arXiv:gr-qc/0603050 v2 6 Apr 2006

gr-qc/0603050

Exact scaling solutions and fixed points for general scalar field

Yungui Gong^∗ College of Electronic Engineering, Chongqing University of Posts and Telecommunications, Chongqing 400065, China and CASPER, Physics Department, Baylor University, Waco, TX 76798, USA

Anzhong Wang^† CASPER, Physics Department, Baylor University, Waco, TX 76798, USA

Yuan-Zhong Zhang CCAST (World Laboratory), P.O. Box 8730, Beijing 100080, China and Institute of Theoretical Physics, Chinese Academy of Sciences, P.O. Box 2735, Beijing 100080, China

Abstract

We show that the most general dark energy model that possesses a scaling solution ρ_ϕ ∝ a^n is the k-essence model, which includes both of the quintessence and tachyon models. The exact scaling solutions are then derived. The potential that gives the tracking solution in which dark energy exactly tracks the background matter field is the inverse squared potential. The quintessence field with exponential potential can be obtained from the k-essence field with the inverse squared potential. We also find the fixed points and study their main properties, whereby the scalar field dominant fixed point is identified.

PACS numbers: 98.80.Cq

∗Electronic address: gongyg@cqupt.edu.cn †Electronic address: anzhong˙wang@baylor.edu

I. INTRODUCTION

Recent cosmological observations of large-scale structure, type Ia supernova and the cosmic microwave background anisotropy suggests that the universe is currently experiencing an accelerated expansion [1]. To produce such an acceleration in general relativity, we have to introduce an “unseen” component with a large negative pressure to the matter contents of the universe, which is usually referred to as dark energy. This component accounts for about seventy percents of the total matter in the universe. The simplest candidate of dark energy is a very small cosmological constant. Due to its unknown origin, many other dynamical dark energy models have also been pursued, such as string/M-theory inspired models [2] and brane-world models [3]. For a review of dark energy models, please see [4].

One class of models of particular interest is the dynamical models that have scaling attractor solutions. It is well known that for the scalar field with the canonical kinetic term, exponential potentials have scaling attractor solutions [5, 6]. For tachyon field, the potential V (ϕ) = V_0ϕ^{−2} gives rise to scaling attractor solutions [7, 8]. For a general scalar field that interacts with the matter by a specific form, it was found that the general dark energy model which gives rise to scaling attractor solutions has the Lagrangian density L(X, ϕ) = Xg(Xe^{λϕ}) [9], where X = ϕ̇^2/2. After re-defining the scalar field, this Lagrangian density is equivalent to the k-essence one L(X, ϕ) = V (φ)f(X) with V (φ) = V_0φ^{−2}. This k-essence model gives the scaling attractor solution when there is no interaction between the scalar field and the matter.

It is interesting to find the most general dark energy model that gives the scaling solution ρ_ϕ ∝ a^n when the specific interaction between the scalar field and the matter is absent. Will the most general Lagrangian density still be L(X, ϕ) = Xg(Xe^{λϕ}) or L(X, ϕ) = V (φ)f(X) with V (φ) = V_0φ^{−2}? The answer to this question is not clear from the discussions in [9]. The question is addressed in this paper. We find that the most general model that gives the scaling solution is the k-essence one. To better understand the scaling solution, it is necessary to study the dynamical properties of the k-essence solutions. In this paper, we are particularly interested in finding the potential for a general scalar field with constant equation of state w_ϕ and studying the properties of the fixed points of the solutions.

The paper is organized as follows. In section II, we review the derivation of the general dark energy model L(X, ϕ) = Xg(Xe^{λϕ}) that gives rise to the scaling attractor solution with interaction and prove that the k-essence model is the most general dark energy model that gives rise to the scaling solutions with and without the interaction between the scalar field and the matter. In section III, we first review the exact solutions for a canonical scalar field with constant w_ϕ, then we derive the exact solutions for the k-essence field with constant w_ϕ. In section IV, we discuss the properties of the fixed points for the potential V (ϕ) = V_0ϕ^{−2}. We conclude our paper in section V.

