arXiv:gr-qc/0604095 v2 15 Oct 2006

Non-existence of static, spherically symmetric and stationary, axisymmetric traversable wormholes coupled to nonlinear electrodynamics

Aarón V. B. Arellano^∗ Facultad de Ciencias, Universidad Autonoma del Estado de México, El Cerrillo, Piedras Blancas, C.P. 50200, Toluca, México and Centro de Astronomia e Astrofísica da Universidade de Lisboa, Campo Grande, Ed. C8 1749-016 Lisboa, Portugal

Francisco S. N. Lobo^† Centro de Astronomia e Astrofísica da Universidade de Lisboa, Campo Grande, Ed. C8 1749-016 Lisboa, Portugal

In this work we explore the possible existence of static, spherically symmetric and stationary, axisymmetric traversable wormholes coupled to nonlinear electrodynamics. Considering static and spherically symmetric (2 + 1) and (3 + 1)−dimensional wormhole spacetimes, we verify the presence of an event horizon and the non-violation of the null energy condition at the throat. For the former spacetime, the principle of finiteness is imposed, in order to obtain regular physical fields at the throat. Next, we analyze the (2 + 1)−dimensional stationary and axisymmetric wormhole, and also verify the presence of an event horizon, rendering the geometry non-traversable. Relatively to the (3 + 1)−dimensional stationary and axisymmetric wormhole geometry, we find that the field equations impose specific conditions that are incompatible with the properties of wormholes. Thus, we prove the non-existence of the general class of traversable wormhole solutions, outlined above, within the context of nonlinear electrodynamics.

PACS numbers: 04.20.Jb, 04.40.Nr, 11.10.Lm

1. INTRODUCTION

A specific model of nonlinear electrodynamics was proposed by Born and Infeld in 1934 [1] founded on a principle of finiteness, namely, that a satisfactory theory should avoid physical quantities becoming infinite. The Born- Infeld model was inspired mainly to remedy the fact that the standard picture of a point particle possesses an infinite self-energy, and consisted on placing an upper limit on the electric field strength and considering a finite electron radius. Later, Plebański presented other examples of nonlinear electrodynamic Lagrangians [2], and showed that the Born-Infeld theory satisfies physically acceptable requirements. A further discussion of these properties can be found in Ref. [3]. Furthermore, a recent revival of nonlinear electrodynamics has been verified, mainly due to the fact that these theories appear as effective theories at different levels of string/M-theory, in particular, in Dp−branes and supersymmetric extensions, and non- Abelian generalizations (see Ref. [4] for a review).

Much interest in nonlinear electrodynamic theories has also been aroused in applications to cosmological models, in particular, in explaining the inflationary epoch and the late accelerated expansion of the universe [5, 6]. In this cosmological context, an inhomogeneous and anisotropic nonsingular model for the universe, with a Born-Infeld field was studied [7], the effects produced by nonlin-

∗Electronic address: vynzds@yahoo.com.mx †Electronic address: flobo@cosmo.fis.fc.ul.pt

ear electrodynamics in spacetimes conformal to Bianchi metrics were further analyzed [8], and geodesically complete Bianchi spaces were also found [9]. Homogeneous and isotropic cosmological solutions governed by the nonabelian Born-Infeld Lagrangian [10], and anisotropic cosmological spacetimes, in the presence of a positive cosmological constant [11], were also extensively analyzed. In fact, it is interesting to note that the first exact regular black hole solution in general relativity was found within nonlinear electrodynamics [12, 13], where the source is a nonlinear electrodynamic field satisfying the weak energy condition, and the Maxwell field is reproduced in the weak limit. It was also shown that general relativity coupled to nonlinear electrodynamics leads to regular magnetic black holes and monopoles [14], and regular electrically charged structures, possessing a regular de Sitter center [15], and the respective stability of these solutions was further explored in Ref. [16].

Recently, an alternative model to black holes was proposed, in particular, the gravastar picture [17], where there is an effective phase transition at or near where the event horizon is expected to form, and the interior is replaced by a de Sitter condensate. The gravastar model has no singularity at the origin and no event horizon, as its rigid surface is located at a radius slightly greater than the Schwarzschild radius. In this context, a gravastar model within nonlinear electrodynamics, where the interior de Sitter solution is substituted with a Born-Infeld Lagrangian, was also found. This solution was denoted as a Born-Infeld phantom gravastar [18].

Relatively to wormhole spacetimes [19, 20], an important and intriguing challenge is the quest to find a realistic matter source that will support these exotic geometries. The latter are supported by exotic matter, involving a stress energy tensor that violates the null energy condition (NEC), i.e., T_{μν} k^μk^ν ≥ 0, where T_{μν} is the stress-energy tensor and k^μ any null vector. Several candidates have been proposed in the literature, for instance, to cite a few, null energy condition violating massless conformally coupled scalar fields supporting self-consistent classical wormholes [21]; the extension of the Morris- Thorne wormhole with the inclusion of a cosmological constant [22]; and more recently, the theoretical realization that wormholes may be supported by exotic cosmic fluids, responsible for the accelerated expansion of the universe, such as phantom energy [23] and the generalized Chaplygin gas [24]. It is also interesting to note that an effective wormhole geometry for an electromagnetic wave can appear as a result of the nonlinear character of the field [25].

In Ref [26], evolving (2 + 1) and (3 + 1)−dimensional wormhole spacetimes, conformally related to the respective static geometries, within the context of nonlinear electrodynamics were also explored. It was found that for the specific (3 + 1)−dimensional spacetime, the Einstein field equation imposes a contracting wormhole solution and the obedience of the weak energy condition. Furthermore, in the presence of an electric field, the latter presents a singularity at the throat. However, a regular solution was found for a pure magnetic field. For the (2 + 1)−dimensional case, it was also found that the physical fields are singular at the throat. Thus, taking into account the principle of finiteness, that a satisfactory theory should avoid physical quantities becoming infinite, one may rule out evolving (3 + 1)−dimensional wormhole solutions, in the presence of an electric field, and the (2 + 1)−dimensional case coupled to nonlinear electrodynamics.

In this work we shall be interested in exploring the possibility that nonlinear electrodynamics may support static, spherically symmetric and stationary, axisymmetric traversable wormhole geometries. In fact, Bronnikov [14, 27] showed that static and spherically symmetric (3 + 1)−dimensional wormholes is not the case, and we shall briefly reproduce and confirm this result. We further consider the (2 + 1)−dimensional case, which proves to be extremely interesting, as the principle of finiteness is imposed, in order to obtain regular physical fields at the throat. We shall next analyze the (2 + 1) and (3 + 1)−dimensional stationary and axisymmetric case [28] coupled to nonlinear electrodynamics.

