arXiv:gr-qc/0602081 v5 23 Jul 2006

Physics of dark energy particles

C. G. Böhmer^∗ ASGBG/CIU, Department of Mathematics, Apartado Postal C-600, University of Zacatecas (UAZ), Zacatecas, Zac 98060, Mexico

T. Harko^† Department of Physics, The University of Hong Kong, Pokfulam Road, Hong Kong SAR, P. R. China (Dated: July 23, 2006)

Abstract

We consider the astrophysical and cosmological implications of the existence of a minimum density and mass due to the presence of the cosmological constant. If there is a minimum length in nature, then there is an absolute minimum mass corresponding to a hypothetical particle with radius of the order of the Planck length. On the other hand, quantum mechanical considerations suggest a different minimum mass. These particles associated with the dark energy can be interpreted as the “quanta” of the cosmological constant. We study the possibility that these particles can form stable stellar-type configurations and the Jeans and Chandrasekhar masses are estimated. From the requirement of the energetic stability of the minimum density configuration on a macroscopic scale one obtains a mass of the order of 10^{55} g, of the same order of magnitude as the mass of the universe. Furthermore we present a representation of the cosmological constant in terms of ’classical’ fundamental constants.

PACS numbers: 03.70.+k, 11.90.+t, 11.10.Kk Keywords: gravitation; dark energy; minimum mass; dark energy particles

∗Electronic address: boehmer@hep.itp.tuwien.ac.at †Electronic address: harko@hkucc.hku.hk

I. INTRODUCTION

Several recent astrophysical observations [1, 2, 3, 4] have provided the astonishing result that around 99% of the content of the universe is in the form of dark matter + energy, with only about 1% being represented by baryonic matter. More intriguing, around 70% of the energy-density may be in the form of what is called the dark energy, which provides Ω_{DE} ∼ 0.7, and may be responsible for the acceleration of the distant type Ia supernovae. The best candidate for the dark energy is the cosmological constant Λ, which is usually interpreted physically as a vacuum energy, with energy density ρ_Λ and pressure p_Λ satisfying the unusual equation of state ρ_Λ = −p_Λ/c^2 = Λ/8πG. Its size is of the order Λ ≈ 3 × 10^{−56} cm^{−2} [5, 6]. The existence of the cosmological constant modifies the allowed ranges for various physical parameters, like, for example, the maximum mass of compact stellar objects [7, 8, 9, 10], thus leading to a modifications of the “classical” Buchdahl limit [11]. In conjunction with other parameters, like the Schwarzschild radius, the cosmological constant Λ leads to a set of scales relevant not only for cosmological, but also for astrophysical applications. Hence, there exists a lower and an upper cut-off on the possible velocities of test particles traveling over distances of the order of Mpc [12].

On the other hand, we cannot exclude a priori the possibility that the cosmological constant, as a manifestation of vacuum energy, may play an important role not only at galactic or cosmological scales, but also at the level of elementary particles. With the use of the generalized Buchdahl identity [7], it can be rigorously proven that the existence of a non-negative Λ imposes a lower bound on the mass M and density ρ of general relativistic objects of radius R, which is given by [13] 2GM ≥ Λc^2 6 R^3, ρ = 3M 4πR^3 ≥ Λc^2 16πG =: ρ_{min}. (1)

Therefore, the existence of the cosmological constant implies the existence of an absolute minimum mass and density in the universe. No object present in relativity can have a density that is smaller than ρ_{min}. For Λ > 0 this result also implies a minimum density for stable fluctuations in energy density.

Since at least 70% of the Universe consists of vacuum energy, which almost entirely determines its structure and dynamics, it is natural to consider Λ as a fundamental constant and to explore the possibilities which follows from enlarging the set of fundamental constants.

Therefore, we can consider as the set of the fundamental physical constants of nature the speed of light c, the gravitational constant G, Planck’s constant ℏ and the cosmological constant Λ, respectively [14].

By using dimensional analysis Wesson [14] has found two different masses, which can be constructed from the set of constants (c, G, ℏ, Λ). The mass m_P relevant at the quantum scale is m_P = ( ℏ c ) √ Λ 3 ≈ 3.5 × 10^{−66} g, (2) while the mass m_{P E} relevant to the cosmological scale is

m_{P E} = ( c^2 G ) √ 3 Λ ≈ 1 × 10^{56} g. (3)

The interpretation of the mass m_{P E} is straightforward: it is the mass of the observable part of the universe, equivalent to 10^{80} baryons of mass 10^{−24} g each. The interpretation of the mass m_P is more difficult. By using the dimensional reduction from higher dimensional relativity and by assuming that the Compton wavelength of a particle cannot take any value, Wesson [14] proposed that the mass is quantized according to the rule m = (nℏ/c) √ Λ/3.

