arXiv:gr-qc/0601109 v3 18 Jul 2006

On the geometry of Killing and conformal tensors

Bartolomé Coll^1, Joan Josep Ferrando^2 and Juan Antonio Sáez^3

Abstract

The second order Killing and conformal tensors are analyzed in terms of their spectral decomposition, and some properties of the eigenvalues and the eigenspaces are shown. When the tensor is of type I with only two different eigenvalues, the condition to be a Killing or a conformal tensor is characterized in terms of its underlying almost-product structure. A canonical expression for the metrics admitting these kinds of symmetries is also presented. The space-time cases 1+3 and 2+2 are analyzed in more detail. Starting from this approach to Killing and conformal tensors a geometric interpretation of some results on quadratic first integrals of the geodesic equation in vacuum Petrov-Bel type D solutions is offered. A generalization of these results to a wider family of type D space-times is also obtained.

PACS numbers: 02.40.H, 04.20.Cv.

1 Systèmes de référence relativistes, SYRTE-CNRS, Obsevatoire de Paris, 75014 Paris, France. E-mail: bartolome.coll@obspm.fr 2 Departament d’Astronomia i Astrofísica, Universitat de València, E-46100 Burjassot, València, Spain. E-mail: joan.ferrando@uv.es 3 Departament de Matemàtiques per a l’Economia i l’Empresa, Universitat de València, E-46071 València, Spain. E-mail: juan.a.saez@uv.es

1 INTRODUCTION

Killing tensors are associated with first integrals to the geodesic equation. In the second order case, they define quadratic first integrals and they play a central role in the theory of separability of the Hamilton-Jacobi equation. The relationship between separability and Killing tensors was shown by Eisenhart1 and abundant literature exists regarding this property (for example, see Ref. 2 and references therein).

Within the relativistic framework the study of Killing tensors grew when Walker and Penrose3 showed how the existence of a Killing tensor explains the Carter results4 on the integrability by variable separation of the geodesic equation in the Kerr solution. Since then a lot of studies have been devoted to determining and classifying the space-times admitting Killing tensors and also to obtaining the Killing tensors of a given metric. A summary of known results on this subject can be found in Ref. 5.

The problem of finding the metrics admitting a quadratic integral of the geodesic equation was established by Eisenhart.1 He wrote the intrinsic Killing tensor equations, i.e., the Killing equations in terms of the eigenvectors e_i and the eigenvalues ρ_i of a Killing tensor, and he pointed out that (see Ref. 1, pag. 129): ”the problem of finding all V_n admitting a quadratic integral consists in finding a tensor g and an orthogonal ennuple e_i that satisfy the conditions obtained by the elimination of the ρ’s from the intrinsic Killing tensor equations. The general solution has not been obtained, but we shall consider two particular solutions of the problem”. Later, he considered the trivial case when all the ρ’s are equal, and the case with different eigenvalues and normal principal congruences, a case which led to the Stäckel form of the metric.6^,1

The general solution to the problem set by Eisenhart is far from being solved, although a number of results are known for some classes of Einstein-Maxwell solutions or algebraically special space-times, as well as those for flat metrics.5 Nevertheless, the usual way in which this subject is tackled differs from the Eisenhart conception. Indeed, the common approach consists of studying the integrability conditions of the Killing tensor equations, whereas the Eisenhart method involves the following: (i) to write the intrinsic Killing tensor equations, (ii) to determine the equivalent equations involving exclusively the eigenspaces and the metric tensor (the eigenvalues having been removed), and (iii) to study the integrability conditions of the aforementioned equations. Both procedures, the usual one and Eisenhart’s, may be suitable depending on the different situations. In this work we adopt the Eisenhart approach and we will show how useful it is by considering the case of Killing tensors with two complementary eigenspaces.

The conformal extension of the Killing tensor equation determines the conformal tensors which define first integrals to the null geodesic equation. Here we also analyze the Eisenhart problem for the class of conformal tensors with two complementary eigenspaces.

In the problem of finding the Riemannian spaces admitting a Killing or a conformal tensor two different aspects can be considered. On one hand, we can look for a general canonical expression for the metric tensors with these kinds of first integrals. In this case, we must also obtain the expression of the Killing or conformal tensors in terms of the elements appearing in this canonical form. This approach may be useful in working in spaces with these symmetries, the adapted coordinates allowing calculations to be simplified and throwing light on the geometric interpretation of the expressions we can find.

On the other hand, we can give explicit and intrinsic conditions that characterize the metric tensors, and then we must offer the expression of the Killing or conformal tensors in terms of metric concomitants (namely, the Riemann tensor and its covariant derivatives). This approach is helpful in analyzing when a metric, which is known in an arbitrary coordinate system, has these kinds of symmetries. Moreover, we can obtain these tensorial symmetries without solving the Killing or conformal equations.

In this work we analyze both viewpoints. Regarding the first one, we can quote several results previously obtained in the relativistic framework. Thus, canonical forms for the four dimensional space-time metrics admitting a Killing or a conformal tensor of type 2+2 have been proposed in literature.7^,8 In this case the Killing or conformal tensor admits two complementary eigenplanes. Here we generalize these results by considering a general p + q tensor (with two complementary eigenspaces of dimensions p and q, respectively) in a generic Riemannian space with arbitrary signature and dimension.

