arXiv:gr-qc/0604054 v2 26 Sep 2006

WU-AP/244/06

Universal properties from local geometric structure of Killing horizon

Jun-ichirou Koga

Advanced Research Institute for Science and Engineering, Waseda University, Shinjuku, Tokyo 169-8555, Japan E-mail: koga@gravity.phys.waseda.ac.jp

Abstract. We consider universal properties that arise from a local geometric structure of a Killing horizon. We first introduce a non-perturbative definition of such a local geometric structure, which we call an asymptotic Killing horizon. It is shown that infinitely many asymptotic Killing horizons reside on a common null hypersurface, once there exists one asymptotic Killing horizon. The acceleration of the orbits of the vector that generates an asymptotic Killing horizon is then considered. We show that there exists the diff(S^1) or diff(R^1) sub-algebra on an asymptotic Killing horizon universally, which is picked out naturally based on the behavior of the acceleration. We also argue that the discrepancy between string theory and the Euclidean approach in the entropy of an extreme black hole may be resolved, if the microscopic states responsible for black hole thermodynamics are connected with asymptotic Killing horizons.

1. Introduction

The fact that a black hole behaves as a thermal object has been established [1, 2] within the semi-classical theory of gravity, i.e., the quantum field theory on a classical gravitational field, and then it is argued that the microscopic physics associated with black hole thermodynamics may be understood without resorting to details of quantum gravity (see, for example, [3, 4]). Indeed, within the semi-classical gravity, the entropy of a (non-extreme) black hole in Einstein gravity is shown to be given by one quarter of the area of the black hole horizon in Planck units, which is known as the Bekenstein–Hawking formula [2, 5]. Even in generalized theories of gravity, one can show that black hole entropy is expressed by geometric quantities on the black hole horizon [6]. Furthermore, it has been shown [7, 8] that the thermal feature is possessed not only by a black hole horizon, but also by any causal horizons, including a cosmological horizon and an acceleration horizon, while the geometric structures far from the horizon differ between them. These facts may possibly suggest that the thermal feature of a black hole and the microscopic physics responsible for it are intimately connected with a universal and local geometric structure particular to presence of a horizon. However, it is quite difficult to understand, in terms of a universal and local geometric structure of a horizon, the statistical physics of the microscopic states of black hole thermodynamics. Although the Euclidean approach to black hole thermodynamics [9] gives the relation between the classical gravitational field of a black hole and the partition function of black hole thermodynamics, it does not clarify the nature of these microscopic states. The Euclidean approach shows only that there will exist the microscopic states associated with a single classical (on-shell) configuration in the phase space.

One of the attempts to embark on this issue is to consider asymptotic symmetries on the horizon of an arbitrary black hole [10] (see [3, 4] for recent reviews and the references therein), following the success in the case of the B.T.Z. black hole whose entropy has been reproduced based on the asymptotic symmetries at infinity [11]. This attempt would be very interesting, if it worked in the same way as the case of the B.T.Z. black hole, since it would suggest that there is a sort of correspondence also between a black hole horizon and the conformal field theory, much like the AdS/CFT correspondence [12]. However, it seems that the fatal differences between the asymptotic symmetries on a horizon and those at infinity of the B.T.Z. black hole are obstructing the success of this attempt, and contrived methods with modifications in the framework have been proposed [13, 14] (see also [15]). Without an established correspondence between a black hole horizon and the conformal field theory, however, it looks important to clarify, from a physical point of view, whether and how the asymptotic symmetries on a black hole horizon are related with black hole thermodynamics.

Then, unless convincing physical arguments are provided, which prove that singularity or discontinuity of asymptotic symmetries is essential in black hole thermodynamics, it will be reasonable to focus on asymptotic symmetries that are regular and continuous on a black hole horizon. In a spherically symmetric spacetime with a Killing horizon, regular and continuous asymptotic symmetries described by asymptotic Killing vectors, along with a local structure of a Killing horizon, are analyzed previously [16]. However, assuming existence of a Killing horizon as a background is perturbative, and it actually spoils the idea of local structure of a horizon, because a Killing horizon is defined globally. Then, the first step in this paper is to define a local geometric structure of a Killing horizon non-perturbatively in a spacetime without any global isometries, by generalizing the notion of a Killing horizon and keeping its essential features. It will be interesting to analyze such a local geometric structure also from the viewpoint that to what extent the properties of a standard Killing horizon are robust and remain valid against such generalization. We will present in section 2 the definition of such a local geometric structure, which we call an asymptotic Killing horizon, as well as the motivation for it and immediate consequences. In section 3, we will consider the asymptotic Killing vectors on an asymptotic Killing horizon, and present the universal form of the asymptotic Killing vectors. We will also see that infinitely many asymptotic Killing horizons reside on a common null hypersurface, once there exists one asymptotic Killing horizon. In order to analyze the physical aspect of these asymptotic Killing horizons, we will introduce in section 4 the notion of the surface gravity of an asymptotic Killing horizon and show the relation between the surface gravity and the timelike curves for which the asymptotic Killing horizon acts as a causal boundary, as if a Killing horizon does. The acceleration of these timelike curves will be analyzed in section 5, based on which we will prospect the quantum features of asymptotic Killing horizons. The summary and discussions will be presented in section 6.

Throughout this paper, we will consider spacetimes with the Lorentzian signature and arbitrary dimensionality. All quantities in this paper are assumed to be smooth, while this assumption can be weakened appropriately.

2. Asymptotic Killing horizon

We first consider how a local notion of a Killing horizon should be defined. A Killing horizon is a null hypersurface H generated by the Killing vector χ^a that becomes null on H and tangent to H. By introducing a scalar function u such that u = 0 on H, we thus have χ^aχ_a = 0 and χ^a∇_au = 0 on H, where χ^a of course satisfies the Killing equation L_χg_{ab} = 0 everywhere in the spacetime. However, we wish in this paper to focus only on the local geometry near the horizon, but not regions far away from it. What we require is then that the Lie derivative of the metric vanishes at least on the horizon, but may not away from the horizon.

