arXiv:gr-qc/0602109 v2 3 May 2006

Final fate of spherically symmetric gravitational collapse of a dust cloud in Einstein-Gauss-Bonnet gravity

Hideki Maeda^∗ Advanced Research Institute for Science and Engineering, Waseda University, Okubo 3-4-1, Shinjuku, Tokyo 169-8555, Japan (Dated: May 3, 2006)

We give a model of the higher-dimensional spherically symmetric gravitational collapse of a dust cloud including the perturbative effects of quantum gravity. The n(≥ 5)-dimensional action with the Gauss-Bonnet term for gravity is considered and a simple formulation of the basic equations is given for the spacetime M ≈ M^2 × K^{n−2} with a perfect fluid and a cosmological constant. This is a generalization of the Misner-Sharp formalism of the four-dimensional spherically symmetric spacetime with a perfect fluid in general relativity. The whole picture and the final fate of the gravitational collapse of a dust cloud differ greatly between the cases with n = 5 and n ≥ 6. There are two families of solutions, which we call plus-branch and the minus-branch solutions. A plusbranch solution can be attached to the outside vacuum region which is asymptotically anti-de Sitter in spite of the absence of a cosmological constant. Bounce inevitably occurs in the plus-branch solution for n ≥ 6, and consequently singularities cannot be formed. Since there is no trapped surface in the plus-branch solution, the singularity formed in the case of n = 5 must be naked. On the other hand, a minus-branch solution can be attached to the outside asymptotically flat vacuum region. We show that naked singularities are massless for n ≥ 6, while massive naked singularities are possible for n = 5. In the homogeneous collapse represented by the flat Friedmann-Robertson- Walker solution, the singularity formed is spacelike for n ≥ 6, while it is ingoing-null for n = 5. In the inhomogeneous collapse with smooth initial data, the strong cosmic censorship hypothesis holds for n ≥ 10 and for n = 9 depending on the parameters in the initial data, while a naked singularity is always formed for 5 ≤ n ≤ 8. These naked singularities can be globally naked when the initial surface radius of the dust cloud is fine-tuned, and then the weak cosmic censorship hypothesis is violated.

PACS numbers: 04.20.Dw, 04.40.Nr, 04.50.+h

I. INTRODUCTION

Einstein’s general theory of relativity has successfully passed many observational tests and is now a central paradigm in gravitation physics. General relativity explains such gravitational phenomena as the perihelion shift of Mercury’s orbit, gravitational lensing, redshift in the light spectrum from extragalactic objects, and so on. One of the most intriguing predictions of the theory is the existence of a spacetime region from which nothing can escape, i.e., a black hole.

It has been considered that black holes are formed from the gravitational collapse in the last stage of heavy stars’ life or in high-density regions of the density perturbations in the early universe. The first analytic model of black-hole formation in general relativity was obtained by Oppenheimer and Snyder in 1939, which represents the spherically symmetric gravitational collapse of a homogeneous dust cloud in asymptotically flat vacuum spacetime [1]. In this spacetime, the singularity formed is spacelike and hidden inside the black-hole event horizon, so that it is not visible to any observer. However, it was shown later that this is not a typical model and the singularities formed in generic collapse are naked, i.e., observable [2, 3, 4, 5].

In general relativity, it was proven that spacetime singularities inevitably appear in general situations and under physical energy conditions [6]. Gravitational collapse is one of the presumable scenarios in which singularities are formed. Where a naked singularity exists, the spacetime is not globally hyperbolic, so that the future predictability of the spacetime breaks down. In this context, Penrose proposed the cosmic censorship hypothesis (CCH), which prohibits the formation of naked singularities in gravitational collapse of physically reasonable matters with generic regular initial data [7, 8]. The weak version of CCH prohibits only the formation of globally naked singularities, i.e., those which can be seen by an observer at infinity. If the weak CCH is correct, singularities formed in generic gravitational collapse are hidden inside black holes, and the future predictability of the spacetime outside the blackhole event horizon is guaranteed. On the other hand, the strong version of CCH prohibits the formation of locally

∗ Electronic address: hideki@gravity.phys.waseda.ac.jp

naked singularities also, which can be seen by some local observer. The strong CCH asserts the future predictability of the whole spacetime, i.e., global hyperbolicity of the spacetime.

The CCH is one of the most attractive and important unsolved problems in gravitation physics. Validity of the CCH is assumed in the many strong theorems such as the black-hole uniqueness theorem or the positive energy theorem in asymptotically flat spacetime. At present, however, the general proof of the CCH is far from complete. On the contrary, there are many counterexample “candidates” in general relativity. (See [9] for a review.)

The formation of a singularity means that a spacetime region with infinitely high curvature can be realized in the very final stage of gravitational collapse. It is naturally considered that quantum effects of gravity cannot be neglected in such regions, so that the classical theory of gravity cannot be applied there. Therefore, naked singularities give us a chance to observe the quantum effects of gravity. From this point of view, Harada and Nakao proposed a concept named the spacetime border, which is the spacetime region where classical theories of gravity cannot be applied [10]. The spacetime border is an effective “singularity” in classical theory, and then the CCH can be naturally modified to more a practical version, which prohibits the formation of naked spacetime borders. If the modified CCH is true, spacetime regions where quantum effects of gravity dominate are never observed. On the other hand, if it is violated, there is a possibility in principle for us to observe such regions and obtain information useful to the construction of the quantum theory of gravity, which is still incomplete. From this point of view, studies of the final fate of gravitational collapse are quite important.

Up to now, many quantum theories of gravity have been proposed. Among them, superstring/M-theory is the most promising candidate and has been intensively investigated, which predicts higher-dimensional spacetime (more than four dimensions). In this theory, when the curvature radius of the central high-density region in gravitational collapse is comparable with the compactification radius of extra dimensions, the effects of extra dimensions will be important. Such regions can be modeled effectively by higher-dimensional gravitational collapse.

A recent attractive proposal for a new picture of our universe, which is called the braneworld universe [11, 12, 13], is based on superstring/M-theory [14]. In the braneworld universe, we live on a four-dimensional timelike hypersurface embedded in the higher-dimensional bulk spacetime. Because the fundamental scale could be around the TeV scale in this scenario, the braneworld suggests that the creation of tiny black holes in the upcoming high-energy collider is possible [15]. From this point of view, the effects of superstring/M-theory on black holes or gravitational collapse should be investigated.

However, the non-perturbative aspects of superstring/M-theory are not understood completely so far, although the progress in recent years has been remarkable. Given the present circumstances, taking their effects perturbatively into classical gravity is one possible approach to studying the quantum effects of gravity. The Gauss-Bonnet term in the Lagrangian is the higher curvature correction to general relativity and naturally arises as the next leading order of the α^′-expansion of heterotic superstring theory, where α^′ is the inverse string tension [16]. Such a theory is called the Einstein-Gauss-Bonnet gravity.

In a previous paper, the author presented a model of the n(≥ 5)-dimensional spherically symmetric gravitational collapse of a null dust fluid in Einstein-Gauss-Bonnet gravity [17]. It was shown that the spacetime structure of the gravitational collapse differs greatly between n = 5 and n ≥ 6. In five dimensions, massive timelike naked singularities can be formed, which never appear in the general relativistic case, while massless ingoing-null naked singularities are formed in the n(≥ 6)-dimensional case.

In this paper, we consider the n(≥ 5)-dimensional spherically symmetric gravitational collapse of a dust fluid with smooth initial data in Einstein-Gauss-Bonnet gravity. In general relativity, the same system has been analyzed by many researchers both for n = 4 [2, 3, 4, 5] and for n ≥ 5 [18]. They showed that the singularity formed is censored for n(≥ 6), while it is naked for n = 4. For n = 5, the singularity can be censored depending on the parameters in the initial data.

This paper is organized as follows. In Sec. II, for the n(≥ 5)-dimensional spacetime M ≈ M^2 × K^{n−2} with a perfect fluid and a cosmological constant, where K^{n−2} is the (n − 2)-dimensional Einstein space, we define a scalar on M^2, of which dimension is mass, and give a simple formulation of the basic equations in Einstein-Gauss- Bonnet gravity. In Sec. III, using this formalism, we investigate the final fate of the n(≥ 5)-dimensional spherically symmetric gravitational collapse of a dust cloud without a cosmological constant. Section V is devoted to discussion and conclusions. In Appendix A, we review the study of the general relativistic case for comparison and give some complements. Throughout this paper we use units such that c = 1. As for notation we follow [19]. The Greek indices run μ = 0, 1, · · · , n − 1.

II. MODEL AND BASIC EQUATIONS

We begin with the following n-dimensional (n ≥ 5) action: S = ∫ d^nx √ −g [ 1 2κ^2_n

(R − 2Λ + αL_{GB}) ] + S_{matter}, (2.1)

where R and Λ are the n-dimensional Ricci scalar and the cosmological constant, respectively. κ_n ≡ √ 8πG_n, where G_n is the n-dimensional gravitational constant. The Gauss-Bonnet term L_{GB} is the combination of the Ricci scalar, Ricci tensor R_{μν} , and Riemann tensor R^μ_{νρσ} as L_{GB} = R^2 − 4R_{μν}R^{μν} + R_{μνρσ}R^{μνρσ} . (2.2) α is the coupling constant of the Gauss-Bonnet term. This type of action is derived in the low-energy limit of heterotic superstring theory [16]. In that case, α is regarded as the inverse string tension and positive definite, and thus we assume α > 0 in this paper. We consider a perfect fluid as a matter field, whose action is represented by S_{matter} in Eq. (2.1). We do not consider the case with n ≤ 4, in which the Gauss-Bonnet term does not contribute to the field equations.

The gravitational equation of the action (2.1) is

G^μ_ν + αH^μ_ν + Λδ^μ_ν = κ^2_nT^μ_ν , (2.3)

where G_{μν} ≡ R_{μν} − 1 2 g_{μν} R, (2.4) H_{μν} ≡ 2 [ RR_{μν} − 2R_{μα}R^α_ν − 2R^{αβ}R_{μανβ} + R^{αβγ}_μ R_{ναβγ} ] − 1 2 g_{μν} L_{GB} . (2.5)

The energy-momentum tensor of a perfect fluid is

T_{μν} = (p + ρ)u_μu_ν + pg_{μν}, (2.6)

where u^μ, ρ and p are the n-velocity of the fluid element, energy density, and pressure, respectively.

