arXiv:gr-qc/0604061v3 5 Mar 2008

Torsion as a dynamic degree of freedom of quantum gravity

Sang-Woo Kim School of Physics, College of Natural Sciences, Seoul National University, Seoul 151-742, Korea

D. G. Pak^∗ Center for Theoretical Physics, Seoul National University, Seoul 151-742, Korea and Institute of Applied Physics, Uzbekistan National University, Tashkent 700-095, Uzbekistan

The gauge approach to gravity based on the local Lorentz group with a general independent affine connection A_{μcd} is developed. We consider SO(1, 3) gauge theory with a Lagrangian quadratic in curvature as a simple model of quantum gravity. The torsion is proposed to represent a dynamic degree of freedom of quantum gravity at scales above the Planckian energy. The Einstein-Hilbert theory is induced as an effective theory due to quantum corrections of torsion via generating a stable gravito-magnetic condensate. We conjecture that torsion possesses an intrinsic quantum nature and can be confined.

PACS numbers: 04.60.-m,04.62.+v,11.30.Qc, 11.30.Cp

Keywords: quantum gravity, torsion, effective theory

I. INTRODUCTION

The idea that torsion should play an important role in gravity descends from works by E. Cartan [1] who had deep insight into the nature of space-time geometry. Cartan was first to realize the tensorial character of torsion and subsequently the approach to gravity including torsion was developed extensively [2, 3, 4, 5]. Near that time H. Weyl invented a gauge invariance principle [6] which was used successfully as a guiding rule in constructing the modern theories of electro-weak and strong interactions. The gauge approach to gravity based on Lorentz and Poincare group was proposed in [7, 8, 9, 10] and later was developed by many physicists [11, 12, 13, 14]. The translational gauge formalism of Einstein theory was further developed in [12]. In these approaches the initial classical Lagrangian includes the Einstein-Hilbert term (in addition to other possible terms quadratic in curvature and torsion) providing the correct limit of Einstein gravity. Note that in higher-derivative quantum gravity models with the Einstein-Hilbert term the unitarity problem of the physical S-matrix can be resolved consistently [13]. The Carmeli theory [14] based on the Lorentz gauge group SO(1, 3) ≃ SL(2, C) is an example of a model which contains only a quadratic curvature term of Maxwell type and, therefore, appears to be a fourth-order theory for the metric tensor. For pure gravity without matter the equations of motion in Carmeli’s model lead to the Newman-Penrose form of the vacuum Einstein-Hilbert equations. This is an interesting hint that the SO(1, 3) connection can be regarded as a dynamical variable just like the metric tensor. Such a point of view was adopted in [15] where authors treated the gauge connection in Carmeli’s model as an independent variable and demonstrated the renormalizability of the theory.

Einstein gravity is an effective theory and can be deduced from some more fundamental theory was discussed by Zel’dovich and Sakharov in 1967 [16, 17]. The possibility of inducing the Einstein theory via quantum corrections was considered in past by many physicists in various approaches: scale (conformal) invariance breaking schemes [18, 19], non-linear realizations of the Lorentz group [20, 21], models with spontaneous symmetry breaking [22, 23] where the graviton emerges as a Goldstone boson [24, 25, 26], and others [27, 28]. In most of these approaches the Einstein- Hilbert term is induced by quantum corrections due to interaction with a scalar matter field. The disadvantage of this is that we have no any experimental evidence for the existence of fundamental scalar fields (like a dilaton or inflaton). Moreover, the inducing of Einstein gravity from the interaction with matter fields looks unsatisfactory because such

∗Electronic address: dmipak@phya.snu.ac.kr

a mechanism does not give any answer to the origin of the classical Einstein theory limit in the absence of matter. Contrary to this, we use a minimal formulation of the theory without scalar fields and demonstrate that even in a pure quantum gravity model with torsion the Einstein-Hilbert action can be induced due to quantum dynamics of the torsion via formation of a non trivial vacuum with a gravito-magnetic condensate.

In the present paper we are constrained to follow the gauge approach to gravity based on the Lorentz gauge group. We do not consider a more general case which includes the Poincare gauge group, although such a formalism can be developed as well. Our motivation to follow only the Lorentz gauge group approach is twofold. First of all, the local Lorentz symmetry has its own deep physical meaning since it reflects the presence of weak equivalence principle which is a basic fundamental principle lying in the nature of the gravitational force. We expect that contortion as a part of Lorentz gauge connection could play a principal role at quantum level. The second reason of our constrained consideration is that we are looking for a possible mechanism of emergent Einstein gravity which can be induced as an effective theory during phase transition at Planckian scale. So that we are interested in such a theory where the metric obtains its dynamical content after phase transition at lower energy scale. The contortion could be a good candidate to switch on the mechanism of dynamical symmetry breaking through the quantum corrections. We develop this idea by suggesting that the torsion (contortion) represents exactly the dynamic variable of quantum gravity. Moreover, we conjecture that torsion can be confined and exists intrinsically as a quantum object, and its quantum dynamics manifest themselves by inducing the Einstein-Hilbert theory as an effective theory of quantum gravity below the Planckian scale.

The paper is organized as follows. In Section II we describe the main lines of the model following Utiyama-Kibble- Sciama gauge approach to gravity [7, 8, 14, 15] based on the Lorentz gauge group. In Section III an effective quantum action is calculated in one-loop approximation by integrating out torsion degrees of freedom. It has been shown that the corresponding effective potential possesses a non-trivial minimum which provides a vacuum gravito-magnetic condensate. The classical limit of Einstein-Hilbert theory is obtained as an effective theory induced by the quantum dynamics of torsion. In Section IV we outline some parallels between the quantum gravity model with torsion and the quantum chromodynamics (QCD). The last section discusses the non-positiveness of the classical Hamiltonian and our main results.

