arXiv:gr-qc/0603134 v2 7 Apr 2006

Torsion, Dirac Field, Dark Matter and Dark Radiation

Prasanta Mahato^{∗†}

Abstract

The role of torsion and a scalar field ϕ in gravitation, especially, in the presence of a Dirac field in the background of a particular class of the Riemann-Cartan geometry is considered here. Recently, a Lagrangian density with Lagrange multipliers has been proposed by the author which has been obtained by picking some particular terms from the SO(4, 1) Pontryagin density, where the scalar field ϕ causes the de Sitter connection to have the proper dimension of a gauge field. In this article the scalar field has been linked to the dimension of the Dirac field. Here we get the field equations for the Dirac field and the scalar field in such a way that both of them appear to be mutually non-interacting. In this scenario the scalar field appears to be a natural candidate for the dark matter and the dark radiation.

PACS: 04.20.Fy, 04.20.Cv

KEY WORDS: Nieh-Yan Density, Torsion, Dark Matter, Dark Radiation

1 Introduction

Scalar-Tensor gravity theories[1, 2, 3] provide a natural gen-

eralizations of General Relativity (GR) by introducing an ad-

∗Narasinha Dutt College, Howrah, West Bengal, India 711 101 †E-mail: pmahato@dataone.in 1 ditional scalar field ϕ, the dynamical importance of which is determined by an arbitrary coupling function ω(ϕ). According to Brans-Dicke theory, the value of G is determined by the value of the Brans-Dicke scalar field ϕ. The Brans-Dicke version of Einstein-Cartan theory, with nonzero torsion and vanishing nonmetricity, has been discussed by many authors[4, 5, 6]. In these approaches ϕ acts as a source of torsion[7, 8]. On the other hand String theories[9], also, predict the existence of scalar partners to the tensor gravity of GR. Since the advent of the first inflationary models [10], cosmologies containing scalar fields have received widespread attention in the literature. From a purely phenomenological point of view, such scalar fields are general enough to accommodate a rich variety of behaviors. From a theoretical point of view, their invariable appearance in various theories of nature makes them natural candidates for cosmological applications. Such fields as correspondent potential in Riemann-Cartan FRW universe has also been studied in some other work[11].

It is a remarkable result of differential geometry that certain global features of a manifold are determined by some local invariant densities. These topological invariants have an important property in common - they are total divergences and in any local theory these invariants, when treated as Lagrangian densities, contribute nothing to the Euler-Lagrange equations. Hence in a local theory only few parts, not the whole part, of these invariants can be kept in a Lagrangian density. Recently, in this direction, a gravitational Lagrangian has been proposed[12], where a Lorentz invariant part of the de Sitter Pontryagin density has been treated as the Einstein-Hilbert Lagrangian. By this way the role of torsion in the underlying manifold has become multiplicative rather than additive one and the Lagrangian looks like torsion⊗curvature. In other words - the additive torsion is decoupled from the theory but not the multiplicative one. This indicates that torsion is uniformly nonzero everywhere. In the geometrical sense, this implies that micro local space-time is such that at every point there is a direction vector (vortex line) attached to it. This effectively corresponds to the non commutative geometry having the manifold M_4 × Z_2, where the discrete space Z_2 is just not the two point space[13] but appears as an attached direction vector. This has direct relevance in the quantization of a fermion where the discrete space appears as the internal space of a particle[14]. Considering torsion and torsionless connection as independent fields[15], it has been found that κ of Einstein-Hilbert Lagrangian, appears as an integration constant in such a way that it has been found to be linked with the topological Nieh-Yan density of U_4 space. If we consider axial vector torsion together with a scalar field ϕ connected to a local scale factor[16], then the Euler-Lagrange equations not only give the constancy of the gravitational constant but they also link, in laboratory scale, the mass of the scalar field with the

Nieh-Yan density and, in cosmic scale of FRW-cosmology, they predict only three kinds of the phenomenological energy density representing mass, radiation and cosmological constant.

This article has been prepared to study the role of torsion and the scalar field ϕ in gravitation, especially, in the presence of a Dirac field in the background of a particular class of Riemann- Cartan geometry of the space-time manifold and also try to study the possible connection of the field ϕ with dark matter[17, 18] and dark radiation[19, 20, 21, 22, 23].

2 Axial Vector Torsion and Gravity

Cartan’s structural equations for a Riemann-Cartan space-time U_4 are given by [24, 25]

T^a = de^a + ω^a_b ∧ e^b (1) R^a_b = dω^a_b + ω^a_c ∧ ω^c_b, (2)

here ω^a_b and e^a represent the spin connection and the local frame respectively.

In U_4 there exists two invariant closed four forms. One is the well known Pontryagin[26, 27] density P and the other is the less known Nieh-Yan[28] density N given by

P = R^{ab} ∧ R_{ab} (3) and N = d(e_a ∧ T^a) = T^a ∧ T_a − R_{ab} ∧ e^a ∧ e^b. (4)

Here we consider a particular class of the Riemann-Cartan geometry where only the axial vector part of the torsion is nontrivial. Then, from (4), one naturally gets the Nieh-Yan density

N = −R_{ab} ∧ e^a ∧ e^b = −^∗Nη , (5) where η := 1 4! ϵ_{abcd}e^a ∧ e^b ∧ e^c ∧ e^d (6)

is the invariant volume element. It follows that^∗N, the Hodge dual of N, is a scalar density of dimension (length)^{−2}.