This paper is outlined in the following manner: In Sec. 2 we analyze (2 + 1) and (3 + 1)−dimensional static and spherically symmetric wormholes coupled with nonlinear electrodynamics, and in Sec. 3 rotating traversable wormholes in the context of nonlinear electrodynamics are studied. In Sec. 4 we conclude.

2. STATIC AND SPHERICALLY SYMMETRIC WORMHOLES

2.1. (2 + 1)−dimensional wormhole

In this Section, we shall be interested in (2 + 1)−dimensional general relativity coupled to nonlinear electrodynamics. We will use geometrized units throughout this work, i.e., G = c = 1. The respective action is given by S = ∫ √ −g [ R 16π + L(F ) ] d^3x , (1)

where R is the Ricci scalar and L(F ) is a gauge-invariant electromagnetic Lagrangian, which we shall leave unspecified at this stage, depending on the invariant F given by F =^1_4 F^{μν} F_{μν}. F_{μν} = A_{ν,μ} − A_{μ,ν} is the electromagnetic field. Note that the factor 1/16π, in the action, is maintained to keep the parallelism with (3 + 1)−dimensional theory [29].

In Einstein-Maxwell theory, the Lagrangian is defined as L(F ) ≡ −F/4π, but here we consider more general choices of electromagnetic Lagrangians, however, depending on the single invariant F . It is perhaps important to emphasize that we do not consider the case where L depends on the invariant G ≡^1_4 F_{μν}^∗F^{μν}, where ∗ denotes the Hodge dual with respect to g_{μν}.

Varying the action with respect to the gravitational field provides the Einstein tensor

G_{μν} = 8π(g_{μν}L − F_{μα}F_ν^α L_F ) , (2)

where L_F ≡ dL/dF . Clearly, the stress-energy tensor is given by

T_{μν} = g_{μν} L(F ) − F_{μα}F_ν^α L_F , (3)

where the Einstein field equation is defined as G_{μν} = 8πT_{μν} . The variation of the action with respect to the electromagnetic potential A_μ, yields the electromagnetic field equations

(F^{μν} L_F )_{;μ} = 0 , (4)

where the semi-colon denotes a covariant derivative.

The spacetime metric representing a spherically symmetric and static (2 + 1)−dimensional wormhole is given by ds^2 = −e^{2Φ(r)} dt^2 + dr^2 1 − b(r)/r + r^2 dϕ^2 , (5)

where Φ(r) and b(r) are functions of the radial coordinate, r. Φ(r) is denoted as the redshift function, for it is related to the gravitational redshift; b(r) is called the form function [19]. The radial coordinate has a range that increases from a minimum value at r_0, corresponding to the wormhole throat, to ∞.

For the wormhole to be traversable, one must demand the absence of event horizons, which are identified as the surfaces with e^{2Φ} → 0, so that Φ(r) must be finite everywhere. A fundamental property of wormhole physics is the flaring out condition, which is deduced from the mathematics of embedding, and is given by (b − b^′r)/b^2 > 0 [19, 30]. Note that at the throat b(r_0) = r = r_0, the flaring out condition reduces to b^′(r_0) < 1. The condition (1 − b/r) > 0 is also imposed.

Taking into account the symmetries of the geometry, we shall consider the following electromagnetic tensor

F_{μν} = E(r)(δ^t_μδ^r_ν − δ^r_μδ^t_ν ) + B(r)(δ^ϕ_μ δ^r_ν − δ^r_μδ^ϕ_ν ) . (6)

Note that the only non-zero terms for the electromagnetic tensor are the following F_{tr} = −F_{rt} = E(r) and F_{ϕr} = −F_{rϕ} = B(r). The invariant F = F^{μν}F_{μν} /4 is given by F = − 1 2 ( 1 − b r ) [ e^{−2Φ} E^2(r) − 1 r^2

B^2(r) ] . (7)

The electromagnetic field equation, Eq. (4), provides the following relationships e^{−Φ} ( 1 − b r )_{1/2} E L_F = C_e r , (8) 1 r ( 1 − b r )_{1/2} B L_F = C_m e^{−Φ} . (9)

where the constants of integration C_e and C_m are related to the electric and magnetic charge, q_e and q_m, respectively.

The mathematical analysis and the physical interpretation will be simplified using a set of orthonormal basis vectors. These may be interpreted as the proper reference frame of a set of observers who remain at rest in the coordinate system (t, r, ϕ), with (r, ϕ) fixed. Now, the non-zero components of the Einstein tensor, G_{μ̂ν̂}, in the orthonormal reference frame, are given by

G_{t̂t̂} = b^′r − b 2r^3

, (10)

G_{r̂r̂} = ( 1 − b r ) Φ^′ r , (11)

G_{ϕ̂ϕ̂} = ( 1 − b r ) [ Φ^{′′} + (Φ^′)^2 − b^′r − b 2r(r − b) Φ^′ ] . (12)

The Einstein field equation, G_{μ̂ν̂} = 8π T_{μ̂ν̂} , requires that the Einstein tensor be proportional to the stress-energy tensor, so that in the orthonormal basis the latter must have an identical algebraic structure as the Einstein tensor components, G_{μ̂ν̂} , i.e., Eqs. (10)-(12).

Recall that a fundamental condition in wormhole physics is the violation of the NEC, which is defined as T_{μν} k^μk^ν ≥ 0, where k^μ is any null vector. Considering the orthonormal reference frame with k^{μ̂} = (1, ±1, 0), we have

T_{μ̂ν̂} k^{μ̂}k^{ν̂} = 1 8π [ b^′r − b r^3 + ( 1 − b r ) Φ^′ r ] . (13)

Using the flaring out condition of the throat, (b − b^′r)/2b^2 > 0 [19, 20], and considering the finite character of Φ(r), we verify that evaluated at the throat the NEC is violated, i.e., T_{μ̂ν̂}k^{μ̂}k^{ν̂} < 0. Matter that violates the NEC is denoted as exotic matter.

The only non-zero components of T_{μ̂ν̂}, taking into account Eq. (3), are T_{t̂t̂} = −L − e^{−2Φ} ( 1 − b r ) E^2 L_F , (14)

T_{r̂r̂} = L + e^{−2Φ} ( 1 − b r ) E^2 L_F − ( 1 − b r ) B^2 r^2

L_F , (15) T_{ϕ̂ϕ̂} = L − ( 1 − b r ) B^2 r^2

L_F . (16)

We need to impose the conditions |e^{−2ϕ}(1−b/r)E^2L_F | < ∞ and |(1 − b/r)B^2L_F | < ∞ as r → r_0, to ensure the regularity of the stress-energy tensor components.