Hence m_P is the minimum mass corresponding to the ground state n = 1.

It is the purpose of the present paper to further explore the possible physical implications of the existence of a minimum mass in the universe, given by Eq. (1), and which is a direct consequence of the existence of a non-zero cosmological constant. In particular, we show that if a minimum length does exist in nature, then the condition (1) does imply the existence of an absolute minimum mass. By combining the rigorous result for the minimum mass with the dimensional analysis of Wesson [14], we can obtain an intriguing representation of the vacuum energy as a function of the fundamental constants c, G, ℏ as well as the mass and the radius of the electron. On the other hand, by minimizing the total (matter plus gravitational) energy of a stable configuration consisting of particles with the minimum mass we provide a rigorous derivation of the cosmological mass m_{P E} , given by Eq. (3).

The present paper is organized as follows. The physical implications of the existence of a minimum mass are presented in Section 2. We briefly conclude and discuss our results in the last section.

II. ASTROPHYSICAL AND COSMOLOGICAL CONSEQUENCES OF THE MIN- IMUM MASS

At a microscopic level two basic quantities, the Planck mass m_P and the Planck length l_P are supposed to play a fundamental physical role. The Planck mass is derived by equating the gravitational radius 2Gm/c^2 of a Schwarzschild mass with its Compton wavelength ℏ/mc. The corresponding mass m_{P l} = (cℏ/2G)^{1/2} is of the order m_{P l} ≈ 1.5 × 10^{−5} g. The Planck length is given by l_{P l} = (ℏG/c^3)^{1/2} ≈ 1.6×10^{−33} cm and at about this scale quantum gravity will become important for understanding physics. The Planck mass and length are the only parameters with dimension mass and length, respectively, which can be obtained from the fundamental constants c, G and ℏ.

From Eq. (1) one can estimate the numerical value of the minimal density for a positive Λ as ρ_{min} = Λc^2/16πG = 8.0 × 10^{−30} g cm^{−3}.

Since the Planck length l_{P l} is a natural minimal length scale in physics, we define the absolute minimal mass which possibly can exist in nature by

M_{min} =

Λc^2 16πG 4π 3 l^3_{P l} =

Λc^2 12G l^3_{P l} = Λ 12 √ ℏ^3G c^5 = Λ 6 √ 2 m_{P l}l^2_{P l} = Λ 3 ℏ 2 t_{P l} 2 , (4)

where we denoted by t_{P l} the Planck time t_{P l} = l_{P l}/c. The numerical value of M_{min} is given by M_{min} ≈ 1.4 × 10^{−127} g ≈ 7.9 × 10^{−95} eV. (5) If an absolute minimum length does exist in nature, then, via the first of Eqs. (1), a positive cosmological constant implies the existence of an absolute minimum mass in nature, given by Eq. (4).

Hypothetical particles having this value of the mass may be called cosmons.^1 The cosmons could also be interpreted as “quanta” of the cosmological constant, and therefore M_{min} gives the mass of the quantum of the cosmological constant. Compared with the upper bound of the electron neutrino mass m_{νe} < 1.8 eV [19], we emphasize the smallness of the minimal mass M_{min}.

The possibility of the existence of a very light scalar particle, also named Cosmon, a dilaton which should essentially decouple from the Standard Matter Lagrangian, but still

1 Cosmons were originally introduced by Peccei, Sola and Wetterich [15] to name scalar fields that could dynamically adjust the cosmological constant to zero, see also [16, 17, 18].

could mediate new macroscopic forces in the submillimeter range, was proposed by [20]. The mass of the Cosmon is given by m^2_S = Λ^4_{QCD}/M^4, where Λ_{QCD} ≈ 100MeV is the intrinsic QCD scale and M ≥ 10^{10}GeV is some high energy scale [20]. The mass of this particle is of the order of the neutrino mass, m_S ≈ (10^{−3} − 10^{−2}) eV ≈ 2 × (10^{−30} − 10^{−31}) g. Therefore it represents a very different particle as compared to the minimum mass particles considered in the present paper.

By generalizing Eq. (4) we propose that the mass is quantized according to the general rule m = n Λ 3 ℏ 2 t_{P l} 2 , n ∈ N, (6) which is different from Wesson’s proposal [14].

