completely equivalent to the ordinary one. In particular the resulting action differs from the usual Einstein- Cartan one by a β dependent coupling constant in front of the Fermi-like interaction term. We stress that this result, even though interesting, cannot be accepted because of the inconsistency of the relation in line (21a) and, from a more conceptual point of view, because we expect that the effective dynamics of the theory be completely equivalent to the one coming out from the Einstein-Cartan theory.

In this respect, in the next section we present a theory which has these characteristics: it reduces to the Einstein-Cartan theory once the II Cartan structure equation is solved, it is valid for every values of the Immirzi parameter and in the limit β = ± i it provides the Ashtekar-Romano-Tate theory [18].

IV. EFFECTIVE THEORY AND THE NIEH-YAN INVARIANT

The Immirzi parameter represents an open problem of LQG, which is, of course, one of the most promising approaches to QG. The most striking result about the Immirzi parameter concerns the physical predictions of the quantum theory, which, for a reason explained in [12], are affected by the presence of this parameter. Nevertheless the fact that the entropy of a black hole could depend on a classically non-physical parameter is not completely satisfying. An interesting solution to this problem could be found using a gauge group larger than SU (2), as suggested by Immirzi himself in [10] and developed by Alexandrov, who, in the framework of Lorentz Covariant Loop Gravity, shows that no dependence on the Immirzi parameter appears in the spectrum of the area operator [31, 32] (see also [33] for an overlooking on the drawbacks of the SU (2) formalism). In this way we do not need to give any physical interpretation to the Immirzi parameter, just because it does affect neither the classical nor the quantum sectors of the theory.

However the origin of this ambiguity is still argument of discussion (an interesting paper on this topic is [34]). In this respect, the attempt to give a classical physical meaning to the Immirzi parameter by minimally coupling spinor fields to gravity has not led to a completely consistent result as showed in the previous section. Thus according to the general idea that inspired the introduction of new variables for General Relativity, we present below a theory containing spinor fields, which, in the framework of the covariant approach to the Ashtekar- Barbero-Immirzi formalism, has as effective limit the usual Einstein-Cartan theory. In other words, we propose an action for the coupled system of spinor and gravitational fields, which contains two modifications with respect the Einstein-Cartan action in line (10): the first is the well known Holst modification, the other one is a non-minimal interaction term in the spinor action. The main result of this section is the reduction of these modifications to the Nieh-Yan invariant (1), which, as demonstrated in the Appendix A, can be rewritten as a total divergence; moreover, since in the approach we present below the Immirzi parameter results to be a multiplicative factor in front of the Nieh-Yan invariant, then it does not affect the classical dynamical equations. It is worth noting that the Nieh-Yan invariant reduces to a topological invariant on compact manifold (we address the reader to the Appendix A for a brief description of the Nieh-Yan topological term), thus the parallel with the θ-term in QCD can be finally restored.

The action we propose is:

S ( e, ω, ψ, ψ ) = 1 4 ∫ ( ϵ_{abcd} e^a ∧ e^b ∧ R^{cd} − 2 β e_a ∧ e_b ∧ R^{ab} )

+ i 2 ∫ ⋆ e_a ∧ [ ψγ^a ( 1 − i α γ_5 ) Dψ − Dψ ( 1 − i α γ_5 ) γ^aψ ] , (23)

where the covariant derivative operators are defined in line (11) and α is a constant.

Now, using the relations in line (B18) and the definitions in lines (14), we rewrite the action above giving the explicit form of the contributes coming from the irreducible components of the torsion tensor: S ( e, S, T, q, ψ, ψ ) = − 1 2 ∫ d^4x det(e) e^μ_ae^ν_b (_∘ R ab μν + 1 2β ϵ^{ab}_{cd}^∘R^{cd}_{μν} )

− 1 2 ∫ d^4x det(e) [_∘ ∇μ ( − 1 2β S^μ − 2T^μ ) − 2 3 T_ρT^ρ − 1 3β T_ρS^ρ + 1 24 S_ν S^ν + 1 2 q_{μνρ}q^{μνρ} − 1 2β ϵ_{μνρσ}q^{μρ}_τ q^{τνσ} ] (24) + i 2 ∫ d^4x det(e)e^μ_a ( ψγ^{a ∘}D_μ ψ −^∘D_μ ψγ^aψ ) + 1 2α ∫ d^4x det(e)^∘∇_μ ( ψγ_5γ^μψ ) + ∫ d^4x det(e) ( 1 2α T_ρ − 1 8 S_ρ ) J^ρ_{(A)}.

Varying now the action with respect to T^μ, S^ν , q^{ρστ} , we can calculate the expressions of the irreducible components of torsion, which explicitly are

T^ρ = 3 4α ( αβ − β^2 β^2 + 1 ) J^ρ_{(A)}, S^σ = − 3β α αβ + 1 β^2 + 1

J^σ_{(A)}, q^{μνρ} = 0. (25)

The solutions above obviously depend both on the Im- mirzi parameter and on the constant α, but for α = β they reduce to those in line (17), yielding a reduction of the action (24) to the usual effective Einstein-Cartan action (19), modulo total derivatives, depending on the Immirzi parameter, which do not affect the classical equations of motion.

This derivation refers to general value of the parameter β = α: it is worth noting that when the Immirzi parameter gets imaginary values the gravitational and the spinor sectors of the action are non-Hermitian, so that reality conditions are necessary to ensure that the evolution be real. On the other hand, when the Immirzi parameter assumes real values, the action is Hermitian as one can easily verify remembering that γ^†_5 = γ_5.