II. GENERAL DARK ENERGY MODEL WITH TRACKING SOLUTIONS

For a general dark energy model with the Lagrangian density L(X, ϕ) = P (X, ϕ), we get the energy density ρ_ϕ = 2XP_X − P and the pressure p_ϕ = P of the scalar field ϕ, where P_X ≡ ∂P/∂X. By assuming a particular form of interaction between the dark energy and the matter, we have the following Friedmann equations ρ̇_ϕ + 3H(1 + w_ϕ)ρ_ϕ = −Qρ_mϕ̇, (1)

ρ̇_m + 3H(1 + w_m)ρ_m = Qρ_mϕ̇, (2)

Ω_m + Ω_ϕ = 1, (3) where Q is assumed to be a constant, Ω_m = ρ_m/(3m^2_{pl}H^2), Ω_ϕ = ρ_ϕ/(3m^2_{pl}H^2) and the reduced Planck mass m^{−2}_{pl} = 8πG. We are interested in the tracking solution in which the scalar field tracks the matter field so that Ω_ϕ/Ω_m is a constant, therefore we require Ω_m = 1 − Ω_ϕ = constant, w_ϕ = constant. (4) In terms of the variable N = ln a, we get ϕ̇ = Hdϕ/dN. Eqs. (4) and (3) tell us that H^2 = ρ_ϕ 3Ω_ϕm^2_{pl} = ρ_m 3Ω_mm^2_{pl}

, (5)

d ln ρ_ϕ dN = d ln ρ_m dN = d ln H^2 dN , (6) and Eqs. (1) and (2) become dρ_ϕ dN + 3(1 + w_ϕ)ρ_ϕ = −Qρ_m dϕ dN , (7) dρ_m dN + 3(1 + w_m)ρ_m = Qρ_m dϕ dN . (8)

Substitute Eq. (6) into Eqs. (7) and (8), we get dϕ dN = 1 Q [ d ln ρ_m dN + 3(1 + w_m) ] = − Ω_ϕ QΩ_m [ d ln ρ_ϕ dN + 3(1 + w_ϕ) ] = 3Ω_ϕ Q (w_m − w_ϕ). (9)

d ln ρ_ϕ dN = d ln ρ_m dN = d ln H^2 dN = −3(1 + w_{ef f} ), (10)

where w_{ef f} = Ω_mw_m + Ω_ϕw_ϕ. (11)

From the definition 2X = H^2(dϕ/dN)^2, we see that X ∝ H^2. So we get d ln X dN = d ln P dN = d ln p_ϕ dN = d ln p_m dN = d ln ρ_ϕ dN = −3(1 + w_{ef f} ). (12)

Since d ln P dN = ∂ ln P ∂ ln X d ln X dN + ∂ ln P ∂ϕ dϕ dN , so ∂ ln P ∂ ln X − 1 λ ∂ ln P ∂ϕ = 1, λ = Q

1 + Ω_mw_m + Ω_ϕw_ϕ

Ω_ϕ(w_m − w_ϕ)

. (13)

Therefore, the general form of the Lagrangian is [9] P (X, ϕ) = Xg(Xe^{λϕ}), (14) where g(Y ) is an arbitrary function.

From the above derivation, we see that dϕ/dN is not a constant in general if the interaction is absent, Q = 0. So when Q = 0, the above derivation is not applicable. However, the dark energy model (14) gives tracking solutions even when the interaction is absent. From Eq. (13), we see that the tracking solutions give w_m = w_ϕ if Q = 0. In fact, if we make field transformation φ = 2 exp(λϕ/2)/λ, then we get X(ϕ)g[X(ϕ)e^{λϕ}] = V (φ)F [X(φ)] with V (φ) = 4/(λ^2φ^2) and F (Y ) = Y g(Y ). So, the general dark energy model with tracking solutions is actually a particular k-essence model.

From the definition, we get w_ϕ = P/(2XP_X − P ). So a constant w_ϕ tells us that ∂ ln P/∂ ln X = (1 + w_ϕ)/w_ϕ is a constant. Therefore, we obtain ∂^2 ln P ∂ϕ∂ ln X = 0. (15)

The general solution to Eq. (15) is P (X, ϕ) = V (ϕ)F (X), which is the k-essence Lagrangian density. Therefore, we conclude that the k-essence is the general scalar field that gives rise to the scaling solution w_ϕ = constant.

III. THE K-ESSENCE FIELD

In this section, we look for the potential of the k-essence field that gives the scaling solutions. If we take g(Y ) = 1 − c/Y , then we have Xg(Xe^{λϕ}) = X − c exp(−λϕ). Because the model L(X, ϕ) = Xg(Xe^{λϕ}) is equivalent to the k-essence model with the inverse squared potential, so the quintessence model with the exponential potential is a particular case of the k-essence with inverse squared potential. Therefore, we first review the exact solutions for the quintessence field with constant equation of state.