We can combine the spin connection and the vierbeins multiplied by a scalar field together in a connection for SO(4, 1), in the tangent space, in the form

W^{AB} = ω^{ab} ϕe^a −ϕe^b 0 , (7)

where a, b = 1, 2, ..4; A, B = 1, 2, ..5 and ϕ is a variable parameter of dimension (length)^{−1} and Weyl weight (−1), such that, ϕe^a has the correct dimension and conformal weight of the de Sitter boost part of the SO(4, 1) gauge connection. In some earlier works[29, 30, 15] ϕ has been treated as an inverse length constant. In a recent paper[16] ϕ has been associated, either in laboratory scale or in cosmic sale, with a local energy scale. In laboratory scale its coupling with torsion gives the mass term of the scalar field and in cosmic scale it exactly produces the phenomenological energy densities of the FRW universe. The gravitational Lagrangian, in this approach, has been defined to be

L_G = − 1 6 (^∗NRη + βϕ^2N) +^∗(b_a ∧ ¯∇e^a)(b_a ∧ ¯∇e^a) −f(ϕ)dϕ ∧^∗dϕ − h(ϕ)η, (8)

where * is Hodge duality operator, Rη =^1_2R̄^{ab} ∧ η_{ab}, R̄^b_a = dω̄^b_a + ω̄^b_c ∧ ω̄^c_a, ω̄^a_b = ω^a_b − T^a_b, T^a = e^{aμ}T_{μνα}dx^ν ∧ dx^α, T^{ab} = e^{aμ}e^{bν} T_{μνα}dx^α, T =^1_{3!} T_{μνα}dx^μ ∧ dx^ν ∧ dx^α, N = 6dT , η_a =^1_{3!} ϵ_{abcd}e^b ∧ e^c ∧ e^d and η_{ab} =^∗(e_a ∧ e_b). Here β is a dimensionless coupling constant, ¯∇ represents covariant differentiation with respect to the connection one form ω̄^{ab}, b_a is a two form with one internal index and of dimension (length)^{−1} and f(ϕ), h(ϕ) are unknown functions of ϕ whose forms are to be determined subject to the geometric structure of the manifold. The geometrical implication of the first term, i.e. the torsion ⊗ curvature^1 term, in the Lagrangian L_G has already been discussed in the beginning.

The Lagrangian L_G is only Lorentz invariant under rotation in the tangent space where de Sitter boosts are not permitted.

1An important advantage of this part of the Lagrangian is that - it is a quadratic one with respect to the field derivatives and this could be valuable in relation to the quantization program of gravity like other gauge theories of QFT.

As a consequence T can be treated independently of e^a and ω̄^{ab}. Here we note that, though torsion one form T^{ab} = ω^{ab} − ω̄^{ab} is a part of the SO(3, 1) connection, it does not transform like a connection form under SO(3, 1) rotation in the tangent space and thus it imparts no constraint on the gauge degree of freedom of the Lagrangian.

3 Scalar Field and Spinorial Matter

Now we are in a position to write the total gravity Lagrangian in the presence of a spinorial matter field, given by

L_{tot.} = L_G + L_D, (9)

where

L_D = ϕ^2[ i 2 {ψ^∗γ ∧ Dψ + Dψ ∧^∗γψ} − g 4 ψγ_5γψ ∧ T +c_ψ √_∗ dT ψψη] (10) γ_μ := γ_ae^a_μ,^∗γ := γ^aη_a, D := d + Γ (11) Γ := 1 4 γ^μD^{{}}γ_μ = 1 4 γ^μγ_{μ:ν} dx^ν = − i 4 σ_{ab}e^{aμ}e^b_{μ:ν} dx^ν (12)

here D^{{}}, or : in tensorial notation, is Riemannian torsion free covariant differentiation acting on external indices only; σ^{ab} = i 2 (γ^aγ^b − γ^bγ^a), ψ = ψ^†γ^0 and g, c_ψ are both dimensionless coupling constants. Here ψ and ψ have dimension (length)^{− 1}2 and conformal weight −^1_2 . It can be verified that under SL(2, C) transformation on the spinor field and gamma matrices, given by,

ψ → ψ^′ = Sψ, ψ → ψ^′ = ψS^{−1} and γ → γ^′ = SγS^{−1}, (13)

where S = exp(^i_4 θ_{ab}σ^{ab}), Γ obeys the transformation property of a SL(2, C) gauge connection, i.e.

Γ → Γ^′ = S(d + Γ)S^{−1} (14) s. t. Dγ := dγ + [Γ, γ] = 0. (15)

Hence γ is a covariantly constant matrix valued one form w. r. t. the SL(2, C) covariant derivative D. By Geroch’s theorem[31] we know that - the existence of the spinor structure is equivalent to the existence of a global field of orthonormal tetrads on the space and time orientable manifold. Hence use of Γ in the SL(2, C) gauge covarint derivative is enough in a Lorentz invarint theory where de Sitter symmetry is broken.