The action (23) differs from the usual (16) for the presence of additional terms, but the low energy effective dynamics these two different actions provide is exactly the same, because, as we are going to show, the additional terms contained in the action (23) with respect to (16) are the elements of the Nieh-Yan invariant (1). Let us consider the following equality:

1 2β ∫ [ e_a ∧ e_b ∧ R^{ab} + ⋆ e_a ∧ ( ψγ_5γ^aDψ − Dψγ^aγ_5ψ )]

= 1 2β ∫ [ e_a ∧ e_b∧^∘R^{ab} − 1 3 dV T^a S_a + q_a ∧ q^a − ⋆ e_a ∧ K^a_dJ^d_{(A)} + d ( ⋆ e_aJ^a_{(A)} )] , (26)

where we divided the spin connection as ω^{ab} =^∘ω^{ab} +K^{ab}, being K^{ab} the contortion 1-form. As soon as one realizes that ⋆ e^b ∧ K^a_b = T^adV , where T^a is the scalar vector (14a) and takes into account solutions (17), the equality above reduces to the integral of a total divergence: 1 2β ∫ [ e_a ∧ e_b ∧ R^{ab} + ⋆ e_a ∧ ( ψγ_5γ^aDψ − Dψγ^aγ_5ψ )]

= 1 2β ∫ d (T_a ∧ e^a) . (27)

In the last equality we have taken into account the fact that the pseudo-trace axial vector is the only irreducible components of the torsion 2-form different from zero. The term in the right side of the equation above, as showed in the appendix A, is just the total divergence to which the Nieh-Yan topological invariant reduces when the II Cartan structure equation is taken into account, it is worth stressing that the formula in line (A4) can be applied only in the case we deal with compact (Riemannian) space.

In other words, the additional terms in the action proposed in this paper reconstruct the Nieh-Yan invariant as soon as we take into account the solutions in line (17). On the other hand, having added to the original Einstein- Cartan action terms which reduces to total divergence ensures that the classical dynamics be preserved, just like in the original Holst approach, but with the generalization to the case in which spinor fields are present in the dynamics.

Now we show that the action proposed in line (23) reduces to that in the paper of Ashtekar-Romano-Tate [18] when the Immirzi parameter is taken equal to the imaginary unit. For β = i indeed we have:

S_{ART} ( e, ω, ψ, ψ ) = 1 4 ∫ ( ϵ_{abcd} e^a ∧ e^b ∧ R^{cd} + 2i e_a ∧ e_b ∧ R^{ab} ) + i 2 ∫ ⋆ e_a ∧ [ ψ (1 + γ_5) γ^aDψ − Dψγ^a (1 + γ_5) ψ ] . (28)

Considering the complex self-dual connection^5: A^{ab}_μ = ω^{ab}_μ − i 2 ϵ^{ab}_{cd}ω^{cd}_μ , (29) with its associated curvature tensor, F^{ab}_{μν} , which is re-

5 A tensor field is self-dual if^1_2 ϵ^{ab}_{cd}T^{cd} = iT^{ab}.

lated to the curvature of the spin connection ω^{ab}_μ by the following relation:

F^{ab}_{μν} = R^{ab}_{μν} − i 2 ϵ^{ab}_{cd}R^{cd}_{μν} , (30) which means that the curvature of the self-dual connection is the self-dual part of the curvature of the spin connection [35], then the action in line (28) can be rewritten as: S_{ART} ( e, A, ψ, ψ ) = i 2 ∫ e_a ∧ e_b ∧ F^{ab} + i ∫ ⋆ e_a ∧ [ ψγ^aP_LDψ − Dψγ^aP_Rψ ] , (31)

where we have used the definition of the left and right spinor projectors P_L =^1_2 ( 1 − γ^5 ) and P_R =^1_2 ( 1 + γ^5 ) . Remembering the explicit form of the Dirac matrices γ^a, γ^5 in chiral representation given in lines (B7) and (B16), we get for the spinor sector of the action (see Appendix B for further details): S ( σ, A, ξ, ξ, η, η ) = ∫ d^4x det(σ)L with L = i √ 2 σ^μ_{AA}′ ( ξ^{A′} D^{(A)}_μ ξ^A − ( D^{(A)}_μ η^A ) η^{A′} ) , (32)

where ξ^A and η^{A′} are SL(2, C) spinor fields, while σ^{AA′}_μ are the soldering forms. The covariant derivative acts only on spinor fields with unprimed indexes and assumes the following form:

D^{(A)}ρ^A = dρ^A + 1 2 (+)A^kσ^{k A}_B ρ^B , (33)

with

(+)A^i = A^{0i} = ω^{0i} − i 2 ϵ^i_{jk}ω^{jk}, (34) where σ^A_B are the Pauli matrices^6. So that the Ashtekar connection results to be the complex gauge field of the local SU (2) rotation in the spinor space. This derivation shows how the Ashtekar formalism allows to encode the full local Lorentz gauge symmetry of the theory in the complex SU(2) valued connections, reducing the phase space of the theory to that of a complex Yang-Mills gauge theory, with additional reality conditions needed to ensure that the dynamics be the one of the real Einstein theory. The fact that the covariant derivative acts only on the unprimed (primed) spinor fields is a consequence of the (anti)self-duality of the connection A and, in general, when the Immirzi parameter is different from ± i, we should expect that the action contain covariant derivatives operators acting both on unprimed indexes and on the primed ones.