II. UTIYAMA-KIBBLE-SCIAMA GAUGE APPROACH TO GRAVITY

In early approaches to the formulation of gravity as a gauge theory of the Poincare group [7, 8, 11, 12] the vielbein e^μ_a and Lorentz affine connection A^{cd}_μ were introduced (we use Greek letters μ, ν, ... for the space-time indices and Latin letters a, b, c, ... for the Lorentz indices). For simplicity we will not consider the Poincare gauge group and restrict ourselves with a case of the proper Lorentz group SO(1, 3). The infinitesimal transformation of a Lorentz vector V_a is given by

δV_a = [Λ, V_a] = Λ^b_a V_b, (1)

where Λ ≡ Λ_{cd}Ω^{cd} is a Lie algebra valued parameter, and Ω^{cd} is a generator of the Lorentz Lie algebra. The vielbein e^μ_a allows us to convert Lorentz indices into space-time indices and vice versa. We assume that the vielbein is invertible

e^μ_a e_{bμ} = η_{ab}, (2)

and the signature of the flat metric η_{ab} in the tangent space-time is Minkowskian, η_{ab} = diag(+ − −−). Throughout the paper we follow Kibble’s approach [8] and treat the vielbein as a fixed background field which does not manifest any dynamical content. This is not a principal limitation and one can overcome it by generalization to Poincare group. The covariant derivative with respect to the Lorentz group is defined in a standard manner

D_a = e^μ_a (∂_μ + gA_μ), (3)

where A_μ ≡ A_{μcd}Ω^{cd} is a general affine connection taking values in the Lorentz Lie algebra, and g is a new gravitational gauge coupling constant corresponding to the Lorentz gauge group. For brevity of notation we will use a redefined connection which absorbs the coupling constant. The general gauge connection A_{μcd} can be written as the sum

A^d_{μc} = φ^d_{μc} (e) + K^d_{μc} , (4) where K^d_{μc} is a contortion and φ^d_{μc} (e) is a Levi-Civita spin connection given in terms of the vielbein φ^b_{μa} (e) = 1 2 (e^{νb}∂_μe_{νa} − e^ν_ae^c_μ∂^be_{νc} + ∂_ae^b_μ − e^ν_a∂_μe^b_ν + e^{νb}e^c_μ∂_ae_{νc} − ∂^be_{μa}). (5) The original Lorentz gauge transformation has the form δe^μ_a = Λ^b_ae^μ_b , δφ_μ(e) = −∂_μΛ − [φ_μ, Λ], δK_μ = −[K_μ, Λ], (6) where φ_μ ≡ φ_{μcd}Ω^{cd}, and K_μ ≡ K_{μcd}Ω^{cd}. Let us consider the main lines of Riemann-Cartan geometry (see e.g. [3]). The torsion and curvature tensors are defined in a standard way [D_a, D_b] = T^c_{ab}D_c + R_{ab}, (7) here, R_{ab} ≡ R_{abcd}Ω^{cd}. The non-holonomicity coefficients C^c_{ab} are given by the equations [Δ_a, Δ_b] = C^c_{ab}Δ_c, Δ_a ≡ e^μ_a ∂_μ. (8) To make the derivative D_μ covariant under the general coordinate transformation one includes the Riemann-Cartan connection Γ^ρ_{μν} as well D_μV^ν = ∂_μV^ν + Γ^ν_{μρ}V^ρ. (9) The Riemann-Cartan connection is related to the general Lorentz connection A^d_{μc} by definition, via D_μe^{νa} = ∂_μe^{νa} + Γ^ν_{μρ}e^{ρa} − e^{νb}A^a_{μb} = 0. (10) The Christoffel symbol Γ̂^ρ_{μν} = Γ̂^ρ_{νμ} is related to the Levi-Civita connection by means of the reduced equation D̂_μe^{ρa} = ∂_μe^{ρa} + Γ̂^i_{μρ}e^{ρa} − e^{ib}φ^a_{μb} = 0. (11) Solving this equation one can find a standard relationship between Γ̂^ρ_{μν} and φ^b_{μa} Γ̂^ρ_{μν} = e^{ρa}e_{νb}φ^b_{μa} + e_{νb}∂_μe^{ρb}. (12) An antisymmetric part of the Riemann-Cartan connection defines the torsion components in the holonomic basis Γ^ρ_{μν} − Γ^ρ_{νμ} = T^ρ_{νμ}. (13) The contortion components in the unholonomic basis can be expressed in terms of torsion, and conversely T^c_{ab} = A^c_{ab} − A^c_{ba} + C^c_{ab} = K^c_{ab} − K^c_{ba}, (14) K_{abc} = 1 2 (T_{abc} − T_{bca} + T_{cab}). (15) Under decomposition (4) the Riemann-Cartan curvature is split into two parts R_{abcd} = R̂_{abcd} + R̃_{abcd}, (16) R̂_{abcd} = D̂_{[a}φ^d_{b]c} + φ^e_{[a|c} φ^d_{b]e}, R̃_{abcd} = D̂_{[a}K^d_{b]c} + K^e_{[a|c}K^d_{b]e}, where the underlined indices stand for indices over which the covariantization has been performed, and we use a short notation for the index antisymmetrization [a, b] = ab − ba.

One can define the classical Lagrangian for a pure gravity with torsion which contains only terms quadratic in curvature tensor L = − 1 4 (αR_{abcd}R^{abcd} − 4βR_{ab}R^{ab} + γR^2), (17) where R_{ab} ≡ η^{cd}R_{acbd} and R ≡ η^{ab}R_{ab} and α, β, γ are real numbers. The case α = β = γ = 1 corresponding to Gauss- Bonnet type Lagrangian is considered recently in [29]. In the present paper we deal with Yang-Mills type Lagrangian setting α = 1, β = γ = 0. The Yang-Mills type Lagrangian with the general Lorentz connection constructed from SL(2, C) dyad and vielbein was considered by Carmeli [14]. It had been demonstrated that the corresponding equation of motion after projection with the vielbein produces the vacuum Einstein-Hilbert equation in Newman-Penrose form. Later Martellini and Sodano considered Carmeli’s model treating the Lorentz gauge connection as independent of vielbein, and proving its renormalizability [15]. The Lagrangian (17) has been considered also in [30] with studying the problem of the non-compactness of the Lorentz group.

Since the Lorentz group is not compact the Lagrangain L_0 leads to a non-positive definite Hamiltonian. For that reason one usually adds to the Lagrangian the Einstein-Hilbert term √ −gR which helps to resolve the non-unitarity problem connected with negative energy states. One should stress that we do not introduce the Einstein-Hilbert term as in Utiyama-Kibble-Sciama approach [7, 8]. Neither we introduce the SL(2, C) spin frame as Carmeli did in his approach [14] to make the correspondence with Einstein-Hilbert vacuum equations in the Newman-Penrose formalism.

There were some attempts to consistently quantize the gauge theory with a non-compact structure group [30]. An interesting example is given by the gauge theory for a non compact Virasoro-Kac-Moody group which can be quantized properly due to spontaneous symmetry breaking [31]. We will show that our model implies the quantum effective action with a non-zero vacuum condensate which provides a new scale in the theory. The presence of the new dynamically generated scale can justify the self-consistency of the quantization procedure in our model with the initial non-positive definite classical Hamiltonian.

