arXiv:gr-qc/0604060 v5 30 Oct 2006

Effect of the orbital motion of the Sun on the determination of the post-Newtonian γ parameter using the Cassini spacecraft

Sergei Kopeikin^∗ and Igor Vlasov^† Department of Physics & Astronomy, University of Missouri-Columbia, Columbia, MO 65211, USA

Gerhard Schäfer^‡ Institute of Theoretical Physics, Friedrich-Schiller University, Jena D-07743, Germany

Alexander Polnarev^§ Queen Mary University of London, London E14NS, UK (Dated: October 30, 2006)

The most precise test of the post-Newtonian γ parameter in the solar system has been achieved in measurement of the frequency shift of radio waves to and from the Cassini spacecraft as they passed near the Sun. The JPL model of radio wave propagation includes but does not explicitly evaluate the impact of the orbital motion of the Sun on the Shapiro delay as a radio wave traverses the solar system. The motion of the Sun induces a non-stationary component of the gravitational field that is associated with the Lorentz transformation from the heliocentric to the barycentric frame of the solar system. We analyze the effect of this motion on the propagation of a radio wave passing closely to the solar limb and show that, had the Lorentz-invariance of gravity been broken, it would have affected the measured value of γ as published by Bertotti, Iess, and Tortora in Nature at the level of ∼ 10^{−4} . Our analysis suggests that the JPL relativistic model of light propagation must be corrected to include the effect of the orbital motion of the Sun explicitly in order to separate its contribution to the measured value of γ in such extremely precise experiments as with the Cassini spacecraft.

PACS numbers: 04.20.-q, 04.80.Cc, 95.10.Jk, 95.85.Bh Keywords: general relativity – experimental gravity – Doppler tracking

INTRODUCTION

According to general relativity and other alternative theories of gravity, photons are deflected and delayed by the curvature of space-time produced by any mass distribution. In the gravitational field of a static spherical mass the bending and delay are proportional to γ + 1, where γ measures the degree of deviation of the gravity theory from general relativity [1]. The most precise measurement of γ has been recently achieved in the Cassini experiment [2, 3, 4] by fitting the Doppler data to the relativistic model used in the JPL Orbit Determination Program (ODP) [5]. The ODP calculates the time delay in the heliocentric frame and transforms it to the barycentric frame of the solar system by using spatial translations of participating bodies from the heliocentric to the barycentric frame [6]. The translations do not explicitly depend on the solar velocity making impossible to control its impact on the calculated values of the model parameters.

This Letter shows that the orbital velocity of the Sun is important for relativistic experiments like the Cassini having precision 10^{−14} and better. During the time radio signal travels from the spacecraft to the Earth the motion of the Sun can be approximated as uniform along a straight line. The solar acceleration produces negligible effect though it may affect future experiments [7]. We demonstrate that the spatial translations used in the ODP code to calculate the barycentric time delay, are equivalent to performing a Lorentz transformation from the heliocentric to the barycentric frame. In the heliocentric frame photon moves in a static gravitational field of the Sun fully defined by the metric components g_{00} and g_{ij}. The Lorentz transformation to the barycentric frame brings about g_{0i} component of the metric tensor and makes the barycentric metric to be time-dependent, so that its partial time derivatives do not vanish in this frame contrary to the heliocentric frame. This non-stationarity of the solar gravity in the barycentric frame is associated with the gravimagnetic field caused by the translational current of matter [8, 9, 10]. Measuring this field in the Cassini experiment would be a test on the Lorentz-invariance of gravity accounting for time derivatives of the metric.

In what follows the Greek indices α, β, ... run from 0 to 3, the Roman indices i, j, ... run from 1 to 3, repeated indices mean Einstein’s summation, and bold letters A = (A^i), B = (B^i), etc. denote spatial vectors. A dot between two spatial vectors, A · B, means the Euclidean scalar product, and the cross between them, A × B, means the Euclidean vector product. The absolute value of a spatial vector A is denoted A = |A|.

GRAVITATIONAL SHIFT OF FREQUENCY IN THE HELIOCENTRIC FRAME

The heliocentric frame is denoted by X^α = (cT, X), where c is the speed of light, T is time and X is the space coordinates with the Sun located at the origin. Spacecraft emits a radio signal at time T_0 at point X_0, and observer (tracking station) receives this signal at time T_1 at point X_1. The radio signal propagates along the direction defined by a unit vector K = R/R, where R = X_1 − X_0, and R = |X_1 − X_0|. The total time of propagation of the radio signal from the spacecraft to the observer (with plasma dispersion eliminated) is

T_1 − T_0 = R c + ΔT , (1)

where ΔT is the Shapiro gravitational time delay [12]

ΔT = (1 + γ) GM_⊙ c^3 ln ( R_0 + R_1 + R R_0 + R_1 − R ) , (2)

G is the universal gravitational constant, M_⊙ is mass of the Sun, R_0 = |X_0|, R_1 = |X_1|. Equation (2) is valid in the post-Newtonian approximation and includes all relativistic terms of the order of 1/c^2 in addition to the first term in the right side of equation (1).