In appendices A and B, by varying the independent fields in the Lagrangian L_{tot.}, we obtain the Euler-Lagrange equations and then after some simplification we get the following results

¯∇e_a = 0, (A11′) ∗N =^6_κ , (B10^′) i.e. ¯∇ is torsion free and κ is an integration constant having dimension of (length)^2.^2 m_ψ = c_ψ √_∗ dT =^{cψ√}_κ , (B12^′) i^∗γ ∧ DΨ −^g_4 γ_5γ ∧ T Ψ + m_ΨΨη = 0, iDΨ ∧^∗γ −^g_4 Ψγ_5γ ∧ T + m_ΨΨη = 0, (B13^′) where Ψ = ϕψ and m_Ψ = m_ψ.

G^b_aη = −κ[^i_8 {Ψ(γ^bD_a + γ_aD^b)Ψ − (D_aΨγ^b+

D^bΨγ_a)Ψ}η −^g_{16} Ψγ_5(γ_a^∗T^b + γ^{b∗}T_a)Ψη +f∂_aϕ∂^bϕη +^1_2 (h)ηδ^b_a], (B19^′) 0 = [^1_2 ∇_ν Ψ{^{σba}_2 , γ^ν }Ψ +^i_2 {Ψ(γ^bD_a − γ_aD^b)Ψ

−(D_aΨγ^b − D^bΨγ_a)Ψ} −^g_4 Ψγ_5(γ_a^∗T^b − γ^{b∗}T_a)Ψ]η, (B20^′) κd[^g_4^∗(Ψγ_5γΨ ∧ T ) − f^∗(dϕ ∧^∗dϕ) + 2h −^β_κ ϕ^2] = −^g_4 Ψγ_5γΨ, (B21^′) 2 κ βϕ + f^′(ϕ)dϕ ∧^∗dϕ − h^′(ϕ)η + 2fd^∗dϕ = −2ϕ[^i_2 {ψ^∗γ ∧ Dψ + Dψ ∧^∗γψ} −^g_4 ψγ_5γψ ∧ T + m_ψψψη] = 0. (B22^′)

2In (8), ¯∇ represents a SO(3, 1) covariant derivative, it is only on-shell torsion-free through the field equation (A11^′). The SL(2, C) covariant derivative represented by the operator D is torsion-free by definition, i.e. it is torsion-free both on on-shell and off-shell. Simultaneous and independent use of both ¯∇ and D in the Lagrangian density (9) has been found to be advantageous in the approach of this article. This amounts to the emergence of the gravitational constant κ to be only an on-shell constant and this justifies the need for the introduction of the Lagrangian multiplier b_a which appears twice in the Lagrangian density (8) such that ω̄^a_b and e^a become independent fields.

Now let us make few comments about these results,

• Right hand side of equation (B19^′) may be interpreted[32] as (−κ) times the energy-momentum stress tensor of the Dirac field Ψ(Ψ) together with the scalar field ϕ. Where by equation (B10^′) the gravitational constant κ is^6_{∗N} and then by equation (B12^′) mass of the spinor field is proportional to √_∗ N. • Equation (B20^′) represents covariant conservation of angular momentum of the Dirac field in the Einstein-Cartan space U_4 as a generalization of the same in the Minkwoski space M_4[33].

• Equation (B22^′) is the field equation of the scalar field ϕ.

Here it appears that, in the on-shell, other than gravity, it has no source. Whereas in equation (B21^′), there is a non trivial appearance of the torsion, the axial-vector matter-current and the scalar field ϕ; provided the coupling constant g is not negligible in a certain energy scale.

Since there is no direct experimental evidence of any torsionmatter interaction[34], we may take, g to be negligible at present time although there is a possibility that g played a dominant role in the early universe. In other words, we may say that the scalar field, which appears to be connected with the spinor field only in equation (B21^′), is at present playing the role of the dark matter and/or dark radiation. The consequence of this spin-torsion interaction term, in the very early universe, may be linked to the cosmological inflation without false vacuum[35], primordial density fluctuation [36, 37] and/or to the repulsive gravity[38].

4 Scalar Field, Dark Matter and Dark Radiation

Now let us analyse our results in the background of a FRWcosmology where the metric tensor is given by

g_{00} = −1, g_{ij} = δ_{ij} a^2(t) where i, j = 1, 2, 3; (16)

such that

e = √ − det(g_{μν} ) = a^3 (17)

Taking g = 0, equation (B21^′) gives us

fϕ̇^2 = − 1 κ (βϕ^2 + λ) + 2h. (18)

where λ is a constant of integration of dimension (length)^{−2}. Now, with the cosmological restriction on the metric as stated in (16) and the ϕ-field is a function of time only, the equation

(B22^′) reduces to

2fϕ̈ + 2f e^′ e ϕ̇^2 + f^′ϕ̇^2 − 2β κ ϕ + h^′ = 0 (19)

where^′ represents differentiation w. r. t. ϕ. If we eliminate ϕ̈ from this equation with the help of the time derivative of

equation (18), we get

2f e^′ e ϕ̇^2 = 4β κ ϕ − 3h^′ or, 2 e^′ e = − 4β κ ϕ − 3h^′ 1 κ (βϕ^2 + λ) − 2h

(20)

Now, for the FRW metric, the non-vanishing components of

Einstein’s tensor (B19^′), w. r. t. external indices, are given by

G^0_0 = −3( ȧ a )^2 = −κ(ρ_{BM} + β κ ϕ^2 + λ κ − 3h 2 ) G^j_i = −( 2ä a + ȧ^2 a^2 )δ^j_i = −κ 1 2 (h)δ^j_i (21)

where we have assumed that, in the cosmic scale, the observed

(luminous) mass distribution is baryonic and co moving, s. t. ∑ Ψ i 8 {Ψ(γ^bD_a + γ_aD^b)Ψ − (D_aΨγ^b + D^bΨγ_a)Ψ}

= ρ_{BM} = M_{BM} V , for a = b = 0,

= 0, otherwise. (22)

Here M_{BM} and V are the total baryonic mass and volume of the universe respectively.