We will adopt the point of view that even though the classical action (17) does not produce a positive definite Hamiltonian, nevertheless, a consistent quantum theory can be formulated. Since the canonical quantization method fails to handle the quantization problem we will apply the quantization scheme based on the functional integration in Euclidean space-time. Within this quantization scheme the quantum theory can be constructed since the Lorentz group is locally isomorphic to the product of compact unitary groups SU(2) × SU(2)^′ in Euclidean space-time.

III. EFFECTIVE ACTION

The general approach to derivation of a low energy effective theory is based on integrating out all high energy (heavy massive) modes in the generating functional of the effective action while keeping light modes (massless or light particles) as a classical background. A simple example of such an effective theory is represented by the wellknown Euler-Heisenberg effective Lagrangian in quantum electrodynamics (QED) [32, 33] which includes quantum contributions of electron loops while the massless photon is kept as a classical external field. In a similar way we will integrate out the contortion (which is supposed to gain an effective mass dynamically) keeping the massless gravitational field e^a_μ as a fixed background.

In general, unlike the QED Euler-Heisenberg effective action, the quantum corrections can induce additional changes in the structure of the initial perturbative vacuum and generate phase transitions to new phases with non-trivial vacua. During the phase transition some non-vanishing vacuum field condensates may be formed. Such a phenomenon occurs in QCD during the transition between deconfinement and confinement phases where non-vanishing quark and gluon condensates are generated. The presence of non-trivial vacuum condensates leads to additional modification of the classical Lagrangian and Green functions.

With this preliminary let us start with a pure Yang-Mills type classical action S_{cl} = ∫ d^4x √ −gL_0 = − 1 4 ∫ d^4x √ −g(R̂_{μνcd} + R̃_{μνcd})^2. (18)

A special feature of this action is the presence of an additional local symmetry under the following so-called quantum gauge transformations

δe^μ_a = δφ_μ(e) = 0, δK_μ = −D̂_μΛ̃ − [K_μ, Λ̃], (19)

where Λ̃ ≡ Λ̃_{cd}Ω^{cd} and the restricted covariant derivative D̂_μ = ∂_μ + φ_μ is defined by means of the Levi-Civita connection only. The restricted derivative D̂_μ is covariant only under the original Lorentz gauge transformation (6). Notice, that the construction of the restricted derivative has a deep analogy with the mathematical structure of Abelian projection in quantum chromodynamics [35]. We will consider the physical implications of this analogy in the next section.

To study the problem of whether vacuum condensates can be formed one has to calculate first the effective action Γ[K̃; e] which is a generating functional of one-point irreducible Green functions [34]. The ”classical” field K̃^d_{μc} ≡< K^d_{μc} >_J represents the vacuum averaged value of the field operator at the presence of a source, and e^a_μ is a fixed background metric. Then, from the structure of the effective potential part of the effective action Γ[K̃; e] one can find whether a non-trivial vacuum condensate can be generated.

To calculate the effective action one should split the contortion K^d_{μc} into the ”classical” field K̃^d_{μc} and the quantum fluctuating part Q^d_{μc}

K^d_{μc} = K̃^d_{μc} + Q^d_{μc} . (20)

Exact calculation of the effective action for an arbitrary field K̃^d_{μc} and given external field e^a_μ is a hard unresolved problem. To simplify the calculation we use the important property of the Yang-Mills type Lagrangian (18) due to the additional symmetry under the quantum transformation. Namely, the vacuum torsion condensate < 0|R̃_{abcd}|0 > can appear only in the form of a gauge covariant additive combination R̂_{abcd}+ < R̃_{abcd} > what follows directly from the general renormalization properties of the model [15]. So that, to find the functional dependence of the effective potential V_{ef f} (R̂+ < R̃ >) on < R̃ > we calculate first the effective potential V_{ef f} (R̂) by setting K̃^d_{μc} = 0, i.e., K_{μcd} = Q_{μcd}. Then, after completing the calculation we will restore the dependence on torsion condensate < R̃ > by simple adding this term to R̂ in the final expression for V_{ef f} (R̂). By this way the calculation becomes technically much simpler and very similar to derivation of the effective action in SU(2) gauge theory.

We follow the standard formalism of quantization based on the functional integration [34]. The quantization procedure is performed with respect to quantum gauge transformation (19), and the resulting effective action will keep the original Lorentz gauge invariance (6). With the generalized Lorenz gauge fixing condition D̂_μQ^μ = 0 one can find the gauge fixing term L_{gf} and Faddeev-Popov ghost term L_{F P} L_{gf} = 1 2 tr(D̂_μQ^μ)^2, (21)

L_{F P} = tr (c̄D̂^μ(D̂_μc)). (22)

After taking integration by parts the effective action can be written in the form exp ( iΓ_{ef f} ) = ∫ DQ_μDcDc̄ exp { i ∫ d^4x √ −gtr [ 1 4 R̂^2_{μν} − 1 2 Q^μ(g_{μν}D̂D̂ − 4R̂_{μν} )Q^ν + c̄(D̂D̂)c ]} . (23)

The formal expression for the one-loop effective action is simplified to Γ_{ef f} = S_{cl} − i 2 T r ln[(g_{μν} (D̂D̂)^{cd}_{ab} − 2R̂^{ef}_{μν} (f_{ef} )^{cd}_{ab})] + iT r ln[(D̂D̂)^{cd}_{ab}], (24)

where (f_{ef} )^{cd}_{ab} are the structure constants of the Lorentz Lie algebra. It should be stressed that the background curvature tensor R̂_{μνcd} in the last equation represents an arbitrary non-constant background. The rigorous way to calculate the full effective action including both the real part and especially the imaginary part must specify the field background. For a constant background the calculation can be carried out in full analogy with the case of SU(2) QCD [36, 37].

The functional determinants in Eq. (24) are not well-defined in Minkowski space-time. As is known the adding an infinitesimal number factor −iϵ to the bare Laplace operator in the full operator D̂D̂ is conditioned by the requirement of causality. This infinitesimal addition defines uniquely the Wick rotation to the Euclidean space-time. In our case we should perform the Wick rotation in the base space-time and in the tangent space-time as well, so that the Lorentz group in the Euclidean sector turns into the compact orthogonal group SO(4) ≃ SU(2) × SU(2)^′. With this the functional integral becomes well-defined. Certainly there remains the problem of analytical continuation of the final expressions from Euclidean space-time back to Minkowski space-time.

