arXiv:gr-qc/0603104 v1 27 Mar 2006

Coupling Between the Spin and Gravitational Field and the Equation of Motion of the Spin

Ning WU^∗

Institute of High Energy Physics, P.O.Box 918-1, the Chinese Academy of Science, Beijing 100039, P.R.China

March 27, 2006

Abstract

In general relativity, the equation of motion of the spin is given by the equation of parallel transport, which is a result of the space-time geometry. Any result of the space-time geometry can not be directly applied to gauge theory of gravity. In gauge theory of gravity, based on the viewpoint of the coupling between the spin and gravitational field, an equation of motion of the spin is deduced. In the post Newtonian approximation, it is proved that this equation gives out the same result as that of the equation of parallel transport. So, in the post Newtonian approximation, gauge theory of gravity gives out the same prediction on the precession of orbiting gyroscope as that of general relativity.

PACS Numbers: 04.80.Cc, 04.25.-g, 04.60.-m, 04.20.Cv.

Keywords: precession of the orbiting gyroscopes, classical tests of gauge theory of gravity, gauge theory of gravity, equation of motion of the spin.

∗email address: wuning@mail.ihep.ac.cn

1 Introduction

It is known that any theory on gravitational interactions should first pass classical tests of gravity. General Relativity(GR) has passed several classical tests[1, 2], including the deflection of light by the sun[1, 3], the precession of the perihelia of the orbits of the inner planets[1, 4], and the time delay of radar echoes passing the sun[5, 6]. Another new test, the precession of orbiting gyroscopes[7, 8, 9], is going on the way. It is reported that, with an accuracy of about 20%, the observed precession of the orbiting gyroscopes is consistent with the predictions of GR[10, 11]. Basis of the calculation of these classical tests in GR is Schwarzschild solution, geodesic equation, and the equation of parallel transport[12, 13].

The precession of orbiting gyroscopes is a gravitomagnetic effect. The classical effects of gravitomagnetism were studied for more than one hundred years. The close analogy between Newton’s gravitation law and Coulomb’s law of electricity led to the birth of the concept of gravitomagnetism in the nineteenth century[14, 15, 16, 17]. Later, in the framework of GR, gravitomagnetism was extensively explored[18, 19, 20]. Some recently reviews on gravitomagnetism from different viewpoints can be found in literatures [21, 22, 23].

Quantum Gauge Theory of Gravity(QGTG) is first proposed in 2001[24, 25, 26, 27]. The motivation to propose QGTG is try to unify general relativity with quantum theory in the framework of gauge field theory. This goal does not reached until 2003, when Quantum Gauge General Relativity(QGGR) is proposed in the framework of QGTG[28, 29]. QGGR is a perturbatively renormalizable quantum theory, so based on it, quantum effects of gravity[30, 31, 32, 33] and gravitational interactions of some basic quantum fields [34, 35] can be explored. Unification of fundamental interactions including gravity can be fulfilled in a simple and beautiful way[36, 37, 38]. If we use the mass generation mechanism reported in the literatures [39, 40], we can propose a new theory on gravity which contains massive graviton and the introduction of massive graviton does not affect the strict local gravitational gauge symmetry of the Action and does not affect the traditional long-range gravitational force[41]. The existence of massive graviton will help us to understand the possible origin of dark matter. In QGGR, the field equation of gravitational gauge field is just Einstein’s field equation, so in classical level, we can set up its geometrical formulation[42], and QGGR returns to Einstein’s general relativity in classical level. In QGGR, the field equation of gravitational gauge field is the same as Einstein’s field equation in GR, so two equations have the same solutions, though mathematical expressions of the two equations are completely different[43]. For three classical tests, the deflection of light by the sun, the precession of the perihelia of the orbits of the inner planets, and the time delay of radar echoes passing the sun, QGGR gives out the same predictions as those of GR[43].