From the forms of G^0_0 and G^j_i it appears that the term β κ ϕ^2 represents pressure-less energy density i.e. ϕ^2 ∝ a^{−3} ∝^1_e . Putting this in (20) we get after integration

h = −γϕ^{83} + λ 2κ (23)

where γ is a constant of dimension (length)^{− 4}3 . Then from (21), we get

G^0_0 = −3( ȧ a )^2 = −κ(ρ_{BM} + ρ_{DM} + ρ_{DR} + ρ_{V AC.}) G^j_i = −( 2ä a + ȧ^2 a^2 )δ^j_i = κ(p_{BM} + p_{DM} + p_{DR} + p_{V AC.})δ^j_i, (24)

where

p_{BM} = p_{DM} = 0 (25) ρ_{DM} = β κ ϕ^2 (26) ρ_{DR} = 3γ 2 ϕ^{83} , p_{DR} = 1 3 ρ_R (27) ρ_{V AC.} = −p_{V AC.} = λ 4κ = Λ (say). (28)

As the scalar field ϕ, at present scale, appears to be non-inter-acting with the spinor field Ψ, vide equations (B13^′), (B21^′) & (B22^′), the quantities having subscripts_{BM} ,_{DM} ,_{DR} and

V AC. may be assigned to the baryonic matter, the dark mat-

ter, the dark radiation and the vacuum energy respectively. If we add another Lagrangian density to (10) corresponding to the Electro-Magnetic field and modify D by D + A, where A is the U(1) connection one form, and also consider massless spinors having c_ψ = 0, then on the r. h. s. of equations in (24), ρ_{DR} and p_{DR} would be replaced by ρ_R and p_R containing various radiation components, given by

ρ_R = ρ_{DR} + ρ_γ + ρ_ν , p_R = p_{DR} + p_γ + p_ν (29) s. t. p_R = 1 3 ρ_R, (30)

where the subscripts have their usual meanings. Then from (18) and (24), we get

f = − 1 κϕ^2ρ ( 8 3 ρ_{DR} + 4 3 ρ_{DM} ), (31)

where ρ may be written as

ρ = (1 + ρ_{BM} ρ_{DM} )ρ_{DM} + (1 + ρ_γ ρ_{DR} + ρ_ν ρ_{DR} )ρ_{DR} + ρ_{V AC.}. (32)

Here the dimensionless parameter^{ρBM}_{ρDM} is the baryonic matterdark matter ratio of the universe and, as both ρ_{BM} & ρ_{DM} have the same power-law of evolution at large cosmic scale, it may be taken to be a constant of time. Similarly the parameters^{ργ}_{ρDR} and^{ρν}_{ρDR} may also be taken to be constants of time. And then from (31), f may be expressed in the following form,

f = − A + Bϕ^23 Cϕ^2 + Dϕ^83 + E

, (33)

where A, B, C, D and E are constants having proper dimensions. It may be checked that f ∝ ϕ^{−2}(approx.) in both matter and radiation dominated era of the universe but f is nearly a constant at a very late time when the energy density is dominated by the cosmological constant.

5 Discussion

In this article, we have seen that if we introduce a scalar field ϕ to cause the de Sitter connection to have the proper dimension of a gauge field and also link this scalar field with the dimension of a Dirac field then we find that the Euler-Lagrange equations of both the fields to be mutually non-interacting. But they are indirectly connected to each other when we consider Euler- Lagrange equations of other geometric fields such as torsion and tetrad. Variation of the SO(3, 1) spin connection as an entity independent of the tetrads we get the Newton’s constant as inversely proportional to the topological Nieh-Yan density and then the mass of the spinor field has been shown to be linked to the Newton’s constant. Then using symmetries of the Einstein’s tensor we get covariant conservation of angular momentum of the Dirac field in the particular class of geometry in U_4 as a generalization of the same in the Minkwoski space M_4.