We emphasize also that it is not possible to define a local structure of a horizon only with a null hypersurface H and the metric around H. It is necessary to specify an extra structure, such as the Killing vector χ^a in the case of a Killing horizon. Actually, one can perform a coordinate transformation from the flat metric to the one that looks like “the asymptotic form of the Schwarzschild metric” near the light cone emanating from an event in the Minkowski spacetime. However, the light cone in the Minkowski spacetime fails to be a horizon of any kind. In particular, it fails to be a Killing horizon, since there does not exist a Killing vector that is null on and tangent to the light cone, in sharp contrast with the Rindler horizon. Even in the cases where there do exist Killing vectors, we should specify whether and which Killing vector generates a Killing horizon. For example, the Rindler horizon behaves as a Killing horizon for a uniformly accelerated observer, while it does not for an inertial observer. These two observers are distinguished by the Killing vectors that are tangent to the orbits of the respective observers. Therefore, one needs to specify not only the null hypersurface, but also the vector that generates a local geometric structure of a Killing horizon.

Based on these observations and by refining the previous perturbative definition [16], we now define non-perturbatively an asymptotic Killing horizon, as a local generalization of the notion of a Killing horizon.

Definition 1 Let H be a null hypersurface in a spacetime (M, g_{ab}) equipped with the smooth metric g_{ab}. The pair (H, ξ^a) of H and a smooth vector ξ^a, which is not identically vanishing on H, is defined to be an asymptotic Killing horizon, and ξ^a is called the generator of the asymptotic Killing horizon (H, ξ^a), if there exists a neighborhood of H, in which (i) there exists a smooth scalar u, such that u = 0 and ∇_au ≠ 0 on H. (ii) ξ^a satisfies the following three conditions:

L_ξg_{ab} = O(u), (2.1) ξ^aξ_a = O(u), (2.2) ξ^a∇_au = O(u). (2.3)

The scalar u in Definition 1 is introduced to specify the null hypersurface H in a regular and nondegenerate manner. In general, there will exist many scalar functions u which satisfy u = 0 and ∇_au ≠ 0 on H. However, it is easy to see that an asymptotic Killing horizon is defined without depending on the choice of u. We thus note that u plays a similar role as the conformal factor in the conformal completion of an asymptotically flat or (anti-)de Sitter spacetime, whereas we need not conformally complete the spacetime in the present case. While (2.2) and (2.3) take essentially the same forms as in the case of a Killing horizon, a key ingredient in Definition 1 is (2.1), which states that the generator ξ^a behaves as if a Killing vector only on H, but may not away from H.

Since the normal ∇^au to the null hypersurface H of an asymptotic Killing horizon (H, ξ^a) does not vanish on H, and it is null on H and tangent to H, ∇^au must be proportional to the generator ξ^a on H. Then, there should exist a smooth scalar n such that ξ^a = n∇^au + O(u) = ∇^a(nu) + O(u). (2.4) By setting as λ = nu, we thus obtain ξ^a = ∇^aλ + O(u), (2.5)

in the neighborhood of H. We will frequently use this smooth scalar λ below, which we call, for simplicity, the potential of the generator ξ^a, due to the relation (2.5), although it fails to play the role of a potential away from H. As we see from (2.5) and the fact that λ vanishes on H, once ξ^a is given, λ is uniquely determined up to O(u^2) without depending on the choice of u. Actually, if there exist two potentials λ and λ^′ of the same generator ξ^a, we have 0 = ∇_a(λ − λ^′) + O(u), which shows λ − λ^′ = O(u^2).

When we consider any timelike vector t^a that lies within the same half of the light cone as ξ^a does, we have t^c∇_cλ = t_cξ^c < 0 on H. Since λ vanishes on H, we thus see that λ necessarily changes its sign as we go across H along t^a, and hence H always partitions its neighborhood into the region of λ > 0 and that of λ < 0. If ξ^a is the future-pointing Killing vector that generates the Killing horizon of the Schwarzschild black hole, for example, the region of λ > 0 is the exterior region of the black hole, and the region of λ < 0 is the interior region. However, one should bear in mind that it is possible to change the sign of λ by reversing the direction of ξ^a. Therefore, λ alone cannot determine which side of the null hypersurface is exterior. One may recall that ξ^cξ_c also divides by its sign a neighborhood of the Killing horizon of a non-extreme black hole (a non-extreme Killing horizon, hereafter). However, it fails to do so in the case of an extreme black hole, since ξ^cξ_c is negative on the both sides of the Killing horizon of an extreme black hole (an extreme Killing horizon).

As one may guess from the above features, λ in the case of a standard Killing horizon is roughly proportional to r − r_H near the horizon, where r is the standard radial coordinate and r_H is the horizon radius. On a standard Killing horizon, there exist not only the null Killing vector, but also spacelike Killing vectors, all of which are tangent to the horizon and commute with the null Killing vector, and the directional derivatives of r − r_H along these Killing vectors vanish. We can show that a similar but weaker property is possessed even by an asymptotic Killing horizon. Suppose that there exist, in a neighborhood of an asymptotic Killing horizon (H, ξ^a), the vectors ς^a which are tangent to H as ς^a∇_au = O(u) and “commute with ξ^a” in the sense that ξ_a (with the lowered index) is constant along ς^a on H as L_ς ξ_a = O(u). By operating ς^a∇_a on the both sides of (2.5), we then obtain

ς^a∇_aξ_b = ς^a∇_a∇_bλ + O(u) = ∇_b(ς^a∇_aλ) − ξ_a∇_bς^a + O(u), (2.6) and hence L_ς ξ_b = ς^a∇_aξ_b + ξ_a∇_bς^a = ∇_b(ς^a∇_aλ) + O(u). (2.7) Since we have L_ς ξ_b = O(u), (2.7) gives ∇_b(ς^a∇_aλ) = O(u), which implies ς^a∇_aλ = O(u^2). (2.8) In particular, the generator ξ^a of an asymptotic Killing horizon (H, ξ^a) is tangent to H, and satisfies L_ξξ_a = O(u). Therefore, we always have ξ^a∇_aλ = O(u^2). (2.9) In general, however, the vector ς^a need not be null, and can be spacelike.