The second approach, the intrinsic characterization of the metrics admitting Killing and conformal tensors, has also been partially considered in relativity. Thus, it is known that every Petrov-Bel type D vacuum solution admits a conformal tensor of type 2 + 2 which may be obtained form the Weyl tensor.5 Here we extend this result by characterizing all the Petrov-Bel type D metrics with conformal tensors. Moreover we also identify the type D solutions admitting a Killing tensor, thus generalizing some results that are known for the vacuum case.5

It is worth remarking that the Eisenhart approach used here allows the intrinsic and explicit labeling of the metrics to be obtained easily. Indeed, in this approach we give conditions for the underlying 2+2 structure of the Killing or conformal tensors. Moreover, for the Petrov-Bel type D metrics, this is the principal structure one of the Weyl tensor, and it is explicitly known in terms of the metric tensor.9 The reason why it is of interest to obtain an explicit and intrinsic characterization of a space-time metric has been pointed out elsewhere10 and the method used here has been useful in labeling the Schwarszchild10 and Reissner-Nordström11 solutions, the static Petrov type I space-times9 and the Petrov type I space-times admitting isotropic radiation.12

Here we show that the eigenspaces of a Killing or a conformal tensor are umbilical planes. Moreover they are totally geodesic for a conformal metric. This geometric interpretation could be useful in clarifying the role played by the Killing tensor in the separability theory.

The paper is organized as follows. Some notation, definitions and properties related to regular Riemannian p-planes are introduced in section 2. In section 3 we study some properties of the eigenvectors and eigenvalues of a Killing or a conformal tensor. The type I case (when the tensor admits an orthonormal basis of eigenvectors) is analyzed in detail in section 4 and we write the Eisenhart intrinsic Killing tensor equations in a form that is more useful to our purposes. In section 5 we use this new form for the Killing tensor equations to analyze the Eisenhart problem when the Killing or the conformal tensor has two complementary eigenspaces. A canonical form for the metrics admitting these kinds of first integrals is presented in section 6. In section 7 we study the 1+(n-1) case and outline when these Killing or conformal tensors are not reducible. In the last two sections some results concerning the usual four dimensional space-time are obtained. The 2+2 space-time structures associated to a Killing or conformal tensor are analyzed in detail in section 8. Finally, section 9 is devoted to obtaining an intrinsic and explicit characterization of the Petrov-Bel type D metrics admitting Killing or conformal tensors attached to its principal structure, and we also present an algorithm to obtain these quadratic first integrals in a given type D space-time.

2 SOME NOTATION AND USEFUL CONCEPTS

On an n–dimensional Riemannian manifold (M, g) we shall refer to a (regular) p-dimensional distribution V as a p–plane. Let v be the projector on V and h = g − v the projector on the plane orthogonal to V . The generalized second fundamental form of V is defined as the (2,1)-tensor Q_v given by

Q_v (x, y) = h(∇_{v(x)}v(y)) (1)

for every pair of vector fields x, y. We can consider the decomposition of Q_v into its antisymmetric part A_v and its symmetric part S_v ≡ S^T_v +^1_p v ⊗ Tr S_v , where S^T_v is a traceless tensor: Q_v = A_v + 1 p v ⊗ Tr S_v + S^T_v (2)

The plane V is a foliation if, and only if, A_v = 0. In this case Q_v = S_v and it coincides with the second fundamental form of the integral manifolds of the foliation V .13 Moreover V is minimal, umbilical or geodesic if, and only if, Tr S_v = 0, S^T_v = 0 or S_v = 0, respectively. Then one can generalize these geometric concepts for plane fields which are not necessarily a foliation:

Definition 1 A plane field V is said to be geodesic, umbilical or minimal if the symmetric part S_v of its (generalized) second fundamental form Q_v satisfies S_v = 0, S^T_v = 0 or Tr S_v = 0, respectively.

From these definitions, and defining {x, y} = ∇_xy + ∇_yx, a lemma easily follows: Lemma 1 A plane field V is umbilical for the metric g if, and only if, a vector field a exists such that h({x, y}) = g(x, y) a for every x, y ∈ V , h being the projector on the plane orthogonal to V .

On a n–dimensional Riemannian manifold (M, g) an almost-product structure is defined by a p-plane field V and its orthogonal complement H. The almost-product structures can be classified taking into account the invariant decomposition of the covariant derivative of the structure tensor Π = v − h . Likewise, they can be classified according to the foliation, minimal, umbilical or geodesic character of each plane.14^,15 We will say that a structure (V, H) is integrable when both planes are foliations and we will say that it is minimal, umbilical or geodesic if both of the planes are so.

In an oriented four dimensional space-time (V_4, g) of signature (− + ++) a more accurate classification for the almost-product structures follows taking into account the causal character of the planes.16 Elsewhere11 we have classified the Petrov-Bel type D space-times in accordance with the class of the 2+2 principal structure of the Weyl tensor.

3 SECOND ORDER KILLING AND CONFORMAL TENSORS

The quadratic first integrals of the geodesic equation are associated with second rank Killing tensors.1 Indeed, if K is a solution to the generalized Killing equation

[K, g] = 0 ([K, g]_{abc} = ∇_{(a}K_{bc)}) , (3)

then the scalar K(v, v) is constant along an affine parameterized geodesic with tangent vector v.

It is known5 that if K is a Killing tensor, its traceless part P = K − 1 n Tr Kg is a conformal tensor, i.e. it satisfies the conformal equation: [P, g] = S{g ⊗ t} (4) where t is, up to a factor, the divergence of P , t =^2_{n+2} ∇ · P , and S{B} denotes the total symmetrization of a tensor B. Then, the scalar P (v, v) is constant along an affinely parameterized null geodesic with tangent vector v. Moreover, Killing equation (3) implies:

2n∇ · P + (n + 2)d Tr K = 0 (5)

Then, we have the following Lemma 2 If K is a second rang Killing tensor (solution to (3)) then its traceless part P = K − 1 n Tr Kg is a conformal tensor (solutions to (4)) and it satisfies

d∇ · P = 0 (6)

Conversely if a traceless conformal tensor P satisfies (6), a scalar π exists such that dπ = ∇ · P . Then, K = P −^2_{n+2} πg is a Killing tensor.