Note that the Lagrangian may be obtained from the following relationship: L = T_{ϕ̂ϕ̂} − T_{t̂t̂} − T_{r̂r̂}, and using the Einstein field equation, is given by L = 1 8π { ( 1 − b r ) [ Φ^{′′} + (Φ^′)^2 −

Φ^′ r − b^′r − b 2r(r − b) Φ^′ ] − b^′r − b 2r^3 } . (17)

However, from the metric (5) we verify the following zero components of the Einstein tensor: G_{t̂r̂} = 0, G_{r̂ϕ̂} = 0 and G_{t̂ϕ̂} = 0. Thus, through the Einstein field equation, a further restriction may be obtained from T_{t̂ϕ̂} = 0, i.e.,

T_{t̂ϕ̂} = − 1 r E(r)B(r)e^{−ϕ}(1 − b/r) L_F , (18) which imposes that E(r) = 0 or B(r) = 0, considering the non-trivial case of L_F non-zero. It is rather interesting that both E(r) and B(r) cannot coexist simultaneously, in the present (2 + 1)−dimensional case.

For the specific case of B(r) = 0, from Eqs. (10)-(11) and Eqs. (14)-(15), we verify the following condition

Φ^′ = − b^′r − b 2r(r − b) , (19)

which may be integrated to yield the solution

e^{2Φ} = ( 1 − b r ) . (20)

This corresponds to a non-traversable wormhole solution, as it possesses an event horizon at the throat, r = r_0.

Now, consider the case of E(r) = 0 and B(r) ≠ 0. For this case we have T_{r̂r̂} = T_{ϕ̂ϕ̂}, and the respective Einstein tensor components, Eqs. (11)-(12), provide the following differential equation

Φ^′ r = Φ^{′′} + (Φ^′)^2 − b^′r − b 2r(r − b) Φ^′ . (21)

Considering a specific choice of b(r) or Φ(r), one may, in principle, obtain a solution for the geometry. Equation (21) may be formally integrated to yield the following general solution

Φ(r) = ln [ C_1 ∫ r ( 1 − b(r) r )_{−1/2} dr + C_2 ] , (22)

where C_1 and C_2 are constants of integration. For instance, consider a constant form function, b(r) = r_0, so that from Eq. (22), we deduce

Φ(r) = ln { C_2 +

C_1 8 [ 2 √ r(r − r_0) (2r + 3r_0)

+3r^2_0 ln ( r − r_0/2 + √ r(r − r_0) )]} , (23)

which at the throat reduces to

Φ(r_0) = ln [ C_2 +

3C_1r^2_0 8 ln ( r_0 2 )] . (24)

To obtain a regular solution at the throat, we impose the condition: C_2 + (3C_1r^2_0/8) ln(r_0/2) > 0.

Consider for instance b(r) = r^2_0/r, then Eq. (22) provides the solution

Φ(r) = ln { C_2 +

C_1 2 [ r √ r^2 − r^2_0

+r^2_0 ln ( r + √ r^2 − r^2_0) )]} , (25)

which at the throat, reduces to

Φ(r_0) = ln [ C_2 +

C_1r^2_0 2 ln(r_0) ] . (26)

Once again, to ensure a regular solution, we need to impose the following condition: C_2 + (C_1r^2_0/2) ln(r_0) > 0. Note that these specific solutions are not asymptotically flat, however, they may be matched to an exterior vacuum spacetime, much in the spirit of Refs. [22, 31].

However, a subtlety needs to be pointed out. Consider Eqs. (10)-(11) and (14)-(15), from which we deduce

Φ^′ = − b^′r − b 2r(r − b) − 8πB^2 r L_F . (27)

Now, taking into account Eq. (9), we find the following relationships for the magnetic field, B(r), and for L_F B(r) = − e^Φ 8πC_m [ b^′r − b 2r^2(1 − b/r)^{1/2} + ( 1 − b r )_{1/2} Φ^′ ] , (28) and L_F = −

8πC^2_mr e^{−2Φ} b^′r−b 2r^2 + (1 − b/r) Φ

′ , (29)

respectively. Considering that the redshift Φ be finite throughout the spacetime, one immediately verifies that the magnetic field B(r) is singular at the throat, which is transparent considering the first term in square brackets in the right hand side of Eq. (28). This is an extremely troublesome aspect of the geometry, as in order to construct a traversable wormhole, singularities appear in the physical fields. This aspect is in contradiction to the model construction of nonlinear electrodynamics, founded on a principle of finiteness, that a satisfactory theory should avoid physical quantities becoming infinite [1]. Thus, one should impose that these physical quantities be non-singular, and in doing so, we verify that the general solution corresponds to a non-traversable wormhole geometry. This may be verified by integrating Eq. (27), which yields the following general solution

e^{2Φ} = ( 1 − b r ) exp ( −16π ∫ B^2 r L_F dr ) . (30)

We have considered the factor |B^2L_F | < ∞ as r → r_0, to ensure the regularity of the term in the exponential. However, this solution corresponds to a non-traversable wormhole solution, as it possesses an horizon at the throat, b = r = r_0.

One may also prove the non-existence of (2 + 1)−dimensional static and spherically symmetric traversable wormholes in nonlinear electrodynamics, through an analysis of the NEC violation. In the context of nonlinear electrodynamics, and taking into account Eqs. (14)-(15), we verify

T_{μ̂ν̂} k^{μ̂}k^{ν̂} = − ( 1 − b r ) B^2 r^2

L_F , (31)

which evaluated at the throat, considering the regularity of B and L_F , is identically zero, i.e., T_{μ̂ν̂} k^{μ̂}k^{ν̂} |_{r0} = 0. The NEC is not violated at the throat, so that the flaring-out condition is not satisfied, showing, therefore, the nonexistence of (2 + 1)−dimensional static and spherically symmetric traversable wormholes in nonlinear electrodynamics.

2.2. (3 + 1)−dimensional wormhole

The action of (3 + 1)−dimensional general relativity coupled to nonlinear electrodynamics is given by S = ∫ √ −g [ R 16π + L(F ) ] d^4x , (32)

where R is the Ricci scalar and the gauge-invariant electromagnetic Lagrangian, L(F ), depends on a single invariant F [2, 32], defined by F ≡^1_4 F^{μν}F_{μν} , as before. We shall not consider the case where L depends on the invariant G ≡^1_4 F_{μν}^∗F^{μν}, as mentioned in the (2 + 1)−dimensional case.

Varying the action with respect to the gravitational field provides the Einstein field equations G_{μν} = 8πT_{μν} , where the stress-energy tensor is given by

T_{μν} = g_{μν} L(F ) − F_{μα}F_ν^α L_F . (33)

Taking into account the symmetries of the geometry, the only non-zero compatible terms for the electromagnetic tensor are F_{tr} = E(x^μ) and F_{θϕ} = B(x^μ).