It is convenient to use the Weyl representation for Dirac matrices γ^μ in Van der Warden notation. In Euclidean space-time the Weyl representation is defined as follows

γ^μ = ( 0 σ^μ_{αᾱ} σ̄^{μᾱα} 0 ) , σ^μ_{αᾱ} = (i1, −⃗τ), σ̄^{μᾱα} = (i1, ⃗τ), (25) where ⃗τ are Pauli matrices. The Cartan algebra of the Dirac matrices is given by {γ^μ, γ^ν } = −2δ^{μν} . (26) With these notations one can easily convert any real antisymmetric Lorentz tensor V_{cd} into the complex symmetric SU(2) spin tensor V_{αβ}

V_{αβ} = V_{cd}σ^{cd}_{αβ} , V̄_ᾱ¯_β = V_{cd}σ̄^{cd}_{ᾱβ̄} , (27) σ^{cd}_{αβ} = 1 4 ϵ_{βγ} (σ^cσ̄^d − σ^dσ̄^c)^γ_α , σ̄^{cd}_{ᾱβ̄} = 1 4 ϵ_{ᾱγ̄} (σ̄^cσ^d − σ̄^dσ^c)^{γ̄}_{β̄} .

The spinor indices can be lowered and raised with the help of the spinor metric ϵ_{αβ} (ϵ_ᾱ¯_β ). The inverse relations for the spin tensor V_{αβ} in terms of the antisymmetric tensor V_{cd} includes a dual tensor V^{∗cd} = 1 2 ϵ^{abcd}V_{cd} V^{αβ} σ^{cd}_{αβ} = V^{cd} + V^{∗cd}, V̄ ᾱ^¯βσ̄cd_{ᾱβ̄} = V cd − V ∗cd. (28)

In spinor notation the Lorentz algebra can be termed with a complex generator ω_{αβ} = 1 2 (σ_{cd})_{αβ} Ω^{cd} (and its complex conjugate ω̄_ᾱ¯_β ) [ω_{αβ}, ω_{γδ}] = 1 8 (ϵ_{αγ} ω_{βδ} + ϵ_{βγ} ω_{αδ} + ϵ_{αδ}ω_{βγ} + ϵ_{βδ}ω_{αγ} ). (29)

Now we can express explicitly the local isomorphism SO(4) ≃ SU(2) × SU(2)^′ by defining the generators of SU(2) × SU(2)^′ Lie algebra T^i ≡ −2⃗τ^β_α ω^α_β , T^{′i} ≡ −2⃗τ^{β̄}_ᾱ ω̄^ᾱ_{β̄} . (30)

Notice that the above relations allow us to convert any symmetric second rank spin tensor T_{αβ} into an SU(2) vector T^i, so that we can find the SU(2) × SU(2)^′ Lie algebra generated by T^i, T^{′j} [T^i, T^j ] = iϵ^{ijk}T^k, [T^{′i}, T^{′j} ] = iϵ^{ijk} T^{′k}, ϵ^{123} = 1.

(31)

With this one can write down any Lorentz Lie algebra valued object in SU(2) notation. For instance, one has the following SU(2) × SU(2)^′ decomposition for the gauge Lorentz parameter Λ

Λ_{cd}Ω^{cd} = Λ^{αβ} Ω_{αβ} + Λ^{′ᾱβ̄} Ω^′_{ᾱβ̄} = −i(Λ^iT^i + Λ^{′i}T^{′i}). (32)

In SU(2) notation the gauge Lorentz transformation of the affine connection A^{cd}_μ Ω_{cd} = A^i_μT^i + A^{′i}_μT^{′i} reveals a ”chiral” structure corresponding to the group product SU(2) × SU(2)^′ δA^i_μT^i = −∂_μΛ^iT^i − i[A_μ, Λ], δA^{′i}_μT^{′i} = −∂_μΛ^{′i}T^{′i} − i[A^′_μ, Λ^′]. (33)

We have a similar factorization property for the curvature tensor R_{μνcd}Ω^{cd} = −i(R^i_{μν} T^i + R^{′i}_{μν} T^{′i}). (34) The functional determinants in (24) are factorized into the direct product of SU(2) determinants, and the effective action takes a more simple form Γ_{ef f} = S_{cl} − i 2 T r ln[(g_{μν} (D̂D̂)^{ij} − 2R̂^k_{μν} ϵ^{kij} )] − i 2 T r ln[(g_{μν} (D̂^′D̂^′)^{ij} − 2R̂^{′k}_{μν} ϵ^{kij} )]

+ iT r ln[(D̂D̂)^{ij} ] + iT r ln[(D̂^′D̂^′)^{ij} ], (35) where all quantities corresponding to the group SU(2)^′ are marked with an apostrophe.

Notice, the SU(2) curvature squared term (R̂^i_{μν} )^2 contains not only the Riemann tensor R̂_{μνcd} but also its dual counterpart R̂^{∗μνcd}

(R̂^i_{μν} )^2 = 1 8 (R̂_{μνcd}R̂^{μνcd} + R̂_{μνcd}R̂^{∗μνcd}) ≡ 1 8 (R̂^2 + R̂R̂^∗),

(R̂^{′i}_{μν} )^2 = 1 8 (R̂^2 − R̂R̂^∗).

(36)

In electrodynamics and Abelianized QCD [36] we can define two main gauge invariant variables corresponding to the magnetic (B) and electric (E) fields (in an appropriate Lorentz frame) B = 1 2 √√ F^4 + (F F^∗)^2 + F^2, E = 1 2 √√ F^4 + (F F^∗)^2 − F^2,

(37)

where F_{μν} is the Abelian field strength. For a pure magnetic background one has F F^∗ = 0 and F^2 = 2B^2. In a similar way as in Maxwell electrodynamics we will consider the constant gravito-magnetic field without specifying an explicit structure of the corresponding connection (or torsion) assuming that the following conditions are satisfied R̂R̂^∗ = 0, R̂^2 > 0. (38)

For such a pure gravito-magnetic background one has (R̂^i_{μν} )^2 = (R̂^{′i}_{μν} )^2 ≡ 2H^2 > 0. With this the functional determinants in (35) can be simplified to a scalar form [36]

Γ_{ef f} = S_{cl} − iT r ln[D̃D̃ − 2H] − iT r ln[D̃D̃ + 2H] − iT r ln[D̃^′D̃^′ − 2H] − iT r ln[D̃^′D̃^′ + 2H], (39) D̃_μ ≡ ∂_μ + igÃ_μ, where Ã_μ (Ã^′_μ) is an Abelian projected component of SU(2) (SU(2)^′) gauge connection. Applying Schwinger’s proper time method of calculation of the effective action [36, 38] and the ζ-function regularization we obtain the one-loop effective Lagrangian L_{ef f} = − 1 2 H^2 −

11g^2 48π^2

H^2(ln gH μ^2 − c) + ig^2 8π H^2, (40)

c = 1 − 1 2 − 24 11 ζ(−1, 3 2 ) = 1.29214... .

