arXiv:gr-qc/0603020 v5 24 Apr 2006

Thick brane solution in the presence of two interacting scalar fields

Vladimir Dzhunushaliev^{∗†} Dept. Phys. and Microel. Engineer., Kyrgyz-Russian Slavic University, Bishkek, Kievskaya Str. 44, 720021, Kyrgyz Republic

It is shown that two gravitating scalar fields may form a thick brane in 5D spacetime. The necessary condition for the existence of such a regular solution is that the scalar fields potential must have local and global minima.

I. INTRODUCTION

In recent years there has been a revived interest in theories having a greater number of spatial dimensions than the three that are observed. In contrast to the original Kaluza-Klein theories of extra dimensions, the recent incarnations of extra dimensional theories allow the extra dimensions to be large and even infinite in size (in the original Kaluza- Klein theories the extra dimensions were curled up or compactified to the experimentally unobservable small size of the Planck length: 10^{−33}cm). These new extra dimensional theories have opened up new avenues to explaining some of the open questions in particle physics (the hierarchy problem, nature of the electro-weak symmetry breaking, explanation of the family structure) and astrophysics (the nature of dark matter, the nature of dark energy) [1] - [3]. In addition they predict new experimentally measurable phenomenon in high precision gravity experiments, particle accelerators, and in astronomical observations.

Most of the brane world models use infinitely thin branes with delta-like localization of matter. However these models are generally regarded as an approximation since any fundamental underlying theory, such as quantum gravity or string theory, must contain a fundamental length beyond which a classical space-time description is impossible. It is therefore necessary to justify the infinitely thin brane approximation as a well-defined limit of a smooth structure – a thick brane – obtainable as a solution to coupled gravitational and matter field equations. One early example of a thick brane comes from the 5 dimensional model considered in [4] where one had a topologically non-trivial field configuration for the scalar field.

It is therefore of great interest to formulate some general requirements on the brane world design leading to the appearance of stable, thick branes having a well-defined zero thickness limit and able to trap ordinary matter. Taking a physically reasonable stress-energy tensor it was shown that in 6 dimensions [5] and also higher extra dimensions [7] one can trap all the Standard Model fields using gravity alone.

In Ref. [6], the picture is presented that our universe is a dynamically localized 3-brane in a higher dimensional space (”brane world“ ). As an example, the dynamics of the Nielsen-Olesen vortex type in six dimensional spacetime is adopted to localize our space-time within a 3-brane. At low energies, everything is trapped in the 3-brane, and the Einstein gravity is induced through the fluctuations of the 3-brane.

In Ref. [8] thick brane world models as Z_2-symmetric domain walls supported by a scalar field with an arbitrary potential V (ϕ) in 5D general relativity are studied.

In Ref’s [9] - [14] it is shown that in the framework of 5D gravity, a globally regular thick brane always has an anti-de Sitter asymptotic and is only possible if the scalar field potential V (ϕ) has an alternating sign.

In Ref. [15] a comparative analysis of localization of 4D gravity on a non Z_2-symmetric scalar thick brane in both a 5-dimensional Riemannian space time and a pure geometric Weyl integrable manifold is presented.

Multidimensional space-times with large extra dimensions turned out to be very useful when addressing several problems of the recent non–supersymmetric string model realization of the Standard Model at low energy with no extra massless matter fields [16].

In Ref. [17] it is shown that two interacting scalar fields with a non-trivial potential may have a regular spherically symmetric solution. This solution shows that one can avoid the Derrick’s theorem [18] forbidding the existence of regular static solution in the spacetime with the dimension greater 2 for scalar fields if the potential has a local minimum besides global one. This result allows us to assume that the inclusion of gravitation may not destroy the regularity of similar solutions in 5D spacetime.

∗ Senior Associate of the Abdus Salam ICTP †Electronic address: dzhun@krsu.edu.kg

II. INITIAL EQUATIONS

We consider 5D gravity + two interacting fields. The key for the existence of a regular solution here is that the scalar fields potential have to have local and global minima, and at the infinity the scalar fields tend to a local not to global minimum. This remark allows us to avoid the Derrick’s theorem [18] which forbids the existence of n−dimensional (n > 2) static regular solutions for scalar fields.