3. Asymptotic Killing vectors

The asymptotic Killing vectors were analyzed on a four-dimensional spherically symmetric Killing horizon [16] and on the Killing horizon of the four-dimensional Kerr–Newman black hole [17], which are shown to preserve the local structure of a Killing horizon. From a more general point of view, here we analyze asymptotic Killing vectors on an asymptotic Killing horizon, in order to extract their universal properties. Generalizing straightforwardly from the previous definition [16], which is based on the idea that asymptotic Killing vectors generate the transformations of the associated asymptotic symmetry group, we thus define an asymptotic Killing vector on an asymptotic Killing horizon, as follows.

Definition 2 Let (H, ξ^a) be an asymptotic Killing horizon in a spacetime (M, g_{ab}) equipped with the smooth metric g_{ab}. A smooth vector ζ^a is defined to be an asymptotic Killing vector on the asymptotic Killing horizon (H, ξ^a), if there exists a neighborhood of H, in which ζ^a satisfies L_ζĝ_{ab} = O(u), (3.1) for any smooth scalar u such that u = 0 and ∇_au ≠ 0 on H, where ĝ_{ab} are arbitrary smooth metrics that coincide with g_{ab} on H as ĝ_{ab} = g_{ab} + O(u). (3.2)

One possible way to view the asymptotic Killing vectors ζ^a is that they generate the infinitesimal transformations of the asymptotic symmetry group, which map a metric g_{ab} into g_{ab} + L_ζ g_{ab} [16]. Since (3.1) implies that the transformed metric deviates from the original one by O(u), we introduce the equivalence class of metrics defined by (3.2). In order to ensure that these transformations close, we thus impose the condition that an asymptotic Killing vector ζ^a must satisfy (3.1) for any metrics ĝ_{ab} in the equivalence class (3.2). Otherwise, the successive transformations may take the metric out of the equivalence class, even if a vector ζ^a satisfies L_ζ g_{ab} = O(u) for a specific metric g_{ab}. In contrast, it is sufficient for the generator ξ^a of an asymptotic Killing horizon (H, ξ^a) to solve (2.1) for the fixed metric g_{ab}. In this sense, the condition on an asymptotic Killing vector is stronger than that on the generator of an asymptotic Killing horizon.

It is not difficult to find an explicit form of asymptotic Killing vectors on an asymptotic Killing horizon, as we see from the following proposition.

Proposition 1 Let (H, ξ^a) be an asymptotic Killing horizon in a spacetime (M, g_{ab}) equipped with the smooth metric g_{ab}, and let η^a_{(i)} be smooth vectors, if any, which are spacelike on H and satisfy L_{η(i)} g_{ab} = O(ũ), η^c_{(i)}∇_cũ = O(ũ), (3.3) in a neighborhood of H for a smooth scalar ũ such that ũ = 0 and ∇_aũ ≠ 0 on H. Then, the vectors ζ^a defined by ζ^a = ω ξ^a + a^{(i)} η^a_{(i)} − λ ∇^aω + O(u^2), (3.4) for any smooth scalar u such that u = 0 and ∇_au ≠ 0 on H are asymptotic Killing vectors on (H, ξ^a), where λ is the potential of ξ^a, ω is an arbitrary smooth scalar function, a^{(i)} denotes arbitrary constants, and summation over the index (i) is understood, if necessary. Proof. From (3.3), we immediately obtain L_{η(i)} g_{ab} = O(u), η^c_{(i)}∇_cu = O(u), (3.5) for any u, not only for ũ, as long as u = 0 and ∇_au ≠ 0 on H. We then find from (2.3) and (3.5) that the vectors ζ^a defined by (3.4) are tangent to H, i.e., ζ^c∇_cu = L_ζu = O(u), (3.6) for any u. By substituting (3.4), we write L_ζĝ_{ab}, for any u and any ĝ_{ab} of the form (3.2), as L_ζĝ_{ab} = ωL_ξg_{ab} + a^{(i)}L_{η(i)} g_{ab} + ξ_b∇_aω − (∇_aλ)(∇_bω) + ξ_a∇_bω − (∇_bλ)(∇_aω) + O(u). (3.7) From (2.1), (2.5), and (3.5), we obtain L_ζĝ_{ab} = O(u), (3.8) and hence we see that ζ^a are asymptotic Killing vectors on (H, ξ^a). □

In the explicit examples of a Killing horizon considered elsewhere [16, 17], the only possible form of asymptotic Killing vectors is shown to be given by (3.4), where one can see that the condition that asymptotic Killing vectors should satisfy (3.1) for arbitrary ĝ_{ab} restricts strongly the possible form of asymptotic Killing vectors. (The form of the asymptotic Killing vectors was presented in a primitive form in the previous paper [16], but it is shown [17] to be the same as (3.4).) A crucial feature of these asymptotic Killing vectors is that they contain the supertranslations in the null direction, i.e., the position-dependent translations described by the arbitrary function ω. In a more general context, we now see from Proposition 1 that the asymptotic Killing vectors (3.4) are allowed on an arbitrary asymptotic Killing horizon. In particular, an arbitrary Killing horizon is an asymptotic Killing horizon, and hence the existence of the asymptotic Killing vectors (3.4) is universal on arbitrary Killing horizons.

On the other hand, we have not proved that there do not exist other forms of asymptotic Killing vectors on a general asymptotic Killing horizon. However, since there are the cases [16, 17] where the only possible form of asymptotic Killing vectors is given by (3.4), we see that the most general form of the asymptotic Killing vectors shared universally by arbitrary asymptotic Killing horizons is given by (3.4). By straightforward calculations using (2.5), (2.8), (3.5) and (3.6), one can also show that the asymptotic Killing vectors (3.4) form the Lie brackets algebra [ ζ_1, ζ_2 ]_a = ω_{12} ξ^a + a^{(k)}_{12} η^a_{(k)} − λ∇^aω_{12} + O(u^2), (3.9) if η^a_{(i)} commute with ξ^a on H as [ξ, η_{(i)}]^a = O(u^2) and form a sub-algebra on H as [η_{(i)} , η_{(j)}]^a = C^{(k)}_{(i)(j)} η^a_{(k)} + O(u^2), where the function ω_{12} and the constant a^{(i)}_{12} are defined as ω_{12} ≡ ζ^a_1 ∇_aω_2 − ζ^a_2 ∇_aω_1, a^{(k)}_{12} ≡ a^{(i)}_1 a^{(j)}_2 C^{(k)}_{(i)(j)} , (3.10) and the structure constant C^{(k)}_{(i)(j)} is truly constant, i.e., ∇_aC^{(k)}_{(i)(j)} = 0 everywhere.

