arXiv:gr-qc/0601135 v1 30 Jan 2006

Torsion induces Gravity

Rodrigo Aros Departamento de Ciencias Físicas, Universidad Andrés Bello, Av. Republica 252, Santiago,Chile

Mauricio Contreras Facultad de ciencias y tecnología Universidad Adolfo Ibañez, Avenida Diagonal las Torres 2640, Peñalolén. Santiago, Chile. (Dated: January 30, 2006)

Abstract

In this work the Poincaré-Chern Simons and Anti de Sitter Chern Simons gravities are studied. For both a solution that can be casted as a black hole with manifest torsion is found. Those solutions resemble Schwarzschild and Schwarzschild-AdS solutions respectively.

PACS numbers: 04.50.+h, 04.70.Bw

I. INTRODUCTION

The theory of gravity can be constructed under the idea of a generic covariant theory of fields with second order equations of motion for the metric. In four dimensions this restriction almost univocally leads to the EH action.

The inclusion of fermions requires to introduce a local orthonormal basis (vielbein ) on the manifold and a connection for the local Lorentz group. If vierbein e^a and Lorentz connection ω^{ab} are considered as independent fields [1] arises first order gravity (see for instance [2]). Usually in first order gravity the fields are written in terms of differential forms, for instance in four dimensions the first gravity order EH action reads I_{EH} = ∫ M R^{ab} ∧ e^c ∧ e^dε_{abcd}, (1) where R^{ab} = dω^{ab} + ω^a_c ∧ ω^{cb} = 1 2 R^{ab}_{cd}e^c ∧ e^d, being R^{ab}_{cd} the Riemann tensor. ε_{abcd} = ±1, 0 stands for the complete antisymmetric symbol. Note that the Lagrangian in Eq.(1) is manifestly invariant under Lorentz transformations.

The equation of motion yielded by the action (1) are δe^d → R^{ab} ∧ e^cε_{abcd} = 0, (2) δω^{ab} → T^c ∧ e^dε_{abcd} = 0, (3) where T^a = de^a + ω^a_b ∧ e^b =^1_2 T^a_{bc}e^b ∧ e^c corresponds to the torsion two form with T^a_{bc} the torsion tensor. Note that Eq.(3) is an algebraic equation, with solution T^a_{cd} = 0. Once this is replaced in Eqs.(2) they become the standard Einstein equations, therefore any solution of the metric formalism is recovered on-shell by this formulation. From now on the ∧ product will be understood between differential forms.

In higher dimensions the premise of second order equation of motion for the metric do not restrict the action to EH. In the language of first order gravity there are many sensible theories of gravities whose Lagrangians can be constructed in terms only of R^{ab} and e^a. These theories of gravity are known as Lovelock gravities [3] and by construction are manifestly invariant under Lorentz transformations[1, 2]. Although the equations of motion do not force the vanishing of torsion, the consistency of them, e.g. their covariant derivatives, in general introduce over-determinant conditions unless torsion vanishes [2].

However in odd dimensions there is a subfamily of Lovelock gravities whose consistency conditions do not introduce new conditions to be satisfied, thus in general non vanishing torsion solutions are permitted. These are known as Chern Simons gravities because they coincide with a Chern Simons gauge theory, respectively, for the Poincaré group for a vanishing cosmological constant (Λ = 0), and for the (A)dS group if Λ ≠ 0 [4]. The connection of that gauge of theory is constructed as A^{AB} ∼ ω^{ab} e^a −e^b 0 . (4)

Unfortunately only a few solutions of Chern Simons gravity are known. For Λ = 0 and T^a = 0 the solutions are merely flat spaces with angular defects. For Λ < 0 and T^a = 0 black hole solutions are known [5, 6]. The solutions in Ref. [5] have constant curvature, and are obtained through identification of the AdS space. On the other hand, the solution in Ref.[6] in 2n + 1 dimensions reads

ds^2 = −F (r)dt^2 + dr^2 F (r) + r^2dΩ^2_{n−1}

with F (r) = 1 − (M + 1)^1n +^{r2}_{l2} . One can check that this solution is not a perturbation of the 2n + 1 dimensional Schwarzschild-AdS solution.

In the sections below is shown that remarkably the presence of torsion in the five dimensional Chern Simons gravity, as an example for higher dimensions, allows solutions that resemble the Schwarzschild solution with either vanishing or negative cosmological constant. In addition in section (IV) is argued that these solutions are indeed black holes. This work corresponds to a first step to study the role of torsion in (Chern Simons) gravity.

Finally it is worth to stress that in other context, usually called teleparallel gravity, the role of torsion as an inducer of gravity is well known [7]. This approach, as seen below, is essentially different.