Lemma 1 If p = −ρ, then ρ is constant.

Proof. The energy-momentum conservation equation T^ν_{μ ;ν} = 0 becomes

ρ_{;ν} u^ν + (ρ + p)u^μ_{;μ} = 0, (2.7) (ρ + p)u_{μ;ν} u^ν = −p_{,ν}h^ν_μ, (2.8)

where h_{μν} ≡ g_{μν} + u_μu_ν is the projection tensor. From Eqs. (2.7) and (2.8), ρ is constant if p = −ρ. □

By Lemma 1, a perfect fluid obeying p = −ρ is equivalent to a cosmological constant. We assume p ≠ −ρ in this paper.

We consider the n-dimensional spacetime as a product manifold M ≈ M^2 × K^{n−2}, where K^{n−2} is the (n − 2)- dimensional Einstein space, with the line element

ds^2 = −e^{2Φ(t,r)}dt^2 + e^{2Ψ(t,r)}dr^2 + S(t, r)^2γ_{ij}dx^idx^j, (2.9)

where γ_{ij} is the unit curvature metric on K^{n−2}. Hereafter, a dot and a prime denote the differentiation with respect to t and r, respectively. k denotes the curvature of K^{n−2} and takes 1 (positive curvature), 0 (zero curvature), and −1 (negative curvature). We adopt the comoving coordinates such that the n-velocity of the fluid element is u^μ ∂ ∂x^μ = e^{−Φ} ∂ ∂t . (2.10)

The following Lemma is necessary to give our formalism of the basic equations.

Lemma 2 If p ≠ −ρ, then S^2 + 2(n − 3)(n − 4)α(k + e^{−2Φ}Ṡ^2 − e^{−2Ψ}S^{′2}) cannot be zero. Proof. If the relation

S^2 + 2(n − 3)(n − 4)α(k + e^{−2Φ}Ṡ^2 − e^{−2Ψ}S^{′2}) = 0 (2.11) is satisfied at a moment, then the (t, t) and (r, r) components of the field equation (2.3) give (n − 1)(n − 2) 8α(n − 3)(n − 4)

+ Λ = −κ^2_nρ (2.12) and (n − 1)(n − 2) 8α(n − 3)(n − 4)

+ Λ = κ^2_np, (2.13)

respectively. Eqs. (2.12) and (2.13) give a contradiction p = −ρ. □

Here we give a definition of a scalar on M^2 with the dimension of mass such that m ≡ (n − 2)V^k_{n−2} 2κ^2_n

[−Λ̃S^{n−1} + S^{n−3}(k − S_{,μ}S^{,μ}) + α̃S^{n−5}(k − S_{,μ}S^{,μ})^2], (2.14)

where α̃ ≡ (n − 3)(n − 4)α, Λ̃ ≡ 2Λ/[(n − 1)(n − 2)], and a comma denotes the partial differentiation. A constant V^k_{n−2} is the surface area of the (n − 2)-dimensional unit Einstein space if it is compact. For example, V^1_{n−2} ≡ 2π^{(n−1)/2}/Γ((n − 1)/2) is the surface area of the (n − 2)-dimensional unit sphere, where Γ(x) is the gamma function. In the four-dimensional spherically symmetric case without a cosmological constant, m is reduced to the Misner-Sharp mass [20].

Then, the field equations are written in the following simple form:

p^′ = −(ρ + p)Φ^′, (2.15)

ρ̇ = −(ρ + p) [ Ψ̇ + (n − 2) Ṡ S ] , (2.16)

m^′ = V^k_{n−2}ρS^′S^{n−2}, (2.17) ṁ = −V^k_{n−2}pṠS^{n−2}, (2.18) 0 = −Ṡ^′ + Φ^′Ṡ + Ψ̇S^′, (2.19) m = (n − 2)V^k_{n−2} 2κ^2_n

[−Λ̃S^{n−1} + S^{n−3}(k + e^{−2Φ}Ṡ^2 − e^{−2Ψ}S^{′2}) + α̃S^{n−5}(k + e^{−2Φ}Ṡ^2 − e^{−2Ψ}S^{′2})^2]. (2.20)

The first two equations are the energy-momentum conservation equations. Eq. (2.19) is derived from the (t, r) component of Eq. (2.3) with Lemma 2. Eq. (2.20) is obtained from Eq. (2.14). Eqs. (2.17) and (2.18) are obtained from the (t, t) and (r, r) components of Eq. (2.3) by using Eqs. (2.19) and (2.20). Five of the above six equations are independent.

III. SPHERICALLY SYMMETRIC DUST CLOUD

After this, we only consider the spherically symmetric collapse of a dust fluid without a cosmological constant, i.e., p = 0 and Λ = 0, for simplicity. We assume the positive energy density, i.e., ρ > 0. Then Eq. (2.15) implies that Φ = Φ(t), so that we can set Φ = 0 by redefinition of our time coordinate without a loss of generality. Throughout this paper, we call the direction of increasing (decreasing) t future (past). Eq. (2.18) implies that m = m(r), which is an arbitrary function. m is naturally interpreted as the mass inside the comoving radius r because Eq. (2.17) implies m = ∫_r V^1_{n−2}ρS^{n−2} ∂S ∂r dr (3.1) on the hypersurface with a constant t. From Eq. (2.19), we obtain

e^{2Ψ} = S^{′2} 1 + f(r)

, (3.2)

where f(r) is an arbitrary function satisfying f > −1. Eq. (2.17) gives ρ = m^′ V^1_{n−2}S^′S^{n−2} . (3.3)

From this equation, we find that there may exist both shell-crossing singularities, where S^′ = 0, and shell-focusing singularities, where S = 0. Hereafter we assume S^′ > 0, or equivalently m^′ > 0, in order that shell-crossing singularities may be removed from our consideration.

From Eq. (2.20), we obtain a master equation of the system:

Ṡ^2 = f − S^2 2α̃ ( 1 ∓ √ 1 + 8α̃κ^2_nm (n − 2)V^1_{n−2}S^{n−1} ) . (3.4)

For later convenience, we call the solution of Eq. (3.4) the Gauss-Bonnet-Lemaître-Tolman-Bondi (GB-LTB) solution although the explicit form of the solution is not obtained in this paper. There are two families of solutions which correspond to the sign in front of the square root in Eq. (3.4). We call the family with the minus (plus) sign the minus-branch (plus-branch) solution. In the general relativistic limit α̃ → 0, the minus-branch solution is reduced to the n-dimensional Lemaître-Tolman-Bondi solution. The case with n = 4 has been intensively studied by many authors [4, 5, 21], while the case with n ≥ 5 has also been studied by several authors [18]. On the contrary, there is no general relativistic limit for the plus-branch solution.

We can consider that the GB-LTB solution is attached at a finite constant comoving radius r = r_0 > 0, where we represent this timelike hypersurface as Σ, to the outside vacuum region. The outside vacuum region is represented by the solution independently discovered by Boulware and Deser [22] and Wheeler [23], whose metric is

ds^2 = −F (S)dT^2 + dS^2 F (S) + S^2dΩ^2_{n−2}, (3.5)

where dΩ^2_{n−2} is the line element of the (n − 2)-dimensional unit sphere. F (S) is defined by

F (S) ≡ 1 +

S^2 2α̃ ( 1 ∓ √ 1 + 8α̃κ^2_nM (n − 2)V^1_{n−2}S^{n−1} ) , (3.6)

where M is a constant. We call this solution the GB-Schwarzschild solution. There are also two branches of the solution which correspond to the sign in front of the square root in Eq. (3.6). The global structures of the GB- Schwarzschild solution are presented in [24]. The minus-branch GB-Schwarzschild solution is asymptotically flat, while the plus-branch solution is asymptotically anti-de Sitter in spite of the absence of a cosmological constant. The constant M in the minus-branch GB-Schwarzschild solution is the higher-dimensional ADM mass [25].

The position of Σ and the relation between T and t on Σ are represented by S = S_Σ(t) and T = T_Σ(t), respectively. Now we derive the governing equations for T_Σ and S_Σ [26].

As seen from inside of Σ, the metric on Σ is obtained by

ds^2_Σ = −dt^2 + S^2_ΣdΩ^2_{n−2}. (3.7)

As seen from outside of Σ, on the other hand, it is

ds^2_Σ = − ( F (S_Σ)Ṫ^2_Σ −

Ṡ^2_Σ F (S_Σ) ) dt^2 + S^2_ΣdΩ^2_{n−2}. (3.8)

Because the induced metric must be the same on both sides of the hypersurface Σ, we have

1 = F (S_Σ)Ṫ^2_Σ −

Ṡ^2_Σ F (S_Σ)

. (3.9)

Here we define β by β ≡ √ F (S_Σ) + Ṡ^2_Σ = F (S_Σ)Ṫ_Σ. (3.10)

The unit normal n^μ to Σ can be obtained from the relations n_μu^μ = 0 and n_μn^μ = 1. As seen from inside Σ, we obtain u^μ ∂ ∂x^μ = ∂ ∂t (3.11) and n_μdx^μ = S^′ √ 1 + f(r_0) dr, (3.12)

where we have chosen n^r > 0 so that n^μ is directed toward Σ. As seen from outside Σ, we obtain u^μ ∂ ∂x^μ = Ṫ_Σ ∂ ∂t + Ṡ_Σ ∂ ∂r (3.13) and n_μdx^μ = −Ṡ_Σdt + Ṫ_Σdr (3.14) with a consistent choice for the sign.

As seen from inside of Σ, the non-zero components of the extrinsic curvature K^a_b of Σ are calculated as K^t_t = 0 (3.15) and K^i_i = √ 1 + f(r_0) S_Σ

. (3.16)

As seen from outside of Σ, we obtain

K^t_t = β̇ Ṡ_Σ ( F (S_Σ)Ṫ^2_Σ −

Ṡ^2_Σ F (S_Σ) )_{−1} (3.17) and K^i_i = β S_Σ

. (3.18)

In order to have a smooth transition at Σ, we demand that K^a_b be the same on both sides of Σ. From Eqs. (3.16) and (3.18), we obtain β = √ 1 + f(r_0), (3.19) which is consistent with Eqs. (3.15) and (3.17).