The ODP code computes Doppler shift by differencing numerically the time delay equations (1), (2) at the beginning, T_0, and the end, T_1, of the Doppler integration time. This procedure can be described analytically [14, 15, 16, 17] in the approximation of a small impact parameter D of the radio signal path which is sufficient for our discussion. In this approximation equation (2) is simplified

ΔT = (1 + γ) GM_⊙ c^3 ln ( 4L_0L_1

D^2 ) , (3)

where L_1 ≡ (K · X_1) = √ R^2_1 − D^2, L_0 ≡ −(K · X_0) = √ R^2_0 − D^2, D ≡ K × (X_1 × K) = K × (X_0 × K), D = |D|, and we notice that L_1 + L_0 = R. In the heliocentric frame only the relative motion of the spacecraft and the Earth produces a spatial change in the impact parameter leading to a temporal change in the Shapiro time delay ΔT which is effectively equivalent to a change in observed frequency ν_1 of the radio signal emitted from the spacecraft with frequency ν_0. The frequancy change is z = ν_1/ν_0 − 1 = z_0z_1z_{gr}, where z_0 and z_1 are corrections accounting for transformation from time T to the proper time τ at the spacecraft and observer positions, and z_{gr} = d(ΔT )/dT_1 is the delay due to the variation in the strength of the gravitational field along the radio signal path [5, 13, 14]. Differentiation yields

z_{gr} = −

L_0 cR (V_1 · α_H ) −

L_1 cR (V_0 · α_H ) + δz^H_{gr} . (4)

Here V_1 = dX_1/dT_1 and V_0 = dX_0/dT_0 are the heliocentric velocities of observer and emitter with respect to the Sun, residual terms

δz^H_{gr} = α_H 2c [ D L_1

(K · V_1) − D L_0

(K · V_0) ] + L_1 c^2R

[(K · V_1) − (K · V_0)] (V_0 · α_H ) , (5)

where α_H = |α_H |,

α_H = α_⊙

1 + γ 2 R_⊙ D D̂ (6)

is a displacement vector describing magnitude and direction of the gravitational bending of the radio wave’s trajectory, D̂ = D/D is the unit vector directed along the heliocentric impact parameter from the Sun toward the light ray, R_⊙ – radius of the Sun, and α_⊙ = 4GM_⊙/c^2R_⊙ = 1.75^{′′} is the angle of the gravitational bending of light by the Sun in general relativity in case of the light ray grazing the solar limb. The asymmetry between subscripts 1 and 0 in the last term of equation (5) is because of the derivative dT_0/dT_1 = 1 − c^{−1}(K · V_1 − K · V_0) that appears any time when one differentiates X_0 = X(T_0(T_1)), for example, dX_0/dT_1 = V_0dT_0/dT_1 but dX_1/dT_1 = V_1.

The first two terms in the right side of equation (4) were obtained by Bertotti & Giampieri [15]. However, the analytic theory of the Cassini experiment should also incorporate the term δz^H_{gr} given in equation (5). Indeed, the r.m.s. value of the 1094 data points in the Cassini solar conjunction measurement was 1.2 × 10^{−4} Hz corresponding to a one-way range rate of δV = 2.2 × 10^{−6} m/s (see Fig. 3 in [2] for more detail). Therefore, all terms having amplitude δV /c ≃ 10^{−14} must be retained in the analytic calculations. The ODP code [5] calculates δz^H_{gr} numerically [5].

GRAVITATIONAL SHIFT OF FREQUENCY IN THE BARYCENTRIC FRAME

The barycentric frame is denoted by x^α = (ct, x) where t is a coordinate time and x are space coordinates with the origin located at the barycenter of the solar system [18, 19]. Let x_⊙(t) denote the spatial coordinates of the Sun at time t and its orbital velocity v_⊙(t) = dx_⊙/dt. Radio signal is emitted at the point x_0 at time t_0, and received by observer at the point x_1 at time t_1. Because we neglect the solar acceleration, a_⊙, during the time of flight of a radio signal, the solar coordinate can be approximated by uniform and rectilinear motion

x_⊙(t) = x_⊙ + v_⊙(t − t_A) + O [ a_⊙(t − t_A)^2 ] , (7)

where x_⊙ ≡ x_⊙(t_A) and v_⊙ ≡ v_⊙(t_A) are respectively the barycentric coordinate and the orbital velocity of the Sun taken at a fiducial instant of time t_A which is in the range between the time of emission, t_0, of the radio signal and that of its reception t_1.