The 5D metric is ds^2 = a(y)η_{μν} dx^μdx^ν − dy^2, (1) where μ, ν = 0, 1, 2, 3; y is the 5^{th} coordinate; η_{μν} = {+1, −1, −1, −1} is the 4D Minkowski metric. The Lagrangian for scalar fields ϕ and χ is L = 1 2 ∇_Aϕ∇^Aϕ + 1 2 ∇_Aχ∇^Aχ − V (ϕ, χ), (2) where A = 0, 1, 2, 3, 5. The potential V (ϕ, χ) is V (ϕ, χ) = λ_1 4 ( ϕ^2 − m^2_1

)_2 + λ_2 4 ( χ^2 − m^2

)_2

+ ϕ^2χ^2 − V_0, (3)

where V_0 is a constant which can be considered as a 5D cosmological constant Λ. We consider the case when the functions ϕ, χ are ϕ(y), χ(y). The 5D Einstein and scalar field equations are R^A_B − 1 2 δ^A_B R = κT^A_B , (4) 1 √ G ∇_A (√ GG^{AB}∇_Bϕ ) = − ∂V (ϕ, χ) ∂ϕ , (5) 1 √ G ∇_A (√ GG^{AB}∇_Bχ ) = − ∂V (ϕ, χ) ∂χ , (6)

where κ is the 5D gravitational constant; G_{AB} is the 5D metric (1) and G is the corresponding determinant. After substituting metric (1) into Eq’s (4) - (6) we have the following equations − 3 a^{′′} a − 3 a^{′2} a^2 = κ 4 [ ϕ^{′2} + χ^{′2} + λ_1 2 ( ϕ^2 − m^2_1

)_2 + λ_2 2 ( χ^2 − m^2

)_2

+ 2ϕ^2χ^2 − 2V_0 ] , (7) −6 a^{′2} a^2 = κ 4 [ −ϕ^{′2} − χ^{′2} + λ_1 2 ( ϕ^2 − m^2_1

)_2 + λ_2 2 ( χ^2 − m^2

)_2

+ 2ϕ^2χ^2 − 2V_0 ] , (8)

ϕ^{′′} + 4 a^′ a ϕ^′ = ϕ [ 2χ^2 + λ_1 ( ϕ^2 − m^2_1 )] , (9)

χ^{′′} + 4 a^′ a χ^′ = χ [ 2ϕ^2 + λ_2 ( χ^2 − m^2 )] , (10)

where^{d(··· )}_{dy} = (· · · )^′. Let us introduce the following dimensionless functions a/ √ κ/6 → a, ϕ √ κ/3 → ϕ, χ √ κ/3 → χ, 2 (κ/6)^2 V_0 → V_0, m_{1,2} √ κ/3 → m_{1,2}, λ_{1,2}/2 → λ_{1,2} and the dimensionless variable y/ √ κ/6 → y. After algebraical transformations Eq’s (7) - (10) have the following form a^{′′} a − a^{′2} a^2 = − 1 2 ( ϕ^{′2} + χ^{′2} ) , (11) a^{′2} a^2 = 1 8 [ ϕ^{′2} + χ^{′2} − λ_1 2 ( ϕ^2 − m^2_1

)_2 − λ_2 2 ( χ^2 − m^2

)_2

− ϕ^2χ^2 + 2V_0 ] , (12)

ϕ^{′′} + 4 a^′ a ϕ^′ = ϕ [ χ^2 + λ_1 ( ϕ^2 − m^2_1 )] , (13)

χ^{′′} + 4 a^′ a χ^′ = χ [ ϕ^2 + λ_2 ( χ^2 − m^2 )] . (14)

The boundary conditions are a(0) = a_0, (15) a^′(0) = 0, (16) ϕ(0) = ϕ_0, ϕ^′(0) = 0, (17) χ(0) = χ_0, χ^′(0) = 0. (18)

The boundary condition (16)-(18) and Eq. (12) give us the following constraint

V_0 = λ_1 4 ( ϕ^2_0 − m^2_1

)_2 + λ_2 4 ( χ^2_0 − m^2

)_2 + 1 2 ϕ^2_0χ^2_0, (19)

III. NUMERICAL INVESTIGATION

For the numerical calculations we choose the following parameters values

a_0 = ϕ_0 = 1, χ_0 = √ 0.6, λ_1 = 0.1, λ_2 = 1.0. (20)

We apply the methods of step by step approximation for finding of numerical solutions (the details of similar calculations can be found in Ref. [17]).