From Eq. (3.10), we finally obtain the equations of motion for the hypersurface Σ as dT_Σ dt = √ 1 + f(r_0) F (S_Σ)

, (3.20) ( dS_Σ dt )_2 = 1 − F (S_Σ) + f(r_0),

= f(r_0) −

S^2_Σ 2α̃ ( 1 ∓ √ 1 + 8α̃κ^2_nM (n − 2)V^1_{n−2}S^{n−1}_Σ ) . (3.21)

The following Lemma shows that m is a well-defined quasi-local mass:

Lemma 3 The GB-LTB solution can be attached at r = r_0 to the outside GB-Schwarzschild solution only in the same branch and then M = m(r_0).

Proof. From Eq. (3.4), we also obtain Ṡ^2_Σ as ( dS_Σ dt )_2 = f(r_0) −

S^2_Σ 2α̃ ( 1 ∓ √ 1 + 8α̃κ^2_nm(r_0) (n − 2)V^1_{n−2}S^{n−1}_Σ ) . (3.22)

From Eqs. (3.21) and (3.22), it is found that only the solution in the same branch can be attached and then M = m(r_0) (3.23) is satisfied. □

IV. FINAL FATE OF GRAVITATIONAL COLLAPSE

In this section, we consider the final fate of gravitational collapse. First we consider the possibility of bounce. We define v(t, r) as v ≡ S r , (4.1)

from which we find that v̇ < (>)0 is equivalent to Ṡ < (>)0. We set v(t_i, r) = 1 (4.2) by using the freedom of the radial coordinate such as r̄ ≡ r̄(r), where t_i is the initial time. Then, we have S = r at the initial moment and v = 0 at the singularity. We assume that each shell collapses initially, i.e., v̇(t_i, r) < 0. (4.3) We represent the time when the singularity occurs for each r as t_s(r), i.e., v(t_s(r), r) = 0. (4.4) If v̇ = 0 is satisfied for some r after the initial moment, the shell ceases to collapse and then bounces (v̇ > 0).

We define M(r) and b(r) such as 2κ^2_n (n − 2)V^1_{n−2} m(r) = r^{n−1}M(r), (4.5) f(r) = r^2b(r), (4.6) where M_0 ≡ M(0) < ∞ and b_0 ≡ b(0) < ∞ are satisfied for the regularity at the center. By the following Lemma, shell-focusing singularities are never formed in the plus-branch solution for n ≥ 6. Lemma 4 Bounce inevitably occurs in the plus-branch solution for n ≥ 6. Proof. Eq. (3.4) gives

v̇^2 = b − v^2 2α̃ ( 1 ∓ √ 1 + 4α̃M v^{n−1} ) , (4.7)

≡ G(v), (4.8) where G(v) ≥ 0 must be satisfied. v = 0 cannot be achieved in the plus-branch solution for n ≥ 6 because lim_{v→0} G(v) = −∞ (4.9) is satisfied in that case. □

We obtain dG(v) dv = ±v^{n−1} ( 1 ∓ √ 1 + 4α̃M/v^{n−1} ) ∓ (n − 5)α̃M α̃v^{n−2} √ 1 + 4α̃M/v^{n−1} , (4.10)

which reads that G(v) is a decreasing function for the minus-branch solution and the plus-branch solution with n = 5. Since

G(1) = b − 1 2α̃ ( 1 ∓ √ 1 + 4α̃M ) (4.11)

is obtained, we assume

G(1) = b(r) − 1 2α̃ ( 1 ∓ √ 1 + 4α̃M(r) ) ≥ 0 (4.12)

holds for 0 ≤ r ≤ r_0.

Now we can show the following theorem:

Theorem 1 Let us consider the n(≥ 5)-dimensional gravitational collapse of a spherical dust cloud with positive mass in Einstein-Gauss-Bonnet gravity without a cosmological constant. Then, the singularity formed in the outside vacuum region is (i) timelike in the five-dimensional plus-branch and in the five-dimensional minus-branch with 0 < m(r_0) < 3α̃V^1_3 /(2κ^2_5) (ii) outgoing-null in the five-dimensional minus-branch with m(r_0) = 3α̃V^1_3 /(2κ^2_5) (iii) spacelike in the n(≥ 6)-dimensional minus-branch and in the five-dimensional minus-branch with m(r_0) > 3α̃V^1_3 /(2κ^2_5).

Proof. Trivial from Lemma 3, Lemma 4 and the result in [24]. □

From Theorem 1, the following corollary holds:

Corollary 1 Let us consider the five-dimensional gravitational collapse of a spherical dust cloud with positive mass in Einstein-Gauss-Bonnet gravity without a cosmological constant. Then, the weak cosmic censorship hypothesis is violated in the plus-branch and in the minus-branch with 0 < m(r_0) < 3α̃V^1_3 /(2κ^2_5).

Next let us consider the trapped surfaces in the collapsing solution. In order to define the trapped surface, we consider the time evolution of the areal radius along a future-directed radial null geodesic, which we denote dS/dt|_+ and dS/dt|_− for outgoing and ingoing null geodesics, respectively. Future-directed radial null geodesics obey dr dt | | | |_±= ± √ 1 + f S^′ , (4.13)

where the signs + and − correspond to the outgoing and ingoing null geodesics, respectively. Using Eq. (4.13) with Ṡ < 0 and S^′ > 0, we obtain dS dt | | | |_+ ≡ Ṡ + S^′ dr dt | | | |_+,

= − [ f − S^2 2α̃ ( 1 ∓ √ 1 + 8α̃κ^2_nm (n − 2)V^1_{n−2}S^{n−1} )]_{1/2} + √ 1 + f , (4.14) dS dt | | | |_− ≡ Ṡ + S^′ dr dt | | | |_−,

= − [ f − S^2 2α̃ ( 1 ∓ √ 1 + 8α̃κ^2_nm (n − 2)V^1_{n−2}S^{n−1} )]_{1/2} − √ 1 + f , (4.15)

where the signs − and + in front of the square root in Eqs. (4.14) and (4.15) correspond to the minus-branch and the plus-branch solutions, respectively.

Definition 1 A trapped surface is a metric sphere with dS/dt|_+ < 0 and dS/dt|_− < 0. Definition 2 A trapped region is a region where trapped surfaces exist. Definition 3 An apparent horizon is a boundary of a trapped region. Lemma 5 dS/dt|_− < 0 holds in the collapsing GB-LTB solution. Proof. Trivial from Eq. (4.15). □ Lemma 6 There is no trapped surface in the collapsing plus-branch GB-LTB solution. Proof. From Eq. (4.14), dS/dt|_+ < 0 is equivalent to 1 + S^2 2α̃ < − S^2 2α̃ √ 1 + 8α̃κ^2_nm (n − 2)V^1_{n−2}S^{n−1}

(4.16)

in the plus-branch solution, which cannot be satisfied because the left-hand-side is positive definite while the righthand-side is negative definite. □

By Lemma 4, singularities are never formed in the plus-branch solution for n ≥ 6. In the plus-branch solution when n = 5, the singularity formed should be naked by Lemma 6. Hereafter we concentrate on the minus-branch solution. Lemma 7 In the collapsing minus-branch GB-LTB solution, a trapped region is obtained by m > (n − 2)V^1_{n−2}

2κ^2_n

(S^{n−3} + α̃S^{n−5}), (4.17)

while an apparent horizon is obtained by m = (n − 2)V^1_{n−2}

2κ^2_n

(S^{n−3} + α̃S^{n−5}). (4.18)

Proof. From Eq. (4.14), dS/dt|_+ ≤ 0 is equivalent to F (t, r) ≡ 1 + S^2 2α̃ ( 1 − √ 1 + 8α̃κ^2_nm (n − 2)V^1_{n−2}S^{n−1} ) ≤ 0 (4.19)

in the minus-branch solution. This is equivalent to m ≥ (n − 2)V^1_{n−2}

2κ^2_n

[S^{n−3} + α̃S^{n−5}]. (4.20) □

We represent the time when each shell reaches the singularity as t = t_s(r). The regular region of spacetime is t < t_s(r). The following Lemma will be used later. Lemma 8 t = t_s(r) is a non-decreasing function.

Proof. If t = t_s(r) has a decreasing portion, then we can find constants t_1, t_2, r_1, and r_2 such that t_1 < t_2 and 0 < r_1 < r_2 with S(t_1, r_2) = S(t_2, r_1) = 0. (4.21) From the assumptions S^′ > 0 and Ṡ < 0, we obtain S(t_1, r_2) > S(t_1, r_1) and S(t_2, r_1) < S(t_1, r_1), respectively. These two inequalities give S(t_1, r_2) > S(t_2, r_1), (4.22) which contradicts Eq. (4.21). □

We consider whether the singularity is naked or censored. Future-directed ingoing geodesics, which satisfy dt/dr < 0, cannot emanate from the singularity by Lemma 8, while future-directed outgoing geodesics, which satisfy dt/dr > 0, may do. Lemma 5 and the contraposition of the following Lemma imply that it is sufficient to consider only the future-directed outgoing radial null geodesics to find whether the singularity is naked or censored. The proof is similar to the four-dimensional case in [27].

Lemma 9 If a future-directed outgoing causal (excluding radial null) geodesic emanates from the singularity, then a future-directed outgoing radial null geodesic emanates from the singularity.

Proof. In the spacetime (2.9), the tangent to a causal geodesic satisfies

− e^{2Φ} ( dt dλ )_2

+ e^{2Ψ} ( dr dλ )_2 + L^2 S^2

= ϵ, (4.23)

where λ is an affine parameter, L is the conserved angular momentum, and ϵ = 0, −1 for null and timelike geodesics, respectively. Then, at any point on such a geodesic,

e^{2Φ} ( dt dλ )_2

≥ e^{2Ψ} ( dr dλ )_2 (4.24)

with equality holding only for radial null geodesics. On the (r, t)-plane, this gives dt dr ≥ e^{Ψ−Φ}, (4.25)

where we take the positive root for the future-directed geodesics. This gives dt_{CG} dr > dt_{RNG} dr , (4.26)

where the subscripts represent causal (excluding radial null) geodesics and outgoing radial null geodesics, respectively. Now suppose that t = t_{CG}(r) extends back to a singularity located at (r, t) = (r_s, t_s(r_s)). Let p be any point on t = t_{CG}(r) to the future of the singularity. Applying inequality (4.26) at p, we see that the t = t_{RNG}(r) through p crosses t = t_{CG}(r) from above and hence points t_{RNG}(r) on this radial null geodesic prior to p must lie to the future of points on t = t_{CG}(r) prior to p, in the sense of t_{RNG}(r) > t_{CG}(r) for r ∈ (r_s, r_∗), where r_∗ corresponds to p. Thus, the radial null geodesics, which necessarily lie at t < t_s(r), must extend back to the singularity at r ∈ [r_s, r_∗), and so must emerge from the singularity. □

Theorem 2 In the collapsing minus-branch GB-LTB solution, massive singularities for n ≥ 6 and singularities with m > 3α̃V^1_3 /(2κ^2_5) for n = 5 are censored.