Formally, the expression for the effective Lagrangian is identical to that of SU(2) QCD. Notice, the logarithmic term corresponds to the nonperturbative contribution of all higher order one-loop Feynman diagrams. Now, using the renormalizability property of our model we can restore the torsion vacuum field in the equation (40) by substitution H^2 → (R̂+ <R̃ >)^2/2. With this the real part of the effective potential V_{ef f} ≡ −Re(L_{ef f} ) takes a final form

V_{ef f} = 1 4 (R̂+ <R̃ >)^2 +

11g^2 96π^2

(R̂+ <R̃ >)^2(ln g √ (R̂+ <R̃>)^2/2

μ^2

− c). (41)

Obviously, the real part of the effective potential has a new non-trivial minimum at R̂ = 0 and with a non-zero vacuum torsion condensate < R̃^2_{abcd} >. Notice, that for the vacuum state corresponding to that minimum we have still an imaginary part of the effective Lagrangian ig^2 <R̃^2 > /16π which is nothing but the Nielsen-Olesen imaginary part derived in SU(2) QCD long time ago [39]. The appearance of the imaginary part is a natural consequence of our constant field approximation which implies that the vacuum is not stable and can be treated only as an approximation to a true vacuum with a lower energy.

To make some estimations let us consider for simplicity the real part of the effective potential with the torsion condensate in a flat metric background, R̂_{μνcd} = 0, V_{non−ren} = 1 2 H̃^2 + 11g^2 48π^2

H̃^2(ln g H̃ μ^2

− c), (42)

H̃^2 = 1 2 <R̃^2_{μνcd} > . One can renormalize the effective potential V_{non−ren} imposing an appropriate normalization condition ∂^2V_{non−ren} ∂H̃^2 | | |_{H̃=μ̄2} = g^2 ḡ^2

. (43)

The renormalized effective potential includes the running coupling constant ḡ(μ̄) which depends on energy scale parameter μ̄ V_{ren} = 1 2 H̃^2 + 11ḡ^2 48π^2

H̃^2(ln ḡ H̃ μ̄^2 − 3 2 ). (44)

One can check that the effective potential satisfies the renormalization group equation with the same β-function as that in a pure SU(2) Yang-Mills theory. The effective potential has a non-trivial minimum V_{min} and leads to a gravito-magnetic condensate <H̃ > V_{min} = − 11ḡ^2 192π^2

<H̃ >^2, (45) <H̃ >= μ̄^2 ḡ exp[−

24π^2 11ḡ^2

+ 1]. (46)

The presence of the minimum of the effective potential does not guarantee that the corresponding new vacuum is stable. The stability of the vacuum condensate even in a pure SU(2) model of QCD presents a long-standing problem, and resolving that problem has passed through several controversial results since the early papers by Savvidy, Nielsen and Olesen [39, 40, 41, 42, 43]. Without clear evidence or at least a strong indication of vacuum stability one can not make any serious statement based on the existence of a non-trivial vacuum condensate. Recently, substantial progress in resolving this problem in favour of stability of the magnetic vacuum has been achieved [36, 37]. Moreover, it has been found that a stable classical configuration made of monopole-antimonopole strings does exist in the SU(2) model of QCD [44], providing a strong argument that a stable magnetic vacuum can exist in QCD and, therefore, in our gauge model of quantum gravity with torsion as well.

The gravito-magnetic condensate <H̃ > generates a new renorminvariant scale M in the theory. We suppose that the local gauge Lorentz symmetry is not broken, so the lowest torsion condensate must vanish < T_{abc} >= 0. Since one has a non-trivial dynamically generated scale M one can expect a non-vanishing vacuum averaged value for the curvature tensor corresponding to the torsion < R̃_{abcd} >= 1 2 M^2(η_{ac}η_{bd} − η_{ad}η_{bc}), (47)

The factor M^2 need to be positive since it corresponds to a positive curvature space-time which can only be created due to quantum fluctuations of torsion through the vacuum transition from the trivial vacuum to the non-trivial one. It is important to stress that the above expression for < R̃_{abcd} > with a positive scale M^2 satisfies the conditions (38) for the gravito-magnetic field. Moreover, the tensor structure of (47) is unique because adding another term proportional to the antisymmetric tensor ϵ_{abcd} is forbidden by (38), and such a term would contain a gravito-electric component implying quantum instability.

Expanding the original classical Lagrangian (18) around the new vacuum by shifting R̃_{abcd} → R̃_{abcd}+ < R̃_{abcd} > one obtains L_{EHef f} = − 1 4 (R̂_{abcd} + R̃_{abcd})^2 = − 1 4 R̂^2 − 1 2 R̂M^2 − 3 2 M^4. (48)

One should emphasize that even though the vacuum averaged value < R̃_{abcd} > is specified by (47), the classical gravitational field R̂_{abcd} is not constrained in general. The last term in the equation corresponds to a positive vacuum energy density which is supposed to be born during the vacuum transition. From this we can estimate the numeric value of M by setting 3M^4/2 = |V_{min}|

M^2 = ḡ π √ 11 288 <H̃ >= μ̄^2 π √ 11 288 exp[−

24π^2 11ḡ^2

+ 1]. (49)

Notice, that the scale M is renorminvariant, i.e., it does not depend on a particular value of μ̄. The last two terms in (48) produce the Einstein-Hilbert type terms in the effective Lagrangain (in units ℏ = c = 1) L_{EHef f} = − 1 4 R̂^2_{abcd} − 1 16πG (R̂ + 2λ). (50)

So that the Newton constant G and the cosmological constant λ are determined by only one renorminvariant scale M^2, in other words, by the renormalized running coupling constant ḡ at some scale μ̄, expected to be of the order of the Planckian energy 10^{19}Gev.

Certainly, the assumption (47) leads to a desired induced Einstein-Hilbert term, as has been known before. The most important point is to provide a foundation for that hypothesis. In our approach we put this assumption on real ground by explicitly calculating the effective potential and having found a stable classical vacuum solution in SU(2) gauge model [44] which is a part of Lorentz gauge theory in Euclidean formulation. We have hope that this assumption might be true, at least in the framework of our simple model.