In the present scale of the universe we may neglect the spintorsion interaction term and then considering FRW cosmology we are able to derive standard cosmology with standard energy density together with dark matter, dark radiation and cosmological constant. From brane cosmology we know that dark radiation should strongly affect both the big-bang nucleosynthesis(BBN) and the cosmic microwave background(CMB) and, in particular, constraints on BBN alone allow dark radiation to be significant[39]. Therefore appearance of dark radiation from a different point of view, as pursued in this article, is very significant. In this present analysis it is significant that if we consider our universe to have the isotropy and the homogeneity of a FRW universe then only three kinds of energy densities are possible. The matter energy density ∝ a^{−3}, the radiation energy density ∝ a^{−4} and the vacuum energy density ∝ a^0 are the only three kinds of such energy densities where a is the cosmic scale factor. It is surprising that these are the only three kinds of phenomenological cosmic energy density that we observe and consider to be interested in. But theoretically, in standard FRW cosmology, other forms of energy density are not ruled out[16]. And therefore to consider other forms of cosmic energy density, may be in the early universe, we have to adopt a non-FRW geometry where we may have to forgo the isotropy and the homogeneity of the universe. There we may have to invite the spin-torsion interaction term to play a dominant role. The consequence of the spin-torsion interaction term, in the very early universe, may be linked to the cosmological inflation without false vacuum[35], primordial density fluctuation [36, 37] and/or to the repulsive gravity[38]. It is important to note that, in a model, Capozziello et al[40] have considered a totally antisymmetric torsion field to discuss the conditions for quintessence and have obtained exact solutions where dust dominated Friedmann behavior have been recovered as soon as torsion effects become not relevant. In this context we may mention a recent work[30] where, in the gravity without metric formalism of gravity, a particular canonical transformation of the field variables causes the simultaneous appearance of the CP-violating θ-term and the cosmological term. Here we also like to consider the finding of some other works, where the gauge group is SL(2, C) , where torsion has been shown to be linked with CP-violation[41] and fermion mass[42]. In a recent work[43, 44], using a nonlinear realization technique of the algebra of diffeomorphism, a Higgs mechanism of gravity has been constructed in which an affine space time evolves into a Riemannian one by the condensation of a metric where the symmetry breaking potential is identical to that of hybrid inflation. In this approach torsion can be recovered if the space time coordinates are allowed to be non-commutative.

In another work[45], it has been shown that torsion is a natural consequence in non-commutative U(1) Yang-Mills theory where gauge symmetries give a very natural and explicit realizations of the mixing of space-time and internal symmetries. Here torsion measures the non-commutativity of displacement of points in the flat space-time in the teleparallel theory and the non-commutativity scale is given by the Planck length. As a final comment we may say that - the mutual role of gravity and matter becomes transparent only when we consider that the curvature and the torsion play complementary roles in the geometry.

Acknowledgment

I wish to thank Prof. Pratul Bandyopadhyay, Indian Statistical Institute, Kolkata, for his valuable remarks and fruitful suggestions on this problem.

Appendix A

Following reference [46], we independently vary e^a, ¯∇e^a, dT , R̄^{ab}, ϕ, dϕ and b^a and find

δL_G = δe^a ∧ ∂L_G ∂e^a + δ ¯∇e^a ∧ ∂L_G ∂ ¯∇e^a + δdT ∂L_G ∂dT

+δR̄^{ab} ∧ ∂L_G ∂R̄^{ab} + δϕ ∂L_G ∂ϕ + δdϕ ∧ ∂L_G ∂dϕ +δb^a ∧ ∂L_G ∂b^a (A1)

= δe^a ∧ ( ∂L_G ∂e^a + ¯∇ ∂L_G ∂ ¯∇e^a ) + δT ∧ d ∂L_G ∂dT +δω̄^{ab} ∧ ( ¯∇ ∂L_G ∂R̄^{ab} + ∂L_G ∂ ¯∇e^a ∧ e_b) +δϕ( ∂L_G ∂ϕ − d ∂L_G ∂dϕ ) + δb^a ∧ ∂L_G ∂b^a +d(δe^a ∧ ∂L_G ∂ ¯∇e^a + δT ∂L_G ∂dT +δω̄^{ab} ∧ ∂L_G ∂R̄^{ab} + δϕ ∂L_G ∂dϕ ) (A2)

Using the form of the Lagrangian L_G, given in (8), we get ∂L_G ∂e^a = − 1 6 ∗N(2R_a − Rη_a) −^∗(b_b ∧ ¯∇e^b)^2η_a −f(ϕ)[−2∂_aϕ∂^bϕη_b + ∂_bϕ∂^bϕη_a] −h(ϕ)η_a (A3) ∂L_G ∂( ¯∇e^a) = 2^∗(b_a ∧ ¯∇e^a)b_a (A4) ∂L_G ∂(dT ) = R − βϕ^2 (A5) ∂L_G ∂R̄^{ab} = − 1 24 ∗Nϵ_{abcd}e^c ∧ e^d = − 1 12 ∗Nη_{ab} (A6) ∂L_G ∂ϕ = − 1 3 βϕN − f^′(ϕ)dϕ ∧^∗dϕ − h^′(ϕ)η (A7) ∂L_G ∂dϕ = −2f^∗dϕ (A8) ∂L_G ∂b^a = 2^∗(b_b ∧ ¯∇e^b) ¯∇e_a (A9)

Where

R_a := 1 2 ∂(Rη) ∂e^a = 1 4 ϵ_{abcd}R̄^{bc} ∧ e^d and ∂_a = e_a^μ ∂ ∂x^μ . (A10)

From above, Euler-Lagrange equations for b_a gives us

¯∇e_a = 0 (A11)

i.e. ¯∇ is torsion free. Using this result in (A3) and (A4) we get ∂L_G ∂e^a = − 1 6 ∗N(2R_a − Rη_a) − f(ϕ)[−2∂_aϕ∂^bϕη_b +∂_bϕ∂^bϕη_a] − h(ϕ)η_a (A12) ∂L_G ∂( ¯∇e^a) = 0 (A13)