Proof. Eq. (4.17) gives that the central singularities with m > 0 for n ≥ 6 and m > 3α̃V^1_3 /(2κ^2_5) for n = 5 are in the trapped region. By Lemma 5 and the contraposition of Lemma 9, it is sufficient to show that the futuredirected outgoing radial null geodesics cannot emerge from the singularity. Past-directed ingoing radial null geodesics emanating from a spacetime event in the trapped region cannot reach the singularity at S = 0 because dS/dt|_+ < 0 holds there. Therefore, there is no future-directed radial null geodesic emanating from the singularity in the trapped region. □

By Theorem 2, if naked singularities are formed in the minus-branch GB-LTB solution, they are massless for n ≥ 6, while they have mass with 0 ≤ m ≤ 3α̃V^1_3 /(2κ^2_5) for n = 5. In the next two subsections, we investigate the final fate of the gravitational collapse further. First, we consider the homogeneous collapse with f = 0 as the simplest case; subsequently we move to the inhomogeneous case.

A. Homogeneous collapse Here we consider homogeneous collapse with f = 0, which is represented by the flat Friedmann-Robertson-Walker (FRW) solution. Then, we have S = ra(t) and ds^2 = −dt^2 + a(t)^2(dr^2 + r^2dΩ^2_{n−2}), (4.27) where a(t) is the scale factor. From Eq. (4.7), we find that only the minus-branch is possible and M = M_0, where M_0 is a positive constant. Eq. (4.7) is then reduced to M_0 = a^{n−3}ȧ^2 + α̃a^{n−5}ȧ^4. (4.28)

Theorem 3 In the collapsing flat FRW solution with a dust fluid in Einstein-Gauss-Bonnet gravity, the big-crunch singularity is spacelike for n ≥ 6, while it is ingoing-null for n = 5. Proof. From Eq. (4.28), we find that the scale factor a behaves as a ≃ (−t)^{4/(n−1)} (4.29) near t = 0, where we set the origin of t corresponding to a = 0. The big-crunch singularity is formed at t = 0, where the Kretschmann invariant K ≡ R_{μνρσ}R^{μνρσ} diverges as K = O(1/(−t)^4). (4.30) The structure of the singularity is determined by Eq. (4.29). We take the line element of the flat FRW solution with the scale factor a = (−t/t_0)^p to the conformally flat form as ds^2 = a(t(η))^2(−dη^2 + dr^2 + r^2dΩ^2_{n−2}), (4.31) where dη ≡ dt/a(t) and t_0 is a constant. The range of η is −∞ < η < ∞ and −∞ < η < η_0 for p = 1 and 0 < p < 1, respectively, where η_0 is a constant. Thus, the singularity is spacelike for 0 < p < 1, while it is ingoing-null for p = 1 [28]. □

By Theorems 1 and 3, global structures of the homogenous collapse of a dust cloud with f = 0 are shown in Fig. 1. In general relativity, this is the n-dimensional Oppenheimer-Snyder solution, which represents black-hole formation for n ≥ 4. In Einstein-Gauss-Bonnet gravity, the solution also represents black-hole formation for n ≥ 6 and for n = 5 with m(r_0) ≥ 3α̃V^1_3 /(2κ^2_5). For n = 5 with m(r_0) < 3α̃V^1_3 /(2κ^2_5), on the other hand, the solution represents globally naked singularity formation.

B. Inhomogeneous collapse Next we consider inhomogeneous collapse. First we consider the distribution of the apparent horizon around r = 0.

From Eq. (4.17), the trapped region is given by M > r^{−2}v^{n−3} + α̃r^{−4}v^{n−5}. (4.32) From Eq. (4.18), the apparent horizon is given by M = r^{−2}v^{n−3} + α̃r^{−4}v^{n−5}. (4.33) By Theorem 2, only the singularity at r = 0 may be naked for n ≥ 6. On the other hand, the singularity at r = r_s with 0 ≤ r_s ≤ r_{ah} may be naked for n = 5, where r_{ah} is defined by r^4_{ah}M(r_{ah}) = α̃. (4.34) From Eqs. (4.32)-(4.34), we obtain r^4_s M(r_s) ≤ α̃ (4.35)

FIG. 1: Global structures of the n(≥ 5)-dimensional homogeneous collapse of a spherically symmetric dust cloud with f = 0. Zigzag lines represent the central singularities. ℑ^{+(−)} corresponds to the future (past) null infinity. BEH and CH stand for the black-hole event horizon and the Cauchy horizon. The global structure is represented by (A) for n ≥ 6. For n = 5, the global structures are (B), (C), and (D) which correspond to m(r0) > 3α̃V^1_3 /(2κ^2_5 ), m(r0) = 3α̃V^1_3 /(2κ^2_5 ), and m(r0 ) < 3α̃V^1_3 /(2κ^2_5), respectively. (A), (B), and (C) represent black-hole formation, while (D) represents a globally naked singularity formation. In general relativity, the global structure is represented by (A) for n ≥ 4.

for n = 5.

Next we derive the relation between the time when the singularity occurs and the time when the apparent horizon appears for each r. Here we write the master equation (4.7) again: v̇ = − [ b − v^2 2α̃ ( 1 − √ 1 + 4α̃Mv^{1−n} )]^{1/2} . (4.36)

Integrating this equation with respect to v, we obtain t(v, r) = ∫_1 v dv [ b − v^2 ( 1 − √ 1 + 4α̃Mv^{1−n} ) /(2α̃) ]_{1/2} + t̃(r), (4.37)

where r is to be treated as a constant in the above equation and t̃ is an arbitrary function of r. We find t̃(r) = t(1, r), so that t̃(r) means the time for each r when the areal radius S coincides with the comoving radius r. We can set t̃(r) = t_i, where t_i is a constant, by using the freedom of the radial coordinate such as r̄ ≡ r̄(r). This means that S = r is satisfied at a moment t = t_i, which we have defined as the initial time in Eq. (4.2). Moreover, we can set t_i = 0 by using the freedom of the time translation. Thus, we set t̃(r) ≡ 0 hereafter.

The time when each shell reaches the singularity is given from Eq. (4.37) by

t_s(r) =

∫_1 0 dv [ b − v^2 ( 1 − √ 1 + 4α̃Mv^{1−n} ) /(2α̃) ]_{1/2} . (4.38)

From Eq. (4.37), we also obtain the time t = t_{ah}(r) when the apparent horizon appears for each r by

t_{ah}(r) ≡

∫_1

v_{ah}(r) dv [ b − v^2 ( 1 − √ 1 + 4α̃Mv^{1−n} ) /(2α̃) ]_{1/2} , = ∫_1 0 dv [ b − v^2 ( 1 − √ 1 + 4α̃Mv^{1−n} ) /(2α̃) ]_{1/2} +

∫_0

v_{ah}(r) dv [ b − v^2 ( 1 − √ 1 + 4α̃Mv^{1−n} ) /(2α̃) ]_{1/2} ,

= t_s(r) −

∫_{vah(r)} 0 dv [ b − v^2 ( 1 − √ 1 + 4α̃Mv^{1−n} ) /(2α̃) ]_{1/2} , (4.39)

where v = v_{ah}(r) is given by solving Eq. (4.33) algebraically.

In the next two subsections, we consider whether the singularity appearing is naked or censored. We treat the singularities at r = 0 in the case of n ≥ 5 and at r = r_s in the case of n = 5, separately.

1. Singularities at r = 0 for n ≥ 5

We consider not only regular but also smooth initial data at the symmetric center such as

M(r) = M_0 + M_2r^2 + M_4r^4 + · · · , (4.40) b(r) = b_0 + b_2r^2 + b_4r^4 + · · · , (4.41)

where M_2, M_4, · · · and b_2, b_4, · · · are constants. Expanding Eq. (4.37) around r = 0, we obtain t(v, r) = t(v, 0) + r^2 2 χ_2(v) + · · · , (4.42)

where χ_2(v) is defined by

χ_2(v) ≡ −

∫_1 v [ b_0 − v^2 2α̃ ( 1 − √ 1 + 4α̃M_0v^{1−n} )]^{−3/2} ( b_2 + M_2v^{3−n} √ 1 + 4α̃M_0v^{1−n} ) dv, (4.43)

where the integrand is finite for 0 ≤ v ≤ 1. The time when the central shell reaches the singularity is given from Eq. (4.38) by

t_{s0} =

∫_1 0 dv [ b_0 − v^2 ( 1 − √ 1 + 4α̃M_0v^{1−n} ) /(2α̃) ]_{1/2} . (4.44)

From Eqs. (4.42) and (4.44), the time when other shells close to r = 0 reach the singularity is given by

t_s(r) = t_{s0} + r^2 2 χ_2(0) + · · · . (4.45)

By Lemma 8, χ_2(0) is non-negative and we assume χ_2(0) > 0 in this paper. From Eqs. (4.37) and (4.42) and the relation 0 = ( ∂t ∂v ) r ( ∂v ∂r ) t + ( ∂t ∂r ) v , (4.46)

we obtain

v^′ = [ b_0 − v^2 2α̃ ( 1 − √ 1 + 4α̃M_0v^{1−n} )]^{1/2} (rχ_2(v) + · · · ). (4.47)

Now we can show the following theorem.

Theorem 4 Let us consider the gravitational collapse of a spherical dust cloud with positive mass and smooth initial profiles satisfying χ_2(0) > 0 in Einstein-Gauss-Bonnet gravity without a cosmological constant. Then, the strong cosmic censorship hypothesis holds in the minus-branch for n ≥ 10 and n = 9 with 0 < χ_2(0) < (M_0/α̃)^{1/4}.