One can not fit both experimental values of constants G and λ concurrently by adjusting the scale parameter M, so that the cosmological problem remains unresolved. An additional uncertainty is related with the unknown value of the energy scale μ̄ which is only supposed to be of order Planckian one, but for possible various phases the scale μ̄ may be different. We consider two particular cases when the scale parameter M corresponds to the experimental value of G and λ. In each case we will find that the coupling constant ḡ takes large and small values respectively. It is possible that there are two phases corresponding to these strong and weak coupling constants. Recently the existence of two phases in gravity was suggested in [45] within a different approach.

To justify the known value for Newton’s constant one should put the following value of the structure constant α_g = ḡ^2/4π ≃ 1.52, which corresponds to a strong coupling phase. Notice that the cosmological constant is of the Planckian order. This value is consistent with cosmological models which elaborate the large value of the cosmological constant at very early universe to provide the fast initial inflation.

The weak coupling phase can be determined by the known experimental bound for the vacuum energy density

ρ_v = λ 8πG ≃ 2 · 10^{−47}(Gev)^4. (51)

This implies the following value of the scale M according to (48, 49)

M^2 = 3.64 × 10^{−24}(Gev)^2. (52)

The corresponding value for the structure constant is small

α_g = ḡ^2 4π = 0.0123. (53)

This value can be compared with the value α_{SSGUT} ≃ 0.04 of the structure constant in supersymmetric SO(10) GUT model at unification scale 2 × 10^{16}Gev. The same order of the structure constants α_g and α_{SSGUT} might be a hint to the origin of supersymmetry and its relation to quantum gravity. It would be natural to suspect such a connection since the algebra of supersymmetry had been invented exactly as an extension of the Poincare Lie algebra which describes the space-time symmetries intimately related to gravity. The weak coupling phase can be considered as an analog to quark-gluon plasma phase of QCD where some intriguing results have been obtained recently [46]. Namely, this phase is described by the liquid model with unexpected still non-vanishing gluon condensate. It would be of interest to study the possible relationship of the gravitational weak phase to the hydrodynamic modelling the quantum gravity phenomenology proposed in [47].

IV. PARALLELS TO QCD: TORSION TO BE CONFINED

The consistent quantum theory of strong interaction is presented by the quantum chromodynamics. One should stress that at classical level the QCD can not serve merely as a classical theory because single quarks and gluons are not observable in principle as free particles. The classical theory of strong interaction below the confinement scale is described by other phenomenological models where classical states are represented by hadrons, the bound states of quarks and gluons. There is a deep analogy between our gauge model of gravity with torsion and the theory of strong interaction in mathematical structure. It is a very intriguing question up to which extent this analogy lies on. We recall the main construction of the gauge invariant Abelian projection in SU(2) QCD [35]. The Abelian decomposition of the full gauge potential of SU(2) gauge theory has been implemented with a scalar triplet n̂ which represents pure topological degrees of freedom classified by the homotopy group π_3(S^2) ≃ Z

⃗A_μ = A_μn̂ − 1 g n̂ × ∂_μn̂ + ⃗X_μ = Â_μ + ⃗X_μ, (n̂^2 = 1, n̂ · ⃗X_μ = 0), (54)

where Â_μ is a restricted potential, and ⃗X_μ represents the off-diagonal component, the so-called valence gluon. The important property of the restricted potential Â_μ is that it possesses the transformation properties of the full SU(2) gauge connection even in the absence of the valence gluon. The scalar n̂ is covariant constant

D̂_μn̂ = ∂_μn̂ + gÂ_μ × n̂ = 0 (55)

and has a clear mathematical origin as an isometry vector corresponding to the Cartan subalgebra U(1) of SU(2) Lie algebra. Under the infinitesimal gauge transformation δn̂ = −⃗α × n̂, δ ⃗A_μ = 1 g (∂_μ ⃗α + g ⃗A_μ × ⃗α) ≡ 1 g ⃗D_μ⃗α (56) one has the following transformation rules for the Abelian and off-diagonal gluon components δA_μ = 1 g n̂ · ∂_μ⃗α, δ ⃗X_μ = −⃗α × ⃗X_μ. (57)

Notice, that the valence gluon ⃗X_μ transforms covariantly like a vector and plays the role of charged matter. In addition to the initial classical transformation (56), there is a second type of transformation which originates from the additive structure of the Abelian decomposition (54) δn̂ = 0, δA_μ = 1 g n̂ · ⃗D_μ⃗α, δX_μ = 1 g ( ⃗D_μ ⃗α − (n̂ · ⃗D_μ⃗α)n̂). (58)

From the comparison of the SU(2) QCD structure with the Lorentz gauge model introduced in Section 2 one can immediately find the analogy between the restricted potential Â_μ and valence gluon ⃗X_μ in QCD on the one hand, and the Levi-Civita connection ω_{μcd} and contortion K_{μcd} in Lorentz gauge model on the other.

Obviously, in QCD (as well as in the Weinberg-Salam model which contains the group SU(2) as a subgroup) we can not treat the off-diagonal component ⃗X_μ as a true covariant vector. The reason is that if we introduce, for instance, a mass term for the off-diagonal gluon into the Lagrangian the renormalizability will be lost. For the same reason we can not treat the contortion K_{μcd} as a true tensor in gravity models in attempts to formulate a quantum renormalizable theory.

Let us consider the following aspect of the confinement problem in QCD regarding the fact that quarks and gluons are not observable single particles. One heuristic argument why we can not observe the color single states is the following^1: quarks and gluons are not gauge invariant and we have no a conserved color charge like the electric charge in Maxwell theory. So that quarks and gluons can not be observable as single physical particles unless the color SU(3) symmetry breaks down. The reason why we can observe the vector bosons in Weinberg-Salam model is due to the spontaneous breaking of the symmetry. Besides, in Maxwell theory the classical electric and magnetic fields are gauge invariant concepts. This is not the case with the non-Abelian theory of QCD where gluons are not gauge invariant objects. This fact along with the color symmetry being unbroken gives a natural explanation to the confinement phenomenon from the symmetry point of view.

If we accept the hypothesis that a Lorentz gauge model of gravity with torsion possesses two types of gauge symmetry (6,19) then we will be forced to accept the confinement of torsion unless the quantum Lorentz gauge symmetry breaks down. The only classical objects which can be observed are bound states of K_{μcd} and torsion vacuum condensates. If torsion is confined this could help to circumvent difficulties related with available experimental limits and some theoretical severe restrictions on propagating torsion [48, 49].