In this work we analyze some properties of the eigenvalues and eigenspaces of Killing and conformal tensors and we present some of their properties. We proceed by studying both classes of tensors simultaneously and we will comment on the differences when they exist. So, if we consider a second rang tensor T solution to (4) the consequences on its eigenspaces and eigenvalues apply to both, Killing and conformal tensors. We particularize the conformal case by taking T as a traceless tensor. If we add condition (6), then T is the traceless part of a Killing tensor. But we can also recover the Killing tensor case by taking the vector t to be zero. It is worth pointing out that if P is a traceless conformal tensor, then P + Φg is a conformal tensor, and both define the same first integrals of the null geodesic equation. Nevertheless, here we will always work with the traceless representative.

We denote E_ρ the eigenspace of T corresponding to the eigenvalue ρ. Then, if x, y ∈ E_ρ, a straightforward calculation leads to: [T, g](x, y, ·) = x(ρ)y + y(ρ)x + g(x, y)dρ − (T − ρg){x, y} (7) On the other hand, S{g ⊗ t}(x, y, ·) = g(x, y)t + g(t, x)y + g(t, y)x (8) So, for two eigenvectors x, y ∈ E_ρ, the conformal condition (4) implies: (T − ρg){x, y} = g(x, y)s + g(s, x)y + g(s, y)x , s ≡ dρ − t (9) On the other hand, if we consider three eigenvectors x, y, z corresponding to three different eigenvalues, a similar calculation leads to: T (x, {y, z}) + T (z, {x, y}) + T (y, {z, x}) = 0 (10) Thus, we can state the following:

Lemma 3 Let T be a Killing (respectively, conformal) tensor. Then:

(i) If x, y ∈ E_ρ are eigenvectors associated with the eigenvalue ρ, equation (9) holds, where the vector t is zero (respectively, t =^2_{n+2} ∇ · T ).

(ii) If x, y, z are eigenvectors corresponding to three different eigenvalues, equation (10) holds.

A consequence of lemma 3 follows by taking x = y in equation (9). Indeed, if one makes a new product with x one obtains:

x^2g(dρ − t, x) = 0 (11)

and so, if x, y are non null vectors, equation (9) becomes: (T − ρg){x, y} = g(x, y)(dρ − t) (12) If E_ρ is a regular eigenspace of T , then a basis of E_ρ formed with non null eigenvectors exists and, consequently, (12) holds even for the null eigenvectors. Moreover, taking into account (11) we have:

Lemma 4 Let E_ρ be a regular eigenspace of a Killing (respectively, conformal) tensor T . Then (12) with t = 0 (respectively, t =^2_{n+2} ∇ · T ) holds for every x, y ∈ E_ρ. Moreover dρ ∈ E^⊥_ρ (respectively, 2∇ · T − (n + 2)dρ ∈ E^⊥_ρ ).

4 EIGENVALUES AND EIGENVECTORS OF SECOND ORDER KILLING

AND CONFORMAL TENSORS OF TYPE I

Let us now go to type I Killing and conformal tensors, that is those admitting an orthonormal basis of eigenvectors. In this case every eigenspace is regular and then the Killing (or conformal) equation implies (10) and (12). Moreover a basis of eigenvectors exists and, consequently, these restrictions are also sufficient conditions for T to be a Killing (or conformal) tensor. Thus, we have:

Proposition 1 Let T be a symmetric 2-tensor of type I and let E_i be the eigenspaces corresponding to the eigenvalues ρ_i. Then, T is a Killing (respectively, conformal) tensor if, and only if:

(i) (T − ρ_ig){x, y} = g(x, y)(dρ_i − t), for every x, y ∈ E_i, where the vector t is zero (respectively, t =^2_{n+2} ∇ · T ).

(ii) T (x, {y, z}) + T (z, {x, y}) + T (y, {z, x}) = 0, for x, y, z, eigenvectors with different eigenvalue.

Let K be a Killing tensor of type I and let {e_a} and {ρ_a} be an orthonormal basis of eigenvectors and the corresponding eigenvalues. A straightforward calculation allows us to write the two conditions in proposition 1 in terms of {e_a} and {ρ_a} obtaining, in this way: ρ_as_{bca} + ρ_bs_{cab} + ρ_cs_{abc} = 0 , a, b, c ≠ (13) e^2_ae_b(ρ_a) − (ρ_b − ρ_a)s_{aab} = 0 , a ≠ b (14) e_b(ρ_b) = 0 (15)

where s_{abc} are the symmetrized rotation coefficients, s_{abc} = g(e_c, {e_a, e_b}). If we put equations (13-15) in terms of the rotation coefficients we easily recover the intrinsic Killing tensor equations obtained by Eisenhart.1 In order to study the metrics which admit a second order Killing tensor, Eisenhart1 started from these intrinsic equations and he looked for a set of equivalent conditions involving the eigenvectors exclusively. He considered the case when all the eigenvalues are equal and the case with different eigenvalues and normal principal congruences.1 In this work we solve this Eisenhart problem for both the Killing and conformal tensors, when the second order tensor admits two complementary eigenspaces. We could also start from equations (13-15) and similar conditions for the conformal case, but we will choose an alternative approach that makes the geometric properties of the eigenspaces of the Killing and conformal tensors more evident.