Proof. By Theorems 1 and 2, only the singularity at r = 0 has the possibility of being naked for n ≥ 6. A decreasing apparent horizon in the (r, t)-plane is a sufficient condition for the singularity formed to be censored because it shows the entrapment of the neighborhood of the center before the singularity. Expanding the integrand in Eq. (4.39) in a power series in v and keeping only the leading order term, we obtain

t_{ah}(r) = t_{s0} + r^2 2 χ_2(0) + · · · − 4 n − 1 ( M_0 α̃ )_{1/(n−5)} r^{(n−1)/(n−5)} (4.48)

for n ≥ 6. For n ≥ 10, the last term dominates the second term and consequently the apparent horizon is decreasing near r = 0 in the (r, t)-plane. For n = 9 with 0 < χ_2(0) < (M_0/α̃)^{1/4}, the apparent horizon is also decreasing near r = 0 in the (r, t)-plane. □

Next we consider the nakedness of the singularity for 5 ≤ n ≤ 9. By the contraposition of Lemma 9, we consider only future-directed outgoing radial null geodesics. We will show the existence of future-directed outgoing null geodesics emerging from the singularity at r = r_s ≥ 0. For this purpose, we adopt the fixed-point method [2, 3, 29]. Here we define x ≡ S (r − r_s)^q = rv (r − r_s)^q , (4.49)

where q(> 0) is a constant and we consider only the region of r ≥ r_s. The equation for the future-directed outgoing radial null geodesics (4.13) is written by x as dx dr + qx r − r_s = Ξ(x, r), (4.50)

where Ξ is defined by Ξ(x, r) ≡ v + rv^′ (r − r_s)^q ( 1 + rv̇ √ 1 + r^2b ) . (4.51)

Problems appear in the null geodesic equation when we consider r = r_s.

We consider the neighborhood of r = r_s. Now let us consider the case in which Ξ is expanded around r = r_s as Ξ(x, r) ≃ g_0(q)x + ∑_N i=1 g_i(q)x^{αi} r − r_s + h(q, x)(r − r_s)^a + o((r − r_s)^a), (4.52)

where a(> −1) and α_i(≠ 1) are constants, g_0, g_i, and h are some functions, and N (≥ 1) is an integer. Without a loss of generality, we assume α_i < α_{i+1} for any i. We will use the following Lemma to prove the nakedness of the singularity.

Lemma 10 If Ξ(x, r) is expanded as Eq. (4.52) with N = 1 and g_0(q) ≠ q, then there exists an asymptotic solution satisfying x(0) = [g_1/(q − g_0)]^{1/(1−α1)} near r = r_s, and moreover it is the unique solution of Eq. (4.50) which is continuous at r = r_s.

Proof. By assumptions, the null geodesic equation (4.50) can be written near r = r_s as dx dr + (q − g_0(q))x r − r_s = Ξ_1(x, r), (4.53)

where

Ξ_1(x, r) ≡ ∑_N i=1 g_i(q)x^{αi} r − r_s + h(q, x)(r − r_s)^a, (4.54)

We define the new coordinates as u ≡ (r − r_s)^β and x ≡ x̄^γ , where β and γ are positive constants. Then Eq. (4.53) becomes dx̄ du + q − g_0(q) γβu x̄ = Ξ_2(x̄, u), (4.55) where Ξ_2 is defined by

Ξ_2(x̄, u) ≡ ∑_N i=1 g_i(q)x̄^{(αi−1)γ+1} γβu + h(q, x(x̄)) γβx̄^{γ−1} u^{(a−β+1)/β}. (4.56)

Thus, if N = 1, we choose γ such that γ = 1/(1 − α_1) and then Eq. (4.55) is written as dx̄ du + (1 − α_1)(q − g_0(q)) βu (x̄ − η) = ηΞ_3(x̄, u), (4.57)

where we have introduced a parameter 0 < η < ∞ and Ξ_3 is defined by

Ξ_3(x̄, u) ≡ −

(1 − α_1)[(q − g_0(q))η − g_1(q)] ηβu + (1 − α_1)h(q, x(x̄)) ηβx̄^{α1/(1−α1)} u^{(a−β+1)/β}. (4.58)

Then, if we choose β and η such that β ≤ (a + 1)/2 and η = g_1(q)/(q − g_0(q)) ≡ η_0, respectively, Ξ_3 is at least C^1 in u ≥ 0 and x̄ > 0. Then we can apply the contraction mapping principle to Eq. (4.57) to find that there exists a solution satisfying x̄(0) = η_0, and moreover that it is the unique solution of Eq. (4.57) which is continuous at u = 0. The proof is available in [2, 3, 29]. □

Thus, there is no other solution with 0 < x(0) < ∞ under the situations stated in Lemma 10, so that other possible solutions must correspond to x(0) = 0 or ∞.

Theorem 5 Let us consider the minus-branch GB-LTB solution with positive mass and smooth initial profiles satisfying χ_2(0) > 0. Then, the singularity formed at r = 0 is locally naked for 5 ≤ n ≤ 8 and consequently the strong cosmic censorship hypothesis is violated.

Proof. In order to find whether the singularities are naked or not, we investigate the geodesic equation for a futuredirected outgoing radial null geodesic which emanates from the singularity. We first adopt the so-called root-equation method to obtain the possible behavior of a null geodesic around r = 0 if it exists [4, 30]; subsequently we show the existence of such a geodesic by Lemma 10.

The constant q in Eq. (4.49) must satisfy q > 1 in this case, in which r_s = 0, and is determined by requiring that x has a positive finite limit x_0 for r → 0 along the future-directed outgoing radial null geodesics. It is noted that the regular center corresponds to q = 1. From the l’Hospital rule, we obtain

x_0 = lim_{r→0} S r^q | | | |_{S=x0rq} , (4.59)

= lim_{r→0} ( 1 qr^{q−1} dS dr | | | |_+ ) | | | |_{S=x0rq} , (4.60)

= lim_{r→0} ( 1 qr^{q−1} ( S^′ + e^{Ψ−Φ}Ṡ )) | | S=x_0r^q , (4.61)

= lim_{r→0} ( v + rv^′ qr^{q−1} ( 1 + rv̇ √ 1 + r^2b )) | | |_{v=x0rq−1} . (4.62)

Using Eqs. (4.36) and (4.47), we obtain from Eq. (4.62) the desired root equation

x_0 = lim_{r→0} 1 qr^{q−1} [ v + ( M_0 α̃ )_{1/4} v^{(5−n)/4}r^2χ_2(0) ] [ 1 − r ( M_0 α̃ )_{1/4} v^{(5−n)/4} ] | | | |_{v=x0 rq−1} (4.63)

for 6 ≤ n ≤ 9, while

x_0 = lim_{r→0} 1 qr^{q−1} v + ( b_0 + √ M_0 α̃ )_{1/2} r^2χ_2(0) | | |_{v=x0rq−1} (4.64)

for n = 5.

For n = 5, the positive finite root of Eq. (4.64) is obtained with q = 3 as

x_0 = 1 2 ( b_0 + √ M_0 α̃ )_{1/2} χ_2(0). (4.65)

For 6 ≤ n ≤ 8, it is obtained with q = (n + 7)/(n − 1) > 1 as

x_0 = ( n − 1 8 )_{4/(n−1)} ( M_0 α̃ )_{1/(n−1)} χ_2(0)^{4/(n−1)}. (4.66)

For n = 9, it is obtained with q = 2 for

χ_2(0) ≥

11 + 5 √ 5 2 ( M_0 α̃ )_{1/4} (4.67)

by solving the algebraic equation

x^3_0 + ( M_0 α̃ )_{1/4} x^2_0 − χ_2(0) ( M_0 α̃ )_{1/4} x_0 + χ_2(0) ( M_0 α̃ )_{1/2} = 0. (4.68)

Thus, we have found the possible behavior of a future-directed outgoing radial null geodesic which behaves near r = 0 as S ≃ x_0r^{(n+7)/(n−1)} (4.69)

for 5 ≤ n ≤ 9, where x_0 is given by Eqs. (4.65), (4.66), and (4.68) for n = 5, 6 ≤ n ≤ 8, and n = 9, respectively.

We prove the existence of such a null geodesic by Lemma 10. We consider the null geodesic equation (4.50) with q = (n + 7)/(n − 1) for 5 < n ≤ 9. By Eqs. (4.36) and (4.47), we expand Ξ around r = 0 as Ξ(x, r) = 1 r [ x + ( M_0 α̃ )_{1/4} x^{(5−n)/4}χ_2(0) ] − ( M_0 α̃ )_{1/4} x^{(5−n)/4}r^{2(5−n)/(n−1)} [ x + ( M_0 α̃ )_{1/4} x^{(5−n)/4}χ_2(0) ]

+o(r^{2(5−n)/(n−1)}) (4.70)

for 6 ≤ n ≤ 9, while

Ξ(x, r) = 1 r [ x + ( b_0 + √ M_0 α̃ )_{1/2} χ_2(0) ] +O(r^0) (4.71)

for n = 5. We note that 2(5 − n)/(n − 1) ≥ −1 with equality holding for n = 9. Then, by Lemma 10, we can show the existence of a null geodesic emanating from the singularity which behaves as Eq.(4.69) around r = 0, where x_0 is given by Eq. (4.65) and (4.66) for n = 5, 6 ≤ n ≤ 8, respectively. However, we cannot apply Lemma 10 to the case of n = 9, so other methods are required to show the existence of the null geodesic in that case.

Finally we show that the curvature scalars actually diverge along the null geodesic, i.e., it is actually a singular null geodesic. The energy density of a dust (3.3) is written as ρ = [(n − 1)M + rM^′] V^1_{n−2}(v + rv^′)v^{n−2}

. (4.72)

If ρ diverges, the curvature scalars also diverge because Eq. (2.3) gives ρ = 1 2κ^2_n

[(n − 2)R + α(n − 4)L_{GB} ]. (4.73)

The shell-focusing singularity is here characterized by v = 0, r = 0, M = M_0, and M^′ = 0 for n ≥ 5, thus ρ diverges if rv^′ < ∞ is satisfied for r → 0 along the null geodesic (4.69). From Eq. (4.47), we obtain v^′ ≃ ( M_0 α̃ )_{1/4} x^{(5−n)/4} 0 r^{(9−n)/(n−1)}χ_2(0) (4.74) for 6 ≤ n ≤ 9, while v^′ ≃ ( b_0 + √ M_0 α̃ )_{1/2} rχ_2(0) (4.75)

for n = 5 along the null geodesic (4.69), so that we obtain rv^′ → 0 for r → 0. Therefore, ρ and the curvature scalars diverge along the null geodesics (4.69). □

Unfortunately, the fixed-point method cannot be applied to show the existence of the singular null geodesics for n = 9. If they exist, they behave as Eq. (4.69) around r = 0, where x_0 is given by Eq. (4.68).