The spacetime metric representing a spherically symmetric and static (3 + 1)−dimensional wormhole takes the form [19]

ds^2 = −e^{2Φ(r)} dt^2 + dr^2 1 − b(r)/r + r^2 (dθ^2 + sin^2 θ dϕ^2) .

(34) The non-zero components of the Einstein tensor, given in an orthonormal reference frame, are given by

G_{t̂t̂} = b^′ r^2

, (35)

G_{r̂r̂} = − b r^3 + 2 ( 1 − b r ) Φ^′ r , (36)

G_{ϕ̂ϕ̂} = G_{θ̂θ̂} = ( 1 − b r ) [ Φ^{′′} + (Φ^′)^2 − b^′r − b 2r(r − b) Φ^′

− b^′r − b 2r^2(r − b) + Φ^′ r ] . (37)

Its a simple matter to prove that for this geometry, the NEC is identical to Eq. (13), and is also violated at the throat, i.e., T_{μ̂ν̂} k^{μ̂}k^{ν̂} < 0.

The relevant components for the stress-energy tensor, regarding the analysis of the NEC, are the following T_{t̂t̂} = −L − e^{−2Φ} ( 1 − b r ) E^2 L_F , (38)

T_{r̂r̂} = L + e^{−2Φ} ( 1 − b r ) E^2 L_F . (39)

Analogously with the (2 + 1)−dimensional case, we will consider |e^{−2Φ}(1−b/r) E^2 L_F | < ∞, as r → r_0, to ensure that the stress-energy tensor components are regular.

From Eqs. (35)-(36) and Eqs. (38)-(39), we verify the following condition

Φ^′ = − b^′r − b 2r(r − b) , (40)

which may be integrated to yield the solution e^{2Φ} = (1 − b/r), rendering a non-traversable wormhole solution, as it possesses an event horizon at the throat, r = r_0.

Note that the NEC, for the stress-energy tensor defined by (33), is identically zero for arbitrary r, i.e., T_{μ̂ν̂} k^{μ̂}k^{ν̂} = 0. In particular this implies that the flaringout condition of the throat is not satisfied, showing, therefore, the non-existence of (3+1)−dimensional static and spherically symmetric traversable wormholes coupled to nonlinear electrodynamics. The analysis outlined in this Section is consistent with that of Refs. [14, 27], where it was pointed out that nonlinear electrodynamics, with any Lagrangian of the form L(F ), coupled to general relativity cannot support static and spherically symmetric (3 + 1)−dimensional traversable wormholes.

The impediment to the construction of traversable wormholes may be overcome by considering a noninteracting anisotropic distribution of matter coupled to nonlinear electrodynamics. This may be reflected by the following superposition of the stress-energy tensor

T_{μν} = T^{fluid}_{μν} + T^{NED}_{μν} , (41)

where T^{NED}_{μν} is given by Eq. (33), and T^{fluid}_{μν} is provided by T^{fluid}_{μν} = (ρ + p_t)U_μ U_ν + p_t g_{μν} + (p_r − p_t)χ_μχ_ν . (42)

U^μ is the four-velocity and χ^μ is the unit spacelike vector in the radial direction. ρ(r) is the energy density, p_r(r) is the radial pressure measured in the direction of χ^μ, and p_t(r) is the transverse pressure measured in the orthogonal direction to χ^μ.

Now, the NEC takes the form

T_{μ̂ν̂}k^{μ̂}k^{ν̂} = ρ(r) + p_r(r) = 1 8π [ b^′r − b r^3 + ( 1 − b r ) Φ^′ r ] , (43)

which evaluated at the throat, reduces to the NEC violation analysis of Ref. [19], i.e., ρ + p_r < 0.

3. STATIONARY AND AXISYMMETRIC WORMHOLES

3.1. (2 + 1)−dimensional wormhole

We now analyze nonlinear electrodynamics coupled to a stationary axisymmetric (2+1)−dimensional wormhole geometry. The stationary character of the spacetime implies the presence of a time-like Killing vector field, generating invariant time translations. The axially symmetric character of the geometry implies the existence of a spacelike Killing vector field, generating invariant rotations with respect to the angular coordinate ϕ. Consider the metric

ds^2 = −N^2dt^2 + dr^2 1 − b/r + r^2K^2(dϕ − ω dt)^2 , (44)

where N, K, ω and b are functions of r. ω(r) may be interpreted as the angular velocity dϕ/dt of a particle. N is the analog of the redshift function in Eq. (5) and is finite and nonzero to ensure that there are no event horizons. We shall also assume that K(r) is a positive, nondecreasing function of r that determines the proper radial distance R, i.e., R ≡ rK , R^′ > 0 . (45) To transform to an orthonormal reference frame, the one-forms in the orthonormal basis transform as Θ̃^{μ̂} = Λ^{μ̂}_ν Θ^ν . The metric (44) can be diagonalized

ds^2 = −(Θ^{t̂})^2 + (Θ^{r̂})^2 + (Θ^{ϕ̂})^2 , (46)

by means of the tetrad

Θ^{t̂} = N dt , (47)

Θ^{r̂} = (1 − b/r)^{−1/2}dr , (48) Θ^{ϕ̂} = rK(dϕ − ωdt) . (49) Now, Λ^μ_{α̂} Λ^{α̂}_ν = δ^μ_ν and Λ^μ_{ν̂} is defined as

(Λ^μ_{ν̂} ) =

1/N 0 0 0 (1 − b/r)^{1/2} 0 ω/N 0 (rK)^{−1} . (50)

From the latter transformation, one may deduce the orthonormal basis vectors, e_{μ̂} = Λ^ν_{μ̂} e_ν , given by

e_{t̂} = 1 N e_t + ω N e_ϕ , (51)

e_{r̂} = ( 1 − b r )_{1/2} e_r , (52)

e_{ϕ̂} = 1 rK e_ϕ . (53)

Using the fact that e_α ·e_β = g_{αβ}, we have e_{μ̂} ·e_{ν̂} = g_{μ̂ν̂} = η_{μ̂ν̂}.

Using the Einstein field equation, G_{μ̂ν̂} = 8π T_{μ̂ν̂} and taking into account the null vector k^{μ̂} = (1, ±1, 0), we obtain the following relationship, at the throat

T_{μ̂ν̂}k^{μ̂} k^{ν̂} = − 1 − b^′ 16πr^2_0K

(K + r_0K^′) . (54)

We verify that the NEC is clearly violated because the conditions K > 0 and K^′ > 0 are imposed by construction [28], so that the metric (44) can describe a wormhole type solution.