Let ρ_i and h_i be the eigenvalue and the projector associated with the eigenspace E_i, and let p_i be its dimension. Then: T = ∑ ρ_i h_i ; g = ∑ h_i ; Tr h_i = p_i (16)

With this notation, the second statement of lemma 4 becomes, h_i(dρ_i − t) = 0 and, consequently, t = ∑ h_i(dρ_i) (17)

On the other hand, by projecting condition (i) in proposition 1 on every eigenspace E_j one obtains: (ρ_j − ρ_i)h_j ({x, y}) = g(x, y)h_j(dρ_i − t) (18) So, if v_i denotes the projection on the orthogonal space E^⊥_i , one has: v_i({x, y}) = g(x, y) ∑ j≠i 1 ρ_j − ρ_i h_j (dρ_i − t) (19)

for every x, y ∈ E_i. Then, according to lemma 1 and taking into account that t is zero for a Killing tensor and it can be written as (17) for a conformal one, we arrive to the following:

Theorem 1 Let T be a symmetric 2-tensor of type I and let h_i be the projector corresponding to the eigenvalue ρ_i. Then, T is a Killing or a conformal tensor if, and only if, (i) The eigenspaces are umbilical subspaces, that is, their second fundamental form can be written as: S_i =^1_2 h_i ⊗ a_i.

(ii) For every eigenspace the trace of its second fundamental form Tr S_i = p_i 2 a_i satisfies

a_i = ∑ j≠i 1 ρ_j − ρ_i h_j (dρ_i) , h_i(dρ_i) = 0 , for a Killing tensor (20)

a_i = − ∑ j≠i h_j (d ln |ρ_i − ρ_j |) , ∑ p_iρ_i = 0 , for a conformal tensor (21)

(iii) T (x, {y, z}) + T (z, {x, y}) + T (y, {z, x}) = 0, for x, y, z, eigenvectors with different eigenvalues.

The first condition of this theorem gives a geometric property involving the eigenvectors exclusively: every eigenspace is an umbilical subspace. Thus, it offers a decoupled equation that partially solves the Eisenhart problem. In next section we will analyze the other two conditions in theorem 1 for the case of two complementary eigenspaces. The last condition makes no sense in this case and we will see that the second one can be easily decoupled.

5 GEOMETRY OF KILLING AND CONFORMAL TENSORS OF TYPE p+q

A particular case of type I second order tensors are those having two complementary eigenspaces of dimensions p and q = n − p. So, a p + q almost-product structure (V, H) is associated with these tensors, and we say that they are of type p + q. If v and h are the projectors onto the eigenspaces and α and β are the eigenvalues, such a tensor takes the form T = α v + β h. In this case the previous theorem can be stated concisely in terms of the canonical elements (v, h; α, β) as:

Proposition 2 A symmetric 2-tensor K = αv + βh of type p + q is a Killing tensor if, and only if, the following conditions hold:

(i) The eigenstructure (V, H) is umbilical, that is, the second fundamental forms can be written as: S_v = 1 2 v ⊗ a , S_h = 1 2 h ⊗ b (22)

(ii) The traces of the second fundamental forms, Tr S_v = p 2 a and Tr S_h = q 2 b, and the eigenvalues α, β are related by a = 1 β − α dα , b = 1 α − β dβ (23)

A similar result takes place for conformal tensors as the following proposition says. Proposition 3 A traceless symmetric 2-tensor P = α(qv−ph) of type p+q is a conformal tensor if, and only if, the following conditions hold:

(i) The eigenstructure (V, H) is umbilical, that is, the second fundamental forms can be written as: S_v = 1 2 v ⊗ a , S_h = 1 2 h ⊗ b (24)

(ii) The traces of the second fundamental forms, Tr S_v = p 2 a and Tr S_h = q 2 b, and the scalar α are related by a + b = −d ln |α| (25) It is worth remembering that, for the space-time 2+2 case, the umbilical nature of the structure is equivalent to the geodesic and shear-free character of its two null principal directions.11 Consequently, the above propositions generalize some results for the spacetime Killing and conformal tensors of type 2+2 (see Ref. 5, theorem 35.4) to an arbitrary dimension n and an arbitrary type p + q. Now we want to remark that the covariant formalism used here allow us to accomplish the second step in the Eisenhart method: the characterization of the Killing and conformal tensors in terms of their eigenspaces.

The characterization of a p+q Killing or conformal tensor presented in the propositions above involves the structure tensor (conditions (i) and (ii)) and the eigenvalues (condition (ii)). The next step consists of removing the eigenvalues in order to obtain the conditions that an almost product structure must satisfy in order to be the eigenstructure of a Killing or a conformal tensor. Condition (ii) of proposition 2 can be written as

(α − β)a = −dα; (α − β)b = dβ (26)

Then we have (β −α) (a+b) = d(α−β). If we differentiate (26) and make the substitution of d(α − β) we get da + a ∧ b = 0 , db + b ∧ a = 0 (27) Conversely, if a, b satisfy equations (27), two functions x, y exist such that

a + b = dx, a − b = e^xdy

Then, taking α = e^{−x} − y and β = −e^{−x} − y, equation (26) is satisfied and K = α v + β h is a Killing tensor provided that (22) holds. The freedom in choosing x and y leads to the family of Killing tensors C K + D g , C and D being arbitrary constants.

In the same way, condition (25) for a conformal tensor implies that d(a + b) = 0. Conversely, if d(a + b) = 0, a function x exists such that a + b = dx. Then, the traceless tensor P = e^{−x} (q v − p h) is a conformal Killing tensor provided that (24) holds. The freedom in choosing x leads to the family CP , C being an arbitrary constant. Thus, we have obtained:

Theorem 2 The necessary and sufficient conditions for a p + q almost-product structure (V, H) to be the eigenstructure of a Killing or a conformal tensor are:

(i) (V, H) is umbilical, that is, the second fundamental forms take the expression:

S_v = 1 2 v ⊗ a , S_h = 1 2 h ⊗ b (28)

(ii) The traces, Tr S_v = p 2 a and Tr S_h = q 2 b, of the second fundamental forms satisfy:

da + a ∧ b = 0 , db + b ∧ a = 0 for Killing tensors (29)

d(a + b) = 0 for conformal tensors (30) If (28) and (29) hold, two functions x, y exist such that a + b = dx, a − b = e^xdy. Then taking α = e^{−x} − y, β = −e^{−x} − y, K = C(α v + β h) + Dg is a Killing tensor, C and D being two arbitrary constants.