The general relativistic case has been investigated by several authors [18]. We review their analyses in Appendix A for comparison with the case in Einstein-Gauss-Bonnet gravity and give some complements.

2. Singularities at r = rs > 0 for n = 5

Next we consider singularities at r = r_s with 0 < r_s ≤ r_{ah} in the five-dimensional case. We expand M and b around r = r_s > 0 as

M(r) = M̄_0 + M̄_1(r − r_s) + M̄_2(r − r_s)^2 + · · · , (4.76) b(r) = b̄_0 + b̄_1(r − r_s) + b̄_2(r − r_s)^2 + · · · , (4.77)

where M̄_0, M̄_1, M̄_2, · · · and b̄_0, b̄_1, b̄_2, · · · are constants.

Expanding t(v, r) in Eq. (4.37) around r = r_s, we obtain

t(v, r) = t(v, r_s) + (r − r_s)χ̄_1(v) + · · · , (4.78)

where the function χ̄_1(v) is defined by

χ̄_1(v) ≡ −

∫_1 v b̄_1 + M̄_1/ √ v^4 + 4α̃M̄_0 2 [ b̄_0 − ( v^2 − √ v^4 + 4α̃M̄_0 ) /(2α̃) ]_{3/2} dv. (4.79)

The time t = t̄_{s0} when the shell at r = r_s reaches the singularity is given from Eq. (4.37) by

t̄_{s0} =

∫_1 0 dv [ b̄_0 − ( v^2 − √ v^4 + 4α̃M̄_0 ) /(2α̃) ]_{1/2} . (4.80)

From Eqs. (4.78) and (4.80), the time t = t_s(r) when other shells close to r = r_s reach the singularity is given by

t_s(r) = t̄_{s0} + (r − r_s)χ̄_1(0) + · · · . (4.81)

By Lemma 8, χ̄_1(0) is non-negative and we assume χ̄_1(0) > 0 in this paper. We show the nakedness of the singularity in the similar manner to the case of the singularity at r = 0.

Theorem 6 In the five-dimensional minus-branch GB-LTB solution with positive mass and initial profiles satisfying χ̄_1(0) > 0, the singularity at r = r_s with 0 < r_s < r_{ah} is locally naked and consequently the strong cosmic censorship hypothesis is violated.

Proof. From Eq. (4.49) and the l’Hospital rule, we obtain

x_0 = lim_{r→rs} S (r − r_s)^q | | | |_{S=x0(r−rs )q} , (4.82) = lim_{r→rs} ( 1 q(r − r_s)^{q−1} dS dr | | | |_+ ) | | | |_{S=x0(r−rs )q} , (4.83) = lim_{r→rs} ( v + rv^′ q(r − r_s)^{q−1} ( 1 + rv̇ √ 1 + r^2b )) | | |_{v=x0(r−rs )q/r} . (4.84)

From Eqs. (4.37), (4.46), and (4.78), we obtain

v^′ = [ b̄_0 − 1 2α̃ ( v^2 − √ v^4 + 4α̃M̄_0 )]1/2 (χ̄_1(v) + · · · ) (4.85)

near r = r_s.

From Eq. (4.84) using Eqs. (4.36) and (4.85), we obtain the desired root equation

x_0 = lim_{r→rs} r_s(b̄_0 + √ M̄_0/α̃)^{1/2}χ̄_1(0) q(r − r_s)^{q−1} [ 1 − (b̄_0 + √ M̄_0/α̃)^{1/2}

(b̄_0 + r^{−2}s )^{1/2} ] . (4.86)

The term in the large bracket in Eq. (4.86) is non-negative because Eq. (4.35) gives b̄_0 + r^{−2}_s ≥ b̄_0 + (M̄_0/α̃)^{1/2} with equality holding for r_s = r_{ah} = (M̄_0/α̃)^{1/2}. From Eq. (4.86), we obtain

x_0 = r_sχ̄_1(0) ( b̄_0 + √ M̄_0/α̃

)_{1/2} [ 1 − (b̄_0 + √ M̄_0/α̃)^{1/2}

(b̄_0 + r^{−2}_s )^{1/2} ] (4.87)

with q = 1 for the singularity with 0 < r_s < (M̄_0/α̃)^{1/2}. Thus, we have found the possible behavior of a future-directed outgoing radial null geodesic which behaves near r = r_s as

S ≃ x_0(r − r_s), (4.88)

where x_0 is given by (4.87).

By Lemma 10, we prove the existence of such a null geodesic. We consider the null geodesic equation (4.50) with q = 1 for n = 5. By Eqs. (4.36) and (4.85), we expand Ξ around r = r_s as Ξ(x, r) = r_s r − r_s χ̄_1(0) ( b̄_0 + √ M̄_0/α̃

)_{1/2} [ 1 − (b̄_0 + √ M̄_0/α̃)^{1/2}

(b̄_0 + r^{−2}_s )^{1/2} ] + O((r − r_s)^0). (4.89)

Then, by Lemma 10, we can show the existence of a null geodesic which behaves as Eq.(4.88) around r = r_s, where x_0 is given by Eq. (4.87).

Finally we show that it is actually a singular null geodesic. Now the shell-focusing singularity is characterized by v = 0, r = r_s > 0, M = M̄_0, and M^′ = M̄_1. From Eq. (4.85), we obtain v^′ ≃ ( b̄_0 + √ M̄_0/α̃ )_{1/2} χ̄_1(0), (4.90)

so that rv^′ < ∞ for r → r_s is satisfied along the null geodesic (4.88). As a result, we find from Eqs. (4.72) and (4.73) that the curvature scalars diverge along this null geodesic (4.88) and therefore it is a singular null geodesic. □

V. DISCUSSION AND CONCLUSIONS

In this paper, we have investigated the final fate of the gravitational collapse of a dust cloud in Einstein-Gauss- Bonnet gravity. First, we have adopted the comoving coordinates and defined a scalar on M^2, of which dimension is mass, and given a simple formulation of the basic equations for the n(≥ 5)-dimensional spacetime M ≈ M^2 × K^{n−2} including a perfect fluid and a cosmological constant in Einstein-Gauss-Bonnet gravity. Then, having used this formalism in the spherically symmetric case without a cosmological constant, we have investigated the final fate of the n(≥ 5)-dimensional gravitational collapse of a dust cloud. We have assumed that (i) the coupling constant of the Gauss-Bonnet term α is positive, which is required by heterotic superstring theory, (ii) positive mass of a dust fluid, (iii) smooth initial data around the symmetric center, and (iv) S^′ > 0, i.e., no shell-crossing singularities.

There are two families of solutions, which we call the plus-branch and the minus-branch GB-LTB solutions, respectively, although we have not obtained an explicit form of the solutions. In the general relativistic limit α̃ → 0, the minus-branch solution is reduced to the n-dimensional Lemaître-Tolman-Bondi solution [18, 21, 31]. On the contrary there is no general relativistic limit for the plus-branch solution. The GB-LTB solutions can be attached at the finite constant comoving radius r = r_0 > 0 to the outside vacuum spacetime represented by the GB-Schwarzschild solutions in the same branch with a mass parameter M = m(r_0).

In the plus-branch solution with n ≥ 6, bounce inevitably occurs and consequently singularities are never formed. For n = 5, a timelike naked singularity appears in the outside vacuum region, which is asymptotically anti-de Sitter in spite of the absence of a cosmological constant. Since there is no trapped surface in the plus-branch solution, the singularity formed in the dust region must be naked, too.

In the minus-branch solution, the outside vacuum region is asymptotically flat. As in the case of a null dust fluid [17], the final fate of gravitational collapse is quite different depending on whether n = 5 or n ≥ 6. A massive naked singularity is formed for n = 5, which is prohibited for n ≥ 6 and in general relativity.

In the outside vacuum region, a massive timelike naked singularity appears if the mass of a dust cloud satisfies 0 < m(r_0) < 3α̃V^1_3 /(2κ^2_5) for n = 5. If either n ≥ 6 or n = 5 with m(r_0) > 3α̃V^1_3 /(2κ^2_5) is satisfied, the singularity is spacelike. In the special case of n = 5 with m(r_0) = 3α̃V^1_3 /(2κ^2_5), it is outgoing-null.

We have treated the homogeneous and inhomogeneous cases in the minus-branch solution, separately. In the homogeneous collapse represented by the n-dimensional flat Friedmann-Robertson-Walker solution, the singularity formed in this Friedmann region is censored, which is spacelike for n ≥ 6 and ingoing null for n = 5. As a result, the strong CCH holds for n ≥ 6 or n = 5 with m(r_0) ≥ 3α̃V^1_3 /(2κ^2_5), while the weak CCH is violated for n = 5 with 0 < m(r_0) < 3α̃V^1_3 /(2κ^2_5). The global structure for n ≥ 6 is the same as that of the general relativistic case, which is the n-dimensional Oppenheimer-Snyder solution representing black-hole formation.

In the inhomogeneous collapse with smooth initial data, the strong CCH holds for n ≥ 10. For n = 9, the strong CCH holds depending on the parameters in the initial data. On the other hand, a naked singularity is formed in the dust region for 5 ≤ n ≤ 8. The naked singularity is massless for 6 ≤ n ≤ 8, while it is massive for n = 5. Thus, at least the strong CCH is violated for 6 ≤ n ≤ 8 or n = 5 with m(r_0) ≥ 3α̃V^1_3 /(2κ^2_5), while the weak CCH is violated for n = 5 with 0 < m(r_0) < 3α̃V^1_3 /(2κ^2_5). Although we have not solved the null geodesic equation in the whole spacetime, the singularity can be globally naked if we take the limit r_0 → 0 + ε for 6 ≤ n ≤ 8 and r_0 → r_{ah} + ε for n = 5, where ε is a sufficiently small positive constant such that a light ray emanating from the singularity reaches the surface r = r_0 in the untrapped region. Then the light ray can escape to infinity and consequently the weak CCH is violated.