Now we consider a consequence that follows from Definition 1 and Proposition 1. Since the generator ξ^a of an arbitrary asymptotic Killing horizon (H, ξ^a) satisfies L_ξĝ_{ab} = O(u) for any ĝ_{ab} of the form (3.2), due to (2.1) and (2.3), we see that ξ^a is an asymptotic Killing vector on (H, ξ^a). Then, Proposition 1 states that the vectors ξ̃^a defined by ξ̃^a ≡ ω ξ^a − λ ∇^aω + O(u^2), (3.11)

are asymptotic Killing vectors on (H, ξ^a), as well, which thus satisfy (2.1). We note also that ξ̃^a are null on H and tangent to H, i.e., they satisfy (2.2) and (2.3). Therefore, the vectors ξ̃^a are found to generate another asymptotic Killing horizons (H, ξ̃^a), as long as ω is not identically vanishing on H. Since ω is otherwise arbitrary, this fact indicates that once there exists an asymptotic Killing horizon (H, ξ^a), one can find infinitely many asymptotic Killing horizons (H, ξ̃^a) on the same null hypersurface H.

It is then meaningful to consider the mapping π_ω from an asymptotic Killing horizon (H, ξ^a) to an another asymptotic Killing horizon (H, ξ̃^a), which is described as π_ω : (H, ξ^a) → (H, ξ̃^a), (3.12) where ξ̃^a is given by (3.11) and we now assume that ω is non-vanishing. When we apply π_ω first and then π_{ω̃}, an asymptotic Killing horizon (H, ξ^a) is mapped to (H, ξ̂^a) through (H, ξ̃^a), where ξ̂^a is defined by ξ̂^a ≡ ω̃ ξ̃^a − λ̃ ∇^aω̃ + O(u^2), (3.13)

and λ̃ is the potential of ξ̃^a. We find, by noting λ = O(u), that λ̃ is related with λ by λ̃ = ω λ + O(u^2), (3.14)

since we have ξ̃^a = ∇^aλ̃ + O(u) = ω∇^aλ + O(u), which should be consistent with (3.11). From (3.11), (3.13), and (3.14), we thus obtain ξ̂^a = (ω̃ω) ξ^a − λ ∇^a(ω̃ω) + O(u^2), (3.15)

and find that the successive mappings defined by π_{ω̃} ∘ π_ω are described as π_{ω̃} ∘ π_ω = π_{(ω̃ω)}, (3.16) which implies that the mappings (3.12) close and are associative. We also see from (3.16) that the inverse of an arbitrary π_ω is given by π_ω−1 , and from (3.11) that the identity is given by ω = 1. Therefore, these transformations π_ω between asymptotic Killing horizons are shown to form a group. (The infinitesimal versions of these transformations are referred to as horizon deformations previously [16].)

We emphasize here that ω in (3.12) is an arbitrary non-vanishing function, and hence the restriction of the generator ξ̃^a to H is an arbitrary null vector that is non-vanishing as long as ξ^a does not vanish. It is remarkable that multiplication of the generator ξ^a by an arbitrary function preserves the structure of an asymptotic Killing horizon, in contrast with the case of a Killing horizon, where only constant rescaling of the Killing vector is allowed. Therefore, infinitely many asymptotic Killing horizons are degenerate on a Killing horizon universally, in the sense that all of these asymptotic Killing horizons possess the same local geometric structure and the transformations between them form a group, while they are distinguished from each other because of the non-trivial rescaling by the arbitrary function ω.

4. Surface gravity

We now define the surface gravity κ of an asymptotic Killing horizon (H, ξ^a) as the function on H that satisfies ξ^c∇_cξ^a = κ ξ^a + O(u), (4.1) which is rewritten as ∇^aN^2 = 2 κ ξ^a + O(u), (4.2) by defining N^2 ≡ −ξ^aξ_a and noting from (2.1) that we have ξ^c∇_cξ^a = ∇^aN^2/2 + O(u). By using (2.5) and (4.2), we see that the surface gravity κ of an asymptotic Killing horizon (H, ξ^a) gives the relation between N^2 and the potential λ of ξ^a as N^2 = 2κλ + O(u^2). (4.3) Since ξ^a is orthogonal to H, we also have ξ_{[a}∇_bξ_{c]} = O(u). (4.4) By contracting (4.4) with ∇^aξ^b and using (2.1), we thus see that κ is computed, in the same way as in the case of a Killing horizon, by

κ^2 = − 1 2 (∇^aξ^b)(∇_aξ_b) + O(u). (4.5) One should note, however, that the surface gravity κ of an asymptotic Killing horizon (H, ξ^a) is not ensured to be constant in either the direction of ξ^a or the other directions on H. This is because the structure of an asymptotic Killing horizon is defined only locally, and it is not restrictive enough to compel the surface gravity into constant. Actually, when we operate ξ^c∇_c on the both sides of (4.3) and use (2.9), we obtain ξ^c∇_cN^2 = 2λ ξ^c∇_cκ + O(u^2). (4.6) Since λ is linear in u to the leading order, the necessary and sufficient condition for ξ^c∇_cκ = 0 is then found as ξ^c∇_cN^2 = O(u^2). (4.7) If ξ^a satisfies the Killing equation globally, we have ξ^c∇_cN^2 = −ξ^cξ^bL_ξg_{cd} = 0, (4.8) and thus (4.7) is satisfied. However, this is not generally the case for the generator ξ^a of an asymptotic Killing horizon (H, ξ^a), since we have ξ^c∇_cN^2 = O(u). Therefore, for a generic asymptotic Killing horizon, (4.7) is not satisfied, and hence the surface gravity is not constant in general.