A. Exact scaling solutions for quintessence field

If w_ϕ is a constant, then the solution to Eq. (1) with Q = 0 is

ρ_ϕ = ϕ̇2 2 + V (ϕ) = ρ_{ϕ0} (a_0 a )_{3(1+wϕ)}

, (16)

where the subscript 0 means the current value of the variable. From the definitions of the energy density and pressure, we find

ϕ̇^2 = 2(1 + w^ϕ) 1 − w_ϕ V (ϕ) = (1 + w_ϕ)ρ_ϕ. (17)

So Eq. (3) becomes

H^2 = 1 3m^2_{pl} [ ρ_{m0} (a_0 a )_{3(1+wm)} + ρ_{ϕ0} (a_0 a )_{3(1+wϕ)}] . (18)

Take dt = a^{3(1+wϕ)/2}dτ , we get √ Ω_{ϕ0}H_0dτ = da a √ 1 + Ω_{m0}/Ω_{ϕ0}a^{3(wϕ−wm )}

. (19)

Thus the solutions are [11]

a(τ ) =

(_{Ωm0}

Ω_{ϕ0} )_{1/3(wm−wϕ )} [ sinh (_{3(wm−wϕ )} 2 √ Ω_{ϕ0}H_0τ )]_{2/3(wm−wϕ )} for w_m ≠ w_ϕ, exp[H_0(τ − τ_0)] for w_m = w_ϕ.

(20)

Since ϕ̇ = aHdϕ/da, taking a_0 = 1 and combining Eqs. (17) with (18), we get ( dϕ da )_2 = 3m^2_{pl}(1 + w_ϕ)Ω_{ϕ0} Ω_{m0}a^{2+3(wϕ−wm )} + Ω_{ϕ0}a^2

. (21)

The solution to the above equation is

ϕ(a) = ±^2 √_{3m2pl(1+wϕ )} 3(w_m−w_ϕ ) Arsh (√_Ω ϕ0 Ω_{m0} a

3(w_m−w_ϕ )/2 ) + ϕ_{in} w_m ≠ w_ϕ and Ω_{m0} ≠ 0, ± √ 3m^2_{pl}(1 + w_ϕ)Ω_{ϕ0} ln a + ϕ_{in} w_m = w_ϕ or Ω_{m0} = 0,

(22)

where ϕ_in is an arbitrary constant determined by the initial condition. One interesting case is when Ω_{ϕ0} ≪ Ω_{m0} and w_m ≠ w_ϕ. In this case, we have

ϕ(a) = ± 2 3(w_ϕ − w_m) √ 3m^2_{pl}(1 + w_ϕ)Ω_{ϕ0} Ω_{m0} a^{−3(wϕ−wm )/2} + ϕ_{in}, if Ω_{ϕ0} ≪ Ω_{m0}. (23)

Then, combining Eqs. (16), (17) and (22), we obtain the potential of the scalar field [10]

V (ϕ) = 1−w_ϕ 2 ρ_{ϕ0} [√ Ω_{m0} Ω_{ϕ0} sinh (_{3(wm−w} ϕ ) 2 √_{3(1+wϕ)}^{ϕ−ϕin}_{mpl} )]_{−2(1+wϕ )/(wm−wϕ )} w_m ≠ w_ϕ and Ω_{m0} ≠ 0, 1−w_ϕ 2 ρ_{ϕ0} exp ( − √_{3(1+wϕ)}

Ω_{ϕ0} ϕ−ϕ_{in} m_{pl} ) w_m = w_ϕ or Ω_{m0} = 0, 1−w_ϕ 2 ρ_{ϕ0} [_{3(wϕ−wm )} 2 √_{Ωm0}

3(1+w_ϕ )Ω_{ϕ0} ϕ−ϕ_{in} m_{pl} ]_{2(1+wϕ)/(wϕ−wm )} Ω_{ϕ0} ≪ Ω_{m0} and w_m ≠ w_ϕ. (24)

B. Exact scaling solutions for the k-essence field

The Lagrangian density for the k-essence field is L = −V (ϕ)F (X). From the above Lagrangian density, we find

ρ_ϕ = V (ϕ)[F − 2XF_X ], p_ϕ = −V (ϕ)F (X), (25)

where F_X ≡ dF/dX. Then, from the definition of w_ϕ we find

d ln F (X) d ln X = X_cF_X (X_c) F (X_c) = 1 + w_ϕ 2w_ϕ . (26)

