arXiv:gr-qc/0603004v3 21 Nov 2007

A NEW QUASI-LOCAL MASS AND POSITIVITY

XIAO ZHANG

Abstract. A new definition of quasi-local mass is proposed and its positivity is proved under certain conditions.

1. Introduction

Recently, Kijowski [12], Liu and Yau [13] propose a definition of quasi-local mass for any spacelike, topological 2-sphere with positive intrinsic (or Gauss) curvature. In particular, Liu and Yau [13, 14] are able to prove its positivity. Liu and Yau’s definition arises naturally from calculations in the recent work of Yau [22] on black holes as a candidate for positivity. They use the original idea of Schoen and Yau [18, 19] for the proof of the positive mass conjecture to solve Jang’s equation and reduce to the Riemannian version of the positivity proved earlier by Shi and Tam [17].

As it is well-known, there have been many attempts to define a quasi-local mass or energy associated to a spacelike 2-surface. Certain criterions which a definition should have were posed by Christodoulou and Yau [6], and Liu and Yau [14]. However, no known definition can satisfy all these criterions.

The definition of Kijowski, Liu and Yau belongs to the class of definitions initiated by Brown and York [2, 3] for a spacelike 2-surface which bounds a compact spacelike hypersurface in a time orientable spacetime. Similar derivation was also obtained by Hawking and Horowitz [9]. We refer to [15] for a short exploiting of the idea of Brown and York. When the spacelike 2-sphere bounds a totally geodesic spacelike hypersurface, the definition of Kijowski, Liu and Yau reduces to the quasi-local mass of Brown and York whose positivity was proved in [17] for topological 2-sphere with positive Gauss curvature and positive mean curvature.

The quasi-local energy-momentum of Brown and York has some desirable properties. It approaches to Arnowitt-Deser-Misner (ADM)

2000 Mathematics Subject Classification. 53C27, 53C50, 83C60. Key words and phrases. General relativity, quasi-local mass, positivity. Partially supported by NSF of China(10421001), NKBRPC(2006CB805905) and the Innovation Project of Chinese Academy of Sciences. 1

energy-momentum in a suitable limit [2, 4]. However, the decreasing monotonicity property indicates that the larger region contains less mass (see Lemma 4.2 [17], also [14] for the computation of the round sphere in time slices in the Schwarzschild spacetime). And this breaks certain physical intuition.

To obtain an increasing monotonicity quasi-local mass of Brown and York’s type, we propose a new definition by choosing certain spinor norm as lapse function. The idea of using spinor norm coupled with the mean curvature to define the quasi local mass and momentum was told by Yau in summer 2005, which was used in [20]. If a spacelike topological 2-sphere bounds a smooth spacelike hypersurface (initial date set) in a spacetime whose mean curvature does not change sign, the mean curvature of this topological sphere satisfies apparent horizon conditions and the topological sphere can be smoothly isometrically embedded into Euclidean 3-space whose image has nonnegative mean curvature, then the positivity holds. Moreover, if the initial data set has the zero second fundamental form, the vanishing quasilocal mass implies the spacelike topological 2-sphere bounds a domain in Euclidean 3-space. Here, we don’t assume the mean curvature of spacelike 2-sphere is strictly positive as [17, 13, 14]. Thus our theorem of positivity can apply to apparent horizons, in particular, to the round sphere in time slices in the Schwarzschild spacetime. Indeed, we compute our quasi-local mass in this case and find that it is an increasing function of the radius of the round sphere.

2. Preliminary

Let (N, ~g) be a 4-dimensional spacetime which satisfies the Einstein field equations ~Ric − ~R 2 ~g = T, where ~Ric, ~R are Ricci curvature tensor, scalar curvature of ~g respectively, and T is the energy-momentum tensor. Let (M, g, p) be a smooth initial data set, where M is a spacelike (orientable) hypersurface of N with the smooth induced Riemannian metric g and second fundamental form p. We will introduce briefly the Dirac-Witten operator along M. We refer to [21, 16, 23] for the basic materials.