Appendix B

Independent variation of ψ, ψ, Dψ, Dψ, T , dT , ϕ and e^a in L_D

gives us

δL_D = ∂L_D ∂ψ δψ + ∂L_D ∂(Dψ) ∧ δ(Dψ) + δψ ∂L_D ∂ψ +δDψ ∧ ∂L_D ∂Dψ + δT ∧ ∂L_D ∂T + δ(dT ) ∂L_D ∂(dT ) +δϕ ∂L_D ∂ϕ + δe^a ∧ ∂L_D ∂e^a (B1)

Now δ(Dψ) = Dδψ +δΓψ, since d and δ commute, reduces (B1) to

δL_D = ϕ^2[{iDψ ∧^∗γ + id ln ϕ ∧ ψ^∗γ − g 4 ψγ_5γ ∧ T +c_ψ √_∗ dT ψη}δψ + δψ{i^∗γ ∧ Dψ +i^∗γψ ∧ d ln ϕ − g 4 γ_5γ ∧ T ψ + c_ψ √_∗ dT ψη} + i 2 {δΓψ ∧^∗γψ + ψ^∗γ ∧ δΓψ} + i 2 {ψδ(^∗γ) ∧ Dψ + Dψ ∧ δ(^∗γ)ψ} +δT ∧ { g 4 ψγ_5γψ − 1 2ϕ^2 c_ψd( ϕ^2 √_∗ dT ψψ)} +δe^a ∧ {− g 4 ψγ_5γ_aψT + 1 2 c_ψ √_∗ dT ψψη_a}] +2ϕ[ i 2 {ψ^∗γ ∧ Dψ + Dψ ∧^∗γψ} − g 4 ψγ_5γψ ∧ T + c_ψ √_∗ dT ψψη]δϕ + surface terms(S. T.). (B2)

Third term of this equation gives i 2 [δΓψ ∧^∗γψ + ψ^∗γ ∧ δΓψ]ϕ^2 = i 2 ψ[−δΓ ∧^∗γ +^∗γ ∧ δΓ]ψϕ^2 = − 1 8 ψ[σ_{cb}δ(e^{cμ}e^b_{μ:ν} )γ^ν + γ^ν σ_{cb}δ(e^{cμ}e^b_{μ:ν} )]ψϕ^2η = 1 8 δe^a_α[ψ(σ_{cb}e^{cα}e_a^μe^b_{μ:ν} γ^ν + γ^ν σ_{cb}e^{cα}e_a^μe^b_{μ:ν} )ψϕ^2η +D^{{}}_ν {ψ(σ_{ca}e^{cα}γ^ν + γ^ν σ_{ca}e^{cα})ψϕ^2η}] + (S. T.) = 1 8 δe^a ∧ [ψ(σ_{cb}e_a^μe^b_{μ:ν} γ^ν + γ^ν σ_{cb}e_a^μe^b_{μ:ν} )ψϕ^2η^c +D^{{}}_ν {ψ(σ_{ca}γ^ν + γ^ν σ_{ca})ψϕ^2η^c}] + (S. T.) (B3)

It is to be noted here that, using the properties of γ matrices, the only surviving terms of^i_2 [Γψ ∧^∗γψ + ψ^∗γ ∧ Γψ] = −^i_2 ψ(γ^μγ_{μ:ν} γ^ν + γ^ν γ^μγ_{μ:ν} )ψη are those for which γ^μ, γ^ν and γ_{μ:ν} are anti-symmetrized. This implies that, in the variational calculation, the Christoffel part of the Riemannian covariant derivative remains insensitive.

Fourth term of (B2) gives i 2 {ψδ(^∗γ) ∧ Dψ + Dψ ∧ δ(^∗γ)ψ}ϕ^2 = i 2 δe^a ∧ {ψγ^bη_{ba} ∧ Dψ − Dψγ^bψ ∧ η_{ba}}ϕ^2 (B4)

Hence Euler-Lagrange equations corresponding to the extremum of L_{tot.} from the independent variations of e^a, T , ϕ and ω̄^{ab}, using (A2), (A5) and (A6), give us 1 6 ∗N(2R_a − Rη_a) +f(ϕ)[−2∂_aϕ∂^bϕη_b + ∂_bϕ∂^bϕη_a] + h(ϕ)η_a − 1 8 [ψ(σ_{cb}e_a^μe^b_{μ:ν} γ^ν + γ^ν σ_{cb}e_a^μe^b_{μ:ν} )ψϕ^2η^c +D^{{}}_ν {ψ(σ_{ca}γ^ν + γ^ν σ_{ca})ψϕ^2η^c}] +[ g 4 ψγ_5γ_aψ ∧ T − 1 2 c_ψ √_∗ dT ψψη_a]ϕ^2 − i 2 {ψγ^bη_{ba} ∧ Dψ − Dψγ^bψ ∧ η_{ba}}ϕ^2 = 0 (B5)

d(R − βϕ^2 − c_ψ ϕ^2 2 √_∗ dT ψψ) = − g 4 ϕ^2ψγ_5γψ (B6)