A. The space

The spaces in this work, are topologically cylinders. In general M = R × Σ where Σ corresponds to a 3-dimensional spacelike hypersurface and R stands for the time direction.

In addition, ∂Σ will be considered the union of an exterior and an interior surface, thus ∂Σ = ∂Σ_∞ ⊕ ∂Σ_H .

II. Λ = 0 CHERN SIMONS GRAVITY

The Poincaré Chern Simons action in five dimensions reads I = ∫ M R^{ab}R^{cd}e^f ε_{abcdf} . (5) yielding the two set of equations of motion R^{ab}R^{cd}ε_{abcdf} = 0 and R^{ab}T^cε_{abcdf} = 0. (6)

A. Spherical symmetric solution

Considering a spherical symmetric solution one is led to the ansatz

e^0 = f(r)dt e^1 = g(r)dr e^m = rẽ^m, (7a)

ω^{01} = c(r)dt ω^{mn} = ω̃^{mn}, ω^{0m} = a(r)ẽ^m ω^{1m} = b(r)ẽ^m, (7b)

where ẽ^m is a dreivein (with m = 2, 3, 4) for the spherical transverse section and ω̃^{mn} is its associated Levi Civita (torsion free) connection.

In this ansatz the curvature tensor reads

R^{01} = − 1 g(r)f(r) dc(r) dr e^0e^1

R^{0m} = b(r) c(r) f(r)r e^0e^m + 1 rg(r) da(r) dr e^1e^m

R^{1m} = 1 rg(r) db(r) dr e^1e^m + a(r) c(r) f(r)r e^0e^m R^{mn} = (1 + a(r)^2 − b(r)^2)ẽ^mẽ^n. (8)

Torsion tensor on the other hand reads

T^0 = 1 g(r)f(r) ( c(r)g(r) − df(r) dr ) e^0e^1,

T^m = 1 rg(r) (1 + b(r)g(r)) e^1e^m − a(r) r e^0e^m. (9)

B. Boundary conditions

At the asymptotical region ∂Σ_∞ the standard condition that M be asymptotically flat will be imposed, i.e., lim x→∂Σ_∞ R^{ab} → 0 and lim_{x→∂Σ∞} T^a → 0, is imposed. This in turn determines the behavior of the functions in Eq.(7) f(r)_{x→∂Σ∞} → 1, c(r)_{x→∂Σ∞} → 0, g(r)_{x→∂Σ∞} → 1, a(r)_{x→∂Σ∞} → 0, b(r)_{x→∂Σ∞} → −1. (10)

Looking for a solution that resembles a black hole solution, and recalling the Schwarzschild solution, it is also imposed that f(r) = 1/g(r) has a simple zero at certain value r = r_+ being positive for r > r_+. This condition in manifold with vanishing torsion would determine the presence of a Killing horizon at r = r_+, in this case, nonetheless, this must be proven. The boundary condition at r → r_+ is regularity of R^{ab}.

C. Solution

The equation of motion (6), with the ansatz in Eq.(7), implies a(r)^2 = b(r)^2 − 1 with b(r)^2 > 1 since a(r) must be real.

Next, imposing the boundary conditions in section (II B) arises the solution f(r) = √ 1 − r^2_+ r^2

, g(r) = f(r)^{−1}, (11) c(r) = r^2_+ r^3 − r^3_+ r^4

, b(r) = −f (r) + b_2 (r) ,

where

b_2(r) = F (r) ( C_1 + ∫_r r_+ dρ 1 F (ρ) d dρ f(ρ) ) , F (r) = re^{r+r} (r + r_+)^{−1} .

It must be stressed that the vanishing of the torsion at ∂Σ_∞ determines that

C_1 = − ∫_∞ r=r_+ dρ 1 F (ρ) d dρ f(ρ), which also satisfies the bound b(r)^2 > 1 for r ∈ [r_+ . . . ∞].

In section (IV) is sketched a demonstration that this solution can be casted as a black hole.

III. Λ < 0 CHERN SIMONS GRAVITY

In this section the problem is restudied for Λ < 0. In five dimensions the AdS Chern Simons Lagrangian reads L = ( R^{ab}R^{cd}e^f + 2 3l^2 R^{ab}e^ce^de^f + 1 5l^4 e^ae^be^ce^de^f ) ε_{abcdf} , (12) where the cosmological constant Λ = −6l^{−2}. This Lagrangian (12) generates the two set of equations R̄^{ab}R̄^{cd}ε_{abcdf} = 0 and R̄^{ab}T^cε_{abcdf} = 0, (13) where R̄^{ab} = R^{ab} + l^{−2}e^ae^b.