Fix a point p ∈ M and an orthonormal basis {e_α} of T_pN with e_0 normal and e_i tangent to M (1 ≤ i ≤ 3). Let ω^β_α be the connection 1-form

~∇e_α = e_β ⊗ ω^β_α. (2.1)

Denote ω_{αβ} = g_{αγ} ω^γ_β. Since 0 = d ( e_α, e_β ) = ( ~ ∇e_α, e_β ) + ( e_α, ~∇e_β ) = ( e_γ ⊗ ω^γ_α, e_β ) + ( e_α, e_δ ⊗ ω^δ_β ) , we have ω_{αβ} = −ω_{βα}. Thus ω^0_i = −ω_{0i} = ω_{i0} = ω^i_0.

Note that for any vector X (e_α ∧ e_β )(X) = g̃(e_α, X)e_β − g̃(e_β , X)e_α. This implies (e_0 ∧ e_j )(e_0, e_1, e_2, e_3) = (e_0, e_1, e_2, e_3)E_{0j} , (e_i ∧ e_j )(e_0, e_1, e_2, e_3) = (e_0, e_1, e_2, e_3)E_{ij} where E_{0j} = (a^0_{αβ} ) with a^0_j = a^0_{j0} = −1 for j ≠ 0, others = 0; E_{ij} = (a_{αβ}) with a_{ij} = −a_{ji} = −1 for i < j ≠ 0, others = 0.

Denote the 3-vector Ω_0 and 3 × 3 anti-symmetric matrix Ω by Ω_0 = (ω_{01}, ω_{02}, ω_{03}), Ω = (ω_{ij}).

Now (2.1) gives that ~∇e_0 = −e_i ⊗ ω_{0i}, ~∇e_i = −e_j ⊗ ω_{ij} + e_0 ⊗ ω_{i0}, i.e.,

~∇(e_0, e_1, e_2, e_3) = (e_0, e_1, e_2, e_3) ⊗ ( 0 −Ω_0 −Ω^t_0 Ω ) . This induces a connection on the principal SO(3, 1) bundle with the connection 1-form ω = − 1 2 ω_{ij}e_i ∧ e_j + ω_{0i}e_0 ∧ e_i.

Denote by S the (local) spinor bundle of N. Since M is spin, S exists globally over M. This spinor bundle S is the hypersurface spinor bundle of M. Let ~∇ and ∇ be the Levi-Civita connections of ~g and g respectively, the same symbols are used to denote their lifts to the hypersurface spinor bundle. There exists a Hermitian inner product ( , ) on S along M which is compatible with the spin connection ~∇. The Clifford multiplication of any vector ~X of N is symmetric with respect to this inner product. However, this inner product is not positive definite and there exists a positive definite Hermitian inner product defined by ⟨ , ⟩ = (e_0· , ) on S along M.

Denote {σ_a} the orthonormal basis on the hypersurface spinor bundle S. Then the (local) spin connection of N is lifted from the principal SO(3, 1) connection as ~∇σ_a = −1 4 ω_{ij} ⊗ e_i · e_j · σ_a + 1 2 ω_{0i} ⊗ e_0 · e_i · σ_a.

For spinor ϕ = u^aσ_a, vector ~X ∈ Γ(T N), we have ~∇_{~X} ϕ = du^a( ~X)σ_a − u^a 4 ω_{ij} ( ~X)e_i · e_j · σ_a + u^a 2 ω_{i0}( ~X)e_i · e_0 · σ_a.

Therefore, for X ∈ Γ(T M), ~∇_X ϕ = ∇_X ϕ + 1 2 ω_{0i}(X)e_0 · e_i · ϕ . (2.2)

Define the second fundamental form of the initial data set p_{ij} = ~g( ~∇_ie_0, e_j) = ω_{j0}(e_i).

Then ~∇_i = ∇_i − 1 2 p_{ij}e_0 · e_j · . (2.3)

This implies that the spinor connection ∇ is compatible with the positive definite inner product ⟨ , ⟩.

The Dirac-Witten operator along M is defined by ~D = e_i · ~∇_i. The Dirac operator of M but acting on S is defined by D = e_i · ∇_i. By (2.3), we obtain ~D = D − tr^g(p) 2 e_0 · . (2.4)

The operator ~D is formally self-adjoint with respect to ⟨ , ⟩ and its square is given by the following Weitzenböck type formula ~D^2 = ~∇^∗ ~∇ + T (2.5) where T = 1 2 (T_{00} + T_{0i}e_0 · e_i·),

and ~∇^∗ is the formal adjoint of ~∇ with respect to ⟨ , ⟩. If the spacetime satisfies the dominant energy condition, then T is a nonnegative operator.