In what follows we assume that relativistic transformation of the solar gravitational field from the heliocentric to the barycentric frame can be performed with the matrix of the Lorentz transformation Λ^α_β having a standard special-relativistic form [20]

Λ^0 = Γ , Λ^0_i = Λ^i_0 = −Γβ^i , Λ^i_j = δ^{ij} + (Γ − 1) β^iβ^j β^2

, (8)

where Γ ≡ √ 1 − β^2, and β^i = v^i_⊙/c ≪ 1. This matrix transforms coordinates as follows

X^α = Λ^α_β (x^β − x^β_⊙) , (9)

where x^β_⊙ = (ct_A, x_⊙). Since we are interested in this paper only in the gravitational shift of frequency it suffices to approximate equation (9) by making use of the post-Newtonian expansion of matrix Λ^α_β with respect to β and working with a few first terms. This reduces equation (9) to the post-Galilean transformation [1]

X = x − x_⊙ − v_⊙(t − t_A) + O(v^2_⊙/c^2) , (10) T = t + O(v_⊙/c^2) . (11)

Transformation of the frequency shift equation (4) to the barycentric frame requires transformation of the heliocentric distances R_0, R_1, R, the impact parameter D, and velocities V_0, V_1 to their barycentric counterparts. By making use of equations (10), (11) we obtain

X_1 = r_1 ≡ x_1 − x_⊙(t_1) , (12) X_0 = r_0 ≡ x_0 − x_⊙(t_0) , (13) V_1 = v_1 − v_⊙ , (14) V_0 = v_0 − v_⊙ , (15)

where x_⊙(t_0) and x_⊙(t_1) are defined by equation (7), v_1 = [dx_1(t)/dt]_{t=t1} and v_0 = [dx_0(t)/dt]_{t=t0} are the barycentric velocities of observer and emitter of the radio signal respectively.

Equations (12), (13) are the spatial translations used in the ODP code for calculating the barycentric time delay [5]. They allow us to derive transformations of the distance R and the unit vector K. Specifically, R = r − v_⊙ c r , (16) K = k − v^⊥_⊙ c , (17)

where r = x_1 − x_0, r = |r|, the unit vector k ≡ (x_1 − x_0)/|x_1 − x_0| defines direction of propagation of the radio signal in the barycentric frame, and v^⊥_⊙ ≡ k × (v_⊙ × k) is the Sun’s velocity projected on the plane being orthogonal to k. Transformation of the heliocentric impact parameter vector D is given by equation

D = d + (d · v_⊙)k + (k · r_1)v^⊥_⊙ , (18)

where d ≡ k × (r_1 × k) is the barycentric ”impact parameter” vector of the light ray with respect to the barycentric position of the Sun taken at instant t_1. Equation (18) can be further simplified if the impact parameter of the light ray in the barycentric frame is defined more appropriately as the least possible distance between photon and gravitating body during the time of flight of the photon from x_0 to x_1 [21, 22, 23]. Using equation (18) the deflection angle α_H is transformed as follows

α_H = α_B + (α_B · v_⊙)k +

(k · r_1) d [ α_Bv^⊥_⊙ − 2(d · v_⊙)α_B ] , (19)

α_B = α_⊙

1 + γ 2 R_⊙ d d̂ , (20)

where α_B = |α_B|, and the unit vector d̂ = d/|d|.

Substitution of the heliocentric quantities (12)–(20) to the frequency shift equation (4) brings it to the following analytic form [21]

z_{gr} = − l_0 cr (v_1 · α_B) − l_1 cr (v_0 · α_B) + 1 c (v_⊙ · α_B) + δz^B_{gr} , (21)

where l_0 ≡ −(k · r_0), l_1 ≡ (k · r_1), and δz^B_{gr} is a shorthand notation for a rather long analytic expression describing the residual terms with magnitude of up to 10^{−16} which are obtained after applying transformations (12)–(20) to equation (4) [21].

