arXiv:gr-qc/0602070 v2 18 Mar 2006

Energy Distribution of the Universe in the Bianchi type II Cosmological Models

Oktay Aydogdu‡

Department of Physics, Faculty of Art and Science, Middle East Technical University, 06531, Ankara-Turkey

Abstract. Using the energy-momentum complexes of Tolman, Papapetrou and Weinberg, the total energy of the universe in Locally Rotationally Symmetric (LRS) Bianchi type II models is calculated . The total energy is found to be zero due to the matter plus field. This result supports the viewpoint of Tryon, Rosen and Albrow.

Keywords: Energy-momentum, General Relativity, Tolman, Papapetrou,Weinberg PACs Numbers: 04.20.-q; 04.50.+h.

1. Introduction

The definition of an energy-momentum density for the gravitational field is one of the oldest and most debatable problem of gravitation because of its unusual nature and various points of view. This problem remains unsolved since advent of Einstein’s theory of general relativity. Thus, large numbers of physicists have been working to find generally accepted definition of an energy-momentum density for gravitational field. As a result of this, different energy-momentum complexes including Einstein [1], Tolman [2], Landau and Lifshitz [3], Papapetrou [4], Bergmann and Thomson [5], Weinberg [6], Quadir and Sharif [7], and Møller [8, 9], were appeared. Except for Møller energy-momentum complex, others are coordinate dependent. If calculations carried out in cartesian coordinates, these complexes can give a reasonable result despite coordinate dependence. However, the notion of energy-momentum complex subjected to criticism due to several reasons. Firstly, the physical interpretation of energy-momentum complex seemed unclear as it has a non-tensorial nature [10]. Secondly, for the same gravitational background, different energy-momentum complexes could yield different energy distributions [11, 12]. Finally, although there was a conventionally accepted that the proper energymomentum of the gravitational field cannot be localized, energy-momentum complexes were local objects [13]. To handle this problematic issue, quasi-local approaches are used [14, 15]. Misner, Thorne and Wheler [16] claim that the energy is localizable only for spherical systems. Afterwards, Cooperstock and Sarracino [17] argued that if the

‡ E-mail address: oktay231@yahoo.com

energy is localizable in spherical systems, it is also localizable all systems. In the literature, Virbhadra and his colleagues[18, 19, 20, 21, 22, 23] shown that for the many different gravitational background, several energy-momentum complexes give the same and reasonable results. For any Kerr-Shild class metric, Aguirregabiria et al. [24] show that several energy-momentum complexes give the same result.

Albrow [25] and Tryon [26] assumed that the total energy of the universe may be equal to zero. The energy of a closed homogeneous isotropic universe described by a Friedman-Robertson-Walker (FRW) metric is computed by Rosen [27]. He found that the total energy is zero. Johri et al. [28] found that the total energy of a FRW spatially closed universe is zero at all times for Landau and Lifshitz energy-momentum complex. Additionally, they calculated that the total energy enclosed within any finite volume of the spatially flat FRW universe is zero at all times. Banerjee and Sen [29], using the Einstein complex, found that the total energy density of the Bianchi type I solutions is zero everywhere. Xulu [30], in the prescriptions of Landau and Lifshitz, Papapetrou and Weinberg, calculated the energy of the universe, in the case of the Bianchi type I models. The energy is equal to zero. Energy distribution of a Bianchi type VI0 universe, using the energy-momentum complexes of Tolman, Bergman and Thomson, and Møller, was computed by Radinschi [31]. She found that the energy is equal to zero due to the matter plus field.

The purpose of this paper is to calculate the energy of the universe based on the LRS Bianchi type II models, using the energy-momentum complexes of Tolman, Papapetrou, and Weinberg. We also summarize and discuss our results. Throughout this paper, Latin indices (i,j,...) represent the vector number, Greek indices (μ, ν,...) represent the vector components. All indices run from 0 to 3. We use convention that G = 1 and c = 1 units.