In this paper, the equation of motion of the spin is discussed in the framework of QGGR. In QGGR, gravity is treated as a kind of physical interactions, which is transmitted by graviton. So in QGGR, the equation of parallel transport can not be directly used, for it is a result of space-time geometry. Based on the coupling between the spin and gravitational field, the equation of motion of the spin can be obtained. Then we prove that this equation and the equation of parallel transport give out the same results in the post Newtonian approximation.

2 Gravitomagnetic and Gravitoelectric Field

For the sake of integrity, we give a simple introduction to QGGR and introduce some notations which is used in this paper. Details on QGGR can be found in literatures [24, 25, 26, 27, 28, 29]. In gauge theory of gravity, the most fundamental quantity is gravitational gauge field C_μ(x), which is the gauge potential corresponding to gravitational gauge symmetry. Gauge field C_μ(x) is a vector in the corresponding Lie algebra, which, for the sake of convenience, will be called gravitational Lie algebra. So C_μ(x) can be expanded as

C_μ(x) = C^α_μ (x)P̂_α, (μ, α = 0, 1, 2, 3) (2.1)

where C^α_μ (x) is the component field and P̂_α = −i^∂_{∂xα} is the generator of global gravitational gauge group. The gravitational gauge covariant derivative is given by

D_μ = ∂_μ − igC_μ(x) = G^α_μ ∂_α, (2.2)

where g is the gravitational coupling constant and matrix G = (G^α_μ ) = (δ^α_μ − gC^α_μ ). Its inverse matrix is G^{−1} =^1_{I−gC} = (G^{−1μ}_α ). Using matrix G and G^{−1}, we can define two important composite operators

g^{αβ} = η^{μν} G^α_μ G^β_ν , (2.3)

g_{αβ} = η_{μν} G^{−1μ}_α G^{−1ν}_β , (2.4)

which are widely used in QGGR. In QGGR, space-time is always flat and space-time metric is always Minkowski metric, so g^{αβ} and g_{αβ} are no longer space-time metric. They are only two composite operators which consist of gravitational gauge field.

The field strength of gravitational gauge field is defined by

F_{μν} (x)^△= 1 −ig [D_μ , D_ν ] = F^α_{μν} (x) · P̂_α (2.5)

where F^α_{μν} = G^β_μ∂_βC^α_ν − G^β_ν ∂_βC^α_μ . (2.6)

Define F^α_{ij} = −ε_{ijk}B^α_k , F^α_{0i} = E^α_i . (2.7)

Then field strength of gravitational gauge field can be expressed as

F^α =

0 E^α_1 E^α_2 E^α_3 −E^α_1 0 −B^α_3 B^α_2 −E^α_2 B^α_3 0 −B^α_1 −E^α_3 −B^α_2 B^α_1 0

. (2.8)

This form is quite similar to that of field strength in electrodynamics, but with an extra group index α. The component E^α_i of field strength is called gravitoelectric field, and B^α_i is called gravitomagnetic field. Traditional Newtonian gravity is transmitted by gravitoelectric field E^0_i , and the gravitational Lorentz force is transmitted by gravitomagnetic field B^α_i [44]. Effects of gravitomagnetic field in astrophysical processes maybe observable[33]. The equation of motion of the spin discussed in this paper is dominated by the coupling between the spin of the particle and gravitomagnetic field. The α = 0 components B^0_i and E^0_i respectively correspond to the gravitomagnetic field and gravitoelectric field defined in literature [18, 19, 20, 21, 22, 23].

3 The Equation of Motion of the Spin in Gravitational Field

First, we need to determine the coupling term between the spin of a particle and gravitomagnetic field. In electromagnetic interactions, the coupling energy between the spin^→J of a particle and magnetic field^→B_e is − q m → J ·^→Be, (3.1) where q is the electric charge of the particle, and m is its mass. We can conjecture that the coupling between the spin^→J and gravitomagnetic field^→B^α should be proportional to^→J ·^→B^α. This is true. In literature [35, 32], in the non-relativistic limit and weak gravitational field approximation, we have deduced that the coupling between the spin of a Dirac particle and gravitomagnetic field^→B^α is − g 2 → σ ·^→B^0, (3.2)

where σ_i is the Pauli matrix. Because the spin operator of the Dirac particle is^{σi}_2 , for a general particle with spin^→S, we can generate the equation (3.2) to the following form ΔH = −g^→S ·^→B^0= −gSB^0 cos θ, (3.3) where ΔH is the energy shift caused by this coupling, and θ is the angle between directions of spin and gravitomagnetic field. Then the magnitude of the torque acting on the spin is L = − ∂ΔH ∂θ = −gSB^0 sin θ. (3.4)