V. LEFT-RIGHT SEPARATION OF GRAVITY-SPINORS ACTION

In this section we will show that the spinor action for arbitrary values of the Immirzi parameter contains, as anticipated in the previous section, covariant derivatives

6 Using relation (B3) we obtain D^{(A)} ρ_A = dρ_A −^1_2 A^k σ^{k C}_A ρ_C .

of primed and unprimed spinor fields, but unexpectedly these contributions separate in two independent parts. This particular feature of the spinor action suggests that the theory associated to an arbitrary value of the Immirzi parameter can be separated in the sum of two independent self and anti-self dual actions with different weights, depending on the value of the Immirzi parameter itself. The resulting separated action, resembling to a partial parity violating action, can give rise to new investigations about symmetries breaking.

In order to show this let us first of all introduce the following connections

(+)A^i_μ := ω^{0i}_μ − i 2 ϵ^i_{jk}ω^{jk}_μ , (35a)

(−)A^i_μ := ω^{0i}_μ + i 2 ϵ^i_{jk}ω^{jk}_μ . (35b)

and their inverse

ω^{0i}_μ = 1 2 (_{(+)} A^i_μ +^{(−)}A^i_μ ) , (36a) ω^{jk}_μ = i 2 ϵ^{jk}_i (_{(−)} A^i_μ −^{(+)}A^i_μ ) . (36b)

These relations allow us to rewrite the spin connection matrix ω^{ab}_μ Σ_{ab} in function of the fields^{(+)}A^i_μ and^{(−)}A^i_μ: using the relation in line (B21) and the explicit form of the matrices α^i and Σ^i given in lines (B10) and (B14), we have:

ω^{ab}_μ Σ_{ab} = − 2 ( iω^{0i}_μ α_i + 1 2 ϵ^i_{jk}ω^{jk}_μ Σ_i )

= i [ (Σ_i − α_i)^{(−)}A^i_μ + (Σ_i + α_i)^{(+)}A^i_μ ] . (37)

Some algebra allows us to write the spinor sector of the action (23) as S ( σ, A, ξ, ξ, η, η ) = ∫ d^4x det(σ)L with L = i √ 2 σ^μ_{AA}′ [ θ_L ( ξ^{A′} D^{(+)}_μ ξ^A − ( D^{(+)}_μ η^A ) η^{A′} ) (38) + θ_R ( η^AD^{(−)}_μ η^{A′} − ( D^{(−)}_μ ξ^{A′} ) ξ^A )] , where we have introduced the constants θ_L :=^1_2 ( 1 +^i_β ) and θ_R :=^1_2 ( 1 −^i_β ) . The covariant derivatives operators act on primed and unprimed spinor field respectively as D^{(+)}_μ ρ^A = ∂_μρ^A + 1 2 (+)A^i_μσ^{iA}_B ρ^B (39a)

D^{(−)}_μ τ^{A′} = ∂_μτ^{A′} + 1 2 (−)A^i_μσ^{iA′}_B′ τ^{B′} (39b) It is worth noting that the spinor action above reduces to the one in line (32) when the Immirzi parameter is equal to the imaginary unit, i, while for β = −i it gives the Ashtekar formulation in the case of anti-self dual connections. The action above refers to any value of the

Immirzi parameter and results to be the sum with different weights of the “left” and “right” spinor actions, interacting respectively with the self and anti-self dual connection.

The above “left-right” separation of the spinor action suggests to search for a similar behavior in the pure gravitational sector of the action (23). This separation is in fact possible as already demonstrated in [22, 23]; here, for the sake of completeness and self-consistency of the paper, we briefly describe the main points of such a procedure, addressing the reader to the cited papers for interesting applications to the quantum theory.

In order to perform the separation we now define the Dirac valued gravitational field e_μ and spin connections ω_μ as

e_μ = e^a_μ γ_a, and ω_μ = ω^{ab}_μ γ_{[a}γ_{b]} = −iω^{ab}_μ Σ_{ab}, (40a) thus, remembering the following formulas: tr ( γ^aγ^bγ^cγ^d ) = 4 ( η^{ab}η^{cd} − η^{ac}η^{bd} + η^{ad}η^{bc} ) , (41a) i tr ( γ^5γ^aγ^bγ^cγ^d ) = 4 ϵ^{abcd}, (41b)

direct consequence of the definitions in lines (B7) and (B15), the Holst action (2) can be rewritten as:

S (e, ω) = 1 16 ∫ d^4x det(e) tr [( 1 − i β γ^5 ) e^μe^ν R_{μν} ] .

Now, since we have^1_2 ( 1 −^i_β γ^5 ) = θ_LP_L + θ_LP_R, where P_L and P_R are respectively the left and right projectors, then it is possible to rewrite the total action in line (23) as follows

S_{L−R} = − 1 2 ∫ d^4x det(e) e^μ_ae^ν_b ( θ_L^{(+)}F^{ab}_{μν} + θ_R^{(−)}F^{ab}_{μν} )

+ i √ 2 ∫ d^4x det(e) e^μ_aσ^a_{AA}′ [ θ_L ( ξ^{A′} D^{(+)}_μ ξ^A − ( D^{(+)}_μ η^A ) η^{A′} ) (42) + θ_R ( η^AD^{(−)}_μ η^{A′} − ( D^{(−)}_μ ξ^{A′} ) ξ^A )]

It is important to note that the left and right action are completely independent, being associated respectively with the dynamics of the self and anti-self dual connections interacting with the left and right components of the spinor fields.

The next step will be the 3+1 splitting of the above L-R action, which we will carry out in the next section: we believe that an important point will be represented by the demonstration that the Barbero constraints given in lines (3) are obtainable without any effort from the constraints of the L-R action.