If (28) and (30) hold, a function x exists such that dx = a+b. Then, P = C e^{−x} (q v −p h) is a conformal Killing tensor, C being an arbitrary constant.

This theorem offers the second step in solving the Eisenhart problem for Killing or conformal tensors with two complementary eigenspaces. In fact, once the eigenvalues have been removed, we have obtained necessary and sufficient conditions involving the sole eigenspaces. In section 8 we will see that, for the space-time 2+2 case, these conditions can be written as tensorial conditions on the structure tensor (or on the canonical 2– form associated with the structure). This fact allows us to give an intrinsic and explicit characterization of the four dimensional Petrov-Bel type D space-times admitting a Killing or a conformal tensor in section 9.

6 METRICS ADMITTING A KILLING OR A CONFORMAL TENSOR OF

TYPE p + q

In this section we show that a metric admitting a Killing or a conformal tensor of type p+q admits a canonical expression in terms of a particular conformal metric and a specific conformal factor. Firstly we state a corollary which trivially follows on from propositions 2 and 3:

Corollary 1 Let (V, H) be a p + q almost-product structure for the metric tensor g. The following statements are equivalent:

(i) (V, H) is a p+q totally geodesic almost-product structure. (ii) C v + D h is a Killing tensor, C and D being arbitrary constants. (iii) C (qv − ph) is a conformal tensor, C being an arbitrary constant. This corollary states that the Riemannian spaces admitting a second order Killing tensor with constant eigenvalues are those admitting a p+q totally geodesic structure (V, H). We will show now that these Riemannian spaces generate all the spaces admitting Killing or conformal tensors by using an adequate conformal transformation.

The umbilical property is known to be a conformal invariant.15^,11 Moreover, if we take into account the change of the second fundamental form through a conformal transformation,11 condition (25) for a conformal tensor states that the eigenstructure (V, H) is minimal for the conformal metric g̃ = |α|^{−1}g. Consequently, the family of metrics that admit a p + q conformal tensor are those that are conformal to a metric which admits a totally geodesic p + q structure. More precisely, we have:

Proposition 4 The metrics g that admit a p + q conformal tensor are those that may be written as g = |α|g̃, where g̃ is a metric admitting a totally geodesic p + q structure (V, H). Then the conformal tensor for g is P = Cα(q v − p h), C being an arbitrary constant.

This proposition and corollary 1 generalize to an arbitrary dimension n and an arbitrary type p + q a result by Hauser and Malhiot8 concerning the 2 + 2 space-time case. Moreover we also recover another known result easily:17 a (contravariant) conformal tensor for a metric is a conformal tensor for every conformally related metric.

A similar result holds for Killing tensors. In fact, the sum of expressions (29) says that d(a + b) = 0, which is exactly the condition necessary for (V, H) to be the eigenstructure of a conformal tensor, and so the metric is conformal to a metric admitting a p + p totally geodesic structure. But now, the conformal factor is not arbitrary because it must satisfy the two equations in (29). A detailed analysis of these conditions leads to: Proposition 5 The metrics g that admit a p+q Killing tensor are those that may be written as g = |α − β|g̃, where g̃ is a metric admitting a totally geodesic p + q structure (V, H), and α and β are functions such that v(dα) = 0, h(dβ) = 0. Moreover, the Killing tensor for g is K = C (α v + β h) + Dg, C and D being arbitrary constants.

The two propositions above imply that the study of the Riemannian spaces admitting a Killing or a conformal tensor reduces to the study of the metrics g̃ admitting a totally geodesic p + q structure. As proposition 4 states, for every metric g̃ of this type we obtain a metric g admitting a conformal tensor by using an arbitrary conformal factor, g = Ω^2g̃.

Nevertheless, proposition 5 states that the richness of metrics admitting a Killing tensor conformally related to a g̃ of this type depends on the quantity of normal directions aligned with one of the planes of the structure. This fact induces a classification of the metrics admitting a totally geodesic p + q structure.

In the more regular metrics no aligned normal direction exists and only constant conformal factors can be considered, the Killing tensor then have constant eigenvalues.

The more degenerate class corresponds to the product metrics g̃ = ṽ + h̃, ṽ_{AB}(x^C ) and h̃_{ij} (xk) being two arbitrary p and q dimensional metrics, respectively; then, the available conformal factors are Ω^2 = |α − β|, α(x^k) and β(x^C) being arbitrary functions depending on the product coordinates and they coincide with the Killing tensor eigenvalues.

An intermediate situation occurs when, for example, only one normal aligned direction exists on each plane. Then, through the adequate conformal transformation we can obtain a metric admitting a Killing tensor with non-constant eigenvalues. In dealing with 2 + 2 space-time Killing tensors this case leads to the Hauser and Malhiot7^,8 canonical form for the metric.