−2βϕN + f^′(ϕ)dϕ ∧^∗dϕ − h^′(ϕ)η + 2fd^∗dϕ = −2ϕ[ i 2 {ψ^∗γ ∧ Dψ + Dψ ∧^∗γψ} − g 4 ψγ_5γψ ∧ T + c_ψ √_∗ dT ψψη] (B7)

¯∇(^∗Nη_{ab}) = 0 (B8)

Using (A11) in (B8), we get

d^∗N = 0 (B9)

From this equation we can write

∗N = 6 κ (B10)

where κ is an integration constant having (length)^2 dimension. From (B2) we can write the Euler-Lagrange equations for the fields ψ and ψ as

i^∗γ ∧ Dψ + i^∗γψ ∧ d ln ϕ − g 4 γ_5γ ∧ T ψ + m_ψψη = 0, iDψ ∧^∗γ + id ln ϕ ∧ ψ^∗γ − g 4 ψγ_5γ ∧ T + m_ψψη = 0, (B11) provided we define, using (B10), the mass of the field ψ as

m_ψ = c_ψ √_∗ dT = c_ψ √ κ (B12)

If we define Ψ = ϕψ as the Dirac field having the proper di-

mension and conformal weight and m_Ψ = m_ψ, the equations in

(B11) reduce to their standard form in the particular class of

geometry in U_4 space[47]

i^∗γ ∧ DΨ − g 4 γ_5γ ∧ T Ψ + m_ΨΨη = 0, iDΨ ∧^∗γ − g 4 Ψγ_5γ ∧ T + m_ΨΨη = 0. (B13)

Now using (B10), (B12) and (B13), the field equation (B5)

reduces to 1 κ (2R_a − Rη_a) + f(ϕ)[−2∂_aϕ∂^bϕη_b + ∂_bϕ∂^bϕη_a] +h(ϕ)η_a − 1 8 ∇_ν {Ψ(σ_{ca}γ^ν + γ^ν σ_{ca})Ψη^c} +[ g 4 Ψγ_5γ_aΨ ∧ T − 1 2 m_ΨΨΨη_a] − i 2 {Ψγ^bη_{ba} ∧ DΨ − DΨγ^bΨ ∧ η_{ba}} = 0 (B14)

where ∇_ν represents torsion-free covariant differentiation w. r.

t. both external and internal indices. Now by exterior multipli-

cation with e^a from left, this equation yields 2 κ Rη + 3i 2 {Ψ^∗γ ∧ DΨ + DΨ ∧^∗γΨ} − g 4 Ψγ_5γΨ ∧ T

+2m_ΨΨΨη − 2fdϕ ∧^∗dϕ − 4hη = 0 (B15)

and after using Dirac equations (B13), we get

Rη = κ[ 1 2 m_ΨΨΨη − g 4 Ψγ_5γΨ ∧ T +fdϕ ∧^∗dϕ + 2hη] (B16)

Again, taking exterior multiplication of (B14) by e^b, we get 1 κ [Rδ^b_a + 2G^b_a]η + i 2 {Ψ^∗γ ∧ DΨ + DΨ ∧^∗γΨ}δ^b_a + i 2 {Ψγ^bD_aΨ − D_aΨγ^bΨ}η − g 4 Ψγ_5γ_aΨ^∗T^bη + 1 2 m_ΨΨΨδ^b_aη + 1 8 ∇_ν {Ψ(σ^b_aγ^ν + γ^ν σ^b_a)Ψ}η +2f∂_aϕ∂^bϕη − fdϕ ∧^∗dϕδ^b_a − hηδ^b_a = 0 (B17)

Using Dirac equations (B13) and equation (B16), this equation

reduces to

G^b_aη = −κ[ i 4 {Ψγ^bD_aΨ − D_aΨγ^bΨ}η − g 8 Ψγ_5γ_aΨ^∗T^bη + 1 16 ∇_ν {Ψ(σ^b_aγ^ν + γ^ν σ^b_a)Ψ}η +f∂_aϕ∂^bϕη + 1 2 (h)], (B18)

here^∗T_a is the flat space tensorial component of the one form

∗T . Now using symmetries of the Einstein’s tensor G^{ab}, we can

break this equation to a symmetric part and an antisymmetric part, and can write

G^b_aη = −κ[ i 8 {Ψ(γ^bD_a + γ_aD^b)Ψ − (D_aΨγ^b + D^bΨγ_a)Ψ}η − g 16 Ψγ_5(γ_a^∗T^b + γ^{b∗}T_a)Ψη +f∂_aϕ∂^bϕη + 1 2 (h)ηδ^b_a], (B19)

0 = [ 1 2 ∇_ν Ψ{ σ^b_a 2 , γ^ν }Ψ + i 2 {Ψ(γ^bD_a − γ_aD^b)Ψ

−(D_aΨγ^b − D^bΨγ_a)Ψ} − g 4 Ψγ_5(γ_a^∗T^b − γ^{b∗}T_a)Ψ]η. (B20)