V. DISCUSSION

Let us return to the problem of positive definiteness of the Hamiltonian in the classical theory corresponding to the Lagrangian (17). Note that the existence of the quantum theory when the corresponding classical theory can not be defined consistently is not a new situation in quantum field theory. The classical field theory of the Dirac electron is not well-defined due to the existence of negative energy states (Dirac sea). Upon postulating the anticommutative relations for the creation and annihilation operators the quantum theory of electron becomes consistent, but still the classical energy remains positive undefinite. The deep origin of that problem was studied in [50, 51, 52], and it is related to transformation properties of some operators under the time reflection. As it was pointed out in [50], there was a principal contradiction between the facts that the Lagrangian is a scalar function under the time reversal meanwhile the energy-momentum vector P_ν = ∫ dσ^μT_{μν} is a pseudovector, and the electric charge Q = 1/c ∫ dσ^μj_μ and the mass term of the electron Mψ̄ψ are pseudoscalars. In path integral approach these facts allow the interpretation of the negative energy states as positrons moving backward in time [52]. The quantization based on the functional integration is more general since it allows the quantization of non-quadratic in momentum Lagrangians and, as in the particular example of quantum electrodynamics, the path integral sums up all paths including those that correspond

1 one of authors (DGP) acknowledges Y.M. Cho for elucidating this argument.

to time reversed direction. The compact group structure of the Lorentz group in Euclidean space-time guarantees the consistent quantization of the theory (in the present paper we do not consider the problems of analytical continuation from Euclidean space-time back to Minkowski one). Besides this we give a heuristic argument on a possible resolution of the negative energy problem of the classical Hamiltonian. Let us consider the time reflection operation t → −t. To find the properties of the contortion under the time reflection it is convenient to write down the linearized equations of motion in flat space-time background in the generalized Lorenz gauge ∂_μK^{μcd} = 0

∂^μ∂_μK_{νcd} = Ψ̄(γ_ν Σ_{cd} + Σ_{cd}γ_ν )Ψ. (59)

Under time reversal the transformation rule for a spinor is given by Ψ → T̂ Ψ with T̂ = γ_1γ_2γ_3. This implies Ψ̄Ψ → −Ψ̄Ψ, i.e., the spinor matter density is a pseudoscalar. From the equations of motion one can find the transformation properties of the contortion under the time reflection K_{ijk} → −K_{ijk}, K_{i0k} → +K_{i0k}, K_{0jk} → +K_{0jk}, K_{00k} → −K_{00k}, (60)

so that, K_{μjk} manifests itself as a pseudovector (like a photon A_μ or a pseudovector combination ψ̄γ_μψ made of the Dirac spinor) whereas the part of contortion K_{μ0k}, which gives a negative energy contribution, represents the opposite properties of a vector. Since the contortion is invariant under charge conjugation it represents a neutral particle. By analogy with the path integral formulation of quantum mechanics we can interprete K_{μ0k} as a particle moving back in time with a positive energy like a positron in Feynman theory of positron [52]. Obviously such an analysis can not be performed in a case of gauge models with a non-compact internal group.

In conclusion, we propose a simple gauge model with a local Lorentz group which is supposed to describe the quantum theory of gravity with torsion. One-loop effective action is calculated for a constant curvature space-time background. We have demonstrated that the Hilbert-Einstein gravity can be induced due to the quantum dynamics of torsion via formation of a stable gravito-magnetic condensate. One should notice that in our paper we have treated the metric as a fixed metric of the classical space-time background while the contortion supposed to be a quantum field. Such a treatment of metric is not merely satisfactory from the conceptual point of view since one has to assume the pre-existence of space-time with a metric given a priori. One possible way to resolve that problem is to extend the Lorentz gauge group to Poincare one, as it was mentioned in the Introduction. In that case the gauge potential of Poincare group, the vielbein, obtains dynamical content on equal footing with torsion. Another interesting possibility is to consider Gauss-Bonnet-type gravity model with torsion [29]. The model in the absence of torsion reduces to a pure topological theory with arbitrary metric. Surprisingly, within this model the torsion has the same number of physical degrees of freedom for its spin two field component as the metric tensor. This provides an additional argument supporting our conjecture that torsion can play an important role as a quantum counterpart to the metric. Possible implications of our results in cosmology of early Universe will be considered elsewhere.

Acknowledgements

Authors are grateful to Prof. Y.M. Cho for numerous discussions and Prof. S.D. Odintsov for the interest to work. Authors acknowledge Dr. M.L. Walker for the careful reading of the manuscript and useful remarks. One of the authors (DGP) thanks Prof. B.M. Zupnik for kind hospitality during his visit to JINR, BLTP, Dubna. The work is supported in part by the ABRL Program of Korea Science and Engineering Foundation (R14-2003-012-01002-0) and by Brain Pool Program (032S-1-8).

[1] E. Cartan, C. R. Acad. Sci. (Paris) 174, 593 (1922); Ann. Ec. Norm. Sup. 40, 325 (1923); 41, 1 (1924). [2] D. Ivanenko and G. Sardanashvily, Phys. Rep. 94, 1 (1983).

[3] F.W. Hehl, J.D. McCrea, E.W. Mielke, and Y. Ne’eman, Phys. Rep. 258, 1 (1995). [4] I.L. Buchbinder, S.D. Odintsov and I.L. Shapiro, Effective Action in Quantum Gravity (IOP, Bristol, 1992). [5] I. L. Shapiro, Phys. Repts., 357, 113 (2001).

[6] H. Weyl, Elektron und Gravitation I, Z. Phys. 56, 330 (1929). [7] R. Utiyama, Phys. Rev. 101, 1597 (1956);

[8] T.W.B. Kibble, J. Math. Phys. 2, 212 (1961); D.W. Sciama, Rev. Mod. Phys. 36, 463 (1964); ibid., 1103.

[9] K. Hayashi and T. Nakano, Progr. Theor. Phys. 38, 491 (1967); K. Hayashi and A. Bregman, Ann. Phys. (N. Y.) 75, 562 (1973); R. Utiyama and T. Fukuyama, Progr. Theor. Phys. 45, 612 (1971).

[10] A.M. Brodskii, D. Ivanenko, and G.A. Sokolik, Sov. Phys. JETP 14, 930 (1974); D. Ivanenko, Procs. of Conf. on Theory of Gravitation, Gauthier-Villars, Paris, 1962, p.212, 215.