Step 1. On the first step we solve Eq. (14) (having zero approximations a_0(y) = a_0, χ_0(y) = m_1 tanh y). The regular solution exists for a special value m^∗_{1,i} only. For m_1 < m^∗_{1,i} the function χ_i(y) → +∞ and for m_1 > m^∗_{1,i} the function χ_i(y) → −∞ (here the index i is the approximation number). One can say that in this case we solve a non-linear eiqenvalue problem: χ^∗_i (y) is the eigenstate and m^∗_{1,i} is the eigenvalue on this Step.

Step 2. On the second step we solve Eq. (13) using zero approximation a_0(y) for the function a(y) and the first approximation χ^∗_1(y) for the function χ(y) from the Step 1. For m_2 < m^∗_{2,1} the function ϕ_1(y) → +∞ and for m_2 > m^∗_{2,1} the function ϕ_1(y) → −∞. Again we have a non-linear eiqenvalue problem for the function ϕ_1(y) and m^∗_{2,1}.

Step 3. On the third step we repeat the first two steps that to have the good convergent sequence ϕ^∗_i (y), χ^∗_i (y). Practically we have made three approximations.

Step 4. On the next step we solve Eq. (11) which gives us the function a_1(y).

Step 5. On this step we repeat Steps 1-4 necessary number of times that to have the necessary accuracy of definition of the functions a^∗(y), ϕ^∗(y), χ^∗(y).

After Step 5 we have the solution presented on Fig. 1. These numerical calculations give us the eigenvalues m^∗_1 ≈ 2.119638, m^∗_2 ≈ 1.372716896 and eigenstates a^∗(y), ϕ^∗(y), χ^∗(y).

FIG. 1: The functions a^∗(y), ϕ^∗(y), χ^∗(y)

It easy to see that the asymptotical behavior of the solution is a(y) ≈ a_∞e^{−kay}, k^2_a = 1 4 ( V_0 − λ_2 4 m^4_2 ) , (21) ϕ(y) ≈ m_1 + ϕ_∞e^{−kϕ y}, k_ϕ = √ 4k^2_a + 2λ_1m^2_1 − 2k_a, (22) χ(y) ≈ χ_∞e^{−kχy}, k_χ = √ 4k^2_a + m^2_1 − λ_2m^2 − 2k_a, (23)

where a_∞, ϕ_∞, χ_∞ are constants. The dimensionless energy density is

e(y) = 2 ( κ 3 )_2 ε(y) = 1 4 [ ϕ^{′2} + χ^{′2} + λ_1 2 ( ϕ^2 − m^2_1

)_2 + λ_2 2 ( χ^2 − m^2

)_2 + ϕ^2χ^2 − 2V_0 ] (24)

FIG. 2: The profile of dimensionless energy density.

and it is presented in Fig. 2.

Taking into account that the quantity V (ϕ(∞), χ(∞)) is absolutely similar to a 5D cosmological constant, we can introduce a dimensionless brane tension

σ = 2 ∞∫ 0 [ e(y) − V ( ϕ(∞), χ(∞) )] dy ≈ 0.74. (25)

According to Eq. (22) (23) one can define the thickness Δ of the presented thick brane as

Δ ≈ max {k_ϕ, k_χ} . (26)

The key role for understanding why such regular solution may exist belongs to the that fact that the potential (3) has local and global minima. The profile of the potential V (ϕ, χ) is presented in Fig. 3.

FIG. 3: The profile of the potential V (ϕ, χ).

IV. DISCUSSION AND CONCLUSIONS

Now we would like to list the essential specialities of the presented solution:

1. The existence of the solution crucially depends on the number of interacting scalar fields (n > 1) and the presence of the non-trivial potential V (ϕ, χ) which has a local minimum.

2. The potential for two interacting scalar fields (3) is bounded from below in contrast with the potential which is used in Ref. [19] for obtaining solutions to the classical equations for scalars plus gravity in five dimensions.

3. The solution is topologically trivial.

4. The quantity V (ϕ(∞), χ(∞)) can be considered as a 5D cosmological constant Λ.

5. In Ref. [17] it is shown that after some simplification and assumtions the SU(3) gauge Lagrangian can be reduced to the Lagrangian (2) describing interacting scalar fields ϕ and χ. This remark allows us to assume that a real thick brane can be formed by a 5D gauge condensate which is described by interacting scalar fields.