Unfortunately, we could not show the existence of singular null geodesics for n = 9 although we could show their possible behavior near the singularity. The situation is the same for n = 5 in general relativity, as shown in Appendix A. Other approaches such as the comparison method are required to show the nakedness of the singularity in these cases [5].

In general relativity [18, 21] with smooth initial data, the weak CCH holds for n ≥ 6 [18, 21]. The present result and the result in [17] imply that the effects of the Gauss-Bonnet term worsen the situation from the viewpoint of CCH rather than prevent naked singularity formation.

The formation of massive naked singularities in Einstein-Gauss-Bonnet gravity for n = 5 is quite remarkable. In four dimensions with spherical symmetry, it has been shown by Lake under very generic situations without using the Einstein equations that massive singularities formed from regular initial data are censored by adopting the Misner- Sharp mass as a quasi-local mass [32]. As was already pointed out in [17], the higher-dimensional counterpart of the Misner-Sharp mass is not an appropriate quasi-local mass in Einstein-Gauss-Bonnet gravity, and therefore his result does not conflict with ours. Lemma 3 implies that, in Einstein-Gauss-Bonnet gravity, our definition of the quasi-local mass is preferable to the higher-dimensional Misner-Sharp mass. Lake’s result must be extended in Einstein-Gauss- Bonnet gravity for n ≥ 6 by adopting our quasi-local mass.

The formation of massive singularities in odd dimensions is considered to be a characteristic effect of Lovelock terms in the action, which include the Gauss-Bonnet term as the quadratic term [33]. The Gauss-Bonnet term becomes first nontrivial in five dimensions, so that massive singularities can be formed only in five dimensions. If we add the higher-order Lovelock terms in the action, massive naked singularities must be formed in all odd dimensions.

In this paper, we have assumed that the equation of state of matter is dust in the final stages of gravitational collapse. Although it is a very strong assumption, it is not completely ruled out [34]. Actually, we have little knowledge of the equation of state in the very advanced stage of gravitational collapse. However, of course, the effects of pressure should be investigated. In general relativity, there have been many studies including pressure both in four dimensions [35, 36] and in higher dimensions [37, 38, 39, 40].

Among them, a scalar field must be especially addressed in the higher-dimensional context because it arises naturally in supergravity [41] and plays a central role in modern cosmology [42]. In the brane-world scenario, a scalar field may exist in the bulk spacetime. In four dimensions, the CCH has been proven in spherically symmetric collapse of a massless scalar field in general relativity [36]. This result will hold in higher dimensions because higher-dimensional effects make singularities censored. However, it’s just conceivable that the effects of the Gauss-Bonnet term will change drastically the whole picture and the final fate of gravitational collapse.

Among scalar fields, a dilaton field is particularly of interest because it naturally arises in the low-energy effective theory of superstring theory [16, 43]. Indeed, it is coupled to the Gauss-Bonnet term, and consequently the Gauss- Bonnet term does contribute to the field equations even in four dimensions [16, 44]. In any case, the quasi-local mass defined in this paper should be useful in the study of gravitational collapse in Einstein-Gauss-Bonnet gravity.

Lastly, several notes should be made. In this paper, we have assumed smooth initial data around the symmetric center. Analyses with more general initial data are needed to determine whether the nature of the singularities and the picture of gravitational collapse obtained in this paper are generic or not. Also, the structure and the strength of the naked singularities are still open. In the case of a null dust, the Gauss-Bonnet term weakens the strength of the naked singularity and the naked singularity is timelike and ingoing null for n = 5 and n ≥ 6, respectively. These studies will be reported elsewhere.

Acknowledgements: The author would like to thank M. Narita, T. Harada, and M. Nozawa for discussions and useful comments.

APPENDIX A: GENERAL RELATIVISTIC CASE

In this appendix, we review the general relativistic case for n ≥ 4 and give some complements to the previous studies for n ≥ 5 [18]. The equations in general relativity can be obtained from those in Einstein-Gauss-Bonnet gravity by the limit of α̃ → 0.

First we consider the distribution of the apparent horizon around r = 0. From Eq. (4.17), the trapped region is given by

M > r^{−2}v^{n−3}. (A1)

From Eq. (4.18), the apparent horizon is given by

M = r^{−2}v^{n−3}, (A2)

so that only the singularity at r = 0 may be naked, in other words, no massive naked singularity exists.

We derive the relation between the time when the singularity occurs and the time when the apparent horizon appears for each r. From Eq. (4.36), we obtain v̇ = − ( b + Mv^{3−n} )_{1/2} . (A3)

Integrating this equation with respect to v, we obtain t(v, r) = ∫_1 v dv (b + Mv^{3−n})^{1/2}

, (A4)

where we have used the freedom of the radial coordinate r and of the time translation so that S = r is satisfied at the initial moment t = 0.

The time t = t_s(r) when each shell reaches the singularity is given from Eq. (A4) by

t_s(r) =

∫_1 0 dv (b + Mv^{3−n})^{1/2}

. (A5)

From Eq. (A4), we also obtain the time t = t_{ah}(r) when the apparent horizon appears for each r by

t_{ah}(r) ≡

∫_1

v_{ah}(r) dv (b + Mv^{3−n})^{1/2} , = ∫_1 0 dv (b + Mv^{3−n})^{1/2} + ∫_0

v_{ah}(r) dv (b + Mv^{3−n})^{1/2} ,

= t_s(r) −

∫_{vah(r)} 0 dv (b + Mv^{3−n})^{1/2}

, (A6)

where v = v_{ah}(r) is given by solving Eq. (A2).

Expanding Eq. (A4) around r = 0, we obtain t(v, r) = t(v, 0) + r^2 2 χ_2(v) + · · · , (A7) where the function χ_2(v) is now obtained by

χ_2(v) ≡ −

∫_1 v ( b_0 + M_0v^{3−n} )_{−3/2} ( b_2 + M_2v^{3−n} ) dv, (A8) where the integrand is finite for 0 ≤ v ≤ 1. The time when the central shell reaches the singularity is given from Eq. (A4) by

t_{s0} =

∫_1 0 dv (b_0 + M_0v^{3−n})^{1/2}

. (A9)

From Eqs. (A7) and (A9), the time when other shells close to r = 0 reach the singularity is given by

t_s(r) = t_{s0} + r^2 2 χ_2(0) + · · · . (A10)

By Lemma 8, χ_2(0) is non-negative and we assume χ_2(0) > 0 here.

From Eqs. (A4), (A7) and (4.46), we obtain

v^′ = ( b_0 + M_0v^{3−n} )_{1/2} (rχ_2(v) + · · · ) (A11)

near r = 0.

Theorem 7 Let us consider the gravitational collapse of a spherical dust cloud with positive mass and smooth initial profiles satisfying χ_2(0) > 0 in general relativity without a cosmological constant. Then, the strong cosmic censorship hypothesis holds for n ≥ 6 and n = 5 if 0 < χ_2(0) < M^{1/2}_0 .

Proof. From Eq. (A1), only the singularity at r = 0 has the possibility of being naked. A decreasing apparent horizon in the (r, t)-plane is a sufficient condition for the formed singularity to be censored because it shows the entrapment of the neighborhood of the center before the singularity. Expanding the integrand in Eq. (A6) in a power series in v and keeping only the leading order term, we obtain

t_{ah}(r) = t_{s0} + r^2 2 χ_2(0) + · · · − 2 n − 1 M^{1/(n−3)} 0 r^{(n−1)/(n−3)}. (A12)

For n ≥ 6, the last term dominates the second term, and consequently the apparent horizon is decreasing near r = 0 in the (r, t)-plane. For n = 5 with χ_2(0) < M^{1/2}_0 , the apparent horizon is also decreasing near r = 0 in the (r, t)-plane. □

Next we consider the nakedness of singularities for n = 4 and 5. We show the nakedness of singularities in the similar manner to the case in Einstein-Gauss-Bonnet gravity.

Theorem 8 Let us consider the n(≥ 4)-dimensional gravitational collapse of a spherical dust cloud with positive mass and smooth initial profiles satisfying χ_2(0) > 0 in general relativity without a cosmological constant. Then, the strong cosmic censorship hypothesis is violated for n = 4.

Proof. Using Eqs. (A3) and (A11), we obtain from Eq. (4.62) the desired root equation

x_0 = lim_{r→0} 1 qr^{q−1} ( v + M^{1/2}_0 v^{(3−n)/2}r^2χ_2(0) ) ( 1 − rM^{1/2}_0 v^{(3−n)/2} ) | | |_{v=x0rq−1} . (A13) For n = 4, the positive finite root of Eq. (A13) is obtained with q = (n + 3)/(n − 1) = 7/3 as

x_0 = ( 3M^{1/2}_0 χ_2(0) 4 )_{2/3} . (A14)

For n = 5, it is obtained with q = (n + 3)/(n − 1) = 2 for

χ_2(0) ≥

11 + 5 √ 5 2 M^{1/2}_0 (A15)

by solving the algebraic equation

x^3_0 + M^{1/2}_0 x^2_0 − χ_2(0)M^{1/2}_0 x_0 + χ_2(0)M_0 = 0. (A16)

Thus, we have found the possible behaviors of a future-directed outgoing radial null geodesic near r = 0 as

S ≃ x_0r^{(n+3)/(n−1)}, (A17)

where x_0 is given by Eqs. (A14) and (A16) for n = 4 and n = 5, respectively.

By Lemma 10, we prove the existence of such a null geodesic. We consider the null geodesic equation (4.50) with q = (n + 3)/(n − 1). By Eqs. (A3) and (A11), we expand Ξ around r = 0 as Ξ(x, r) = 1 r [ x + M^{1/2}_0 x^{(3−n)/2}χ_2(0) ] −M^{1/2}_0 x^{(3−n)/2}r^{2(3−n)/(n−1)} ( x + M^{1/2}_0 x^{(3−n)/2}χ_2(0) )

+o(r^{2(3−n)/(n−1)}). (A18)

We note that 2(3 − n)/(n − 1) ≥ −1 with equality holding for n = 5. Then, by Lemma 10, we can show the existence of a null geodesic which behaves as Eq. (A17) around r = 0 for n = 4, where x_0 is given by Eq. (A14). However, as the case of n = 9 in Einstein-Gauss-Bonnet gravity, we cannot apply Lemma 10 to the case of n = 5 in general relativity, so another method is required to show the existence in that case.