Now for nonlinear electrodynamics, we consider the stress energy tensor given by Eq. (3), where the nonzero components of the electromagnetic tensor are F_{tr} = −F_{rt}, F_{tϕ} = −F_{ϕt}, F_{ϕr} = −F_{rϕ} , (55) which are only functions of the radial coordinate r. Then, using the orthonormal reference frame, the NEC takes the following form

T_{μ̂ν̂}k^{μ̂} k^{ν̂} = − [ N^2 ( 1 − b r ) F^2_{tr} + F^2_{tϕ} ] L_F r^2K^2N^2

, (56) which, at the throat, reduces to

T_{μ̂ν̂}k^{μ̂} k^{ν̂} | |_{r0} = − 1

r^2_0K^2N^2

F^2_{tϕ} L_F . (57)

From this relationship, we verify that the NEC is violated at the throat only if the derivative L_F is positive and F_{tϕ} is nonzero. The latter condition, F_{tϕ} ≠ 0, is imposed to have a compatibility of Eqs. (54) and (57).

However, note that from the metric (44) we verify the following zero components of the Einstein tensor: G_{tr} = 0 and G_{rϕ} = 0, implying that T_{tr} = 0 and T_{rϕ} = 0. These stress-energy tensor components are given by

T_{tr} = −(F_{tr} g^{tϕ} + F_{rϕ} g^{ϕϕ}) F_{tϕ} L_F , (58)

T_{rϕ} = −(F_{tr} g^{tt} + F_{rϕ} g^{tϕ}) F_{tϕ} L_F . (59)

From these conditions, considering that the derivative L_F be finite and positive and the non-trivial case F_{tϕ} ≠ 0, we find that

(g^{tϕ})^2 = g^{tt}g^{ϕϕ} . (60)

From the above imposition we deduce N = 0, implying the presence of an event horizon, showing the nonexistence of (2 + 1)−dimensional stationary and axially symmetric traversable wormholes coupled to nonlinear electrodynamics.

3.2. (3 + 1)−dimensional wormhole

Now, consider the stationary and axially symmetric (3 + 1)−dimensional spacetime, and analogously to the previous case, it possesses a time-like Killing vector field, which generates invariant time translations, and a spacelike Killing vector field, which generates invariant rotations with respect to the angular coordinate ϕ. We have the following metric

ds^2 = −N^2dt^2 + e^μ dr^2 + r^2K^2[dθ^2 + sin^2 θ(dϕ − ω dt)^2] (61) where N , K, ω and μ are functions of r and θ [28]. ω(r, θ) may be interpreted as the angular velocity dϕ/dt of a particle that falls freely from infinity to the point (r, θ). For simplicity, we shall consider the definition [28] e^{−μ(r,θ)} = 1 − b(r, θ) r , (62)

which is well suited to describe a traversable wormhole. Assume that K(r, θ) is a positive, nondecreasing function of r that determines the proper radial distance R, i.e., R ≡ rK and R_r > 0 [28], as for the (2 + 1)−dimensional case. We shall adopt the notation that the subscripts_r and_θ denote the derivatives in order of r and θ, respectively [28].

We shall also write down the contravariant metric tensors, which will be used later, and are given by g^{tt} = − 1 N^2 , g^{rr} = ( 1 − b r ) , g^{θθ} = 1 r^2K^2 , g^{ϕϕ} = N^2 − r^2ω^2K^2 sin^2 θ

r^2N^2K^2 sin^2 θ , g^{tϕ} = − ω N^2

. (63)

Note that an event horizon appears whenever N = 0 [28]. The regularity of the functions N , b and K are imposed, which implies that their θ derivatives vanish on the rotation axis, θ = 0, π, to ensure a non-singular behavior of the metric on the rotation axis. The metric (61) reduces to the Morris-Thorne spacetime metric (5) in the limit of zero rotation and spherical symmetry N (r, θ) → e^{Φ(r)}, b(r, θ) → b(r) , (64) K(r, θ) → 1 , ω(r, θ) → 0 . (65) In analogy with the Morris-Thorne case, b(r_0) = r_0 is identified as the wormhole throat, and the factors N , K and ω are assumed to be well-behaved at the throat.

The scalar curvature of the space-time (61) is extremely messy, but at the throat r = r_0 simplifies to R = − 1 r^2K^2 ( μ_{θθ} + 1 2 μ^2_θ ) − μ_θ N r^2K^2

(N sin θ)_θ sin θ − 2 N r^2K^2

(N_θ sin θ)_θ sin θ − 2 r^2K^3

(K_θ sin θ)_θ sin θ +e^{−μ} μ_r [ ln(N r^2K^2) ] r + sin^2 θ ω^2_θ 2N^2 + 2 r^2K^4

(K^2 + K^2_θ ) . (66)

The only troublesome terms are the ones involving the terms with μ_θ and μ_{θθ}, i.e.,

μ_θ = b_θ (r − b) , μ_{θθ} + 1 2 μ^2_θ = b_{θθ} r − b + 3 2 b_θ^2 (r − b)^2

. (67)

Note that one needs to impose that b_θ = 0 and b_{θθ} = 0 at the throat to avoid curvature singularities. This condition shows that the throat is located at a constant value of r.

Thus, one may conclude that the metric (61) describes a rotating wormhole geometry, with an angular velocity ω. The factor K determines the proper radial distance. N is the analog of the redshift function in Eq. (34) and is finite and nonzero to ensure that there are no event horizons or curvature singularities. b is the shape function which satisfies b ≤ r; it is independent of θ at the throat, i.e., b_θ = 0; and obeys the flaring out condition b_r < 1.

In the context of nonlinear electrodynamics, we consider the stress energy tensor defined in Eq. (33). The nonzero components of the electromagnetic tensor are F_{tr} = −F_{rt}, F_{tθ} = −F_{θt}, F_{tϕ} = −F_{ϕt}, (68) F_{ϕr} = −F_{rϕ}, F_{rθ} = −F_{θr}, F_{θϕ} = −F_{ϕθ} (69) which are functions of the radial coordinate r and the angular coordinate θ.

The analysis is simplified using an orthonormal reference frame, with the following orthonormal basis vectors

e_{t̂} = 1 N e_t + ω N e_ϕ , (70)

e_{r̂} = ( 1 − b r )_{1/2} e_r , (71)

e_{θ̂} = 1 rK e_θ , (72)

e_{ϕ̂} = 1 rK sin θ e_ϕ . (73)

Now the Einstein tensor components are extremely messy, but assume a more simplified form using the orthonormal reference frame and evaluated at the throat. They have the following non-zero components

G_{t̂t̂} = −

(K_θ sin θ)_θ r^2K^3 sin θ − ω^2_θ sin^2 θ

4N^2 + e^{−μ} μ_r (rK)_r rK + K^2 + K^2_θ

r^2K^4

, (74)

G_{r̂r̂} =

(K_θ sin θ)_θ r^2K^3 sin θ − ω^2_θ sin^2 θ

4N^2 + (N_θ sin θ)_θ N r^2K^2 sin θ − K^2 + K^2_θ

r^2K^4

, (75)