A. Boundary conditions and a solution

To obtain an explicit solution is still necessary to define boundary conditions. In this case the negative cosmological constant suggests to impose that M be asymptotically AdS, i.e., lim x→∂Σ_∞ R̄^{ab} → 0 and lim_{x→∂Σ∞} T^a → 0.

Now, in term of the functions in the ansatz (7), this condition determines f(r)_{x→∂Σ∞} →^r_l , c(r)_{x→∂Σ∞} →^r_l , g(r)_{x→∂Σ∞} →^l_r , a(r)_{x→∂Σ∞} → 0, b(r)_{x→∂Σ∞} → −^r_l . (14)

As in Λ = 0 here the presence of a horizon will be introduced through imposing that f(r) = 1/g(r) has at least a zero, called r_+. The boundary condition as r → r_+ is regularity of R̄^{ab}.

Using the spherical symmetric ansatz in Eqs.(7) and imposing

a(r)^2 = b(r)^2 − 1 − r^2 l^2 , the equations of motion (13) can be solved. After considering these boundary conditions one obtains the Schwarzschild like solution

f(r)^2 = 1 − μ r^2 + r^2 l^2 = (r − r_+)(r + r_+) r^2 ( 1 + r^2 l^2 + r^2_+ l^2 )

g(r) = f(r)^{−1} (15) c(r) = r^2_+ r^3 ( 1 + r^2_+ l^2 ) + r l^2 − 1 r ( 1 + 2r^2_+ l^2 )

b(r) = −f (r) + b_2 (r)

with b_2(r) = F (r) ( C_1 + ∫_r r_+ dρ 1 F (ρ) [ d dρ f(ρ) − ρ l^2f(ρ) ]) (16)

where C_1 < − √ 1 + r^2_+ l^2 ( 2r^2_+ + l^2 r_+l ) , and F (r) = rl r^2 + r^2_+ + l^2

. (17)

Analogous to the mass, C_1 is only bounded by the boundary conditions (the existence of a horizon). The vanishing of b_2(r) at Σ_∞ is trivially satisfied because F (r) vanishes at the spatial infinity. Λ < 0 seems to constrain, unlike Λ = 0, the torsion to vanish without further constraints on the integration constants.

IV. A HORIZON

To confirm the presence of a horizon at r = r_+ in this case is enough to analyze the behavior near r = r_+, therefore one can study both solutions on a general ground.

The presence of a horizon on a torsionless manifold can be uncovered by analyzing the geodesic curves. In general one can argue that r = r_+ is a genuine horizon, roughly speaking, only if there no light like outward curves connecting r < r_+ to r > r_+. To realize that in this case one must recall that in any manifold there are two parallel ways to address the movement of particles, the straightest and the shortest (or longest) curves, this last known also as the geodesic curve [8]. Unfortunately in a manifold with torsion both definitions disagree. The tangent vector of the geodesic curves satisfies

l^μ_g ∂_μl^ν_g + ν αμ l^α_g = 0,

where {} is the Christoffel symbol, while the straightest curve satisfies l^μ_s ( ∂_μl^ν_s + Γ^ν_{αμ}l^α_s ) = 0 or explicitly l^μ_s ∂_μl^ν_s + ν αμ + 1 2 ( T^ν_{μ α} + T^ν_{α μ} ) l^α_s = 0. (18)

Note that the straightest curve satisfies a non homogenous geodesic equation in a term proportional to the torsion tensor. Sometimes Eq.(18) is interpreted as a geodesic equation with an effective electric field, due to torsion, although this is only apparent [9].

To proceed one can restrict the analysis only to the radial curves, i.e. the (t − r) plane. After solving both equations the tangent vector of the light like radial geodesic curves reads

l_g = 1 f(r)^2 ∂ ∂t ± ∂ ∂r , while the tangent vector of the light like radial straightest curves is

l_s = e^− ∫_{c(r)} f 2 ( 1 f(r) ∂ ∂t ± f(r) ∂ ∂r ) = (f(r)e^− ∫_{c(r)} f 2 )l_g. (19)

Since the tangent vectors are parallel one can show that both curve are equivalent modulo a redefinition of the affine parameter.

The timelike curves, on the other hand, are not equivalent. Nonetheless the boundary conditions ensure that as r → ∞ both curves must converge.

Since radial light like curves are equivalent and l_g depends only on the metric r = r_+ is a horizon in the sense that r = r_+ is a light like surface. This result grants that the name black hole can be applied to the solutions presented in this work.