So, X_c is a constant along the scaling solution and its value is determined by Eq. (26). Using this fact, we obtain dϕ da = ± √ 2X_c Ha = ± √ 2X_c a^{3(1+wϕ)/2−1} H_0 √ Ω_{ϕ0} + Ω_{m0}a^{3(wϕ−wm )}

, (27)

V (ϕ) = −3m^2_{pl}Ω_{ϕ0}H^2_0 w_ϕ F (X_c) a^{−3(1+wϕ)}. (28)

(1) w_m = w_ϕ or Ω_m = 0. In this case, we have a(ϕ) = [ ± 3(1 + w_ϕ) 2 √ 2X_c H_0(ϕ − ϕ_{in}) ]_{2/3(1+wϕ)} , (29) V (ϕ) = − 8Ω_{ϕ0}w_ϕX_c 3(1 + w_ϕ)^2F (X_c) ( m_{pl} ϕ − ϕ_{in} )_2 . (30)

(2) w_m ≠ w_ϕ and Ω_m ≠ 0. In this case, letting dϕ = a^{3(1+wϕ)/2}dφ, we find a(φ) = ( Ω_{m0} Ω_{ϕ0} )_{1/3(wm−wϕ )} [ sinh ( 3(w_m − w_ϕ) 2 √ Ω_{ϕ0} 2X H_0(φ − φ_{in}) )]_{2/3(wm−wϕ )} , (31)

and the potential is

V (φ) = − 3m^2_{pl}H^2_0 Ω_{ϕ0} w_ϕ F (X) ( Ω_{ϕ0} Ω_{m0} )_{(1+wϕ )/(wm−wϕ )} × [ sinh ( 3(w_m − w_ϕ) 2 √ Ω_{ϕ0} 2X H_0(φ − φ_{in}) )]_{2(1+wϕ )/(wϕ−wm )} . (32)

The solution for the scale factor is also given by Eq. (20).

IV. FIXED POINTS OF TRACKING SOLUTIONS

In the previous sections, we show that the k-essence scalar field with the inverse squared potential V (ϕ) ∝ ϕ^{−2} gives the most general tracking solutions in which w_ϕ = w_m = constant. In this section, we discuss the fixed points for the general tracking solutions. Without loss of generality, we write the k-essence potential as V (ϕ) = 4/(λ^2ϕ^2), and set

x = ϕ̇ = √ 2X, y = V (ϕ) 3m^2_{pl}H^2 = 4 3λ^2m^2_{pl}H^2ϕ^2 , z = ρ_m 3m^2_{pl}H^2 . Then, the energy conservation equation for the scalar field ρ̇_ϕ + 3H(1 + w_ϕ)ρ_ϕ = 0 gives dx d ln a = − √ 3λm_{pl}(F − x^2F_X )y^{1/2} + 3xF_X F_X + x^2F_{XX}

, (33)

while the Friedmann Eq. (18) yields dy d ln a = −xy [√ 3λm_{pl}y^{1/2} + 3xF_X F − x^2F_X ] + 3yz [ 1 + w_m + x^2F_X F − x^2F_X ] , (34)

and the energy conservation equation for the matter field ρ̇_m + 3H(1 + w_m)ρ_m = 0 together with Eq. (18) give dz d ln a = 3z(z − 1) ( 1 + w_m + x^2F_X F − x^2F_X ) . (35)

Eq. (18) gives the constraint equation

y(F − x^2F_X ) + z = 1. (36)

For the tachyon, F (X) = √ 1 − 2X, the above equations reduce to Eqs. (11-13) in Ref. [8].

The fixed points are those points that satisfy dx = dy = dz = 0 in Eqs. (33)-(36). So there are three fixed points: (i) x = y = 0 and z = 1 which gives Ω_ϕ = 0. (ii) z = 0 and √ 3λm_{pl}(F − x^2F_X )y^{1/2} = −3xF_X . This is the scalar field dominated case Ω_ϕ = 1 and λ^2 = −3(1 + w_ϕ)F_X /m^2_{pl}. (iii) √ 3λm_{pl}(F − x^2F_X )y^{1/2} = −3xF_X and 1 + w_m + x^2F_X /(F − x^2F_X ) = 0. This is the case when the scalar field tracks the background field with w_m = w_ϕ and Ω_ϕ = −3(1 + w_ϕ)F_X /(m_{pl}λ)^2.