However, once there is an asymptotic Killing horizon (H, ξ^a), which does not necessarily satisfy (4.7), we can always find an asymptotic Killing horizon that satisfies (4.7), i.e., an asymptotic Killing horizon whose surface gravity is constant along its generator. To prove this, we consider an asymptotic Killing horizon (H, ξ^a_0 ), with the generator ξ^a_0 written as ξ^a_0 = ω_0 ξ^a − λ ∇^aω_0 + O(u^2), (4.9) and analyze whether there exists ω_0 such that the surface gravity κ_0 of the asymptotic Killing horizon (H, ξ^a_0 ) satisfies ξ^c_0∇_cκ_0 = 0, where κ_0 is shown, by using (4.1) and (4.9), to be given as κ_0 = ω_0 κ + ξ^c∇_cω_0 + O(u). (4.10) We note that (4.10) gives an ordinary differential equation on H (u = 0). Actually, ξ^a is tangent to the null geodesics on H, while not necessarily affinely parametrized, and hence there exists a function ϖ on H such that ξ^a is written on H as

ξ^a = ϖ ( ∂ ∂v )_a , (4.11)

where v is the affine parameter of the null geodesics. By defining a new function V by V ≡ ∫_v ϖ^{−1}dv, (4.12)

we then write (4.10) as ∂ω̂_0 ∂V + κ ω̂_0 = κ_0, (4.13) where ω̂_0 is the restriction of ω_0 to H, i.e., ω_0 = ω̂_0 + O(u). Thus, the desired asymptotic Killing horizon (H, ξ^a_0 ) is obtained by solving (4.13), which is always possible.

In the case where κ vanishes identically on H, we find from (4.13) that ω̂_0 is given by ω̂_0 = κ_0V + C, (4.14) where C is an integration function on H that does not depend on V . Hence, the vanishing surface gravity is transformed into either zero (κ_0 = 0) or non-zero (κ_0 ≠ 0). In the case of κ ≠ 0, on the other hand, the general solution of ω̂_0 is given as

ω̂_0 = κ_0 e^{−w} ∫_w e^w κ dw + Ce^{−w}, (4.15) where w ≡ ∫_V κ dV. (4.16) If κ is non-vanishing and constant along ξ^a, in particular, w is found from (4.16) as w = κV , and hence ω̂_0 is given as ω̂_0 = κ_0 κ + Ce^{−κV} . (4.17) (Here, an integration function, which may appear in w, is absorbed into C.) We see from (4.17) that the particular solution, i.e., the solution with C = 0, has only the effect of multiplying the generator by a factor independent of V . Thus, the transformations between the asymptotic Killing horizons with the non-vanishing constant surface gravity essentially reduce to constant rescaling of the generators, which is possible even in the case of a Killing horizon. On the other hand, the homogenous solutions (κ_0 = 0) transform the surface gravity into zero, and then the resulting generator is tangent to the affinely parametrized null geodesics along H. We furthermore note that κ_0 can be chosen to be constant all over H, and hence that we can find an asymptotic Killing horizon whose surface gravity is an arbitrary constant all over H. In particular, on a non-extreme Killing horizon, there exists an asymptotic Killing horizon with the vanishing surface gravity, whose generator is tangent to the affinely parametrized null geodesics on the horizon. It is also possible to find asymptotic Killing horizons with the non-vanishing constant surface gravity on an extreme Killing horizon. We emphasize, however, that the surface gravity of an asymptotic Killing horizon is not necessarily related with the notion of temperature, in contrast with the surface gravity of a Killing horizon.

Here we recall one of the important features of a Killing horizon. A Killing horizon is a causal boundary for the observers who stay at rest in the exterior region of the Killing horizon, i.e., fields propagating behind the Killing horizon cannot reach these observers. It is important also to note that the Killing vector which generates the Killing horizon is tangent to the orbits of these observers in the exterior region. Since an asymptotic Killing horizon is a local generalization of a Killing horizon, it is reasonable that these features are shared by asymptotic Killing horizons. We thus require that the orbits of the generator ξ^a of an asymptotic Killing horizon (H, ξ^a) should be timelike definitely in the exterior region, at least in the neighborhood where all the conditions for an asymptotic Killing horizon are satisfied. Then, one might consider that N^2 = −ξ^cξ_c is conditioned to be positive-definite in the region of λ > 0 of an asymptotic Killing horizon (H, ξ^a). However, it is actually sufficient to require here that N^2 is positive-definite on one side of H. This is because even if N^2 is positive-definite in the region of λ < 0, we can find an asymptotic Killing horizon whose N^2 is positive-definite in the region of λ > 0, by simply reversing the direction of ξ^a, which reverses the sign of λ also. From now on, we thus assume that the directions of the generators ξ^a of all asymptotic Killing horizons (H, ξ^a) on a common null hypersurface H have been chosen so that λ > 0 on a side of H where N^2 > 0. Therefore, the functions ω in the transformations (3.12) are now restricted to be positive-definite, due to (3.14), and hence the generators of all asymptotic Killing horizons on H point towards the same direction on H. We note also that the group structure of the mapping π_ω is preserved, even when ω are restricted to be positive-definite.