Again using (B10), (B11) and (B12), equations (B6) and

(B7) reduce to

d(R − βϕ^2 − 1 2 κm_ΨΨΨ) = − g 4 Ψγ_5γΨ

or, κd[ g 4 ∗(Ψγ_5γΨ ∧ T ) − f^∗(dϕ ∧^∗dϕ) +2h − β κ ϕ^2] = − g 4 Ψγ_5γΨ, (B21) 2 κ βϕ + f^′(ϕ)dϕ ∧^∗dϕ − h^′(ϕ)η + 2fd^∗dϕ = −2ϕ[ i 2 {ψ^∗γ ∧ Dψ + Dψ ∧^∗γψ} − g 4 ψγ_5γψ ∧ T + m_ψψψη] = 0. (B22)

References

[1] P. G. Bergmann. Int. J. Theor. Phys., 1:25, 1968. [2] R. V. Wagoner. Phys. Rev., D 1:3209, 1970. [3] K. Nordtvedt. Astrophys. J., 161:1059, 1970. [4] R. T. Rauch. Phys. Rev. Lett., 52:1843, 1984. [5] G. German. Phys. Rev., D 32:3307, 1985. [6] S. W. Kim. Phys. Rev., D 34:1011, 1986.

[7] J. P. Berthias and B. S. Saless. Class. Quant. Grav., 10:1039, 1993.

[8] T. Dereli and R. W. Tucker. Mod. Phys. Lett., A17:421, 2002.

[9] M. M. Green, J. H. Schwarz and E. Witten. Superstring Theory. Cambridge University Press, Cambridge, 1988.

[10] A. Linde. Inflationary Cosmology and Particle Physics.

Harwood, 1990.

[11] A. Bytsenko, E. Elizalde and S. D. Odintsov. Progr. Theor.

Phys., 90:677, 1993.

[12] P. Mahato. Mod. Phys. Lett., A17:1991, 2002. [13] A. Connes. Noncommutative Geometry. Academic Press, New York, 1994.

[14] P. Ghosh and P. Bandyopadhyay. Int. J. Mod. Phys., A15:3287, 2000.

[15] P. Mahato. Phys. Rev., D70:124024, 2004. [16] P. Mahato. Int. J. Theor. Phys., 44:79, 2005. [17] J. Ellis. Phil. Trans. Roy. Soc. Lond., A361:2607, 2003. [18] K. Hagiwara. Phys. Rev., D66:010001, 2002. [19] T. Tanaka and Y. Himemoto. Phys. Rev., D67:104007, 2003.

[20] R. Neves and C. Vaz. Astrophys. Space Sci., 283:537, 2003. [21] B. Gumjudpai, R. Maartens and C. Gordon. Class. Quant.

Grav., 20:3295, 2003.

[22] H. Yoshiguchi and K. Koyama. Phys. Rev., D70:043513, 2004.

[23] M. Minamitsuji and M. Sasaki. Phys. Rev., D70:044021, 2004.

[24] E. Cartan. Ann. Ec. Norm., 40:325, 1922. [25] E. Cartan. Ann. Ec. Norm., 1:325, 1924. [26] S. Chern and J. Simons. Ann. Math., 99:48, 1974. [27] S. Chern and J. Simons. Proc. Natl. Acad. Sci. (USA), 68:791, 1971.

[28] H. T. Nieh and M. L. Yan. J. Math. Phys., 23:373, 1982.

[29] O. Chandia and J. Zanelli. Phys. Rev., D55:7580, 1997.

[30] P. Mahato. Mod. Phys. Lett., A17:475, 2002.

[31] R. Geroch. J. Math. Phys., 9:1739, 1968.

[32] V. Borokhov. Phys. Rev., D65:125022, 2002.

[33] C. Itzykson and J. Zuber. Quantum Field Theory. McGraw Hill Book Company, Singapore, 1985.

[34] I. L. Shapiro. Phys. Rep., 357:113, 2001.

[35] M. Gasperini. Phys. Rev. Lett., 56:2873, 1986.

[36] L. C. Garcia de Andrade. Phys. Lett., B468:28, 1999.

[37] D. Palle. Nuovo cim., B114:853, 1999.

[38] M. Gasperini. Gen. Rel. Grav., 30:1703, 1998.

[39] K. Ichiki, M. Yahiro, T. Kajino, M. Orito and G. J. Mathews. Phys. Rev., D66:043521, 2002.

[40] S. Capozziello , S. Carloni, G. Lambiase, C. Stornaiolo and A. Troisi. Curvature and Torsion quintessence. Presented at International Workshop on Particle Physics and the Early Universe (COSMO-01), Rovaniemi, Finland, 30 Aug - 4 Sep:gr–qc/0111106, 2001.

[41] L. Mullick and P. Bandyopadhyay. J. Math. Phys., 36:370, 1995.

[42] P. Bandyopadhyay. Int. J. Mod. Phys., A15:4107, 2000. [43] I. Kirsch. Phys. Rev., D72:024001, 2005.

[44] N. Boulanger and I. Kirsch. A Higgs Mechanism For Gravity. Part II. Higher Spin Connections. HUTP- 06-A0004, Feb 2006, hep-th/0602225, 2006.

[45] E. Langmann and R. J. Szabo. Phys. Rev., D64:104019, 2001.

[46] F. W. Hehl, J. D. McCrea, E. W. Mielke and Y. Ne’eman.

Phys. Rep., 258:1, 1995.

[47] E. W. Mielke. Int. J. Theor. Phys., 40:171, 2001.