Its direction along the direction of enlarging the θ angle. So, the torque vector^→L should be_→ L= g^→S ×^→B^0 . (3.5) From definition (2.7) of gravitomagnetic field, we have

L_i = −gF^0_{ij}S_i. (3.6)

The above relation gives out the leading contribution of the torque caused by the gravitomagnetic interaction of the spin, which is in a non-relativistic form. Indeed, it is obtained in the non-relativistic limit and weak gravitational field approximation. According to the gauge principle and the principle of relativity, any fundamental equation of motion should be Lorentz covariant and gauge covariant. Denote the final required torque as L_μ. Then under Lorentz transformations, it should be transformed as L_μ → L^′_μ = Λ^ν_μ L_ν , (3.7) and under gravitational gauge transformations, it should be transformd as

L_μ → L^′_μ = (Û_ϵL_ν ), (3.8)

and it should return to equation (3.6) in non-relativistic limit and weak field approximation. We can prove that the following torque satisfies all above requirements

L_μ = gη^{λν} g_{αβ}F^α_{μν} S_λU^β , (3.9)

where S_μ is the gravitogauge canonical spin, and U^β is the velocity of the particle. Therefore, the equation of motion of the spin in gravitational field is dS_μ dτ = gη^{λν} g_{αβ} F^α_{μν} S_λU^β . (3.10)

The relation between the gravitogauge canonical spin S_μ and its ordinary spin four-vector S_α is S_μ = G^α_μ S_α. (3.11) Therefore, we have G^{−1μ}_α dS_μ dτ = dS_α dτ + G^{−1μ}_α (∂_γ G^β_μ)S_βU^γ . (3.12)

Then equation (3.10) can be changed into dS_α dτ = G^β_μ(∂_γ G^{−1μ}_α )S_β U^γ + gη^{λν} g_{βγ} G^{−1μ}_α G^δ_λF^β_{μν} S_δU^γ . (3.13) This is the equation of motion of the spin S_α.

4 Post Newtonian Approximation

Now, let’s discuss the post Newtonian approximation of the equation (3.10). In post Newtonian approximation, we have g_{00} = η_{00} − 2ϕ + o(v̄^4) g_{ij} = η_{ij} − 2δ_{ij} ϕ + o(v̄^4) g_{i0} = g_{0i} = ζ_i + o(v̄^5) U^0 = 1 + o(v̄^2) U^i = v^i + o(v̄^3) S_i = S_i + o(v̄^2S) S_0 = −^→v ·^→S +0(v̄^3S)

, (4.1)

where ϕ and ζ_i are given by the following relations ϕ = − GM r , (4.2) → ζ = 2G r^3

(^→x ×^→J ). (4.3) In above relations, M and^→J are mass and spin angular momentum of the source. In post Newtonian approximation, we have dS_i dτ = dS_i dt + S_i ∂ϕ ∂t + S_i(^→v ·∇ϕ) + o(v̄^4), (4.4) and gη^{λν} g_{αβ} F^α_{iν} S_λU^β = −2(∂_iϕ)(^→v ·^→S)+ 1 2 (∂_iζ_j )S_j − 1 2 (^→S ·∇)ζ_i+v_i(^→S ·∇ϕ)+o(v̄^4). (4.5)

In equation (3.10), set ν = i and apply the above results, we obtain the following equation of motion

d^→S dt = 1 2 → S ×(∇× → ζ )−^→S ∂ϕ ∂t −2(^→v ·^→S)∇ϕ−^→S (^→v ·∇ϕ)+^→v (^→S ·∇ϕ)+o(v̄^4). (4.6)