VI. CANONICAL APPROACH

In this section we will carry out a 3+1 decomposition of the action proposed in line (23) in order to construct the Hamiltonian constraints. In this respect, we emphasize that, even though a canonical formulation for the real Barbero connections (β = 1, A^i_α = Γ^i_α + K^i_α) in presence of fermion fields in second order formalism already exists [36]^7, to our knowledge a canonical formulation of the dynamics of the gravitational field coupled to spinor

7 As far as the quantization of diffeomorphisms invariant theories with fermions is concerned, we address the reader to [37, 38].

matter for arbitrary values of the Immirzi parameter does not exist in the literature; in this sense we generalize the calculation contained in [18, 36] for general values of the Immirzi parameter. Moreover it is important to stress that the resulting constraints are affected by the nonminimal Dirac Lagrangian we start from, which has been motivated before in this paper.

Being aware of the comment by Samuel in [24] about the incorrectness of using a “gauge fixed” Lagrangian to derive the constraints of the theory, nevertheless taking into account the works of Alexandrov [31] and Barros e Sa [39], which demonstrate the correctness of the results obtained by Holst with the gauge fixed Lagrangian [13, 24], in order to arrive at the canonical formulation, we choose the so called “time gauge”. This choice simplifies the splitting reducing the tetrad field e^a_μ and its inverse e^ν_b to the following form:

e^a_μ = ( N N^αe^i_α 0 e^i_α ) and e^ν_b = 1 N 0 − N^β N e^β_j , (43) we are indicating with N the Lapse function and with N^α the Shift vector; the tetrad basis above reconstructs the ADM decomposed metric, in particular we have: ds^2 = e^a_μ e_{aν} dx^μdx^ν = N^2dt^2 − q_{αβ} (N^αdt + dx^α) ( N^βdt + dx^β ) , (44)

where q_{αβ} = e^i_α e_{iβ} is the 3-metric.

Using the expression above for the tetrad fields the Holst action assumes the following (3+1) form:

S_{(3+1)} = − ∫ dtd^3x √ q [ F^{i0}_{αt} e^α_i − N^βe^α_iF^{i0}_{αβ} + 1 2 N e^α_ie^β_jF^{ij}_{αβ} ] , (45)

where we introduced the compact notation F^{ab}_{μν} = R^{ab}_{μν} + 1 2β ϵ^{ab}_{cd}R^{cd}_{μν} . (46) The explicit expressions of the tensors contained in the action above can be computed by a very long but straightforward calculation, using the following definitions

(+)B^i_α := ω^{0i}_α + 1 2β ϵ^i_{jk}ω^{jk}_α , (47a)

(−)B^i_α := ω^{0i}_α − 1 2β ϵ^i_{jk}ω^{jk}_α ; (47b)

we obtain:

F^{i0}_{αt} = ∂_t^{(+)}B^i_α − ∂_α ( ω^{0i}_t + 1 2β ϵ^i_{jk}ω^{jk}_t ) + ω^i_{tj}^{(+)}B^j_α − β^2 + 1 2β ϵ^i_{jk}ω^{0j}_t^{(−)}B^k_α + β^2 − 1 2β ϵ^i_{jk}ω^{0j}_t^{(+)}B^k_α, (48a)

F^{i0}_{αβ} = 2∂_{[β}^{(+)}B^i_{α]} +

1 − 3β^2 4β ϵ^i_{jk}^{(+)}B^j_α^{(+)}B^k_β + β^2 + 1 4β ϵ^i_{jk}^{(−)}B^j_α^{(−)}B^k_β + β^2 + 1 2β ϵ^i_{jk}^{(+)}B^j_{[α}^{(−)}B^k_{β]}, (48b)

F^{ij}_{αβ} = β^2 + 1 β ϵ^{ij}_k∂_{[α}^{(−)}B^k_{β]} − β^2 − 1 β ϵ^{ij}_k∂_{[α}^{(+)}B^k_{β]}

+ β^2 − 3 2 (+)B^i_{[α}^{(+)}B^j_{β]} + β^2 + 1 2 (−)B^i_{[α}^{(−)}B^j_{β]} − ( β^2 + 1

)_{(+)}

B^{[i}_{[α}^{(−)}B^{j]}_{β]} . (48c)

From the above general expression of the (3 + 1) action we can easily deduce the self and anti-self dual ones, respectively associated to β = i and β = −i,^8 the resulting actions are singular: below we directly write the well known secondary first class constraints for β = i:

G^{(+)}_i = D^{(+)}_α E^α_i = ∂_αE^α_i + ϵ^k_{ij}^{(+)}A^j_αE^α_k = 0, (49a)

C^{(+)}_β = E^α_i^{(+)}F^i_{αβ} = 0, (49b)

C^{(+)} = 1 2 ϵ^{ij}_kE^α_i E^β_j^{(+)}F^k_{αβ} = 0, (49c)

and for β = −i:

G^{(−)}_i = D^{(−)}_α E^α_i = ∂_αE^α_i + ϵ^k_{ij}^{(−)}A^j_αE^α_k = 0, (50a)

C^{(−)}_β = E^α_i^{(−)}F^i_{αβ} = 0, (50b)

C^{(−)} = 1 2 ϵ^{ij}_kE^α_i E^β_j^{(−)}F^k_{αβ} = 0, (50c)

where

8 It is worth noting that the following relations hold:^{(β)} A^i_α = β^{(+)}B^i_α and^{(β)} A^i_α^{β=i}→^{(+)} A^i_α = i^{(+)} A^i_α, in order not to generate confusion note also the difference between the symbol A and A.