From a purely quantum mechanical point of view, the value of the minimum mass can be derived with the use of the uncertainty principle for energy and time, which gives

m_{min}c^2 ≈ ℏ Δt . (7)

By assuming that Δt is of the same order of magnitude as the age of the Universe, Δt ≈ 1/H, where H ≈ 3.24 × 10^{−18} s^{−1} is the Hubble constant, we obtain for the minimum mass the expression m_{min} = ℏH c^2

≈ 3.8017 × 10^{−66}g. (8) The numerical value of the minimum mass obtained from quantum mechanical considerations agrees with the value of the mass m_P = (ℏ/c) √ Λ/3 obtained by Wesson [14] by using purely dimensional considerations. Therefore it is natural to assume that these two masses are the same, thus obtaining ( ℏ c ) √ Λ 3 = ℏH c^2

, (9)

which gives H = c √ Λ 3 . (10) The constancy of the mass then implies that the cosmological constant and the Hubble “constant” are real constants. Since H = ȧ/a, where a is the scale factor of the universe, Eq. (10) gives immediately a = a_0 exp(Ht), which is the de Sitter solutions describing an accelerating universe.

By assuming however, that the minimum mass in nature is given by m_P = m_{min} it follows that the radius corresponding to m_P is given by

R_P = 48^{1/6} ( ℏG c^3 )_{1/3} Λ^{−1/6} ≈ 1.9 l^{2/3}_{P l} Λ^{−1/6}, (11)

with the numerical value R_P = 4.7 × 10^{−13}cm = 4.7fm. This would also imply that the minimum length in nature could be different from the Planck length l_{P l}.

In fact the radius R_P is of the same order of magnitude as the classical radius of the electron r_e = e^2/m_ec^2 = 2.81 × 10^{−13} cm. Therefore, by formally equating R_P with r_e and neglecting terms of the order of unity gives a representation of the cosmological constant in terms of the ’classical’ fundamental constants as Λ = l^4_{P l} r^6_e = ℏ^2G^2m^6_ec^6 e^{12}

≈ 1.4 × 10^{−56}cm^{−2}. (12)

Conceptually, the identification of the radius R_P to to electron radius r_e may be based on a “small number hypothesis”, representing an extension of the large number hypothesis by Dirac [21], and which proposes that the numerical equality between two very small quantities with a very similar physical meaning cannot be a simple coincidence.

It is tempting to assume that the cosmons with mass M_{min} could condense gravitationally to form stellar type compact objects. A cloud of particles would collapse if the mass of the cloud exceeds the Jeans mass

M_J = ( 5kT Gm )_{3/2} ( 3 4πρ )_{1/2} , (13)

where k is Boltzmann’s constant, T is the temperature and m is the mass of the particle in the cloud [22]. For m = M_{min} we find the following maximum Jeans mass

M^{(1)}_{J max} = ( 3 4π )_{1/2} ( 60k Gℏt_{P l} )_{3/2} ( T ρ^{1/3}Λ )_{3/2} ≈ 6.193 × 10^{94} ( g cm^3K )_{3/2} ( T ρ^{1/3}Λ )_{3/2} . (14)

By assuming that the density of the cosmons is equal to the absolute minimum density, ρ = ρ_{min}, we obtain for the Jeans mass M^{(1)}_{J max} = (3600/ √ 5) ( kT G^{1/3}/c^{8/3}l^3_{P l} )_{3/2} Λ^{−2} ≈ 3.4 × 10^{194} (T/K)^{3/2} g. The density ρ of the cosmons can of course exceed the minimal density.

For m = m_P the corresponding Jeans mass is given by

M^{(2)}_{J max} = ( 3 4π )_{1/2} ( 5 √ 3kc Gℏ )_{3/2} ( T ρ^{1/3}Λ^{1/2} )_{3/2} ≈ 1.128 × 10^{43} ( g cm^2K )_{3/2} ( T ρ^{1/3}Λ^{1/2} )_{3/2} . (15)

The theoretical value of the maximum mass M_{Ch} of the stable compact astrophysical type objects, like white dwarfs and neutron stars, was found by Chandrasekhar and Landau and is given by the Chandrasekhar limit,

M_{Ch} ≈ [( ℏc G ) m^{−4/3}_B ]_{3/2} , where m_B is the mass of the particles giving the main contribution to the mass (baryons in the case of the white dwarfs and neutron stars) [22]. Thus, with the exception of some composition-dependent numerical factors, the maximum mass of a degenerate star depends only on fundamental physical constants. Thus, assuming that cosmons are fermions, we obtain the Chandrasekhar limits for hypothetical cosmon stars as

M^{(1)}_{Ch} ≈ [( ℏc G ) M^{−4/3}_{min} ]_{3/2} = [( ℏc G ) ( Λ 12 ℏt_{P l} )_{−4/3}]3/2 ≈ m_{P l}l^{−4}_{P l} Λ^{−2}, (16) and M^{(2)}_{Ch} ≈ [( ℏc G ) m^{−4/3}_P ]_{3/2} = [( ℏc G ) m^{−4/3}_P ]_{3/2} ≈ c^{7/2} √ ℏG^{3/2}Λ

, (17) respectively.