2. LRS Bianchi type II cosmological models

The FRW models have a significant role in cosmology. Whether these models correctly represent the universe or not isn’t known, but it is believed that they are good global approximations of the present universe. Spatial homogeneity and isotropy characterize these models. In last decade, theoretical interest in anisotropic cosmological models has been increased. In current modern cosmology, the spatial homogeneous and anisotropic Bianchi models which present a medium way between FRW models and completely inhomogeneous and anisotropic universes play an important role. Here, we consider the LRS model of Bianchi type II. The metric for Bianchi type II in the LRS case is given by [32] ds^2 = dt^2 − A(t)^2dx^2 − B(t)^2dy^2 − [A(t)^2 + x^2B(t)^2]dz^2 − 2xB(t)^2dydz.(1) A(t) and B(t) which are expansion factors could be determined via Einstein’s field equations. The non-vanishing components of the Einstein tensor G_{μν} (≡ 8πT_{μν} , where

T_{μν} is the energy-momentum tensor for the matter field described by a perfect fluid with density ρ, pressure p) are

G_{11} = AÄ + A^2 B̈ B + Ȧ A Ḃ B + B^2 4A^2

, (2)

G_{22} = 2B^2 Ä A + B^2 Ȧ2 A^2 − 3B^4 4A^4

, (3)

G_{33} = (2x^2B^2 + A^2) Ä A + A^2 B̈ B + x^2B^2 Ȧ2 A^2 + A B ȦḂ + B^2

4A^2 − x^2 3B^2 4A^4

, (4)

G_{00} = Ȧ2 A^2 − 2 Ȧ A Ḃ B + B^2 4A^4 (5) G_{23} = B^2(2 Ä A + Ȧ2 A^2 − 3B^2 4A^4

), (6)

where dot represents derivation with respect to time.

For the line element (1) g_{μν} = δ^0_μδ^0_ν − A^2δ^1_μδ^1_ν − B^2δ^2_μδ^2_ν − (A^2 + x^2B^2)δ^3_μδ^3_ν − xB^2(δ^3_μδ^2_ν + δ^2_μδ^3_ν ), (7)

g^{μν} = δ^μ_0 δ^ν_0 −A^{−2}δ^μ_1 δ^ν_1 −

A^2 + x^2B^2 B^2A^2 δ^μ_2 δ^ν_2 −A^{−2}δ^μ_3 δ^ν_3 +xA^{−2}(δ^μ_3 δ^ν_2 +δ^μ_2 δ^ν_3 ).(8)

The riemannian metric arises as g_{μν} = η_{ij} h^i_μh^j_ν . (9) Using this relation, we obtain the tetrad components h^i_μ = δ^i_0δ^0_μ + Aδ^i_1δ^1_μ + Bδ^i_2δ^2_μ + Aδ^i_3δ^3_μ + xBδ^i_2δ^3_μ, (10) and its inverse is h^μ_i = δ^0_i δ^μ_0 + A^{−1}δ^1_i δ^μ_1 + B^{−1}δ^2_i δ^μ_2 + A^{−1}δ^3_i δ^μ_3 − x A δ^3_i δ^μ_2 . (11) From the Christoffel symbols defined by Γ^α_{μν} = 1 2 g^{ατ} (∂_μg_{τ ν} + ∂_ν g_{τ μ} − ∂_τ g_{μν} ) (12) we obtain non-vanishing components:

Γ^0_{11} = AȦ, Γ^0_{22} = BḂ, Γ^0_{33} = AȦ + x^2BḂ, Γ^1_{01} = Ȧ A Γ^2_{02} = Ḃ B , Γ^3_{03} = Ȧ A , Γ^2_{03} = x(AḂ − BȦ) BA , Γ^2_{12} = − x^2B^2 2A^2 Γ^2_{13} =

A^2 − x^2B^2 2A^2

, Γ^3_{12} = x^2B^2 2A^2

, Γ^3_{13} = x^2B^2 2A^2

. (13)

3. Energy in Tolman’s prescription The Tolman’s energy-momentum complex[2] is given by Ξ^ν_μ = 1 8π Σ^{νζ}_{μ,ζ} , (14) where Σ^{νζ}_μ is Σ^{νζ}_μ = √ −g[−g^{βν} Φ^ζ_{μβ} + 1 2 g^ν_μg^{βε}Φ^ζ_{βε}], (15) with Φ^α_{γβ} = −Γ^α_{γβ} + 1 2 g^α_γ Γ^σ_β + 1 2 g^α_β Γ^σ_γ . (16) The locally conserved energy-momentum complex Ξ^{μν} contains contributions from the matter, gravitational and non-gravitational matters. Ξ^0 and Ξ^0_σ are the energy and momentum density components respectively. Also, Ξ^ν_μ satisfies the local conservation: ∂_ν Ξ^ν_μ = 0. (17) Energy-momentum components are given by P_μ = ∫ ∫ ∫ Ξ^0_μdx^1dx^2dx^3. (18) Using the Gauss’s theorem, we obtain P_μ = 1 8π ∫ ∫ Σ^{0α}_μ η_αdS, (19) where η_α = (^x_r ,^y_r ,^z_r ) are the components of normal vector over an infinitesimal surface element dS = r^2sinθdθdϕ. For the line element (1), the required non-vanishing Σ^{0ζ}_0 component is given by Σ^{01}_0 = 3A 4B^2