Suppose that M has boundary Σ which has finitely many connected components Σ_1, · · · , Σ_l, each of which is a topological 2-sphere, endowed with its induced Riemannian and spin structures. Fix a point p ∈ Σ and an orthonormal basis {e_i} of T_pM with e_r = e_1 the outward normal to Σ and e_a tangent to Σ for 2 ≤ a ≤ 3. Let h_{ab} = ⟨∇_ae_r, e_b⟩ be the component of the second fundamental form of Σ. Let H = tr(h) be its mean curvature. Σ is a future/past apparent horizon if H ∓ tr(p|_Σ) ≥ 0 (2.6) holds on Σ. When Σ has multi-components, we require that (2.6) holds (with the same sign) on each Σ_i.

Denote by ∇ the lift of the Levi-Civita connection of Σ to the spinor bundle S|_Σ. Then

∇_a = ∇_a + 1 2 h_{ab}e_r · e_b · . (2.7)

The connection ∇ is also compatible with the metric ⟨ , ⟩ on the boundary Σ. Let D = e_a · ∇_a be the Dirac operator of Σ but acting on S|_Σ. From (2.3), (2.7), we obtain

~∇_a = ∇_a + 1 2 h_{ab}e_r · e_b · − 1 2 p_{aj} e_0 · e_j · . (2.8)

Therefore (2.5) gives rise to ∫ M | ~∇ϕ|^2 + ⟨ϕ, T ϕ⟩ − | ~Dϕ|^2 = ∫ Σ ⟨ϕ, (e_r · D − H 2 )ϕ⟩ + 1 2 ∫ Σ ⟨ϕ, tr(p|_Σ)e_0 · e_r · ϕ⟩ − 1 2 ∫ Σ ⟨ϕ, p_{ar}e_0 · e_a · ϕ⟩. (2.9)

We will prove the following existences. Let

P_± = 1 2 (Id ± e_0 · e_r·) be the projective operators on S|_Σ. The local boundary conditions P_±ϕ|_Σ = 0

ensure that ~D is a formally self-adjoint elliptic operator [8]. Proposition 1. Let (N, ~g) be a spacetime which satisfies the dominant energy condition. Let (M, g, p) be a smooth initial data with the boundary Σ which has finitely many multi-components Σ_i, each of which is topological 2-sphere.

(i) If tr_g(p) ≥ 0 and Σ is a past apparent horizon, then the following Dirac-Witten equation has a unique smooth solution ϕ ∈ Γ(S) ~Dϕ = 0 in M P_+ϕ = P_+ϕ_0 on Σ_{i0} P_+ϕ = 0 on Σ_i (i ≠ i_0)

(2.10)

for any given ϕ_0 ∈ Γ(S | |_Σ) and for fixed i_0;

(ii) If tr_g(p) ≤ 0 and Σ is a future apparent horizon, then the following Dirac-Witten equation has a unique smooth solution ϕ ∈ Γ(S) ~Dϕ = 0 in M P_−ϕ = P_−ϕ_0 on Σ_{i0} P_−ϕ = 0 on Σ_i (i ≠ i_0)

(2.11)

for any given ϕ_0 ∈ Γ(S | |_Σ) and for fixed i_0.

Proof : To establish the existences of (2.10) and (2.11), we only need to show that any solution ~Dϕ = 0 is trivial when ϕ_0 = 0. By (2.4), we obtain ~D(e_0 · ϕ) = −tr_g(p)ϕ. Therefore, ∫ Σ ⟨e_r · ϕ, e_0 · ϕ⟩ = ∫ M ⟨ ~Dϕ, e_0 · ϕ⟩ − ⟨ϕ, ~D(e_0 · ϕ)⟩ = ∫ M tr_g(p)|ϕ|^2. If Σ is a past apparent horizon and tr_g(p) ≥ 0, or Σ is a future apparent horizon and tr_g(p) ≤ 0, then ϕ|_Σ = 0. Note that, under the local boundary conditions, (2.9) becomes ∫ M | ~∇ϕ|^2 + ⟨ϕ, T · ϕ⟩ − | ~Dϕ|^2 = − 1 2 ∫ Σ [ H ± tr(p|_Σ) ] |ϕ|^2. (2.12)

This implies ~∇_iϕ = 0 on M. Thus |d|ϕ|^2| ≤ 2|∇ϕ||ϕ| ≤ |p||ϕ|^2 ≤ C_p|ϕ|^2, where C_p = max|p|. If there exists a point x_0 ∈ M such that ϕ(x_0) ≠ 0, then |ϕ|(x) ≥ |ϕ|(x_0)e^{−Cpρx0 (x)}. Taking x to the boundary will gives rise to a contradiction. Therefore ϕ = 0 on M and the existences of (2.10) and (2.11) follow. Q.E.D.