G_{r̂θ̂} = e^{−μ/2} μ_θ (rKN )_r 2N r^2K^2

, (76)

G_{θ̂θ̂} =

N_θ(K sin θ)_θ N r^2K^3 sin θ + ω^2_θ sin^2 θ

4N^2

(77) − μ_r e^{−μ}(N rK)_r 2N rK , G_{ϕ̂ϕ̂} = − μ_r e^{−μ} (N Kr)_r 2N Kr − 3 sin^2 θ ω^2_θ

4N^2 + N_{θθ} N r^2K^2 − N_θK_θ N r^2K^3

, (78)

G_{t̂ϕ̂} = 1 4N^2K^2r ( 6N K ω_θ cos θ + 2N K sin θ ω_{θθ}

−μ_r e^{−μ}r^2N K^3 sin θ ω_r + 4N ω_θ sin θ K_θ −2K sin θ N_θ ω_θ ) . (79)

Note that the component G_{r̂θ̂} is zero at the throat, however, we have included this term, as it shall be helpful in the analysis of the stress-energy tensor components, outlined below.

Using the Einstein field equation, the components T_{t̂t̂} and T_{îĵ} have the usual physical interpretations, and in particular, T_{t̂ϕ̂} characterizes the rotation of the matter distribution. It is interesting to note that constraints on the geometry, placing restrictions on the stress energy tensor needed to generate a general stationary and axisymmetric spacetime, were found in Ref. [33]. Taking into account the Einstein tensor components above, the

NEC at the throat is given by

8π T_{μ̂ν̂} k^{μ̂}k^{ν̂} = e^{−μ}μ_r (rK)_r rK − ω_θ^2 sin^2 θ

2N^2 + (N_θ sin θ)_θ (rK)^2N sin θ

. (80)

Rather than reproduce the analysis here, we refer the reader to Ref. [28], where it was shown that the NEC is violated in certain regions, and is satisfied in others. Thus, it is possible for an infalling observer to move around the throat, and avoid the exotic matter supporting the wormhole. However, it is important to emphasize that one cannot avoid the use of exotic matter altogether.

Using the stress-energy tensor, Eq. (33), we verify the following relationship

T_{μ̂ν̂} k^{μ̂}k^{ν̂} = − [ F^2_{tϕ} + sin^2 θ(F_{tθ} + ωF_{ϕθ})^2 + ( 1 − b r ) N^2(F^2_{ϕr} + sin^2 θF^2_{rθ}) ] L_F r^2K^2N^2 sin^2 θ

,(81)

which evaluated at the throat reduces to

T_{μ̂ν̂}k^{μ̂}k^{ν̂} = −[F^2_{tϕ} + sin^2 θ(F_{tθ} + ωF_{ϕθ})^2] L_F r^2_0K^2N^2 sin^2 θ . (82) Note that for this expression to be compatible with Eq. (80), L_F may be either positive, negative or zero.

The non-zero components of the Einstein tensor are precisely the components expressed in Eqs. (74)-(79), so that through the Einstein field equation, we have the following zero components for the stress energy tensor in the (3+1)−dimensional case: T_{tr} = T_{tθ} = T_{ϕr} = T_{ϕθ} = 0. Thus, taking into account this fact, and considering that L_F is regular, we obtain the following relationships g^{θθ}F_{tθ}F_{rθ} = F_{tϕ}(g^{tϕ}F_{tr} + g^{ϕϕ}F_{ϕr}) , (83) −g^{θθ}F_{ϕθ}F_{rθ} = F_{tϕ}(g^{tt}F_{tr} + g^{tϕ}F_{ϕr}) , (84) −g^{rr} F_{tr}F_{rθ} = F_{tϕ}(g^{tϕ}F_{tθ} + g^{ϕϕ}F_{ϕθ}) , (85) g^{rr} F_{ϕr}F_{rθ} = F_{tϕ}(g^{tt}F_{tθ} + g^{tϕ}F_{ϕθ}) . (86) Now, rewriting Eqs. (83)-(84) in order of F_{tθ} and F_{ϕθ}, respectively, and introducing these in Eq. (85), we finally arrive at the following relationship

−g^{rr} N^2 sin^2 θ F^2_{rθ} = F^2_{tϕ} , (87)

from which we obtain that (1 − b/r) < 0, implying that r < b for all values of r except at the throat. However, this restriction is in clear contradiction with the definition of a traversable wormhole, where the condition (1 − b/r) > 0 is imposed.

The same restriction can be inferred from the electromagnetic field equations (F^{μν}L_F )_{;μ} = 0, which provide the following relationships

F^{rt}[ln(L_F )]_{,r} + F^{θt}[ln(L_F )]_{,θ} = −F^{μt}_{;μ} , (88) F^{rϕ}[ln(L_F )]_{,r} + F^{θϕ}[ln(L_F )]_{,θ} = −F^{μϕ}_{;μ} . (89)

These can be rewritten in the following manner

[ln(L_F )]_{,r} = F^{θt}F^{μϕ}_{;μ} − F^{θϕ}F^{μt}_{;μ} F^{rt}F^{θϕ} − F^{rϕ}F^{θt} , (90)

[ln(L_F )]_{,θ} = F^{rϕ}F^{μt}_{;μ} − F^{rt}F^{μϕ}_{;μ} F^{rt}F^{θϕ} − F^{rϕ}F^{θt} . (91)

Now, a crucial point to note is that to have a solution, the term in the denominator, F^{rt}F^{θϕ} − F^{rϕ}F^{θt}, should be non-zero, and can be expressed as F^{rt}F^{θϕ} − F^{rϕ}F^{θt} = g^{rr} g^{θθ} [ g^{tt}g^{ϕϕ} − (g^{tϕ})^2 ] × ×(F_{tr}F_{ϕθ} − F_{tθ}F_{ϕr}) . (92) However, using the Eqs. (83)-(86), we may obtain an alternative relationship, given by F^{rt}F^{θϕ} − F^{rϕ}F^{θt} = ( g^{rr} g^{θθ} F_{rθ} F_{tϕ} )_2 (F_{tr}F_{ϕθ} − F_{tθ}F_{ϕr}) . (93) Confronting both relationships, we obtain that (1 − b/r) < 0, implying that r < b for all values of r except at the throat, which, as before, is in clear contradiction with the definition of a traversable wormhole.

If we consider the individual cases of F_{tr} = 0, F_{ϕr} = 0, F_{tθ} = 0 or F_{ϕθ} = 0, separately, it is a simple matter to verify that Eqs. (83)-(86) impose the restriction N^2 < 0, which does not satisfy the wormhole conditions.