Now let us discuss the stability of these critical points. We first consider the property of the fixed point x_c = y_c = 0. Let x = x_c + δx and y = y_c + δy, then Eqs. (33), (34) and (36) give the following equations for small perturbations dδx d ln a = −3δx − √ 3 2 λm_{pl} F F_X y^{−1/2}_c δy, (37) dδy d ln a = 3(1 + w_m)δy. (38)

So the eigenvalues are −3 and 3(1 + w_m). When w_m > −1, the fixed point is an unstable saddle point, and when w_m = −1 the fixed point is a stable node.

For the fixed points (ii) and (iii), Eqs. (33), (34) and (36) give us the following equations for small perturbations dδx d ln a = 3w_ϕδx + 3 2 c^2_sx_cy^{−1}_c δy, (39) dδy d ln a = −3(1 + w_ϕ)x^{−1}_c y_c [ w_mΩ_ϕ

c^2_s

+ 1 − Ω_ϕ ] δx − [ 3(w_m − w_ϕ)Ω_ϕ + 3 2 (1 + w_ϕ) ] δy, (40) where the sound speed is defined as

c^2_s = dp_ϕ dρ_ϕ = F_X (X) F_X (X) + x^2_c F_{XX} (X) | | | |_{X=x2c /2}, (41)

x_c satisfies w_ϕ = − F (X) F (X) − x^2_c F_X (X) | | | X=x^2_c /2

, (42) and Ω_ϕ = y_c[F (X) − x^2_c F_X (X)]|_{X=x}2_{c /2}. (43)

We need to find out the eigenvalues of the matrix

M = 3w^ϕ 3c^{2s} x^cy^{−1c} /2 −3(1 + w_ϕ)x^{−1}_c y_c [w_mΩ_ϕ/c^2_s + 1 − Ω_ϕ] −3[(w_m − w_ϕ)Ω_ϕ + (1 + w_ϕ)/2] . (44)

For the fixed point (ii), we have 3^{1/2}λm_{pl}y^{1/2}c = −3x_cF_X /(F − x^2_c F_X ), X = x^2_c /2, and y_c = 1/(F − x^2_c F_X ). The eigenvalues are 3(w_ϕ − w_m) and 3(−1 + w_ϕ)/2 < 0. So, the fixed point is a stable node for w_ϕ < w_m and an unstable saddle for w_ϕ ≥ w_m.

For the fixed point (iii), we have 3^{1/2}λm_{pl}y^{1/2}c = −3x_cF_X /(F − x^2_c F_X ) and w_ϕ = w_m is related with x_c through Eq. (42). The eigenvalues are −3(1 − w_m) ± 3[(1 + 3w_m)^2 − 8(1 + w_m)(w_mΩ_ϕ + (1 − Ω_ϕ)c^2_s )]^{1/2} 4 , (45)

where c^2_s is given by Eq. (41). Thus, the fixed point is a stable node if c^2_s > w_m [12] and an unstable saddle point otherwise. For the tachyon field, the above results reduce to those obtained in [8]. All these results are summarized in table I.

TABLE I: Summary of the properties of the critical points.

x y Stability Ω_ϕ w_ϕ 0 0 Unstable saddle for w_m > −1 0 Undefined x_{c2} y_{c2} Stable node for w_ϕ < w_m 1 Eq.(42) Unstable saddle for w_ϕ ≥ w_m x_{c3} y_{c3} Stable node for c^2_s > w_m Eq. (43) w_m Unstable saddle for c^2_s ≤ w_m

V. CONCLUSION

In [9], it was found that when a specific interaction between the dark energy and the matter is present, the most general dark energy model that gives the tracking solution is the model L(X, ϕ) = Xg(Xe^{λϕ}). In this paper, we prove that the k-essence models with the potentials given by Eqs. (30) and (32) are the most general dark energy models which possess a constant equation of state. This result is applicable to the cases both with and without interactions between the dark energy and the matter. Moreover, it also includes a variety of interesting dark energy models, such as quintessence and tachyon. The potential that gives rise to the tracking solution with w_m = w_ϕ is the inverse squared potential V (ϕ) ∝ ϕ^{−2}. This potential reduces to the exponential potential of the quintessence if we choose F (X) = X −c. We also show that for a scalar field with constant equation of state, there are two fixed points relevant to dark energy: (a) the scalar field dominant attractor Ω_ϕ = 1. (b) the tracking attractor w_m = w_ϕ. The properties of the fixed points are summarized in table I. For the first fixed point, it is a stable node if w_ϕ < w_m and an unstable saddle if w_ϕ ≥ w_m. For the dark energy model, we require w_ϕ < 0 and w_m ≥ 0, so it is an attractor. For the second fixed point, it is a stable node if c^2_s > w_m and an unstable saddle if c^2_s ≤ w_m. Considering the late time behavior of the dark energy, we set w_m = 0. We also require the sound speed to be positive, so again the fixed point is an attractor for relevant dark energy model.