Finally we show that the curvature scalars actually diverge along the null geodesic. If ρ diverges, the curvature scalars also diverge because Eq. (2.3) gives ρ = (n − 2)R 2κ^2_n

(A19)

in general relativity. The shell-focusing singularity is characterized by v = 0, r = 0, M = M_0, and M^′ = 0 for n ≥ 4. From Eq. (A11), we obtain

v^′ ≃ M^{1/2}_0 x^{(3−n)/2}

0 r^{(5−n)/(n−1)}χ_2(0) (A20)

along the null geodesic (A17), so that rv^′ → 0 for r → 0. Therefore, ρ and the curvature scalars diverge along the null geodesic (A17). □

Unfortunately, the fixed-point method cannot be applied to show the existence of the singular null geodesics for n = 5. If they exist, they behave as Eq. (A17) around r = 0, where x_0 is given by Eq. (A16).

[1] J.R. Oppenheimer and H. Snyder, Phys. Rev. 56, 455 (1939). [2] D. Christodoulou, Commun. Math. Phys. 93 171 (1984). [3] R.P.A.C. Newman, Class. Quantum Grav. 3 527 (1986).

[4] P. Yodzis, H.-J. Seifert, and H. Müller zum Hagen, Commun. Math. Phys. 34 135 (1973); D.M. Eardley and L. Smarr, Phys. Rev. D 19 2239 (1979); V. Gorini, G. Grillo and M. Pelizza, Phys. Lett. A135, 154 (1989); G. Grillo, Class. Quantum Grav. 8 739 (1991); P.S. Joshi and I.H. Dwivedi, Phys. Rev. D 47 5357 (1993); T.P. Singh and P.S. Joshi, Class. Quantum Grav. 13 559 (1996); S. Jhingan, P.S. Joshi, and T.P. Singh, Class. Quantum Grav. 13 3057 (1996).

[5] B.C. Nolan and F.C. Mena, Class. Quantum Grav. 19 2587 (2002).

[6] S.W. Hawking and G.F.R. Ellis, “The Large Scale Structure of Space-time” (Cambridge University Press, Cambridge, England, 1973).

[7] R. Penrose, Riv. Nuovo Cim.1, 252 (1969).

[8] R. Penrose, in General Relativity, an Einstein Centenary Survey, edited by S.W. Hawking and W. Israel (Cambridge University Press, Cambridge, England, 1979), p. 581.

[9] T. Harada, H. Iguchi and K. Nakao, Prog. Theor. Phys. 107, 449 (2002); T. Harada, Pramana 63, 741 (2004), as Proceedings of the 5th International Conference on Gravitation and Cosmology, Jan 5-10, 2004, Cohin, India

[10] T. Harada and K. Nakao, Phys. Rev. D 70, 041501 (2004).

[11] N. Arkani-Hamed, S. Dimopoulos and G. Dvali, Phys. Lett. B 429, 263 (1998); I. Antoniadis, N. Arkani-Hamed, S.

Dimopoulos and G. Dvali, Phys. Lett. B 436, 257 (1998).

[12] L. Randall and R. Sundrum, Phys. Rev. Lett. 83, 3370 (1999); Phys. Rev. Lett. 83, 4690 (1999). [13] G. Dvali, G. Gabadadze, and M. Porrati, Phys. Lett. B 485, 208 (2000); G. Dvali and G. Gabadadze, Phys. Rev. D 63, 065007 (2001); G. Dvali, G. Gabadadze, and M. Shifman, Phys. Rev. D 67, 044020 (2003).

[14] P. Hořava and E. Witten, Nucl. Phys. B475, 94 (1996); A. Lukas, B. A. Ovrut, K.S. Stelle and D. Waldram, Phys. Rev.

D59, 086001 (1999); A. Lukas, B. A. Ovrut and D. Waldram, Phys. Rev. D60, 086001 (1999). [15] S. Dimopoulos, G. Landsberg, Phys. Rev. Lett. 87 (2001) 161602; A. Chamblin, G.C. Nayak, Phys. Rev. D66 (2002) 091901; S. B. Giddings, S. Thomas, Phys. Rev. D65 (2002) 056010.

[16] D.J. Gross and J.H. Sloan, Nucl. Phys. B291, 41 (1987); M.C. Bento and O. Bertolami, Phys. Lett. B368, 198 (1996). [17] H. Maeda, Class. Quantum Grav. 23, 2155 (2006).

[18] A. Banerjee, U. Debnath, and S. Chakraborty, Int. J. Mod. Phys. D 12, 1255 (2003); K.D. Patil, Phys. Rev. D 67, 024017 (2003); R. Goswami and P.S. Joshi Phys. Rev. D 69, 044002 (2004); Phys. Rev. D 69, 104002 (2004).

[19] C.W. Misner, K.S. Thorne, and J.A. Wheeler, “Gravitation”, (Freeman, San Francisco, 1973). [20] C.W. Misner and D.H. Sharp, Phys. Rev. 136, B571 (1964).

[21] G. Lemaître, Ann. Soc. Sci. Bruxelles I A53, 51 (1933); R. C. Tolman, Proc. Nat. Acad. Sci. U.S. 20, 169 (1934); H. Bondi, Mon. Not. Roy. Astr. Soc. 107, 410 (1947).

[22] D.G. Boulware and S. Deser, Phys. Rev. Lett. 55, 2656 (1985). [23] J.T. Wheeler, Nucl. Phys. B268, 737 (1986). [24] T. Torii and H. Maeda, Phys. Rev. D 71, 124002 (2005).

[25] Y.M. Cho and I.P. Neupane, Phys. Rev. D 66, 024044 (2002); A. Padilla, Class. Quantum Grav. 20, 3129 (2003); N. Deruelle, J. Katz, and S. Ogushi, Class. Quantum Grav. 21, 1971 (2004).

[26] E. Poisson, A Relativist’s Toolkit (Cambridge University Press, Cambridge, England, 2004). [27] B. Nolan, F.C. Mena, and S.M.C.V. Gonçalves, Phys. Lett. A294, 122 (2002). [28] J. M. M. Senovilla, Gen. Relativ. Grav. 30, 701 (1998). [29] H. Kudoh, T. Harada and H. Iguchi, Phys. Rev. D 62, 104016 (2000).

[30] P.S. Joshi, Global Aspects in Gravitation and Cosmology (Oxford University Press, New York, 1993). [31] A. Banerjee, A. Sil, and S. Chatterjee, Astrophys. J. 422, 681-687 (1994); S.G. Ghosh and A. Beesham, Phys. Rev. D 64, 124005 (2001); K.D. Patil, S.H. Ghate, and R.V. Saraykar, Pramana 56, 503 (2001); S.G. Ghosh and A. Banerjee, Int. J. Mod. Phys. D 12, 639 (2003); U. Debnath and S. Chakraborty, Mod. Phys. Lett. A 18, 1265 (2003); U. Debnath and S. Chakraborty, Gen. Rel. Grav. 36, 1243 (2004).

[32] K. Lake, Phys. Rev. Lett. 68, 3129 (1992).

[33] M. Nozawa and H. Maeda, Class. Quantum Grav. 23, 1779 (2006).

[34] R. Hagedorn, Nuovo Cimento A 56, 1027 (1968); R. Penrose, in Gravitational Radiation and Gravitational Collapse, Proceedings of the IAU Symposium, edited by C. DeWitt-Morette, IAU Symposium No. 64 (Reidel, Dordrecht, 1974).

[35] T. Harada, Phys. Rev. D 58, 104015 (1998); T. Harada and H. Maeda, Phys. Rev. D 63, 084022 (2001) [36] D. Christodoulou, Commun. Math. Phys. 109, 613 (1987); Commun. Pure Appl. Math. 44, 339 (1991); ibid. 46, 1131 (1993); Ann. of Math. 140, 607 (1997); ibid. 149, 187 (1999); A.V. Frolov, Phys. Rev. D 61, 084006 (2000); A.V. Frolov, Phys. Rev. D 59, 104011 (1999).

[37] A.V. Frolov, Phys. Rev. D 70, 104023 (2004). E. Sorkin and Y. Oren, Phys. Rev. D 71, 124005 (2005). M. Birukou, V. Husain, G. Kunstatter, E. Vaz, and M. Olivier, Phys. Rev. D 65, 104036 (2002).

[38] A.V. Frolov, Class. Quantum Grav. 16, 407 (1999); H-C. Kim, S-H. Moon, and J.H. Yee, JHEP 0202, 046 (2002). [39] S.B. Sarwe and R.V. Saraykar, Grav. Cosmol. 10, 329 (2004); N. Dadhich, S.G. Ghosh, and D.W. Deshkar, Int. J. Mod.

Phys. A 20, 1495 (2005); S.G. Ghosh and D.W. Deshkar, Int. J. Mod. Phys. D 12, 913 (2003); S.G. Ghosh, S.B. Sarwe, and R.V. Saraykar, Phys. Rev. D 66, 084006 (2002); A. Mahajan, R. Goswami, and P.S. Joshi, Phys. Rev. D 72, 024006 (2005).

[40] Y. Wu, M.F. da Silva, N.O. Santos, and A. Wang, Phys. Rev. D 68, 084012 (2003); S.G. Ghosh and N. Dadhich, Phys.

Rev. D 65, 127502 (2002).

[41] M.J. Duff, B.E.W. Nilsson, and C.N. Pope, Phys. Rept. 130, 1 (1986); P. Van Nieuwenhuizen, Phys. Rept. 68, 189 (1981). [42] A.D. Linde, Particle Physics and Inflationary Cosmology (Harwood Academic Publishers, Chur, Switzerland 1990). [43] J. Polchinski, String Theory: An Introduction to the Bosonic String (Cambridge University Press, Cambridge, England, 1998); String Theory: Superstring Theory and Beyond (Cambridge University Press, Cambridge, England, 1998).

[44] T. Torii, H. Yajima, and K-i. Maeda, Phys. Rev. D 55, 739 (1997); M. Melis and S. Mignemi, Class. Quantum Grav. 22, 3169 (2005).