It is found that this equation is completely the same as the equation (9.6.5) in literature [12], it is also the same as the equation (5.5.12) in literature [13] if we neglect the influence of Thomas precession. Follow the deduction in literature[12, 13], and define_→ S^′= (1 + ϕ)^→S − 1 2 → v (^→v ·^→S), (4.7)

we can deduce the following equation from (4.6) d dt → S^′=^→Ω ×^→S^′ (4.8)

with the precession angular velocity → Ω= − 1 2 ∇ × ζ − 3 2 → v ×∇ϕ. (4.9) The first term gives the Lense-Thirring precession, and the second term gives the geodesic precession. Applying (4.2) and (4.3), we get → Ω= 3G^→x (^→x ·^→J )r^{−5} − G^→J r^{−3} + 3GM(^→x ×^→v ) 2r^2

. (4.10)

This result is completely the same as those predicted by general relativity[12, 13].

5 Summary and Discussions

In this paper, based on the concept of the coupling between the spin of the particle and gravitomagnetic field, the equation of motion of the spin is obtained. In post Newtonian approximation, this equation of motion of the spin gives out completely the same results as those given by GR, whose calculation is based on the equation parallel transport. So, for the precession of orbiting gyroscope, QGGR gives out the same theoretical prediction as that of GR.

Other three classical tests of gravity, including the deflection of light by the sun, the precession of the perihelia of the orbits of the inner planets and the time delay of radar echoes passing the sun, are discussed in the literature [43]. Now, we know that, for all classical tests of gravity, QGGR gives out the same theoretical predictions as those of GR. As we have stated before[28, 29], in classical level, QGGR returns to GR. The word ”return” means that QGGR gives out the same results for all classical phenomenon as those of GR. Because QGGR is a perturbatively renormalizable quantum theory of gravity and can be used to explore quantum phenomenon of gravitational interactions, QGGR can be regarded as a fundamental theory that was developed from GR and the unification of quantum theory and GR.

In QGGR, gravity is treated as a kind of fundamental interactions in Minkowski space-time. The self-consistent treatment of the classical phenomenon of gravity in QGGR is systematically formulated in this paper and the literature [43]. For a long time, we use the language of space-time geometry to study classical problems of gravitational interactions, and do not know how to study classical problems of gravitational interactions by using language of pure physics. Now, in QGGR, we propose a systematic method to study classical problems of gravitational interactions by using the language of pure physics, which can provide us many useful information on the nature of gravity.

References

[1] Albert Einstein, Annalen der Phys., 49 (1916) 769 .

[2] Albert Einstein, Zeits. Math. und Phys. 62 (1913) 225.

[3] F.W.Dyson, A.S.Eddington, and C.Davidson, Phil. Trans. Roy. Soc.(London), 220A, (1920):291; Mem. Roy. Astron. Soc., 62, (1921):291.

[4] S.Newcomb, Astronomical Papers of the American Emhemeris, 1, (1882):472.

[5] I.I.Shapiro, Phys. Rev. Letters, 13, (1964):789.

[6] I.I.Shapiro, G.H.Pettengill, M.E.Ash, M.L.Stone, W.B.Smith, R.P.Ingalls, and R.A.Brockelman, Phys. Rev. Letters, 20, (1968):1265.

[7] G.E.Pugh, WSEG Research Memo 11, U.S. Dept. of Defense(1959).

[8] L.I.Schiff, Proc. Nat. Acad. Sci., 46, (1960):871; Phys. Rev. Letters, 4, (1960):215.

[9] A.Papapetrou, Proc. Roy. Soc., A209, (1951):248; E.Corinaldesi and A.Papapetrou, Proc. Roy. Soc., 209, (1951):259.

[10] I.Ciufolini, E.C.Pavlis, et al., Science, 279, (1998):2100.

[11] I.Ciufolini, E.C.Pavlis, Nature, 431, (2004):958.