Acknowledgments

Y. Gong was supported by Baylor University, NNSFC under grant No. 10447008, SRF for ROCS, State Education Ministry and CQUPT under grant No. A2004-05. Y.Z. Zhang’s work was in part supported by NNSFC under Grant No. 90403032 and also by National Basic Research Program of China under Grant No. 2003CB716300.

[1] S. Perlmutter, et al., Astrophy. J. 517 (1999) 565; P.M. Garnavich, et al., Astrophys. J. 493 (1998) L53; C.L. Bennett, et al., Astrophys. J. Supp. Ser.148 (2003) 1; D.J. Eisenstein, et al., Astrophys. J. 633 (2005) 560.

[2] N. Ohta, Int. J. Mod. Phys. A 20 (2005) 1; J. Ellis, N.E. Mavromatos, D.V. Nanopoulos, Gen.

Relativ. Gravit. 37 (2005) 1665; I.P. Neupane, D.L. Wiltshire, Phys. Rev. D 72 (2005) 083509; Y.G. Gong, A. Wang, gr-qc/0602055, Class. Quantum Grav. in press.

[3] P. Binétruy, C. Deffayet, D. Langlois, Nucl. Phys. B 565 (2000) 269; G. Dvali, G. Gabadadze, M. Porrati, Phys. Lett. B 485 (2000) 208; R.G. Cai, H.S. Zhang, A.Z. Wang, Commun. Theor. Phys. 44 (2005) 948; B. Wang, Y.G. Gong, R.K. Su, Phys. Lett. B 605 (2005) 9; V. Sahni, in: E. Papantonopoulos (Ed.), The Physics of the Early Universe, Springer, Berlin, 2005, P. 141;

R. Maartens, astro-ph/0602415.

[4] V. Sahni, A. A. Starobinsky, Int. J. Mod. Phys. D 9 (2000) 373; T. Padmanabhan, Phys. Rep.

380 (2003) 235; P.J.E. Peebles, B. Ratra, Rev. Mod. Phys. 75 (2003) 559. [5] E.J. Copeland, A.R. Liddle, D. Wands, Phys. Rev. D 57 (1998) 4686. [6] P.G. Ferreira, M. Joyce, Phys. Rev. Lett. 79 (1997) 4740; C. Wetterich, Nucl. Phys. B 302 (1988) 668; B. Ratra, P.J.E. Peebles, Phys. Rev. D 37 (1988) 3406.

[7] T. Padmanabhan, T.R. Choudhury, Phys. Rev. D 66 (2002) 081301; T. Padmanabhan, Phys.

Rev. D 66 (2002) 021301; A. Feinstein, Phys. Rev. D 66 (2002) 063511. [8] J.M. Aguirregabiria, R. Lazkoz, Phys. Rev. D 69 (2004) 123502.

[9] F. Piazza, S. Tsujikawa, JCAP 0407 (2004) 004; S. Tsujikawa, M. Sami, Phys. Lett. B 603 (2004) 113; B. Gumjudpai, T. Naskar, M. Sami, S. Tsujikawa, JCAP 0506 (2005) 007; S. Tsujikawa, hep-th/0601178; E.J. Copeland, M. Sami, S. Tsujikawa, hep-th/0603057.

[10] V. Sahni, A.A. Starobinsky, Int. J. Mod. Phys. D 9 (2000) 373; C. Rubano, J.D. Barrow, Phys. Rev. D 64 (2001) 127301; V.B. Johri, Class. Quantum Grav. 19 (2002) 5959.

[11] A. Gruppuso, F. Finelli, Phys. Rev. D 73 (2006) 023512.

[12] C. Armendariz-Picon, V. Mukhanov, P.J. Steinhardt, Phys. Rev. D 63 (2001) 103510.