(+)A^j_α = i^{(+)}A^j_α = Γ^j_α + iK^j_α, and^{(−)}A^j_α = −i^{(−)}A^j_α = Γ^j_α − iK^j_α, (+)F^i_{αβ} = 2∂_{[α}^{(+)}A^i_{β]} + ϵ^i_{jk}^{(+)}A^j_α^{(+)}A^k_β , and^{(−)}F^i_{αβ} = 2∂_{[α}^{(−)}A^i_{β]} + ϵ^i_{jk}^{(−)}A^j_α^{(−)}A^k_β,

E^α_i = − 1 2 ϵ_{ijk}ε^{αβγ} e^j_β e^k_γ = − √ | det q| e^α_i,

are respectively the self and anti-self dual Ashtekar connections, their associated curvature tensors and the conjugate momentum.

Now, in order to write the constraints for the total action (23) we use the result obtained in the previous section. In particular denoting with π, ω, ω, π the conjugate momenta associated respectively to the spinor fields ξ, η, η, ξ the constraints for the L-R action in line (42) are

G^{(+)}_i = − 1 2 (πσ_iξ + ησ_iω) , (51a)

G^{(−)}_i = − 1 2 ( ωσ_iη + ξσ_iπ ) , (51b) θ_LC^{(+)}_β − θ_RC^{(−)}_β = iθ_L ( πD^{(+)}_β ξ + D^{(+)}_β ηω ) (51c) + iθ_R ( ωD^{(−)}_β η + D^{(−)}_β ξπ ) ,

θ_LC^{(+)} − θ_RC^{(−)} = θ_LE^α_i ( πσ^iD^{(+)}_α ξ + D^{(+)}_α ησ^iω ) (51d) + θ_RE^α_i ( ωσ^iD^{(−)}_α η + D^{(−)}_α ξσ^iπ ) . Let us define the new connection

(β)A^i_α = 1 θ_L − θ_R ( θ_L^{(+)}A^i_α − θ_R^{(−)}A^i_α ) (52)

and the new curvature tensor

(β)F^i_{αβ} = 1 θ_L − θ_R ( θ_L^{(+)}F^i_{αβ} − θ_R^{(−)}F^i_{αβ} )

+ ( β^2 + 1 ) ϵ^i_{jk}ω^{0j}_{[α} ω^{0k}_{β]} , (53)

we recognize in the connection defined in line (52) the Ashtekar-Barbero-Immirzi connection^{(β)}A^i_α = Γ^i_α + βK^i_α, which result to be a weighted sum of the self and anti-self dual Ashtekar connections.

Subtracting the constraint (51b) from the (51a), we obtain the generalization of the Gauss law in the presence of spinor fields and for arbitrary values of the Immirzi parameter:

D_αE^α_i = ∂_αE^α_i + ϵ^k_{ij}^{(β)}A^j_αE^α_k (54) = 1 2 θ_L θ_R − θ_L (πσ_iξ + ησ_iω) + 1 2 θ_R θ_L − θ_R ( ωσ_iη + ξσ_iπ ) . Reabsorbing the two components spinor fields in the

four components Dirac spinor as ψ = ( ξ η ) and ψ =

ψ^+γ_0 = ( η ξ ) and defining the conjugate momenta respectively to ψ and ψ as Π = i √ q ψ^+ = (π ω) and Ω = −i √ q γ^0ψ = ( ω π ) , the Gauss law above can be

rewritten in the more readable and compact form:

D_αE^α_i = ∂_αE^α_i + ϵ^k_{ij}^{(β)}A^j_αE^α_k = − i 4 [ Π (βα_i + iΣ_i) ψ + ψ (βα_i + iΣ_i) Ω ] . (55)

In order to rewrite the total 3-diffeomorphisms and scalar constraints we have to take into account either the relation in line (53) either the following ones:

θ_LD^{(+)}_α = θ_LD^{(β)}_α − i 4 β^2 + 1 β^2

Γ^i_ασ^i, (56a)

θ_RD^{(−)}_α = θ_RD^{(β)}_α + i 4 β^2 + 1 β^2

Γ^i_ασ^i, (56b)

we obtain

E^α_i^{(β)}F^i_{αγ} − β^2 + 1

β^2 ϵ^i_{jk}E^α_i (_{(β)} A^j_α − Γ^j_α ) (_{(β)} A^k_γ − Γ^k_γ )

=θ_L ( πD^{(β)}_γ ξ + D^{(β)}_γ ηω ) + θ_R ( ωD^{(β)}_γ η + D^{(β)}_γ ξπ ) − i 4 β^2 + 1

β^2

Γ^i_γ ( πσ^iξ + ησ^iω − ωσ^iη + ξσ^iπ ) . (57)

We note that the second term on the left hand side of the equations above does not vanish trivially as in vacuum, in fact when spinor matter is present the spin connection contains also contributes proportional to spinor field, its general expression is given in line (18); on the other side it vanishes together with the last term in the same equation when the Immirzi parameter is equal to ± i, reducing, respectively, to the 3-diffeomorphisms constraints of the self and anti-self dual theory in presence of spinor fields.

It remains to calculate the scalar constraint. Using as above the relations in lines (53) and (56), we obtain i 2β E^α_i E^β_j [ ϵ^{ij}_k^{(β)}F^k_{αβ} + 2 β^2 + 1

β^2 (_{(β)} A^i_α − Γ^i_α ) (_{(β)} A^j_β − Γ^j_β )]

= θ_LE^α_i ( πσ^iD^{(β)}_α ξ + D^{(β)}_α ησ^iω ) + θ_RE^α_i ( ωσ^iD^{(β)}_α η + D^{(β)}_α ξσ^iπ ) (58) − i 4 β^2 + 1

β^2

E^α_i Γ^j_α ( πσ^iσ_j ξ + ησ^iσ_j ω − ωσ^iσ_jη + ξσ^iσ_jπ ) .