7 KILLING AND CONFORMAL TENSORS OF TYPE 1 + (n − 1)

Let us consider the case of a 1+(n−1) structure (V, H) defined by the unitary direction u (u^2 = ϵ = ±1) and its orthogonal complement. Then g = v + h where v = ϵ u ⊗ u and h = g −ϵ u⊗u. In terms of the usual kinematic coefficients of u (∇u = ϵ u⊗u̇+^1_{n−1} θ h+σ +Ω) the (generalized) second fundamental forms are Q_v = u ⊗ u ⊗ u̇; Q_h = −ϵ ( 1 n − 1 θ h + σ + Ω ) ⊗ u (31)

The condition for (V, H) to be an umbilical structure just states σ = 0, and then: S_v = u ⊗ u ⊗ u̇; S_h = −ϵ 1 n − 1 θ h ⊗ u (32) Thus taking into account theorem 2, we find that the necessary and sufficient condition for u to define the eigenstructure of a conformal tensor is

σ = 0 , d(u̇ − θ n − 1 u) = 0 (33)

But these conditions state that u defines the direction of a conformal Killing vector.18 Thus, we have:

Proposition 6 A 1+(n−1) structure defined by the unitary direction u is the eigenstructure of a conformal Killing tensor if, and only if, u defines the direction of a conformal Killing vector, that is, it satisfies (33).

This proposition implies that every traceless conformal tensor of type 1 + (n − 1) is the traceless part of ξ ⊗ ξ, ξ being a Killing conformal vector. In other words: every 1 + (n − 1) conformal tensor is reducible.

A similar procedure allows us to characterize the fact that u defines the eigenstructure of a 1+(n−1) Killing tensor. But in this case we find that it is not, necessarily, reducible. Indeed, taking into account (32) the condition (29) of theorem 2 is equivalent to d(u̇ − θ n − 1 u) = 0, θdu + dθ ∧ u + 2ϵθ u ∧ u̇ = 0 When θ = 0 these equations hold if du̇ = 0, that is, if u defines the direction of a Killing vector. On the contrary, if θ ≠ 0, the second equation implies du ∧ u = 0, and so du = ϵ u ∧ u̇. In this case, u defines the direction of a normal conformal Killing vector and the second equation can be written as

d(θ^{13} u) = 0 . (34)

These results are summarized in the following Proposition 7 The 1 + (n − 1) structure defined by the unitary direction u is the eigenstructure of a Killing tensor if, and only if, one of the following conditions hold:

(i) u defines the direction of a Killing vector, that is, it satisfies σ = 0 = θ, du̇ = 0. (ii) u defines the direction of a normal conformal Killing vector with integrant factor θ^{1/3}, that is, it satisfies equations (33) and (34).

This proposition shows that we can distinguish two classes of Killing tensors of type 1+(n−1). On the one hand, we have the reducible ones, that is, those that can be written as ξ ⊗ ξ + Bg, ξ being a Killing vector and B an arbitrary constant. On the other hand, a class of irreducible Killing tensors that can be obtained from normal conformal Killing vectors. This last class has been considered by Koutras19 and Rani et al.17 The results in the previous section allow us to give the canonical form for the metric tensors admitting irreducible Killing tensors of type 1 + (n − 1). Indeed, as the eigenstructure is integrable, the metric will be conformally related to a 1 + (n − 1) product metric. Moreover proposition 5 gives the conformal factor. Finally, we can state: Proposition 8 The metrics admitting a irreducible Killing tensor of type 1 + (n − 1) are those that may be written as

g = |α(x^i) − β(x^0)|[ϵ dx^0 ⊗ dx^0 + γ(x^i)] (35)

where γ(x^i) is an arbitrary (n − 1)–dimensional metric.

The Killing tensor is then given by C|α − β|[ϵα dx^0 ⊗ dx^0 + βγ(x^i)] + Dg, C and D being arbitrary constants.

8 SPACE-TIME KILLING AND CONFORMAL TENSORS OF TYPE [(11)(11)]

Let T be a Killing or a conformal tensor of type [(11)(11)] in an oriented four dimensional space-time (V_4, g) of signature (− + ++). Then T has two eigenspaces: a time-like twoplane V and its space-like orthogonal complement H. The almost-product eigenstructure (V, H) is determined by the canonical unitary 2-form U, volume element of the time-like plane V . Then, the respective projectors are v = U^2 and h = −(∗U)^2, where U^2 = U × U = Tr_{23} U ⊗ U and ∗ is the Hodge dual operator.

In order to study the geometric properties of a 2 + 2 structure it is useful to introduce the self-dual unitary 2–form U ≡^{1√}_2 (U − i ∗ U) associated with U. The metric on the self-dual 2–forms space is G =^1_2 (G − iη), where η is the metric volume element of the space-time, G =^1_2 g ∧ g is the metric on the 2–forms space, and ∧ denotes the doubleforms exterior product, (A ∧ B)_{αβμν} = A_{αμ}B_{βν} + A_{βν} B_{αμ} − A_{αν} B_{βμ} − A_{βμ}B_{αν} . Then, we can consider some first order differential concomitants of U that determine the geometric properties of the structure. Indeed, if i(·) denotes the interior product and δ the exterior codifferential, δ = ∗d∗, we have the following lemma:11 Lemma 5 Let us consider the 2+2 structure defined by U =^{1√}_2 (U − i ∗ U). Then: (i) The traces of the second fundamental forms take the expression:

Tr Q_v = a[U] ≡ −i(δ ∗ U) ∗ U; Tr Q_h = b[U] ≡ i(δU)U; (36)

(ii) The structure is umbilical, if, and only if, Σ[U] ≡ ∇U − i(δU)U ⊗ U − i(δU)G = 0 (37) With this notation, we can write the intrinsic equations in propositions 2 and 3 for the case of Killing or conformal tensors of type [(11)(11)] by using the eigenvalues and the canonical two-form U exclusively:

Proposition 9 The traceless symmetric tensor P = α [U^2 + (∗U)^2] is a conformal tensor if, and only if, the canonical elements {α, U} satisfy (37) and: − d ln |α| = Φ[U] ≡ i(δU)U − i(δ ∗ U) ∗ U. (38) Proposition 10 The symmetric tensor K = α U^2 + β (∗U)^2 is a Killing tensor if, and only if, the canonical elements {α, β, U} satisfy (37), (38) and: dα = (α − β)i(δ ∗ U) ∗ U. (39) This last proposition is the tensorial version of the intrinsic equations for a Killing tensor that are known in Newmann-Penrose formalism (Ref. 5, theorem 35.4). Now we can easily write the conditions in theorem 2 in terms of the canonical two-form U, that is, we obtain the characterization of the Killing and conformal tensor in the sole variable U:

Theorem 3 The 2+2 structure defined by the unitary simple 2-form U is the eigenstructure of a conformal tensor if, and only if, U satisfies: Σ[U] ≡ ∇U − i(δU)U ⊗ U − i(δU)G = 0, (40) dΦ[U] ≡ d [ i(δU)U − i(δ ∗ U) ∗ U ] = 0. (41)

If these conditions hold, a function α exists such that Φ[U] = −d ln |α|. Then, the conformal tensor is P = C α [U^2 + (∗U)^2], C being an arbitrary constant. Theorem 4 The 2+2 structure defined by the unitary simple 2-form U is the eigenstructure of a Killing tensor if, and only if, U satisfies: Σ[U] ≡ ∇U − i(δU)U ⊗ U − i(δU)G = 0, (42) dΦ[U] ≡ d [ i(δU)U − i(δ ∗ U) ∗ U ] = 0, (43) di(δU)U = i(δU)U ∧ i(δ ∗ U) ∗ U. (44) If these conditions hold, two functions α and β exist such that Φ[U] = −d ln |α − β| and 2(α − β)[i(δU)U + i(δ ∗ U) ∗ U] = d(α + β). Then, the Killing tensor is K = C[α U^2 − β (∗U)^2] + Dg, C and D being two arbitrary constants.

It is worth pointing out that the first order differential properties of a 2 + 2 structure admit a kinematical interpretation16 and, in particular, the umbilical condition (40,42) equivalently implies that the two principal null directions of the structure are geodesic and shear-free congruences.11 Thus, we recover a known result obtained independently by Hauser and Malhiot7 and by Collinson.20

On the other hand, condition (41) states that the structure is pre-Maxwellian.21^,22 Then, taking into account the study of these structures given in,22 we have: Corollary 2 The 2 + 2 traceless tensor P = α(v − h) is a conformal tensor if, and only if, T = α^{−2}(v − h) is a conservative Maxwell-Minkowski energy tensor and the principal directions of the associated electromagnetic field are geodesic and shear-free congruences.

9 PETROV-BEL TYPE D SPACE-TIMES ADMITTING KILLING OR CON-

FORMAL TENSORS

The results in previous sections help us to characterize intrinsically and explicitly some families of metrics. More precisely, in this section: (i) we obtain necessary and sufficient conditions on the metric concomitants for a four dimensional space-time to be a Petrov- Bel type D solution admitting a 2 + 2 Killing or conformal tensor and, when they hold, (ii) we give an algorithm to determine these tensors.

In the previous section we have characterized the 2 + 2 Killing and conformal tensors in terms of the volume element U of their time-like eigen-plane. Moreover, for the case of Petrov-Bel type D metrics, this 2-plane determines the Weyl principal structure and, consequently, U can be obtained from the Weyl tensor. The intrinsic and explicit characterization of type D solutions and the covariant obtaining of the Weyl canonical bivector have been given in Ref. 9. Consequently we can state the following invariant characterizations:

Proposition 11 A Petrov-Bel type D metric admits a conformal tensor if, and only if, the Weyl principal null directions define geodesic shear-free congruences and the Weyl canonical 2-form satisfies (43).

A Petrov-Bel type D metric admits a Killing tensor if, and only if, the Weyl principal null directions define geodesic shear-free congruences and the Weyl canonical 2-form satisfies (43) and (44).

Finally, taking into account the algebraic results for Petrov-Bel type D metrics quoted above (see Ref. 9), we obtain from theorems 3 and 4 the explicit expression of the conditions in proposition 11 and the algorithm for obtaining the conformal or Killing tensors:

Theorem 5 Let W ≡ W(g) =^1_2 (W (g) − i ∗W (g)) and G ≡ G(g) =^1_2 (^1_2 g ∧ g − i η(g)) the self-dual Weyl tensor and self-dual metric associated with a space-time metric g, and let us take the metric concomitants: ρ ≡ − TrW^3 TrW^2 , S ≡ 1 3ρ (W − ρ G) , U ≡ S(X ) √ S(X , X ) , (45) Σ ≡ ∇U − i(δU)U ⊗ U − i(δU)G , (46) U ≡ √ 2Re{U} , a ≡ −i(δ ∗ U) ∗ U , b ≡ i(δU)U . (47) where X is an arbitrary self-dual bivector.

The necessary and sufficient conditions for g to be a Petrov-Bel type D solution admitting a 2 + 2 conformal tensor are:

ρ ≠ 0 , S^2 + S = 0 , Σ = 0 , d(a + b) = 0 (48)

When (48) hold, a function α exists such that −d ln |α| = a + b. Then, the conformal tensor is P = C α [U^2 + (∗U)^2], C being an arbitrary constant.

The necessary and sufficient conditions for g to be a type D solution admitting a 2 + 2 Killing tensor are (48) and:

db + b ∧ a = 0 (49)

When (48) and (49) hold, two functions α and β exist such that −d ln |α − β| = a + b and d(α + β) = 2(α − β)[b − a]. Then, the Killing tensor is K = C[α U^2 − β (∗U)^2] + Dg, C and D being two arbitrary constants.