[11] Y.M. Cho, Phys. Rev D14, 2521 (1976).

[12] Y.M. Cho, Phys. Rev D14, 3341 (1976); E.W. Mielke, J.D. McCrea, Y. Ne’eman and F.W. Hehl, Phys. Rev. D48, 673 (1993).

[13] I. Antoniadis and E.T. Tomboulis, Phys. Rev. 33, 2756 (1986); D.A. Johnston, Nucl. Phys. B297, 721 (1988). [14] M. Carmelli, J. Math. Phys. 11, 2728 (1970); Nucl. Phys. B38, 621 (1972); Ann. Phys. (N. Y.) 113, 177 (1978); Group theory and General Relativity (International Series in Pure and Applied Physics, McGRAW-HILL Int. Book Co., 1977); E.A. Lord, Proc. Camb. Philos. Soc. 69, 423 (1971); Nuovo Cim. B11, 185 (1972).

[15] M. Martellini and P. Sodano, Phys. Rev. D22, 1325 (1980).

[16] Ya. B. Zel’dovich, Zh. Eksp. Teor. Fiz. Pis’ma Red. 6, 883 (1967); JETP Lett., 6, 316 (1967). [17] A.D. Sakharov, Dok. Akad. Nauk SSSR 177, 70 (1967) [Sov. Phys. Dokl. 12, 1040 (1968)]. [18] S.L. Adler, Phys. Rev. Lett. 44, 1567 (1980). [19] S.L. Adler, Rev. Mod. Phys. 54, 729 (1982). [20] A.A. Tseytlin, Phys. Rev. D26, 3327 (1982). [21] M. Leclerc, Ann. Phys., 321, 708 (2006).; gr-qc/0502005. [22] V. Ogievetsky and I. Polubarinov, Sov. Phys. JETP 21, 1093 (1965). [23] C.J. Isham, A Salam, J.A. Strathdee, Annals Phys. 62, 98 (1971). [24] A. Zee, Phys. Rev. D23, 858 (1981). [25] I. Kirsch, Phys.Rev. D72, 024001 (2005).

[26] Yu.F. Pirogov, Yad. Fizika, 68, 1966 (2005); [Phys. Atom. Nucl. 68, 1904, (2005)]. [27] S.W. MacDowell and F. Mansouri, Phys. Rev. Lett. 38, 739 (1977).

[28] R. Aldrovandi, H.I. Arcos and J.G. Pereira, Proc. of Colloquium on Theory and Experiment in Cosmology and Gravitation, Vitoria, Brazil, Sept. 22-24, 2004, gr-qc/0412032.

[29] H. Niu and D.G. Pak, arXiv:0709.2109[gr-qc].

[30] E.E. Fairchild,Phys.Rev. D14, 384 (1976); J.P. Hsu and M.D. Xin, Phys. Rev. D24, 471 (1981); K. Cahill and S. Ozehli, Phys. Rev. D27, 1396 (1983).

[31] Y.M. Cho, Phys. Rev. Lett. 67, 3469 (1991); Phys. Lett. B292, 55 (1992); see also Proc. of 1st Pacific Winter School on Current Topics in Theoretical Physics, Feb. 22-26, 1993 (World Sci., Singapore, 1994) p. 54.

[32] W. Heisenberg and H. Euler, Z. Phys. 98, 714 (1936); V. Weisskopf, Kgl. Danske Vid. Sel. Mat. Fys. Medd. 14, 6 (1936). [33] Y.M. Cho and D.G. Pak, Phys. Rev. Lett. 86, 1947 (2001); ibid., 91, 039101 (2002). [34] M. Peskin and D. Schroeder, An Introduction to Quantum Field Theory (Addison-Wesley, 1995). [35] Y.M. Cho, Phys. Rev. D21, 1080 (1980); Phys. Rev. D23, 2415 (1981); Phys. Rev. Lett. 46, 302 (1981). [36] Y.M. Cho, H.W. Lee, and D.G. Pak, Phys. Lett. B 525, 347 (2002); Y.M. Cho and D.G. Pak, Phys. Rev. D65, 074027 (2002); Proc. of TMU-YALE Symp. on Dynamics of Gauge Fields, Univ. Acad. Press, Tokyo, 1999, hep-th/0006051.

[37] Y.M. Cho, D.G. Pak, and M. Walker, JHEP 05, 073 (2004); Y.M. Cho and M.L. Walker, Mod. Phys. Lett. A19, 2707 (2004).

[38] J. Schwinger, Phys. Rev. 82, 664 (1951).

[39] G.K. Savvidy, Phys. Lett. B71, 133 (1977); N.K. Nielsen and P. Olesen, Nucl. Phys. B144, 376 (1978). [40] A. Yildiz and P.H. Cox, Phys. Rev. D21, 1095 (1980); M. Claudson, A. Yildiz, and P.H. Cox, Phys. Rev. D22, 2022 (1980). [41] J. Ambjorn and R.J. Hughes, Phys. Lett. B113, 305 (1982); Nucl. Phys. B197, 113 (1982). [42] V. Schanbacher, Phys. Rev. D26, 489 (1982).

[43] W. Dittrich and M. Reuter, Phys. Lett. B128, 321 (1983); S.K. Blau, M. Visser, and A. Wipf, Int. J. Mod. Phys. A6, 5409 (1991); M. Reuter, M.G. Schmidt, and C. Schubert, Ann. Phys. 259, 313 (1997).

[44] Y.M. Cho and D.G. Pak, Phys. Lett. B632, 745 (2006); hep-th/0510140. [45] J. Polonyi and E. Regos, Class. Quant. Grav., 23, 207 (2006); hep-th/0404185. [46] B.L. Ioffe, Prog. Part. Nucl. Phys. 56, 232 (2006); hep-ph/0502148.

[47] S. Liberati, M. Visser, S. Weinfurtner, Analogue quantum gravity phenomenology from a two-component Bose-Einstein condensate, gr-qc/0510125.

[48] A.S. Belyaev, I.L. Shapiro, Nucl.Phys. B543, 20 (1999).

[49] G. de Berredo-Peixoto, J.A. Helayel-Neto, I.L. Shapiro JHEP 0002, 003 (2000). [50] J. Schwinger, Phys. Rev. 82, 914 (1951).

[51] W. Pauli, Phys. Rev. 58, 716 (1940); Rev. Mod. Phys. 13, 203 (1941). [52] R.P. Feynman, Phys. Rev. 74, 939 (1948); 76, 749 (1949).