With the condition λ > 0 on a side where N^2 > 0, we see from (4.3) that the surface gravity of an asymptotic Killing horizon cannot be negative. If the surface gravity κ is positive-definite, we indeed find that N^2 is ensured to be positive-definite in the region of λ > 0. However, it is subtle whether the surface gravity of an asymptotic Killing horizon can vanish. Actually, if we set κ = 0 in (4.3), the sign of N^2 is not determined definitely. It occurs because the structure of an asymptotic Killing horizon determines the behavior of ξ^a no higher than O(u). In the case of the extreme Killing horizon of the Kerr–Newman black hole (κ = 0), however, N^2 is positive-definite in both of the exterior and the interior regions of the Killing horizon, which implies that N^2 is quadratic in u to the leading order. Therefore, there does exist an asymptotic Killing horizon whose surface gravity vanishes. However, this is not ensured to be always the case, and the asymptotic Killing horizons with κ = 0 may fail, in general, to describe physically relevant circumstances we are interested in. Actually, one can show that the transformation (4.17) with κ_0 = 0 and C = const., which results in the vanishing surface gravity, transforms the Killing horizon of the Schwarzschild black hole into an asymptotic Killing horizon whose generator is null everywhere. Therefore, we will basically exclude asymptotic Killing horizons with the vanishing surface gravity from our considerations. However, an extreme Killing horizon is physically relevant, and hence we will take into account extreme Killing horizons, where N^2 is assumed to be quadratic in u to the leading order, so that N^2 = 0 has a double root at u = 0.

5. Acceleration

The surface gravity of a Killing horizon scales in the same manner as the normalization of the Killing vector that generates the Killing horizon. This freedom of constant rescaling of the surface gravity is usually fixed, in the case of a Killing horizon, by determining the normalization of the Killing vector in a region far from the Killing horizon. When we focus only on a local geometric structure of a Killing horizon, we thus suffer from the ambiguity of this constant rescaling of the surface gravity. In the case of a Killing horizon with the non-vanishing surface gravity, however, the surface gravity of the Killing horizon is related with the acceleration of the orbits of the Killing vector. The acceleration is free from the ambiguity of the constant rescaling, and it is closely related with the quantum effect measured by a particle detector [18].

Then, we here consider the acceleration of the orbits of the generators ξ^a of asymptotic Killing horizons (H, ξ^a), whish are conditioned to be timelike, as we described in the previous section. The velocity u^a of these orbits is given as u^a ≡ ξ^a/N , and the magnitude a of the acceleration a^a = u^b∇_bu^a is computed as

a^2 ≡ a^ca_c = 1 N^4 [ (ξ^b∇_bξ^c)(ξ^d∇_dξ_c) + 1 4N^2

(ξ^b∇_bN^2)(ξ^d∇_dN^2) ] . (5.1)

We note here that the second term in the bracket in (5.1) vanishes, if ξ^a satisfies the Killing equation globally, and (5.1) reduces in this case to

a^2 = 1 4 (∇_cN^2)(∇^cN^2) N^4

. (5.2) It is possible to rewrite (5.1) by following the same steps as in the case of a Killing horizon (see, e.g., [19]). By using (4.4) and (4.5), we actually have (ξ_b∇^bξ^c)(ξ^a∇_aξ_c) = N^2κ^2 − κ ξ^c∇_cN^2 + O(u^2), and then by substituting this relation into (5.1), we obtain

a^2 = 1 N^4 [ N^2κ^2 − κ ξ^c∇_cN^2 + 1 4N^2

(ξ^b∇_bN^2)(ξ^c∇_cN^2) + O(u^2) ] . (5.3)

When the surface gravity κ of an asymptotic Killing horizon (H, ξ^a) is vanishing (κ = 0) and constant along ξ^a (ξ^c∇_cκ = 0), we have N^2 = O(u^2) and ξ^c∇_cN^2 = O(u^2), and (5.3) reduces to

a^2 = 1 N^2 [ 1 4N^4

(ξ^b∇_bN^2)(ξ^c∇_cN^2) + O(u^0) ] . (5.4)

Thus, the acceleration a may diverge as u^{−1} in this case. Actually, the value of a^2 is not determined definitely, and hence a^2 is not ensured to be positive-definite, since the second term in (5.4) is out of control of an asymptotic Killing horizon. In the case of an extreme Killing horizon, however, we see from (4.8) and (5.2) that a^2 is positive-definite, because ξ^a is timelike and N^2 is constant along ξ^a. Furthermore, by writing as N^2 = αu^2 + O(u^3), ξ^a = n∇^au + uZ^a, (5.5) and noting ξ^aξ_a = −N^2 = O(u^2), we obtain

ξ^c∇_cN^2 = [ ξ^c∇_cα − 2α n ξ^cZ_c ] u^2 + O(u^3), (∇^cN^2)(∇_cN^2) = 4α n [ ξ^c∇_cα − 2α n ξ^cZ_c ] u^3 + O(u^4). (5.6)

We thus find that the condition (4.8) enforces ξ^c∇_cα − 2α n ξ^cZ_c = O(u), (5.7) which implies (∇^cN^2)(∇_cN^2) = O(u^4). Therefore, in the case of an extreme Killing horizon, we see, by using (5.2) and recalling that N^2 is quadratic in u to the leading order, that the acceleration a is finite in the limit u → 0, where the divergent terms in (5.4) cancel out.

On the other hand, in the case of κ ≠ 0, where N^2 is linear in u to the leading order, the acceleration a is given, by using (4.3), (4.6), and (5.3), as a = 1 N [ κ − 1 2 ξ^c∇_c ln κ + O(u) ] . (5.8)

When ξ^c∇_cκ = 0, we see from (5.8) that the surface gravity κ is related with the acceleration a by κ = lim_{u→0} N a, (5.9) as in the case of a Killing horizon. However, since ξ^c∇_cκ ≠ 0 generally, the acceleration a receives the correction described by the second term in (5.8). We also see that, as in the case of a Killing horizon, the acceleration a is free from the ambiguity of constant rescaling of ξ^a, in contrast with the surface gravity κ. Although it diverges in the limit u → 0, the physical origin of this divergent behavior is well understood, i.e., infinite amount of gravitational redshift, which is essential for a black hole to exhibit the thermal feature.