[12] S. Weinberg, Gravitation and Cosmology: Principles and Applications of the General Theory of Relativity, (John Wiley, New York, 1972).

[13] N. Straumann, General Relativity and Relativistic Astrophysics, (Springer- Verlag, Berlin Heidelberg New York Tokyo, 1984).

[14] Maxwell J.C., Phil. Trans., 155, (1865) 492. [15] G. Holzmuller, Z. Math. Phys., 15, (1870) 69.

[16] F. Tisserand, Compte Rendu hebdomadaire des sceances de L’Academie des sciences, 75 (1872) 760; 110 (1890) 313.

[17] O. Heaviside, Electromagnetic Theory, The Electrician Printing and Publishing Co., London, 1894, Vol. I, Appendix B; O. Heaviside, The Electrician, 31 (1893) 281-282 and 359.

[18] A. Einstein, Phys. Z., 14, (1913) 1261.

[19] H. Thirring, Phys. Z., 19, (1918) 204; 19, (1918) 33; 22, (1921) 29. [20] J. Lense and H. Thirring, Phys. Z., 19, (1918) 156; B. Mashhoon, F.W. Hehl and D.S. Thesis, Gen. Rel. Grav., 16, (1984) 711.

[21] M.L. Ruggiero and A. Tartaglia, gr-qc/0207065. [22] B. Mashhoon, gr-qc/0311030. [23] G. Schafer, gr-qc/0407116.

[24] Ning WU, ”Gauge Theory of Gravity”, hep-th/0109145. [25] Ning WU, Commun. Theor. Phys. (Beijing, China) 38 (2002): 151-156. [26] Ning WU, ”Quantum Gauge Theory of Gravity”, hep-th/0112062. [27] Ning WU, ”Quantum Gauge Theory of Gravity”, talk given at Meeting of the Devision of Particles and Fields of American Physical Society at the College of William & Mary(DPF2002), May 24-28, 2002, Williamsburg, Virgia, USA; hep-th/0207254; Transparancy can be obtained from: http://dpf2002.velopers.net/talks pdf/33talk.pdf [28] Ning WU, Commun. Theor. Phys. (Beijing, China) 42 (2004): 543-552. [29] Ning WU, ”Renormalizable Quantum Gauge General Relativity” grqc/0309041.

[30] Ning WU, Commun. Theor. Phys. (Beijing, China) 41 (2004): 567-572.

[31] Ning WU,Mechanism of Gravity Impulse, Commun. Theor. Phys. (had been accepted).

[32] Ning WU, Commun. Theor. Phys. (Beijing, China) 45 (2006): 452-456. [33] Ning WU, Dahua ZHANG Determination of Gravitomagnetic Field through GRBs or X-ray Pulsars, gr-qc/0507055.

[34] Ning WU, Commun. Theor. Phys. (Beijing, China) 40 (2003): 429-434. [35] Ning WU, Commun. Theor. Phys. (Beijing, China) 41 (2004): 381-384. [36] Ning WU, Commun. Theor. Phys. (Beijing, China) 38 (2002): 322-326. [37] Ning WU, Commun. Theor. Phys. (Beijing, China) 38 (2002): 455-460. [38] Ning WU, Commun. Theor. Phys. (Beijing, China) 39 (2003): 561-568. [39] Ning Wu, Commun. Theor. Phys., (Beijing, China) 36 (2001) 169-172. [40] Ning Wu, Commun. Theor. Phys. (Beijing, China) 38 (2002): 577-582. [41] Ning Wu, Commun. Theor. Phys. (Beijing, China) 39 (2003): 671-674. [42] Ning WU, Dahua Zhang and Tu-nan Ruan, Commun. Theor. Phys. (Beijing, China) 40 (2003): 337-340.

[43] Ning WU, Da-Hua ZHANG, Classical Solution of Field Equation of Gravitational Gauge Field and Classical Tests of Gauge Theory of Gravity, grqc/0508009.

[44] Ning WU, Commun. Theor. Phys. (Beijing, China) 44 (2005): 883-886.