6. According to the previous item (5) the 5D mechanism of trapping the matter on a thick brane may be similar to the confinement mechanism in 4D quantum chromodynamics. In this case trapping of the corresponding quantum gauge fields on the thick brane is non-perturbative and can not be investigated using Feynman diagram technique.

7. If the thick brane is formed with the help of a gauge condensate then the problem of the stability of the thick brane becomes very non-trivial problem. It occurs because a non-static condensate have to be described by much more complicated manner than static condensate in Ref. [17]. It is connected to that fact that the change in time of quantum object is connected not only to the change of this quantity but with the change of a wave function as well.

8. From the mathematical point of view the presented solution is an eigenstate for a nonlinear eigenvalue problem.

[1] N. Arkani-Hamed, S. Dimopoulos and G. Dvali, Phys. Lett. B 429, 263 (1998);

I. Antoniadis, S. Dimopoulos and G. Dvali, Nucl. Phys. B 516, 70 (1998). [2] L. Randall and R. Sundrum, Phys. Rev. Lett. 83, 3370 (1999);

L. Randall and R. Sundrum, Phys. Rev. Lett. 83, 4690 (1999). [3] M. Gogberashvili, Int. J. Mod. Phys. D. 11, 1635 (2002);

Mod. Phys. Lett. A, 14, 2025 (1999).

[4] V.A. Rubakov and M.E. Shaposhnikov, Phys. Lett., B125, 136 (1983). [5] Merab Gogberashvili, Douglas Singleton, Phys.Lett., B582, 95-101(2004), hep-th/0310048;

Merab Gogberashvili, Douglas Singleton, Phys.Lett., B582, 95-101(2004), hep-th/0310048.

[6] K. Akama, ”regeometry“ in Lecture Notes in Physics, 176, Gauge Theory and Gravitation, Proceedings, Nara, 1982, edited by K. Kikkawa, N. Nakanishi and H. Nariai, 267-271 (Springer-Verlag,1983), (A TeX-typeset version is also available in e-print hep-th/0001113.

K. Akama, Prog. Theor. Phys. 60, 1900 (1978).

[7] Douglas Singleton, Phys.Rev., D70, 065013(2004), hep-th/0403273.

[8] Sergei T. Abdyrakhmanov, Kirill A. Bronnikov, Boris E. Meierovich, Grav.Cosmol., 11, 82-86 (2005); gr-qc/0503055. [9] M. Gremm, Phys. Lett., B478, 434 (2000). [10] M. Gremm, Phys. Rev., D62, 044017 (2000);

A. Davidson and P.D. Mannheim, “Dynamical localizations of gravity”, hep-th/0009064; C. Csaki, J. Erlich, T.J. Hollowood and Y. Shirman, Nucl. Phys., B581, 309 (2000); A. Wang, Phys. Rev., D66 024024 (2002);

D. Bazeia, F.A. Brito and J.R. Nascimento, Phys. Rev., D68 085007 (2003); D. Bazeia, C. Furtado and A. R. Gomes, JCAP 0402, 002 (2004); hep-th/0308034.

[11] S. Kobayashi, K. Koyama and J. Soda, Phys. Rev., D65 064014 (2002). [12] A. Melfo, N. Pantoja and A. Skirzewski, Phys. Rev., D67 105003 (2003). [13] R. Ghoroku and M. Yahiro, “Instability of thick brane worlds”, hep-th/0305150. [14] C. Barceló, C. Germani and C.F. Sopuerta, Phys. Rev., D68 104007 (2003). [15] N. Barbosa-Cendejas and A. Herrera-Aguilar, JHEP 0510, 101 (2005), hep-th/0511050. [16] C. Kokorelis, Nucl. Phys. B677 115 (2004), hep-th/0207234. [17] V. Dzhunushaliev, Hadronic J. Suppl. 19, 185 (2004), hep-ph/0312289.

[18] G.H. Derrick, J. Math Phys. 5 1252 (1964).

[19] O. DeWolfe, D. Z. Freedman, S. S. Gubser and A. Karch, Phys. Rev. D 62, 046008 (2000), hep-th/9909134.