For the specific case of F_{tϕ} = 0 (with F_{rθ} ≠ 0), the restrictions F_{tr} = F_{ϕr} = F_{tθ} = F_{ϕθ} = 0 are imposed. Taking into account these impositions one verifies that from Eq. (82), we have T_{μ̂ν̂} k^{μ̂}k^{ν̂} = 0, which is not compatible with the geometric conditions imposed by Eq. (80).

Considering F_{rθ} = 0 (with F_{tϕ} ≠ 0), one readily verifies from Eqs. (83)-(86) the existence of an event horizon, i.e., N = 0, rendering the wormhole geometry nontraversable.

The specific case of F_{tϕ} = 0 and F_{rθ} = 0 also obeys Eqs. (83)-(86), and needs to be analyzed separately. To show that this case is also in contradiction to the wormhole conditions at the throat, we shall consider the following stress-energy tensor components, for F_{tϕ} = 0 and F_{rθ} = 0 T_{t̂t̂} = −L − (1 − b/r) N^2

(F_{tr} + ωF_{ϕr} )^2L_F (94) − 1 N^2r^2K^2

(F_{tθ} + ωF_{ϕθ})^2L_F ,

T_{r̂r̂} = L + (1 − b/r) N^2

(F_{tr} + ωF_{ϕr})^2L_F (95) − (1 − b/r) r^2K^2 sin^2 θ

F^2_{ϕr} L_F ,

T_{θ̂θ̂} = L + 1 N^2r^2K^2

(F_{tθ} + ωF_{ϕθ})^2L_F (96) − 1 r^4K^4 sin^2 θ

F^2_{ϕθ} L_F , T_{ϕ̂ϕ̂} = L − (1 − b/r) r^2K^2 sin^2 θ

F^2_{ϕr} L_F (97) − 1 r^4K^4 sin^2 θ

F^2_{ϕθ} L_F .

An important result deduced from the above components is the following

T_{t̂t̂} + T_{r̂r̂} + T_{θ̂θ̂} − T_{ϕ̂ϕ̂} = 0 (98)

for all points in the geometry.

Now, considering the Einstein tensor components, Eqs. (74)-(78), evaluated at the throat, along the rotation axis, and using the Einstein field equation, we verify the following relationship

G_{t̂t̂} + G_{r̂r̂} + G_{θ̂θ̂} − G_{ϕ̂ϕ̂} = e^{−μ}μ_r(rK)_r rK , (99)

which is always positive. We have taken into account that the functions N and K are regular, so that their θ derivatives vanish along the rotation axis, θ = 0, π, as emphasized above. Therefore, through the Einstein field equation, we verify that relationship (99) is not compatible with condition (98), and therefore rules out the existence of rotating wormholes for this specific case of F_{tϕ} = 0 and F_{rθ} = 0.

4. CONCLUSION

In this work we have explored the possibility of the existence of (2 + 1) and (3 + 1)−dimensional static, spherically symmetric and stationary, axisymmetric traversable wormholes coupled to nonlinear electrodynamics. For the static and spherically symmetric wormhole spacetimes, we have found the presence of an event horizon, and that the NEC is not violated at the throat, proving the non-existence of these exotic geometries within nonlinear electrodynamics. It is perhaps important to emphasize that for the (2 + 1)−dimensional case we found an extremely troublesome aspect of the geometry, as in order to construct a traversable wormhole, singularities appear in the physical fields. This particular aspect of the geometry is in clear contradiction to the model construction of nonlinear electrodynamics, founded on a principle of finiteness, that a satisfactory theory should avoid physical quantities becoming infinite [1]. Thus, imposing that the physical quantities be non-singular, we verify that the general solution corresponds to a non-traversable wormhole geometry. We also point out that the non-existence of (3 + 1)−dimensional static and spherically symmetric traversable wormholes is consistent with previous results [14].

For the (2+1)−dimensional stationary and axisymmetric wormhole, we have verified the presence of an event horizon, rendering a non-traversable wormhole geometry. Relatively to the (3 + 1)−dimensional stationary and axially symmetric wormhole geometry, we have found that the field equations impose specific conditions that are incompatible with the properties of wormholes. Thus, we have showed that for the general cases of solutions outlined above the non-existence of traversable wormholes within the context of nonlinear electrodynamics. Nevertheless, it is important to emphasize that regular magnetic time-dependent traversable wormholes do exist coupled to nonlinear electrodynamics [26].

In the analysis outlined in this paper, we have considered general relativity coupled to nonlinear electrodynamics, with the gauge-invariant electromagnetic Lagrangian L(F ) depending on a single invariant F given by F ∼ F^{μν}F_{μν}. An interesting issue to pursue would be the inclusion, in addition to F , of another electromagnetic field invariant G ∼^∗F^{μν} F_{μν}. This latter inclusion would possibly add an interesting analysis to the solutions found in this paper.

Acknowledgements

We thank Ricardo García Salcedo and Nora Bretón for extremely helpful comments and suggestions.

[1] M. Born, “On the quantum theory of the electromagnetic field,” Proc. Roy. Soc. Lond. A143, 410 (1934); M. Born and L. Infeld, “Foundations of the new field theory,” Proc. Roy. Soc. A144, 425 (1934).

[2] J. F. Plebański, “Lectures on non-linear electrodynamics,” monograph of the Niels Bohr Institute Nordita, Copenhagen (1968).

[3] I. Bialynicki-Birula, “Nonlinear electrodynamics: variations on a theme by Born and Infeld,” in J. Lopuszanki’s Festschrift, Quantum Theory of Particles and Fields, Eds. B. Jancewicz and J. Lukierski, Singapore, World Scientific 31, (1983).

[4] N. Seiberg and E. Witten, “String theory and noncommutative geometry,” JHEP 9909, 032 (1999) [arXiv:hep-th/9908142].

[5] M. Novello, S. E. P. Bergliaffa and J. Salim, “Nonlinear electrodynamics and the acceleration of the universe,” Phys. Rev. D 69 127301 (2004) [arXiv:astro-ph/0312093].

[6] P. V. Moniz, “Quintessence and Born-Infeld cosmology,” Phys. Rev. D 66, 103501 (2002).

[7] R. Garcia-Salcedo and N. Breton, “Born-Infeld Cosmologies,” Int. J. Mod. Phys. A15, 4341-4354 (2000) [arXiv:gr-qc/0004017].

[8] R. Garcia-Salcedo and N. Breton, “Nonlinear electrodynamics in Bianchi spacetimes,” Class. Quant. Grav. 20, 5425-5437 (2003) [arXiv:hep-th/0212130].

[9] R. Garcia-Salcedo and N. Breton, “Singularityfree Bianchi spaces with nonlinear electrodynamics,” Class. Quant. Grav. 22, 4783-4802 (2005) [arXiv:gr-qc/0410142].

[10] V. V. Dyadichev, D. V. Gal’tsov, A. G. Zorin and M.