For Petrov-Bel type D solutions with a vanishing Cotton tensor (the Weyl tensor is divergence-free) the Bianchi identities take the expression:11 ∇U = i(δU)[U ⊗ U + G] ; i(δU)U = 1 3 d ln ρ (50) where U is the Weyl canonical bivector and ρ the double Weyl eigenvalue. The real part of the second equation in (50) states: 2 3 d ln |ρ| = Φ[U] ≡ i(δU)U − i(δ ∗ U) ∗ U. (51) Thus, the principal structure of a type D divergence-free Weyl tensor is umbilical and pre-Maxwellian and, as a consequence of theorem 3, it is the structure of a conformal tensor. Moreover, in this case the eigenvalue of the conformal tensor can be obtained algebraically from the Weyl eigenvalues if we take into account proposition 9. Thus, we have:

Theorem 6 Every Petrov-Bel type D solution with vanishing Cotton tensor admits a conformal tensor. Let ρ, S and U be the Weyl concomitants given in (45). Then:

(i) These space-times are characterized by the conditions:

ρ ≠ 0 , S^2 + S = 0 , δW = 0 (52)

(ii) The conformal tensor is given by P = C |ρ|^{−2/3} U × Ũ (53) This theorem generalizes the result about the existence of conformal tensors in Petrov-Bel type D vacuum solutions (see Ref. 5, theorem 35.2).

We finish with two comments. The characterization of the Killing or conformal tensors in terms of their underlying structure has allowed us to give an explicit and intrinsic labeling of the Petrov-Bel type D space-times admitting Killing or conformal tensors, as well as to generalize some known results on the existence of these symmetries. Furthermore, our Eisenhart-like approach to the Killing and conformal tensor may also be useful in analyzing and extending other properties. For example, it is known that all type D vacuum solutions that admit a Killing tensor, also admit a Killing-Yano tensor.20^,23 Our result here and those given in Ref. 22 allow us to generalize this property. This question and other related topics will be considered elsewhere.24

Our study of the geometry of the Killing and conformal tensors and the canonical expressions of the metric tensor in terms of this geometry can be applied, in particular, to n-dimensional Lorentzian metrics. We know that, for four dimensional Petrov-Bel type D space-times, this underlying geometry is closely related with the Weyl tensor and, this fact allows us to determine the 2+2 Killing and conformal tensors (see theorems 5 and 6). The generalization of these results to higher dimensions is an open problem that could be fruitful in some classes of the Weyl tensor. But this study will require a further analysis of the Weyl classification in higher dimensions.25^,26

ACKNOWLEDGEMENTS

This work has been partially supported by the Spanish Ministerio de Educación y Ciencia, MEC-FEDER project AYA2003-08739-C02-02. 17

References

1 L. P. Eisenhart, Riemannian Geometry (Princeton Univ. Press, 1949). 2 S. Benenti, J. Math. Phys. 38, 6578 (1997).

3 M. Walker and R. Penrose, Commun. Math. Phys. 18, 265 (1970). 4 B. Carter, Phys. Rev. 174, 1559 (1968).

5 E. Stephani, H. Kramer, M. A. H. McCallum, C. Hoenselaers and E. Hertl, Exact Solutions of Einstein’s Field Equations (Cambridge University Press, Cambridge, 2003).

6 P. Stäckel, C. R. Acad. Sci. Paris 116, 485 (1893). 7 J. Hauser and R. J. Malhiot, J. Math. Phys. 17, 1306 (1976). 8 J. Hauser and R. J. Malhiot, J. Math. Phys. 19, 187 (1978). 9 J. J. Ferrando, J. A. Morales and J. A. Sáez, Class. Quantum Grav. 18, 4969 (2001).

10 J. J. Ferrando and J. A. Sáez, Class. Quantum Grav. 15, 1323 (1998). 11 J. J. Ferrando and J. A. Sáez, J. Math. Phys. 45, 652 (2004). 12 J. J. Ferrando and J. A. Sáez, Class. Quantum Grav. 14, 129 (1997). 13 B. Reinhart, J. Diff. Geom. 12, 619 (1977). 14 A. M. Naveira, Rend. Mat. 3, 577 (1983).

15 O. Gil-Medrano, Rend. Cir. Mat. Palermo Ser.II 32, 315 (1983). 16 B. Coll and J. J. Ferrando, Almost-Product structures in Relativity in Recents developments in Gravitation, Proceeding of the Relativisty Meeting-89 (World Scientific, Singapore, 1990), p. 338.

17 R. Rani, S. B. Edgar and A. Barnes, Class. Quantum Grav. 20, 1929 (2003). 18 J. Ehlers, Abh. Akad. Wiss. Lit. Mainz, Nat. Kl. n. 11, 792 (1961) [Engl. Trans.

Gen. Relativ. Gravit. 25, 1225 (1993)].

19 A. Koutras, Class. Quantum Grav. 9, 1573 (1992). 20 C. D. Collinson, Int. J. Thor. Phys. 15, 311 (1976). 21 R. Debever, Bull. Acad. R. Belgique 62, 662 (1976). 22 J. J. Ferrando and J. A. Sáez, Gen. Relativ. Gravit. 35, 1191 (2003). 23 H. Stephani, Gen. Relativ. Gravit. 9, 789 (1978). 24 J. J. Ferrando and J. A. Sáez, preprint gr-qc/0606015. 25 P-J. De Smet, Class. Quantum Grav. 19, 4877 (2002). 26 A. Coley, Class. Quantum Grav. 21, L35 (2004).