3. Definition and Positivity

Let (N, ~g) be a spacetime which satisfies the dominant energy condition. Let (M, g, p) be a smooth initial data set with the boundary Σ which has finitely many multi-components Σ_i, each of which is topological 2-sphere. Let e_r be the unit vector outward normal to Σ, h_{ij} and H be the second fundamental form and the mean curvature of Σ respectively.

Suppose that some Σ_{i0} can be smoothly isometrically embedded into R^3 in the Minkowski spacetime R^{3,1} and denote by ℵ the isometric embedding. (It exists if Σ_{i0} has positive Gauss curvature.) Let Σ̆ be the image of Σ under the map ℵ. Let ĕ_r the unit vector outward normal to Σ̆ and h̆_{ij}, H̆ are the second fundamental forms, the mean curvature of Σ̆ respectively. Denote by H_0 = H̆ ∘ ℵ the pullback to Σ.

The isometric embedding ℵ also induces an isometry between the (intrinsic) spinor bundles of Σ_{i0} and Σ̆_{i0} together with their Dirac operators which are isomorphic to e_r ·D and ĕ_r ·D̆ respectively. This isometry can be extended to an isometry over the complex 2-dimensional sub-bundles of their hypersurface spinor bundles. Denote by S̆^{Σ̆i0} this sub-bundle of S̆|_{Σ̆i0} . Let ϕ̆ be a constant section of S̆^{Σ̆i}0 and denote ϕ_0 = ϕ̆ ∘ ℵ. Denote by Ξ̆ the set of all these constant spinors ϕ̆ with the unit norm. This set is isometric to S^3.

Suppose that one of the following conditions holds on M

(i) tr_g(p) ≥ 0, H|_{Σi} + tr(p|_{Σi} ) ≥ 0 for all i;

(ii) tr_g(p) ≤ 0, H|_{Σi} − tr(p|_{Σi} ) ≥ 0 for all i.

Let ϕ be the unique solution of (2.10) or (2.11) for some ϕ̆ ∈ Ξ̆. Denote

m(Σ_{i0} , ϕ̆) = 1 8π ℜ ∫ Σ_{i0} [ (H_0 − H)|ϕ|^2 +tr(p|_{Σi0} )⟨ϕ, e_0 · e_r · ϕ⟩ −p_{ar}⟨ϕ, e_0 · e_a · ϕ⟩ ] . (3.1)

The quasi local mass of Σ_{i0} is defined as

m(Σ_{i0} ) = min_{Ξ̆} m(Σ_{i0} , ϕ̆). (3.2)

If all Σ_i can be smoothly isometrically embedded into R^3 in the Minkowski spacetime R^{3,1} , we define the quasi local mass of Σ as

m(Σ) = ∑ i m(Σ_i). (3.3)

It is obvious that m(Σ_{i0} ) vanishes if Σ_{i0} is an embedding 2-sphere in R^3 . Let E, P_1, P_2, P_3 be the ADM energy-momentum of an asymptotically flat spacetime [19, 21, 16, 23]. Take Σ_{i0} to be a sphere in an end. Then lim_{r→∞} m(Σ_{i0} ) = min_{Ξ̆} ⟨ϕ̆, Eϕ̆ + P_kdx_0 · dx_k · ϕ̆⟩ = E − |P |. Theorem 1. Let (N, ~g) be a spacetime which satisfies the dominant energy condition. Let (M, g, p) be a smooth initial data set with the boundary Σ which has finitely many multi-components Σ_i, each of which is topological 2-sphere. Suppose that some Σ_{i0} can be smoothly isometrically embedded into R^3 whose image in R^3 has nonnegative mean curvature. If either condition (i) or condition (ii) holds, then

(1) m(Σ_{i0} ) ≥ 0;

(2) that m(Σ_{i0} ) = 0 implies the energy-momentum of spacetime satisfies T_{00} = |f||ϕ|^2, T_{0i} = f⟨ϕ, e_0 · e_i · ϕ⟩ along M, where f is a real function, ϕ is the unique solution of (2.10) or (2.11) for some ϕ̆ ∈ Ξ̆.