In order to understand the behavior of the acceleration a, it is helpful to consider here the asymptotic Killing horizons (H, ξ^a) that reside on the same null hypersurface H as a reference asymptotic Killing horizon (H, ξ^a_0 ) whose surface gravity κ_0 is constant along ξ^a_0 , and express the acceleration a of the orbits of ξ^a in terms of the reference asymptotic Killing horizon (H, ξ^a_0 ). We then write ξ^a by using ξ^a_0 as ξ^a = ω ξ^a_0 − λ_0∇^aω + O(u^2), (5.10) where λ_0 is the potential of ξ^a_0 , and we focus on the cases of κ ≠ 0, as we mentioned above. Since κ is shown, by the same calculation that leads to (4.10), to be related with κ_0 as κ = ω [κ_0 + ξ^c_0∇_c ln ω] + O(u), (5.11) we have ξ^b∇_bκ = ω^2 [ κ_0 (ξ^b_0∇_b ln ω) + (ξ^b_0∇_b ln ω)(ξ^c_0∇_c ln ω) + (ξ^b_0∇_b ξ^c_0∇_c ln ω) ] + O(u). (5.12) We notice that the acceleration a in the limit of u → 0 depends on ω only through its logarithmic derivative along ξ^a_0 . To see this clearly, we write as ω = ω̂ + O(u), where ω̂ is the restriction of ω to H, and utilize the fact that the reference asymptotic Killing horizon (H, ξ^a_0 ) possesses the translational invariance along ξ^a_0 . Thus, although ω has been restricted to be positive-definite so far, we now analytically continue and set it to the Fourier modes as ω̂ = n_p f_p e^{ipV} . (5.13) Here, V is the scalar on H defined by

ξ^a_0 = ( ∂ ∂V )_a , (5.14)

in the same manner as (4.11) and (4.12), n_p is an arbitrary normalization constant, f_p is an arbitrary function on H that does not depend on V , i.e., ξ^c_0∇_cf_p = 0, and we call p the wave number of the asymptotic Killing horizon. By noticing from (3.14) that λ is related with λ_0 as λ = ωλ_0 and using (4.3), (5.8), (5.11), and (5.12), we then obtain a = 1 √ 2λ_0 (κ_0 + ip)^{1/2} [( κ_0 + i p 2 ) + O(u) ] . (5.15)

We see from (5.15) that the acceleration a in the limit u → 0 depends only on the wave number p, and does not depend on how ω varies in the other directions. It is then worth considering the generators ξ^a_p in the representative class defined by ξ^a_p ≡ ω_p ξ^a_0 − λ_0∇^aω_p + O(u^2), (5.16) where ω_p is naturally “normalized” as ω_p ≡ e^{ipV} . (5.17) From (3.9) and (3.10), we find that the Lie brackets between the generators ξ^a_p give rise to the sub-algebra [ξ_p, ξ_p′ ]^a = i (p^′ − p) ξ^a_{p+p}′ , (5.18) which is isomorphic to the diff(S^1) or diff(R^1) algebra, depending on whether p is discrete or continuous. Therefore, we see that there exists the diff(S^1) or diff(R^1) sub-algebra on an arbitrary asymptotic Killing horizon universally, and that this sub-algebra is picked out naturally and physically based on the behavior of the acceleration.

We also find from (5.15) that in the case of κ_0 ≠ 0, the acceleration a diverges as u^{−1/2} when the orbit approaches the null hypersurface H of the asymptotic Killing horizons (H, ξ^a), as in the case of a nonextreme Killing horizon. In this case, (5.15) reduces continuously to the standard relation (5.9) for a Killing horizon in the limit of p → 0. Whereas we are assuming κ ≠ 0, we can consider the case of κ_0 = 0, as well, by considering that the reference asymptotic Killing horizon is an extreme Killing horizon. Also in this case, we see that a diverges as u^{−1/2}, while p must be kept non-vanishing so that κ ≠ 0. However, the acceleration of an extreme Killing horizon is finite, as we mentioned above. Therefore, the acceleration of the asymptotic Killing horizons on an extreme Killing horizon is discontinuous in the limit p → 0. Although infinitely many asymptotic Killing horizons can reside on an extreme Killing horizon, these asymptotic Killing horizons, except for the extreme Killing horizon itself, behave in a manner completely different from the extreme Killing horizon. Rather, they behave similarly to non-extreme Killing horizons. In the limit of p → 0, an extreme Killing horizon is thus clearly distinguished and isolated from both non-extreme Killing horizons and asymptotic Killing horizons on itself. In the limit of p → ∞, on the other hand, the acceleration a does not depend on κ_0. This indicates that, as p increases, the behavior of the asymptotic Killing horizons on an extreme Killing horizon approaches that of the asymptotic Killing horizons on a non-extreme Killing horizon. In this sense, an extreme Killing horizon and a non-extreme Killing horizon will not be distinguished in the limit of p → ∞.

6. Summary and Discussion

In order to analyze the local geometric structure of a Killing horizon, we first presented Definition 1 of an asymptotic Killing horizon, by simply replacing the Killing equation with (2.1) and noting that such a local structure of a Killing horizon should be defined by the pair of the null hypersurface H and the generator ξ^a. We then defined asymptotic Killing vectors by Definition 2, and showed that the vectors (3.4) are always asymptotic Killing vectors on an arbitrary asymptotic Killing horizon. Since the only possible form of asymptotic Killing vectors on a standard Killing horizon is shown [16, 17] to be given by (3.4), we saw that the most general form of the asymptotic Killing vectors that are universally possessed by arbitrary asymptotic Killing horizons is described by (3.4). As one can see from the derivations, the results in this paper strongly rely on the fact that the generator ξ^a of an asymptotic Killing horizon (H, ξ^a) is both tangent and normal to the hypersurface H, which is possible only on null hypersurfaces. Thus, the existence and the features of asymptotic Killing horizons shown in this paper will not be possible on timelike or spacelike hypersurfaces.

A remarkable feature of asymptotic Killing horizons is that there exist infinitely many asymptotic Killing horizons (H, ξ^a) on a common null hypersurface. Each of these asymptotic Killing horizons is discriminated by its generator ξ^a, which, in turn, is given by the asymptotic Killing vector that is null on H, but is actually an arbitrary null vector on H, since ω in (3.4) is an arbitrary function. In particular, infinitely many asymptotic Killing horizons reside on an arbitrary Killing horizon universally. We then showed that if the surface gravity of an asymptotic Killing horizon (H, ξ^a) is positive-definite, the orbits of the generator ξ^a are timelike in the exterior region, and hence that the null hypersurface H behaves as a causal boundary for these timelike orbits, much like a Killing horizon. On the other hand, we excluded asymptotic Killing horizons with the vanishing surface gravity from our consideration, except for extreme Killing horizons, since they fail to act as a causal boundary. One might expect that such pathological behavior will be remedied by specifying higher order structures of an asymptotic Killing horizon. However, the analysis of the asymptotic Killing vectors on the cosmological horizon in the de Sitter spacetime [16] implies that non-trivial asymptotic Killing horizons will disappear and only the Killing horizon will survive, when higher order structures are specified.