DISCUSSION

The Cassini experiment was conducted in June 2002 when radio waves from/to the spacecraft had passed at the minimal distance d = 1.6R_⊙ from the Sun, where R_⊙ is the solar radius. In the Cassini experiment the peak value of [z_{gr}]_{peak} is caused by the orbital velocity v_⊕ of the Earth [24] and reached the value of 6 × 10^{−10} while the resulting measurement errors of z_{gr} were about five orders of magnitude smaller, that is δz_{gr} ≃ 10^{−14} [2, 3].

We have used JPL ephemerides to calculate the barycentric position of the Earth and the Sun as well as their barycentric velocities at the time of the 2002 Cassini-solar conjunction. One of the consecutive relative configuration of the Earth, the Sun and the Cassini is shown in Fig. 1. It varies fairly rapidly as all three bodies are moving with respect to each other, thus, leading to the change of the impact parameter of the radio link. The magnitude of the solar velocity with respect to the barycenter of the solar system is of the order of 14.4 m/s and the angle ϕ between the direction of the velocity v_⊙ and the impact parameter vector d is about 16^∘ for the relative configuration shown in Fig. 1. These values were used in estimation of the third term in equation (21) which is due to the non-stationary component of the solar gravity field caused by the orbital motion of the Sun. It amounts to z_{gr} = (v_⊙/v_⊕) cos ϕ [z_{gr}]_{peak} ≃ ±2.9 × 10^{−13}, and is almost five times larger than the measurement error of δz_{gr} cited in [2]. This means that the value of γ − 1 = (+2.1 ± 2.3) × 10^{−5} given in [2] could be affected at the level of ±1.2 × 10^{−4} due to the solar velocity v_⊙ if the Lorentz transformation of gravitational field would be invalid, that is the term depending on v_⊙ in equation (21), had a different coefficient and/or somehow included velocity of a preferred frame.

Linearized transformations (12) and (13) of the Shapiro time delay from the heliocentric to the barycentric frame are used in the ODP code [5] but they are not parametrized to account explicitly for the solar velocity. Thus, the ODP does not control to what extent this velocity affects results of the solar system experiments. In order to track up the effect of the non-stationarity of the solar gravity field, it should be parametrized by labeling velocity of the Lorentz transformation: β^i → ϵβ^i, where ϵ is to be a new fitting parameter in the ODP code. General relativity predicts that ϵ = 1, otherwise the Lorentz-invariance of gravity is violated. The Cassini data are accurate enough to measure ϵ, thus, providing a test of the Lorentz invariance of the gravity field. This test is not equivalent to setting an upper limit on the PPN parameter α_1 [1] as α_1 is not sensitive to the time derivative of the metric tensor [9], while the parameter ϵ does, as the Doppler shift (4) is a time derivative of the Shapiro delay that is a function of the metric.

This parameterization recasts the ODP equations (12), (13) to the following form

X_1 = r_1 ≡ x_1 − x_⊙(ϵt_1) , (22) X_0 = r_0 ≡ x_0 − x_⊙(ϵt_0) , (23)

that must be used instead of equations (12), (13). The partial derivatives of the Shapiro delay with respect to parameters γ and ϵ are [ ∂ΔT ∂γ ] ϵ=1 = GM_⊙ c^3 ln [ r_0 + r_1 + r − (r · v_⊙)/c r_0 + r_1 − r + (r · v_⊙)/c ] , (24) [ ∂ΔT ∂ϵ ] γ=1 = 4GM_⊙ c^3 r (r_1 + r_0)^2 − r^2 [ (k_1 · v_⊙)t_1 + (k_0 · v_⊙)t_0 − 1 c (r_1 + r_2)(k · v_⊙) ] , (25) where k_1 = r_1/r_1 and k_0 = r_0/r_0. Partial derivatives (24) and (25) have different functional dependence, pointing out that parameters γ and ϵ are uncorrelated, and can be separated in the data fitting procedure.

This Letter suggests to disentangle the measurement of the PPN parameter γ in the Cassini experiment [2, 3] from the non-stationary effects of the solar gravitational field caused by the orbital motion of the Sun. The orbital motion must be properly parametrized in the Shapiro delay equation (2) by making use of the linearized Lorentz translations (22), (23) where ϵ is a new fitting parameter in the ODP code. Parameter γ characterizes deviation of gravity from pure geometry and has a different physical origin from ϵ which is associated with the gravimagnetic field caused by the solar orbital motion. GP-B [11] tests the gravimagnetic field produced by Earth’s rotation that can not be obtained from the Lorentz transformation [9]. Hence, GP-B can not measure ϵ.