To determine additional characteristics of the solutions probably one needs to study fields evolving on them, if not the back reaction too. The integer spin fields couples gravity only through the vielbein (or the metric) at tree level, but at higher loops, however, the presence of torsion affects for instance the propagation of the electromagnetic fields [10]. Half spin fields, on the other hand, couple through the spin connection, and so they couple the torsion tensor. Thus, fields can be useful to unveil characteristics of the manifold, however although this is an interesting direction to continue, is beyond the scope of this work.

V. CONCLUSIONS AND DISCUSSION

In this work is proven that Chern Simons gravity in five dimensions has solutions that resemble Schwarzschild black holes. These solutions have non vanishing torsion, but the standard geodesic structure of black hole is preserved, though. In both solutions (Eqs.(11,15)) torsion vanishes fast enough, in particular for Λ < 0, that its influence can be neglected in a region still far from R × ∂Σ_∞, thus both solutions represent interesting generalizations of Schwarzschild solution, preserving its general behavior.

One can expect the results in this work can be readily extended to higher odd dimensions, thus Schwarzschild like black holes with torsion should exist in any odd dimensions within Chern Simons gravity. This can be particular interesting in 11 dimensions, where a supergravity theory in terms a Chern Simons action is known [11].

Chern Simons theories, and in particular Chern Simons gravities, are known to have complicated phase spaces [12, 13]. These solutions probably can be a contribution to understand the role of torsion in Chern Simons gravities, in particular because the presence of torsion reveals degrees of freedom usually ignored in the torsion free solutions. Associated with that, one controversial issue of Chern Simons gravity is the possibility of changing the geometry, maybe even the topology, of a solution through a gauge transformation. Because of that one usually speaks of permitted and non permitted gauge transformations. For instance a gauge transformation which nullifies the part of the connection corresponding to the vielbein (See Eq.(4)) must be forbidden. Analogously, for Chern Simons gravity the curvature and the torsion are part of a larger field strength, thus in principle there is a group element g such that F = R^{ab} T^a −T^a 0 → F̃ = g^{−1}F g = R̃ab 0 0 0 , relating torsion free spaces to the solutions (11,15). For the two solutions under study, although it is direct to prove that the transformation exists, it is also direct to prove that the related solutions are not known solutions, neither the Schwarzschild solution nor the solution in [6]. Actually the related solution are not a static black holes.

Acknowledgments

R.A would like to thanks O. Chandia, A. Gomberoff and R. Herrera for heplful conversations. R.A would like to thank Abdus Salam International Centre for Theoretical Physics (ICTP) for the associate award granted. This work was partially funded by grants FONDE- CYT 1040202 and DI 06-04. (UNAB).

[1] B. Zumino, Gravity theories in more than four-dimensions, Phys. Rept. 137 (1986) 109. [2] J. Zanelli, (super)-gravities beyond 4 dimensions, http://arXiv.org/abs/hep-th/0206169. [3] D. Lovelock, The einstein tensor and its generalizations, J. Math. Phys. 12 (1971) 498–501. [4] A. H. Chamseddine, Topological gauge theory of gravity in five-dimensions and all odd dimensions, Phys. Lett. B233 (1989) 291.

[5] S. Aminneborg, I. Bengtsson, S. Holst, and P. Peldan, Making anti-de sitter black holes, Class. Quant. Grav. 13 (1996) 2707–2714, [gr-qc/9604005].

[6] M. Banados, C. Teitelboim, and J. Zanelli, Dimensionally continued black holes, Phys. Rev.

D49 (1994) 975–986, [gr-qc/9307033].

[7] K. Hayashi and T. Shirafuji, New general relativity, Phys. Rev. D19 (1979) 3524–3553. [8] M. Nakahara, Geometry, Topology and Physics. Graduate student series in physics. Adam Hilger, Bristol, 1990. 505 p.

[9] D. C. Chern, On the parallel transport of tetrad in a riemann-cartan spacetime, Chinese Journal of Physics 19 (1981), no. 2 45–47.

[10] V. de Sabbata and C. Sivaram, Spin and torsion in gravitation. World Scientific, Singapore, Singapore, first edition ed., 1994.

[11] M. Banados, R. Troncoso, and J. Zanelli, Higher dimensional chern-simons supergravity, Phys. Rev. D54 (1996) 2605–2611, [gr-qc/9601003].

[12] M. Banados, L. J. Garay, and M. Henneaux, The dynamical structure of higher dimensional chern-simons theory, Nucl. Phys. B476 (1996) 611–635, [hep-th/9605159].

[13] O. Miskovic, R. Troncoso, and J. Zanelli, Canonical sectors of five-dimensional chern-simons theories, Phys. Lett. B615 (2005) 277–284, [hep-th/0504055].