[2BȦ + AḂ]. (20) Using the above result in eq. (14), we obtain Ξ^0 = 0, Ξ^0_ν = 0. (21) The total energy is equal to zero everywhere due to the matter plus field.

4. Energy in Papapetrou’s prescription The Papapetrou’s energy-momentum complex[4] is given by Ω^{μν} = 1 16π N^{μναβ}_{,αβ} (22) where N^{μναβ} is N^{μναβ} = √ −g[g^{μν} η^{αβ} − g^{μα}η^{νβ} + g^{αβ}η^{μν} − g^{νβ} η^{μα}] (23) and η^{μν} is the Minkowski space-time metric. The locally conserved energy-momentum complex Ω^{μν} contains contributions from the matter, non-gravitational and gravitational matters. Ω^{00} and Ω^{μ0} are the energy and momentum density components respectively. Also, Ω^{μν} satisfies the local conservation:

∂_ν Ω^{μν} = 0. (24) Energy-momentum components are given by P^μ = ∫ ∫ ∫ Ω^{μ0}dx^1dx^2dx^3. (25) Using the Gauss’s theorem, we obtain P^μ = 1 16π ∫ ∫ N^{μ0αβ}_{,β}η_αdS, (26) where η_α = (^x_r ,^y_r ,^z_r ) are the components of normal vector over an infinitesimal surface element ds = r^2sinθdθdϕ. From eq. (23), we obtain that all the N^{00αβ} components vanish. As a result of this, we find Ω^0 = 0, Ω^0_ν = 0, (27) which is the same as obtained in the previous section.

5. Energy in Weinberg’s prescription

The Weinberg’s energy-momentum complex[6] is given by W^{αβ} = 1 16π Δ^{αβμ}_μ, (28) where Δ^{αβμ} is Δ^{αβμ} = ∂h^ν ∂x_α η^{βμ} − ∂h^ν ∂x_β η^{αμ} − ∂h^{να} ∂x^ν η^{βμ} + ∂h^{νβ} ∂x^ν η^{αμ} + ∂h^{αμ} ∂x_β − ∂h^{βμ} ∂x_α , (29) where h_{μν} = g_{μν} − η_{μν} . The locally conserved energy-momentum complex W^{μν} contains contributions from the matter, non-gravitational and gravitational matters. W^{00} and W^{μ0} are the energy and momentum density components respectively. Also, W^{μν} satisfies the local conservation:

∂_ν W^{μν} = 0. (30) Energy-momentum components are given by P^μ = ∫ ∫ ∫ W^{μ0}dx^1dx^2dx^3. (31) Using the Gauss’s theorem, we obtain P^μ = 1 16π ∫ ∫ Δ^{μ0α}η_αdS, (32) where η_α = (^x_r ,^y_r ,^z_r ) are the components of normal vector over an infinitesimal surface element dS = r^2sinθdθdϕ. From eq (29), the required non-vanishing Δ^{00μ} component is given by Δ^{001} = 3Ȧ + B. (33) By using eqs. (28) and (33) we obtain W^{00} = 0, W^{μ0} = 0, (34) which is the same as obtained in the previous sections.

6. Final Remarks

The localization of energy-momentum in a curved space-time has been very exciting and interesting; however, it has been controversial. Recently, some researches have shown interest in studying the energy content of the universe in various models. Rosen studied the total energy of a homogenous isotropic universe described by FRW metric using Einstein’s energy-momentum complex and found that to be zero. Also, Johri et al., using Landau and Lifshitz complex, shown that the total energy of the same universe is zero. Furthermore, Banerjee and Sen and Xulu, using the Einstein and Landau and Lifshitz complexes, obtained that the total energy of the Bianchi type I universes is vanishing.