The mass of such an hypothetical super-massive object formed from cosmons with mass M_{min} is of the order of M^{(1)}_{Ch} = 8 × 10^{237} g, which exceeds by around 180 orders of magnitude the mass of our universe. Therefore, it follows that cosmons did not condense gravitationally and hence the particles associated with dark energy fail to represent dark matter, which is in complete agreement with the present standard model of cosmology. On the other hand, for M^{(2)}_{Ch} we obtain M^{(2)}_{Ch} = 2.7782 × 10^{116} g, which also shows that degenerate cosmon stars, having masses much larger than the mass of the universe, are very unlikely to exist.

It should be noted that the Chaplygin dark star, i.e. a spherically symmetric system described by the generalized Chaplygin equation of state (unification of dark matter and energy), was recently analyzed by Bertolami and Paramos [23] and its physical parameters were derived.

The total energy (including the gravitational field contribution) inside an equipotential surface S of radius R can be defined, according to [24], to be E = E_M + E_F = c^4 8πG ξ_s ∫ S [K]dS, (18) where ξ^i is a Killing vector field of time translation, ξ_s its value at S and [K] is the jump across the shell of the trace of the extrinsic curvature of S, considered as embedded in the

2-space t = constant. E_M = ∫ S T^k_i ξ^i √ −gdS_k and E_F are the energy of the matter and of the gravitational field, respectively. This definition is manifestly coordinate invariant.

For a static spherically symmetric system in a Schwarzschild-de Sitter space-time the total energy is E = c^4 G R [ 1 − ( 1 − 2GM c^2R − Λ 3 R^2 )_{1/2}] ( 1 − 2GM c^2R − Λ 3 R^2 )_{1/2} . (19)

For the minimum mass particle the total energy can be expressed in terms of the radius and cosmological constant only as E = c^4 G R [ 1 − ( 1 − Λ 2 R^2 )_{1/2}] ( 1 − Λ 2 R^2 )_{1/2} . (20)

For a stable configuration, the energy should have a minimum, ∂E/∂R = 0, a condition which determines R as R_{BC} = 1 3 √ 11 + √ 13Λ^{−1/2} ≈ 1.3 × Λ^{−1/2}. (21)

Therefore the mass of the stable configuration can be obtained as M_{BC} = 1.15 6 c^2 G Λ^{−1/2}, (22)

which gives a mass of the order M_{BC} ≈ 8.2 × 10^{54} g, a value which is close to the mass m_{P E} , which follows from dimensional considerations, and is of the same order of magnitude as the total mass of the observable universe. Therefore we may regard the observable universe as a dark energy dominated object with minimum density.

For the second derivative of the energy, evaluated for R = R_{BC} we obtain the following expression (∂^2E/∂R^2)|_{R=RBC} = −6.89 √ Λ, which shows that indeed the configuration is in a state of minimum total energy.

III. DISCUSSIONS AND FINAL REMARKS

In the present paper we have investigated some of the possible consequences of the existence of a minimum mass and density for stable general relativistic objects, which is a direct result of the existence of the cosmological constant. The existence of a fundamental length, assumed to be the Planck scale, leads to an absolute minimum mass in nature, which could be the mass of the quanta of the dark energy with radius of the order of the Planck length (the cosmons). However, the application of the quantum uncertainty principle for the energy shows that the mass of the elementary particle associated to the dark energy is given by m_P = ℏH/c^2 = (ℏ/c) √ Λ/3. If this is the case, then the radius of such a particle is of the same order of magnitude as the classical electron radius. This leads to the intriguing possibility of the electron charge and radius, or, more generally, of the electromagnetic processes, as playing an essential role in the dark energy related processes.