(3) Furthermore, if p_{ij} = 0, then m(Σ_{i0} ) = 0 implies that M is flat with connected boundary.

Proof : Note that (2.8) implies

˘∇_aϕ̆ + 1 2 h̆_{ab}ĕ_r · ĕ_b · ϕ̆ = 0

on Σ̆. Then

e_r · Dϕ_0 =

H_0 2 ϕ_0

on Σ. Denote ϕ^±_0 = P_±ϕ_0. Since e_r · D ∘ P_± = P_∓ ∘ e_r · D, we have

e_r · Dϕ^±_0 =

H_0 2 ϕ^∓_0 .

Therefore, using the self-adjointness of e_r · D, we obtain ∫ Σ H_0|ϕ^+_0 |^2 = ∫ Σ H_0|ϕ^−_0 |^2.

Denote ϕ^± = P_±ϕ. Then ∫ Σ⟨ϕ^+, ϕ^−⟩ = 0. In case (i), we have ϕ^+ = ϕ^+_0 .

Thus ∫ Σ ⟨ϕ, e_r · Dϕ⟩ = 2ℜ ∫ Σ ⟨ϕ^−, e_r · Dϕ^+⟩ = 2ℜ ∫ Σ ⟨ϕ^−, e_r · Dϕ^+_0 ⟩ = ℜ ∫ Σ ⟨ϕ^−, H_0ϕ^−_0 ⟩ ≤ 1 2 ∫ Σ H_0 ( |ϕ^−|^2 + |ϕ^−_0 |^2 )

= 1 2 ∫ Σ H_0 ( |ϕ^−|^2 + |ϕ^+_0 |^2 )

= 1 2 ∫ Σ H_0|ϕ|^2. Therefore m(Σ_{i0} , ϕ̆) ≥ 0 which implies the positivity. Same argument applies to the case (ii). Thus the proof of the first part is complete.

For the second part, if m(Σ_{i0} ) = 0, then there exists ϕ̆ such that m(Σ_{i0} , ϕ̆) = 0. Let ϕ be the unique solution of (2.10) or (2.11) corresponding to the boundary value ϕ̆. Then (2.9) implies ~∇_iϕ = 0 on M. This gives that |ϕ| is nonzero and ⟨ϕ, (T_{00} + T_{0i}e_0 · e_i)ϕ⟩ = 0 along M. Therefore, the dominant energy condition and Lemma 1 [11] solve T_{00} and T_{0i}. Furthermore, if p_{ij} = 0 in this case, then there exists a parallel spinor on M. Thus M is Ricci flat, hence flat since it is

3-dimensional. As each component of its boundary has nonnegative mean curvature, the boundary must be connected. Q.E.D.

Remark 1. The vanishing quasi local mass in Theorem 1 gives rise to one spinor which is parallel along M and it does not imply the Ricci flatness of the spacetime along M. This is similar to Dougan-Mason’s quasi local mass [7]. There is a standard model for 4-dimensional spacetimes, i.e., pp-manifolds, admitting one parallel spinor,

g̃_f = −2dx_1dx_2 + f(x_2, x_3, x_4)dx^2 + dx^2_3 + dx^2_4,

where f is a smooth function (e.g.,[1]). g̃_f is Ricci flat if and only if f satisfies

∂^2f ∂x^2_3 + ∂^2f ∂x^2_4

= 0.

Remark 2. The second fundamental form of the time slice in the Kerr spacetime is nontrivial and falls off as^1_{r3} (e.g. [24]). Thus, for the regular initial data set which is Kerr at infinity constructed in [5], the “quasi-local momentum” of a bounded domain with sufficiently large radius may be nontrivial although the total ADM linear momentum is zero.