Our final notice is that this paper calculates the effect of the solar velocity on the gravitational Doppler shift in one-way radio link. In real experiment two (up and down) radio links are used [2, 3]. Equations of the Doppler shift for two radio links have been derived in [14, 21] and they substantiate conclusions of the present paper.

Acknowledgments

We thank J. D. Anderson and B. Bertotti for valuable discussions and the anonymous referees for instructive reports.

∗ Electronic address: kopeikins@missouri.edu † Electronic address: ivlasov@physics.uoguelph.ca ‡ Electronic address: Gerhard.Schaefer@uni-jena.de § Electronic address: A.G.Polnarev@qmul.ac.uk [1] Will, C. M, 1993, Theory and experiment in gravitational physics (Cambridge University Press: Cambridge) [2] Bertotti, B., Iess, L. & Tortora, P., 2003, Nature, 425, 374 [3] Anderson, J. D., Lau, E. L. & Giampieri, G., 2004, in Proc. of the 22nd Texas Symp. on Rel. Astrophys., Stanford, eConf C041213, 0305 (available on http://www.slac.stanford.edu/econf/C041213/papers/0305.PDF) [4] Anderson, Lau & Giampieri [3] obtained a negative correction to γ − 1 = (−1.3 ± 5.2) × 10^{−5}. [5] Moyer, T. D., 2003, Formulation for Observed and Computed Values of Deep Space Network Data Types for Navigation (John Wiley & Sons: Hoboken) [6] See Eqs. (8.1), (8.2), (8.3) in section 8 of [5].

[7] Dittus, H. Lämmerzahl, C. & Turyshev, S. G., 2006, Lasers, Clocks, and Drag-Free: Exploration of Relativistic Gravity in Space, (Springer: Berlin) [8] Ciufolini, I. & Wheeler, J.A., 1995, Gravitation and Inertia (Princeton: Princeton University Press) [9] Kopeikin, S. M., 2006, Int. J. Mod. Phys., D15, 305 [10] GP-B [11] measures the gravimagnetic field caused by Earth’s rotation [8, 9]. [11] Muhlfelder, B., 2005, Gravity Probe B, APS Meeting Abstracts, #J4.002 [12] Shapiro, I. I., 1964, Phys. Rev. Lett., 13, 789 [13] Brumberg, V. A., 1991, Essential Relativistic Celestial Mechanics (Adam Hilger: Bristol) [14] Kopeikin, S. M., 1990, Sov. Astron., 34, 5 [15] Bertotti, B. & Giampieri, G., 1992, Class. Quant. Grav., 9, 777 [16] Bertotti, B., Comoretto, G. & Iess, L., 1993, Astron. Astrophys., 269, 608 [17] Iess, L., Giampieri, G., Anderson, J. D., Bertotti, B., 1999, Class. Quant. Grav., 16, 1487 [18] Kopeikin, S. & Vlasov, I., 2004, Physics Reports, 400, 209 [19] Soffel, M., Klioner, S. A., Petit, G., Wolf, P., Kopeikin, S. M., Bretagnon, P., Brumberg, V. A., Capitaine, N., Damour, T., Fukushima, T., Guinot, B., Huang, T.-Y., Lindegren, L., Ma, C., Nordtvedt, K., Ries, J. C., Seidelmann, P. K., Vokrouhlický, D., Will, C. M. & Xu, C., 2003, Astron. J., 126, 2687 [20] C.W. Misner, K.S. Thorne & J.A. Wheeler, 1973, Gravitation (New York: Freeman) [21] Kopeikin, S. M. & Schäfer, G., 1999, Phys. Rev D, 60, 124002 [22] Klioner, S. A., 2003, Astron. Astrophys., 404, 783 [23] Kopeikin, S., Korobkov, P. & Polnarev, A., 2006, Class. Quantum Grav., 23, 4299 [24] The peak value [zgr]peak ≃ α⊙(r⊙ /d)(v⊕/c), where α⊙ = 8.5 × 10^{−6} is the bending of light at the solar limb (in radians), r⊙ = 7 × 10^5 km is the solar radius, and d is the impact parameter of the radio link.

FIG. 1: Relative configuration of the Cassini, the Sun and the Earth by the time of solar conjunction on June 21, 2002 in the barycentric reference frame with origin located at the center of mass of the solar system. The barycentric velocity of the Sun is shown by (red) arrow that makes an angle ϕ ≃ 16^∘ with respect to the impact parameter of the radio-link connecting the Cassini spacecraft and the Doppler tracking station on the Earth. This angle changes to ϕ ≃ 164^∘ after the radio-link gets on the other side from the Sun.