We also propose that “dark energy particles” may condensate gravitationally to form compact super-massive objects, formed of cosmons. The Jeans mass of this condensation, which is gravitationally stable, depends on the temperature, the cosmological constant and the density of the cosmons according to the laws M^{(1)}_{Jmax} ∝ 6.193 × 10^{94} ( T/ρ^{1/3}Λ )_{3/2} and M^{(2)}_{Jmax} ∝ 10^{43} ( T/ρ^{1/3}Λ^{1/2} )_{3/2} , respectively. If the initial density and temperature of the universe were so that ( T/ρ^{1/3}Λ )_{3/2} ≈ 10^{−40} (cm^3K/g^{1/3})^{3/2} or ( T/ρ^{1/3}Λ^{1/2} )_{3/2} ≈ 10^{13} (cm^2K/g^{1/3})^{3/2}, then the resulting mass of the stable dark energy condensate formed of dark energy particles with masses M_{min} or m_P would be of the order of 10^{56} g, which is the same as the mass of the observable universe. Therefore, this results may imply that our universe was born as the result of the dark energy condensation, which took place at a very high temperature and density. Hence the initial constituents of our universe may have been the cosmons. On the other hand, even that the estimation of the limiting Chandrasekhar masses [22] for cosmons suggests the possible existence of super-massive stable degenerate dark energy objects, the existence of such stars with masses much larger than the mass of the universe is impossible in the universe we are living in.

The requirement that the total energy of the stable configuration formed from the particle satisfying the relation 2GM = Λ/6R^3 is a minimum leads to a rigorous derivation of the mass m_{P E} , which is of the same order of magnitude as the mass of the universe. This also shows that the only energetically stable dark energy dominated general relativistic objects must have a mass of the same order of magnitude as our universe. Therefore the general relativistic condition Eq. (1) as combined with the thermodynamic condition of energetic stability may explain the actual value of the mass of the universe.

Finally, it would be very interesting to recall the cosmological constant problem again here. If it is interpreted as a measure of the vacuum energy density and from a particles physics point of view, the cosmological constant Λ is 120 orders of magnitude too small than expected [5].

Let us therefore assume that the cosmological constant were indeed 120 orders of magnitude larger. This would have drastic consequences for the minimal mass and we would find M_{min} ≈ 10^{19} eV, in which case the minimal mass would exceed the masses of all elementary particles. From this point of view, we would like to also argue that because of the resulting problems, the interpretation of the cosmological constant as the vacuum energy density may raise some conceptual contradictions with the results derived in the present paper.

Acknowledgments

The work of C.G.B. is supported by research grant BO 2530/1-1 of the German Research Foundation (DFG). The work of T.H. is supported by a Seed Funding Programme for Basic Research of the Hong Kong Government.

[1] A. G. Riess et al., Astron. J. 116, 109 (1998). [2] S. Perlmutter et al., Astrophys. J. 517, 565 (1999). [3] P. de Bernardis et al., Nature 404, 995 (2000). [4] S. Hanany et al., Astrophys. J. 545, L5 (2000). [5] P. J. E. Peebles and B. Ratra, Rev. Mod. Phys. 75, 559 (2003). [6] T. Padmanabhan, Phys. Repts. 380, 235 (2003).

[7] M. K. Mak, P. N. Dobson, Jr. and T. Harko, Mod. Phys. Lett. A 15, 2153 (2000). [8] C. G. Böhmer, Gen. Rel. Grav. 36, 1039 (2004). [9] C. G. Böhmer, Ukr. J. Phys. 50, 1219 (2005).

[10] A. Balaguera-Antolinez, C. G. Böhmer and M. Nowakowski, Int. J. Mod. Phys. D 14, 1507 (2005).

[11] H. A. Buchdahl, Phys. Rev. 116, 1027 (1959).

[12] A. Balaguera-Antolinez, C. G. Böhmer and M. Nowakowski, Class. Quant. Grav. 23, 485 (2006).

[13] C. G. Böhmer and T. Harko, Phys. Lett. B 630, 73 (2005). [14] P. S. Wesson, Mod. Phys. Lett. A 19, 1995 (2004).

[15] R. D. Peccei, J. Sola and C. Wetterich, Phys. Lett. B 195, 183 (1987). [16] C. Wetterich, Nucl. Phys. B 302, 668 (1988). [17] J. Sola, Phys. Lett. B 228, 317 (1989). [18] J. Sola, Int. J. Mod. Phys. A 5, 4225 (1990). [19] M. Trinczek et al., Phys. Rev. Lett. 90, 012501 (2003). [20] I. L. Shapiro and J. Sola, Phys. Lett. B 475, 236 (2000). [21] P. A. M. Dirac, Proc. R. Soc. A 333, 439 (1974).

[22] S. L. Shapiro and S. A. Teukolsky, Black Holes, White Dwarfs, and Neutron Stars, John Wiley & Sons, New York (1983).

[23] O. Bertolami and J. Paramos, Phys. Rev. D 72, 123512 (2005). [24] J. Katz, D. Lynden-Bell and W. Israel, Class. Quantum Grav. 5, 971 (1988).