The main purpose of the present paper is to obtain total energy of the universe in LRS Bianchi type II cosmological models by using Tolman, Papapetrou and Weinberg’s energy-momentum complexes. We found that the total energy for all three prescriptions vanishes everywhere. Our result extended the investigations of Banerjee and Sen and Xulu by using different energy-momentum complexes for a different space-time model. Although the total energy of the LRS Bianchi type II cosmological models is zero due to the matter plus field, Einstein’s energy-momentum tensor has non-vanishing components for same model. This is because the energy contributions from the matter and gravitational field inside an arbitrary two-surface; in the case of anisotropic model of universe in Bianchi type II, cancel each other.

Our study supports the view points of Albrow and Tryon and extend the previous works of Cooperstock and Israelit, Johri et al., Banerjee and Sen and Vargas. Finally, the result in present paper maintains the importance of the energy-momentum complexes.

Acknowledgement

I would like to thank Mustafa Salti for his suggestions.

References

[1] A. Einstein,Sitsungsber. Prevs. Akad. Wiss. Berlin Math.Phys. 778, (1915). [2] R. C. Tolman, Relativity, Thermodynamics and Cosmology, Oxford Univ.Press Loandon, 227, (1934).

[3] L. D. Landau and E. M. Lifshitz, The classical theory of fields, Pergamon Press, Oxford, (1987). [4] A. Papapetrou, Proc. R. Irish. Acad. A52, 11, (1948). [5] P. G. Bergmann and R. Thomson, Phys. Rev. 89, 400, (1953).

[6] S. Weinberg, Gravitation and Cosmology: Principle and Applications of General Theory of Relativity, John Wilet and Sons, Inc., New York, (1972).

[7] A. Quadir and M. Sharif, Phys. Lett.A, 167, 331, (1992). [8] C. Møller, Ann. Phys. 4, 347, (1958). [9] C. Møller, Ann. Phys. 12, 118, (1961).

[10] S. Chandrasekhar and V. Ferrari, Proc. R. Soc. London, A435, 645, (1991).

Energy Distribution of the Universe... 7

[11] G. Bergqvist, Class. Quant. Grav. 9, 1753, (1992). [12] G. Bergqvist, Class. Quant. Grav. 9, 1992, (1992).

[13] C. M. Cohen and J. M. Nester, Class. Quant. Grav. 16, 1279, (1999). [14] J. D. Brown and J. W. York, Phys. Rev.D 48, 1407, (1993). [15] A. A. Hayward, Phys. Rev.D 49, 831, (1994).

[16] C. W. Misner, K. S. Thorne and J. A. Wheeler, Freeman W. Hand, Gravitation, Co.,NY, 603, (1973).

[17] F. I. Cooperstock and R. S. Sarracino, J. Phys.A, 11, 877, (1978). [18] A. Chamorro and K. S. Vibhadra, Pramana J. Phys., 45, 181, (1995). [19] K. S. Vibhadra, Phys. Rev.D 41, 1086, (1990). [20] K. S. Vibhadra, Phys. Rev.D 42, 2919, (1990). [21] K. S. Vibhadra, Phys. Rev.D 60, 104041, (1999). [22] K. S. Vibhadra, Pramana J. Phys., 45, 215, (1995).

[23] N. Rosen and K. S. Vibhadra, Gen.Rel.Grav., 25, 429, (1993); E. Vagenas, Int. J. Mod. Phys.

A18, 5781(2003); Int. J. Mod. Phys. A18, 5949 (2003); Mod. Phys. Lett. A19, 213 (2004); Int. J. Mod. Phys. D14, 573 (2005).

[24] J. M. Aguirregabiria, A. Chamorro and K. S. Vibhadra, Gen.Rel.Grav., 28, 1393, (1996). [25] M. G. Albrow, Nature, 241, 56, (1973). [26] E. P. Tryon, Nature, 246, 396, (1973). [27] N. Rosen, Gen.Rel.Grav., 26, 319, (1994).

[28] V. B. Johri, D. Kalligas, G. P. Singh and C. W. F. Everitt, Gen.Rel.Grav., 27, 323, (1995). [29] N. Banerjee and S. Sen, Pramana J. Phys., 49, 609, (1997). [30] S. S. Xulu, Int. J. Mod. Phys. A, 15, 4849, (2000). [31] I. Radinschi, Acta. Phys. Slov., 50,4,609, (2000). [32] D. Lorenz, Phys. Lett.A 79,19, (1980).