Since the acceleration of a timelike orbit is closely related with the quantum effect perceived by a particle detector running along the orbit, it may be possible to foresee the quantum feature of an asymptotic Killing horizon (H, ξ^a) from the behavior of the acceleration of the orbits of ξ^a. By setting the function ω in (5.10) to the Fourier modes as (5.13), we then investigated the acceleration of these orbits. It was found that only the orbits of the generators ξ^a with different wave numbers p possess different accelerations. In particular, the generators ξ^a_p whose ω are constant in the spatial directions on H form the diff(S^1) or diff(R^1) sub-algebra (5.18). It is interesting that the asymptotic Killing horizons that are picked out based on such a physical argument are related with the algebra of the two-dimensional conformal field theory. One then may be interested in the classical central charge in the Poisson brackets algebra associated with these asymptotic Killing horizons, but this issue is discussed elsewhere [16, 17].

We found from the divergent behavior of the acceleration that the difference between an extreme Killing horizon and a non-extreme Killing horizon stands out in the limit where the wave number p of an asymptotic Killing horizon vanishes, and hence that an extreme Killing horizon looks isolated from non-extreme Killing horizons when the global structure of an extreme Killing horizon is respected. In the limit of p → ∞, on the other hand, an extreme Killing horizon behaves in the same manner as a non-extreme Killing horizon. The latter will imply that an extreme black hole will not be distinguishable from a near-extreme black hole as far as its local structure of the horizon is concerned. This will be the case also in a high-energy theory that can probe the regime of p → ∞, such as a quantum theory of gravity with a duality between the low-energy and the high-energy regimes. It is then interesting to recall here the discrepancy between string theory and the Euclidean approach in the entropy of an extreme black hole. In string theory, which will be able to describe the regime of p → ∞, the entropy of an extreme black hole is given by the same expression as that of a non-extreme black hole [20, 21, 22]. On the other hand, in the Euclidean approach, one evaluates the partition function only by a classical solution with respect for the global isometry of the Killing vector, which thus probes only the configuration corresponding to p = 0. Then, the entropy of an extreme black hole has been shown to vanish in the Euclidean approach, the expression for non-extreme black holes being inapplicable, and hence an extreme black hole is regarded as isolated from non-extreme black holes [23, 24]. Since asymptotic Killing horizons with the non-vanishing surface gravity exhibit the behavior consistent both of these reliable results in string theory and the Euclidean approach, this discrepancy in the entropy of an extreme black hole may be resolved, if the microscopic states of black hole thermodynamics are connected with the asymptotic Killing horizons. It is thus fascinating to explore further the quantum physics of asymptotic Killing horizons in future investigations.

Universal properties from local geometric structure of Killing horizon 14

Acknowledgments

I would like to thank R. M. Wald for suggesting a non-perturbative analysis of asymptotic Killing horizons, which has motivated me to pursue this work. I am grateful also to A. Hosoya, K. Maeda, M. Natsuume, G. Kang and M. Park for useful discussions and encouragement.

References

[1] Bardeen J M, Carter B and Hawking S W 1973 Commun. Math Phys. 31 161 [2] Hawking S W 1975 Commun. Math. Phys. 43 199 [3] Fursaev D V 2005 Phys. Part. Nucl. 36 81 (Preprint gr-qc/0404038) [4] Carlip S 2006 Preprint gr-qc/0601041 [5] Bekenstein J D 1973 Phys. Rev. D 7 2333 [6] Wald R M 1993 Phys. Rev. D 48 R3427; Iyer V and Wald R M 1994 Phys. Rev. D 50 846 [7] Jacobson T 1999 in General Relativity And Relativistic Astrophysics: Eighth Canadian Conference, AIP Conference Proceedings 493 eds. C.P. Burgess and R.C. Myers (AIP Press) 85; Jacobson T and Parentani R 2003 Found. Phys. 33 323 [8] Jacobson T 1995 Phys. Rev. Lett. 75 1260 [9] Gibbons G W and Hawking S W 1977 Phys. Rev. D 15 2752 [10] Carlip S 1999 Phys. Rev. Lett. 82 2828; Carlip S 1999 Class. Quantum Grav. 16 3327 [11] Strominger A 1998 J. High Energy Phys. 02 009 [12] Maldacena J 1998 Adv. Theor. Math. Phys. 2 231; Gubser S S, Klebanov I R and Polyakov A M 1998 Phys. Lett. B 428 105; Witten E 1998 Adv. Theor. Math. Phys. 2 253; Aharony O, Gubser S S, Maldacena J, Ooguri H and Oz Y 1998 Phys. Rep. 323 183 [13] Carlip S 2002 Phys. Rev. Lett. 88 241301 [14] Carlip S 2005 Class. Quantum Grav. 22 1303 [15] Kang G, Koga J and Park M 2004 Phys. Rev. D 70 024005 [16] Koga J 2001 Phys. Rev. D 64 124012 [17] Koga J Preprint gr-qc/0609120 [18] Birrell N D and Davies P C W 1982 Quantum fields in curved space (Cambridge: Cambridge University Press) [19] Wald R M 1984 General Relativity (Chicago: The University of Chicago Press) [20] Strominger A and Vafa C 1996 Phys. Lett. B 379 99 [21] Horowitz G T 1996 Preprint gr-qc/9604051 [22] Sen A 2005 JHEP 09 038 [23] Hawking S W, Horowitz G T and Ross S F 1995 Phys. Rev. D 51 4302 [24] Teitelboim C 1995 Phys. Rev. D 51 4315