The constraints in lines (54), (57) and (58) have complicate expressions, on the other side the ones in lines (51), besides being polynomial have of course simpler form and could represent an useful tool in view of quantum theory, but since the dynamics is described by the self and antiself dual Ashtekar variables, additional reality conditions are needed^9.

VII. CONCLUDING REMARKS

In Ashtekar-Barbero-Immirzi formulation of General Relativity the β-parameter does not play any role in the classical dynamics, in fact it is introduced in the theory via a canonical transformation of the conjugated canonical variables. But since the canonical transformation cannot be implemented unitarily in the quantum theory, then the Immirzi parameter has important effects in the quantum theory leading, as showed by Immirzi himself, to a dependence of the spectra of the quantum operators on the β parameter [10]. As clarified by the Holst covariant formulation, the Immirzi parameter is a multiplicative factor in front of a “on shell” topological term, where the on shell condition is represented by the II Cartan structure equation, with vanishing right hand side, i.e. vanishing torsion; in this paper we have shown that the Immirzi parameter plays the same role also in the presence of spinor matter fields, on condition that we consider a non-minimal action for fermion fields. The introduction of the non-minimal action has been motivated by the request that the effective theory, coming out from the coupled gravity-spinor system, be the one of the Einstein-Cartan theory: the demonstration that the sum of the additional Holst modification to the Hilbert- Palatini action and of the non minimal term in Dirac Lagrangian reduces to the Nieh-Yan invariant provides a geometrical foundation to the theory.

The action we have proposed reduces to the Ashtekar- Romano-Tate action when the Immirzi parameter is equal to the imaginary unit, explaining why the Ashtekar variables were originally introduced in spinor formalism: because they are the natural connection for the left part of a Dirac spinor field.

Our approach generalizes the Ashtekar-Romano-Tate one to the case of real connection; we think this development of the formalism could be important in view of the quantum theory, in fact the difficulties found in implementing the reality conditions at the quantum level have led in these last years to give up the relative simple constraints of the original Ashtekar approach, in favor of real connections, which do not require any additional condition.

A striking feature of the non-minimal spinor action is that it can be rewritten as a sum of two term with different weights depending on the Immirzi parameter and respectively coupled to the self and anti-self dual Ashtekar connections. We have demonstrated that a similar sep-

9 As far as the problem of choosing appropriate reality conditions for the left-right separated theory is concerned, we address the reader to [23].

aration works for the gravitational sector too, this fact simplifies very much the calculation of the constraints of the complete theory, which can be rewritten as a weighted sum of the well known constraints of the self and anti-self dual Ashtekar theory.

The separation of the action in, let’s say, left and right part not only represents a simplification of the constraints, but, since the separated action resembles to the one of a partially parity violating system, it could be an important tool to get an insight into fundamental symmetries of space-time.

Finally, since it exists a dualism between physical (material) frame and time in quantum gravity [40], the consistent introduction of matter fields in QG could represents a way to solve the problem of time, as many authors have argued during the years [41, 42, 43, 44].

Appendix A: NIEH-YAN TOPOLOGICAL TERM

The Nieh-Yan topological term is the only Lorentz invariant exact 4-form including torsion. In fact, using the expression in line (9) we can write e_a ∧ e_b ∧ R^{ab} − T^a ∧ T_a = e_a ∧ dT^a + ω^b_a ∧ e^a ∧ T_b − T^a ∧ T_a, (A1)

now by the II Cartan structure equation (6) we have

e_a ∧ dT^a + ω^b_a ∧ e^a ∧ T_b − T^a ∧ T_a

= e_a ∧ dT^a − de^b ∧ T_b, (A2)

finally we arrive at the expected result

e_a ∧ e_b ∧ R^{ab} − T^a ∧ T_a = d (e_a ∧ T^a) . (A3)

The integral of the Nieh-Yan topological term over a compact manifold has a discrete spectrum, just like the Euler and Pontryagin classes. It is possible to show in particular that ∫ M^4 ( e_a ∧ e_b ∧ R^{ab} − T^a ∧ T_a )

= L^2 2 [P_4 (SO(4)) − P_4 (SO(5))] , (A4)

where with P_4 we are indicating the four dimensional Pontryagin classes:

P_4 = ∫ M^4 R^{ab} ∧ R_{ab}. (A5) To show what stated above it is necessary to embed the group of rotations on the tangent space SO(4) into SO(5) [21]. In order to do this, let us construct a connection for SO(5) combining the spin connection and the tetrad fields:

Ω^{AB} = ω^{ab} 1 L e^a − 1 L e^b 0

(A6) where capital letters run from 0 to 4, while the constant L has the dimension of a length and is introduced for dimensional reasons. Once constructed the curvature 2- form F^{AB} associated with the connection Ω^{AB} it is simple to realize what follows: F^{AB} ∧ F_{AB} = R^{ab} ∧ R_{ab} + 2 L^2 ( T^a ∧ T_a − e_a ∧ e_b ∧ R^{ab} ) . (A7) So we have: ∫ M^4 ( e_a ∧ e_b ∧ R^{ab} − T^a ∧ T_a )

= L^2 2 ∫ M^4 ( R^{ab} ∧ R_{ab} − F^{AB} ∧ F_{AB} ) , (A8)

which gives the formula (A4).

Appendix B: SPINOR FORMALISM AND DIRAC EQUATION

In this appendix the reader can find a brief description of spinor formalism [45, 46], which will allow us to introduce the spinor representation of Dirac’s matrices: many of the expressions and formulas contained in this appendix are useful for the derivation described in the last part of Section IV and in Section V.