We shall use null normals to express m(Σ_{i0} , ϕ̆). At each point of Σ_{i0} , we choose two null normal vectors n_+ and n_− such that ~g(n_+, n_−) = −1. We also choose the local frame e_2, e_3 of Σ. Denote by H ≡ − ~∇_{e2} e_2 − ~∇_{e3} e_3 the mean curvature vector of Σ. Let

2ρ = ~g(H, n_+), 2μ = ~g(H, n_−), ϖ_a = −~g( ~∇_an_+, n_−)

where a = 2, 3. A straightforward computation yields

tr(p|_{Σi0} ) = √ 2(ρ − μ), p_{ar} = ϖ_a. Thus

m(Σ_{i0} , ϕ̆) = 1 8π ℜ ∫ Σ_{i0} [ (H_0 − H)|ϕ|^2 − ρ − μ √ 2 ⟨ϕ, (n_+ · n_− · −n_− · n_+·)ϕ⟩ − ϖ_a √ 2 ⟨ϕ, (n_+ + n_−) · e_a · ϕ⟩ ] . This formula suggests a way to define the quasi-local mass for spacelike 2-spheres Σ using geometric data of their embedding into a 4- dimensional spacetime. However, it is still unclear what the correct choice of spinor ϕ is. In the cases that Σ is a past apparent horizon and encloses a spacelike hypersurface M^+ with nonnegative mean curvature, or Σ is a future apparent horizon and encloses a spacelike hypersurface M^− with nonpositive mean curvature, then we can choose spinor ϕ as the solution (2.10) or (2.11). Denote m(Σ_{i0} , ϕ̆) as m(Σ, ϕ̆, M^±) for a chosen spacelike hypersurface M^±. Then we can define the quasi-local mass of Σ as

m(Σ) = inf_{{M ±}} min_{Ξ̆} m(Σ, ϕ̆, M^±)

where {M^±} is the set of all required spacelike hypersurfaces enclosed by Σ. If Σ satisfies all conditions mentioned above, we can still prove m(Σ) is nonnegative.

4. Schwarzschild spacetime

We conjecture that m(Σ) has increasing monotonicity. We verify that it is indeed the case for the round spheres in time-slices M of the exterior Schwarzschild spacetime. For this M, the metric is g_{Sch} = ( 1 − 2m r )_{−1} dr^2 + r^2 ( dθ^2 + sin^2 θdψ^2 ) (r ≥ 2m) and the second fundamental form vanish, i.e., p_{ij} = 0. Using the isotropic coordinate r = ρ ( 1 +^m_{2ρ}

)_2 (ρ ≥^m_2 ), g_{Sch} can be written as g_{Sch} = ( 1 + m 2ρ )_4[ dρ^2 + ρ^2 ( dθ^2 + sin^2 θdψ^2 )] ≡ u^4g_{flat} where u = 1 +^m_{2ρ} . g_{Sch} has an apparent horizon Σ = {ρ =^m_2 } which is a minimal surface.

We briefly discuss the Dirac operator for conformal metrics. We refer to [10] and references therein for detail. Denote by G_u the isometry between SO_{gf lat} and SO_{gSch} given by the above conformal change of metric. The isometry G_u induces an isometry between the Spin_3 principal bundles as well as an isometry between their spinor bundles S and ~S (≡ G_uS). For any sections ϕ, ψ of the spinor bundle S, we denote ϕ̃ = G_uϕ, and ψ̃ = G_uψ the corresponding sections of ~S. If ( , )_{gf lat} and ( , )_{gSch} denote respectively the natural Hermitian metrics on S and ~S, then (ϕ, ψ)_{gf lat} = (ϕ̃, ψ̃)_{gSch} . The Clifford multiplication on ~S is given by ẽ_i ~· ϕ̃ = ~e_i · ϕ.

Dirac operators with respect to the two metric have the relation D_{Sch} ( u^{−1}ϕ̃ ) = u^{−3} ~ D_{flat}ϕ. For any covariant constant spinor ϕ̆ with unit norm, u^{−1}~ϕ̆ is a solution of D_{Sch}. Moreover, |~ϕ̆|^2_{Sch} = |ϕ̆|^2_{flat} = 1.

For any round sphere B_ρ in M with radius ρ, the Brown-York quasilocal mass is (e.g. [14])

m_{BY} (B_ρ) = 1 8π ∫ S_ρ (H_0 − H) = r ( 1 − √ 1 − 2m r ) = m ( 1 + m 2ρ ) . Since H_0 > 0, the new quasi-local mass is

m(B_ρ) = min_{Ξ̆} 1 8π ∫ S_ρ (H_0 − H)|u^{−1}~ϕ̆|^2_{Sch} = r ( 1 − √ 1 − 2m r ) u^{−2} = m 1 +^m_{2ρ} . Therefore m(B_ρ) is increasing and lim_{ρ→∞} m ( B_ρ ) = m = E_{ADM} . Acknowledgements. The author is indebted to M.T.Wang and S.T.Yau for sharing their idea and some valuable conversations.