Yu. Zotov, “Non-Abelian Born–Infeld cosmology,” Phys.

Rev. D 65, 084007 (2002) [arXiv:hep-th/0111099]. [11] D. N. Vollick, “Anisotropic Born-Infeld Cosmologies,” Gen. Rel. Grav. 35, 1511-1516 (2003) [arXiv:hep-th/0102187].

[12] E. Ayón-Beato and A. García, “Regular black hole in general relativity coupled to nonlinear electrodynamics,” Phys. Rev. Lett. 80, 5056-5059 (1998) [arXiv:gr-gc/9911046].

[13] E. Ayón-Beato and A. García, “New regular black hole solution from non-linear electrodynamics,” Phys. Lett. B 464, 25 (1999) [arXiv:hep-th/9911174];

E. Ayón-Beato and A. García, “Non-singular charged black hole solutions for non-linear source,” Gen. Rel. Grav. 31, 629-633 (1999) [arXiv:gr-gc/9911084].

[14] K. A. Bronnikov, “Regular magnetic black holes and monopoles from nonlinear electrodynamics,” Phys. Rev. D 63, 044005 (2001) [arXiv:gr-qc/0006014].

[15] I. Dymnikova, “Regular electrically charged structures in Nonlinear Electrodynamics coupled to General Relativity,” Class. Quant. Grav. 21, 4417-4429 (2004) [arXiv:gr-qc/0407072].

[16] N. Breton, “Stability of nonlinear magnetic black holes,” Phys. Rev. D 72, 044015 (2005) [arXiv:hep-th/0502217].

[17] P. O. Mazur and E. Mottola, “Gravitational Condensate Stars: An Alternative to Black Holes,” [arXiv:gr-qc/0109035];

G. Chapline, E. Hohlfeld, R. B. Laughlin and D. I. Santiago, “Quantum Phase Transitions and the Breakdown of Classical General Relativity,” Int. J. Mod. Phys. A 18 3587-3590 (2003) [arXiv:gr-qc/0012094];

M. Visser and D. L. Wiltshire, “Stable gravastars - an alternative to black holes?,” Class. Quant. Grav. 21 1135 (2004) [arXiv:gr-qc/0310107];

C. Cattoen, T. Faber and M. Visser, “Gravastars must have anisotropic pressures,” Class. Quant. Grav. 22 4189-4202 (2005) [arXiv:gr-qc/0505137];

G. Chapline, “Dark energy stars,” [arXiv:astro-ph/0503200];

F. S. N. Lobo, “Stable dark energy stars,” Class. Quant. Grav. 23, 1525 (2006) [arXiv:astro-ph/0508115].

[18] N. Bilić, G. B. Tupper and R. D. Viollier, “Born- Infeld phantom gravastars,” JCAP 0602, 013 (2006) [arXiv:astro-ph/0503427].

[19] M. Morris and K.S. Thorne, “Wormholes in spacetime and their use for interstellar travel: A tool for teaching General Relativity,” Am. J. Phys. 56, 395 (1988).

[20] Visser M 1995 Lorentzian Wormholes: From Einstein to Hawking (American Institute of Physics, New York).

[21] C. Barcelo and M. Visser, “Traversable wormholes from massless conformally coupled scalar fields,” Phys. Lett. B 466, 127 (1999) [arXiv:gr-qc/9908029].

[22] J. P. S. Lemos, F. S. N. Lobo and S. Q. de

Oliveira, “Morris-Thorne wormholes with a cosmological constant,” Phys. Rev. D 68, 064004 (2003) [arXiv:gr-qc/0302049].

[23] S. Sushkov, “Wormholes supported by a phantom energy,” Phys. Rev. D 71, 043520 (2005) [arXiv:gr-qc/0502084];

F. S. N. Lobo, “Phantom energy traversable wormholes,” Phys. Rev. D 71, 084011 (2005) [arXiv:gr-qc/0502099]; F. S. N. Lobo, “Stability of phantom wormholes,” Phys. Rev. D 71, 124022 (2005) [arXiv:gr-qc/0506001].

[24] F. S. N. Lobo, “Chaplygin traversable wormholes,” Phys.

Rev. D73, 064028 (2006) [arXiv:gr-qc/0511003]. [25] M. Novello, V. A. De Lorenci, E. Elbaz and J. M. Salim, “Closed Lightlike Curves in Non-linear Electrodynamics,” [arXiv:gr-qc/0003073];

F. Baldovin, M. Novello, S. E. Perez Bergliaffa and J.M. Salim, “A nongravitational wormhole,” Class. Quant. Grav. 17, 3265-3276 (2000) [arXiv:gr-qc/0003075].

[26] A. V. B. Arellano and F. S. N. Lobo, “Evolving wormhole geometries within nonlinear electrodynamics,” Class. Quant. Grav. 23 5811 (2006) [arXiv:gr-qc/0608003].

[27] K. A. Bronnikov and S. V. Grinyok, “Electrically charged and neutral wormhole instability in scalartensor gravity,” Grav. Cosmol. 11, 75-81 (2006) [arXiv:gr-qc/0509062].

[28] E. Teo, “Rotating traversable wormholes,” Phys. Rev. D 58, 024014 (1998) [arXiv:gr-qc/9803098].

[29] M. Cataldo and A. García, “Regular (2+1)−dimensional black holes within non-linear electrodynamics,” Phys. Rev. D 61, 084003 (2000) [arXiv:hep-th/0004177].

[30] D. Hochberg and M. Visser, “Geometric structure of the generic static traversable wormhole throat,” Phys. Rev. D 56, 4745-4755 (1997) [arXiv:gr-qc/9704082].

[31] J. P. S. Lemos and F. S. N. Lobo, “Plane symmetric traversable wormholes in an anti-de Sitter background,” Phys. Rev. D 69, 104007 (2004) [arXiv:gr-qc/0402099]; F. S. N. Lobo, “Surface stresses on a thin shell surrounding a traversable wormhole,” Class. Quant. Grav. 21, 4811 (2004) [arXiv:gr-qc/0409018];

F. S. N. Lobo, “Energy conditions, traversable wormholes and dust shells,” Gen. Rel. Grav. 37 2023-2038 (2005) [arXiv:gr-qc/0410087];

F. S. N. Lobo and P. Crawford, “Stability analysis of dynamic thin shells,” Class. Quant. Grav. 22, 4869 (2005), [arXiv:gr-qc/0507063].

[32] S. A. Gutiérrez, A. L. Dudley and J. F. Plebański, “Signals and discontinuities in general relativistic nonlinear electrodynamics,” J. Math. Phys. 22, 2835 (1981).

[33] S. E. Perez Bergliaffa, K. E. Hibberd, “On the stressenergy tensor of a rotating wormhole,” [arXiv:gr-qc/grqc/0006041].