In relativistic theory two kinds of spinor fields exist. They are indicated with primed A^′, B^′, C^′ and unprimed spinor indexes A, B, C, to raise and lower unprimed spinor indexes we use the non-degenerate antisymmetric tensor ϵ^{AB} and ϵ_{AB}, which following the standard convention [45] is defined as minus the inverse of ϵ_{AB}, in other words we have:

ϵ^{AB}ϵ_{BC} = −δ^A_C . (B1)

Let W be a two dimensional vector space over the complex number, the pair (W, ϵ_{AB}) is called a spinor space: the antisymmetric tensor plays the same role of the metric field on the space-time. In order to compensate the minus sign in line (B1), to raise a spinor index we contract the second index of the antisymmetric tensor, i.e.

λ^A = ϵ^{AB}λ_B = −ϵ^{BA}λ_B , (B2)

it is worth paying attention to what follows:

μ_Aλ^A = ϵ^{BA}μ^B λ^A = −ϵ^{AB} μ^B λ^A = −μ^B λ_B , (B3)

in particular, for any spinor field λ^A, we have λ^Aλ_A = 0.

The request of relativistic invariance fixes for spinor fields the following system of equations:

iσ^a_B′_A∂_aξ^A = m √ 2 η_B′ , (B4a) iσ^{AB′}_a ∂^aη_B′ = m √ 2 ξ^A, (B4b) where σ^{AB′}_a are the soldering forms: these represent the Dirac equation in spinor representation. Let us also write down the equations satisfied by the complex conjugate spinor fields ξ and η: i∂_aξ^{A′} σ^a_A′_B = − m √ 2 η_B , (B5a) i∂^aη_B σ^{BA′}_a = − m √ 2 ξ^{A′} , (B5b)

where we used the fact that the soldering forms are Hermitian. Settling the spinor fields ξ and η in the bi-spinor

ψ as ψ = ( ξ η ) , the Dirac equations can be rewritten in

the ordinary symmetric form iγ^μ∂_μψ = mψ, (B6) the Dirac matrices in spinor (or chiral) representation assume the following form

γ^0 = ( 0 1 1 0 ) , γ^i = ( 0 −σ^i σ^i 0 ) , (B7)

where σ^i are the Pauli matrices. In the same representation, introducing the bi-spinor field ψ defined as ψ = ψ^+γ_0 = ( η ξ ) , equations (B5) can be rewritten in the ordinary symmetric form as i∂_μψγ^μ = −mψ. (B8) It is worth noting that in the low energy limit Dirac equation must reduce to the dynamical equation of spin- 1 2 non-relativistic particles, in other words we expect that the four components spinor description provided by the Dirac equation reduces to the two components of the nonrelativistic Pauli’s theory. The limit p_0 → m and p → 0 in equations (B4a), in fact, yields the relation ξ = η, which means that only two of the four components contained in the bi-spinor ψ are independent, so the dynamics is effectively described by a two components spinor field.

By the way exploiting a particular form of the Dirac equation where an explicit time derivative term is present

i∂_0ψ = Hψ, (B9)

with the Hamiltonian H defined as H = iα^k∂_k + βm, we have the occasion to introduce the 4 × 4 matrices α^i and β, which, in chiral representation, assume the explicit form:

α^i = γ^0γ^i = ( σ^i 0 0 −σ^i ) , β = γ^0. (B10)

The matrices α^i are the generators of the Lorentz boosts, indeed in chiral representation for an infinitesimal boost transformation corresponding to the variation of velocity of the reference system δV^i, the primed and unprimed spinor fields transform as follows:

η^′ = ( 1 + 1 2 σ^iδV_i ) η and ξ^′ = ( 1 − 1 2 σ^iδV_i ) ξ, (B11) which, using the bi-spinor field, can be rewritten in a more compact form as

ψ^′ = ( 1 − 1 2 α^iδV_i ) ψ. (B12)

Likewise for an infinitesimal rotation we have

ψ^′ = ( 1 + i 2 Σ^iδθ_i ) ψ, (B13)

where in the formal vector δθ^i we contain the infinitesimal angles of rotation with respect the three reference axes^{10}.

It is simple to realize that either in the chiral either in the Dirac representation the matrix^1_2 Σ^i, where

Σ^i = ( σ^i 0 0 σ^i ) , (B14)

represents the 3-dimensional spin operator. We remember that in a generic representation this operator can be written as −α^iγ^5, this allows us to introduce the explicit form of the Hermitian matrix γ_5 [46]

γ^5 = − iγ^0γ^1γ^2γ^3 = i 4! ϵ_{abcd}γ^aγ^bγ^cγ^d = γ_5 = iγ_0γ_1γ_2γ_3 = iγ^{3†}γ^{2†}γ^{1†}γ^{0†} = γ^{5†}, (B15)

which in the chiral and Dirac representation respectively writes:

γ^5 = ( −1 0 0 1 ) and γ^5 = ( 0 −1 −1 0 ) . (B16)

A generic Lorentz transformation can be written in a compact form introducing the antisymmetric matrix tensor Σ^{ab} defined as

Σ^{ab} = i 2 [ γ^a, γ^b ] , (B17a)

iΣ^{ab} = η^{ab} − γ^aγ^b; (B17b)

which satisfies the following useful relation: { γ^a, Σ^{bc} } = 2ϵ^{abc}_dγ_5γ^d, (B18) [ γ^a, Σ^{bc} ] = 4 iη^{a[b}γ^{c]}. (B19) The explicit form of the antisymmetric tensor Σ^{ab} is:

Σ^{ab} =

0 iα^1 iα^2 iα^3 −iα^1 0 Σ^3 −Σ^2 −iα^2 −Σ^3 0 Σ^1 −iα^3 Σ^2 −Σ^1 0 = ( iα^i, −Σ^j ) ; (B20) introducing also the infinitesimal antisymmetric tensor δϵ^{ab} = ( δV^i, δθ^j ) , where for the listing of the components we used the same convention in (B20), then we obtain

Σ^{ab}δϵ_{ab} = −2Σ^iδθ_i − 2iα^iδV_i, (B21)

consequently we can summarize the transformation laws of spinor fields in lines (B12) and (B13) in the following compact form:

ψ^′ = ( 1 − i 4 Σ^{ab}δϵ_{ab} ) ψ, (B22)

which is the transformation law of a bi-spinor field under a 4-dimensional Lorentz rotation.

10 The formula (B12) and (B13) are valid in any representation, whether α^i and Σ^i indicate the matrices in that specific representation.

[1] A. Ashtekar, Phys. Rev. Lett. 57, 2244, (1986). [2] A. Ashtekar, Phys. Rev. D36, 1587, (1987). [3] C. Rovelli, Quantum Gravity, Cambridge University Press, (2004).

[4] A. Ashtekar, J. Lewandowski, (2004), available on gr-qc/0404018.

[5] T. Thiemann, (2001), available on gr-qc/0110034. [6] R. Gambini, (1994), available on hep-th/9403006. [7] L. Smolin, (2005), available on hep-th/0507235. [8] L. Smolin, (2005), available on hep-th/0303185. [9] F. Barbero, Phys. Rev. D51, 5498, (1995) and Phys. Rev.

D51, 5507, (1995).

[10] G. Immirzi, Nucl. Phys. Proc. Suppl. 57, 65, (1997), available on gr-qc/9701052.

[11] G. Immirzi, Class. Quant. Grav. 14, 177, (1997).

[12] C. Rovelli, T. Thiemann, Phys. Rev. D57, 1009, (1998). [13] S. Holst, Phys. Rev. D53, 5966, (1996).

[14] A. Perez, C. Rovelli, (2005), available on gr-qc/0505081. [15] L. Freidel, D. Minic, T. Takeuchi, (2005), available on hep-th/0507253.

[16] I.L. Shapiro, (2001), available on hep-th/0103093. [17] A. Randono, (2005), available on hep-th/0510001. [18] A. Ashtekar, J.D. Romano, R.S. Tate, Phys. Rev. D40, 2572, (1989).

[19] T. Jacobson, Class. Quant. Grav. 5, L143, (1988). [20] H.T. Nieh, M.L. Yan, J. Math. Phys. 23, 373, (1982), after eq. (1).

[21] O. Chandía, J. Zanelli, Phys. Rev. D55, 7580, (1997). [22] A. Randono, (2005), available on gr-qc/0504010. [23] S. Alexandrov, Class. Quant. Grav. 23, 1837, (2006), available on gr-qc/0510050.

[24] J. Samuel, Phys. Rev. D63, 068501-1, (2001). [25] T. Jacobson, L. Smolin, Class. Quant. Grav. 5, 583, (1988).

[26] J. Samuel, Class. Quant. Grav. 17, 141, (2000). [27] R. Gambini, O. Obregón, J. Pullin, (1998), available on gr-qc/9801055.

[28] S. Capoziello, G. Lambiase, C. Stornaiolo, (2001), available on gr-qc/0101038.

[29] J.A. Helayel-Neto, A. Penna, I.J. Shapiro, Phys. Lett.

B479, 411, (2000).

[30] F.W. Hehl, P. von der Heyde, Ann. Inst. Henri Poincaré A19, 179, (1973).

[31] S. Alexandrov, Class. Quant. Grav. 17, 4255, (2000), available on gr-qc/0005085.

[32] S. Alexandrov, Phys. Rev. D64, 044023, (2001), available on gr-qc/0103105.

[33] S. Alexandrov, E. Livine, Phys. Rev. D67, 044009, (2003), available on gr-qc/0209105.

[34] C.H. Chou, R.S. Tung, H.L. Yu, Phys. Rev. D, , (200), available on gr-qc/0509028.

[35] C. Rovelli, Class. Quant. Grav. 8, 1613, (1991). [36] T. Thiemann, Class. Quant. Grav. 15, 1281, (1998), available on gr-qc/9801055.

[37] J.C. Baez, J. Math. Phys. 39, 1251, (1998), available on hep-th/9703112.

[38] T. Thiemann, Class. Quant. Grav. 15, 1487, (1998), available on gr-qc/9705021.

[39] N. Barros e Sa, (2000) available on gr-qc/0006013. [40] S. Mercuri, G. Montani, Mod. Phys. Lett. A19, 1519, (2004).

[41] K.V. Kuchař, C.G. Torre, Phys. Rev. D43, 419, (1991) and reference therein in particular reference [1].

[42] J. Bicák, K. Kuchař Phys. Rev. D56, 4878, (1997). [43] C. Rovelli, Class. and Quantum. Grav. 8, 297 and 317, (1991).

[44] S. Mercuri, G. Montani, proceedings of the X Marcel Grossmann meeting, Rio de Janeiro, Brazil, July 20-26, 2003.

[45] R.M. Wald, General Relativity, The University of Chicago Press, (1984).

[46] L. Landau, E.M. Lifšits, Theoretical Physics 4, original title Reljativistskaja Kvantovaja Teorija, Mir and Editori Riuniti, III edition, (1999).