References

[1] H. Baum, Twistor and Killing spinors in Lorentzian geometry, Global analysis and harmonic analysis (Marseille-Luminy, 1999), 35-52, Semin. Congr. 4, Soc. Math. France, Paris, 2004.

[2] J.D. Brown and J.W. York, Quasilocal energy in general relativity, Mathematical aspects of classical field theory (Seattle, WA, 1991), 129-142, Contemp. Math., 132, Amer. Math. Soc., Providence, RI, 1992.

[3] J.D. Brown and J.W. York, Quasilocal energy and conserved charges derived from the gravitational action, Phys. Rev. D(3) 47, 1407-1419 (1993).

[4] J.D. Brown, S.R. Lau and J.W. York, Energy of isolated systems at retarded times as the null limit of quasilocal energy, Phys. Rev. D 55, 1977-1984 (1997).

[5] J. Corvino and R. Schoen, On the asymptotics for the vacuum Einstein constraint equations, J. Diff. Geom. 73, 185-217 (2006).

[6] D. Christodoulou and S.T. Yau, Some remarks on the quasi-local mass, Mathematics and general relativity, 9-14, Contemp. Math., 71, Amer. Math. Soc., Providence, RI, 1988.

[7] A.J. Dougan and L.J. Mason, Quasilocal mass constructions with positive energy, Phys. Rev. Lett. 67, 2119-2122 (1991).

[8] G.W. Gibbons, S.W. Hawking, G.T. Horowitz and M.J. Perry, Positive mass theorems for black holes, Commun. Math. Phys. 88, 295-308 (1983).

[9] S.W. Hawking and G.T. Horowitz, The gravitational Hamiltonian, action, entropy and surface terms, Classical Quantum Gravity 13, 1487-1498 (1996).

[10] O. Hijazi and X. Zhang, Lower bounds for eigenvalues of the Dirac operator.

Part I. The hypersurface Dirac operator, Ann. Global Anal. Geom. 19, 355-376 (2001).

[11] O. Hijazi and X. Zhang, The Dirac-Witten operator on spacelike hypersurfaces, Comm. Anal. Geom. 11, 737-750 (2003).

[12] J. Kijowski, A simple derivation of canonical structure and quasi-local Hamiltonians in general relativity, Gen. Relat. Grav. 29, 307-343 (1997).

[13] C-C.M. Liu and S.T. Yau, Positivity of quasilocal mass, Phys. Rev. Lett. 90, 231102 (2003).

[14] C-C.M. Liu and S.T. Yau, Positivity of quasilocal mass II, J. Amer. Math. Soc.

19, 181 (2006).

[15] N.Ó Murchadha, L.B. Szabados and K.P. Tod, Comment on “Positivity of quasilocal mass”, Phys. Rev. Lett. 92, 259001 (2004).

[16] T. Parker and C.H. Taubes, On Witten’s proof of the positive energy theorem, Commun. Math. Phys. 84, 223-238 (1982).

[17] Y. Shi and L-F. Tam, Positive mass theorem and the boundary behavior of compact manifolds with nonnegative scalar curvature, J.Diff.Geom. 62, 79 (2002).

[18] R. Schoen, S.T. Yau, On the proof of the positive mass conjecture in general relativity, Commun. Math. Phys. 65, 45-76 (1979).

[19] R. Schoen, S.T. Yau, Proof of the positive mass theorem. II, Commun. Math.

Phys. 79, 231-260 (1981).

[20] M.T. Wang and S.T. Yau, A generalization of Liu-Yau’s quasi-local mass, math.DG/0602321.

[21] E. Witten, A new proof of the positive energy theorem, Commun. Math. Phys.

80, 381-402 (1981).

[22] S.T. Yau Geometry of three manifolds and existence of black hole due to boundary effect, Adv. Theor. Math. Phys. 5, 755-767 (2001).

[23] X. Zhang, Positive mass conjecture for 5-dimensional Lorentzian manifolds, J.

Math. Phys. 40, 3540-3552 (1999).

[24] X. Zhang, Remarks on the total angular momentum in general relativity, Commun. Theor. Phys. 39, 521-524 (2003).

Institute of Mathematics, Academy of Mathematics and Systems Science, Chinese Academy of Sciences, Beijing 100080, China

E-mail address: xzhang@amss.ac.cn