arXiv:gr-qc/0604101 v2 20 Jul 2006

Stability of naked singularities and algebraically special modes

Vitor Cardoso^∗ Department of Physics and Astronomy, The University of Mississippi, University, MS 38677-1848, USA^†

Marco Cavaglià^‡ Department of Physics and Astronomy, The University of Mississippi, University, MS 38677-1848, USA (Dated: July 20, 2006)

We show that algebraically special modes lead to the instability of naked singularity spacetimes with negative mass. Four-dimensional negative-mass Schwarzschild and Schwarzschild-de Sitter spacetimes are unstable. Stability of the Schwarzschild-anti-de Sitter spacetime depends on boundary conditions. We briefly discuss the generalization of these results to charged and rotating singularities.

PACS numbers:

INTRODUCTION

Discussion of naked singularities has recently attracted some attention in the literature [1, 2]. The cosmic censorship conjecture of general relativity states that spacetimes with naked singularities do not exist in nature because the evolution of regular initial data set must either form smooth geometries or give rise to singularities surrounded by horizons. However, the cosmic censorship conjecture could be far a too restrictive requirement for the non-existence of these spacetimes. Even if they form, naked singularity solutions can still be unphysical provided they are unstable under perturbations. Stability of spacetimes with naked singularities is thus a subject worth investigating as an alternative (or complement) to the cosmic censorship conjecture. In this paper we focus on naked singularities arising from negative-mass solutions of four-dimensional Einstein gravity coupled to a cosmological constant, namely the Schwarzschild-(Anti)-de Sitter (S(A)dS) geometries. Although these spacetimes cannot be obtained through gravitational collapse of matter sources with positive energy, their perturbative analysis is relatively simple and provides a treatable toy model for the investigation of the stability/instability regimes of naked singularities.

Previous work on the subject includes that of Gibbons, Hartnoll and Ishibashi [1], who first considered the stability of negative-mass spacetimes. The stability of these geometries can be reduced to the study of two classes of perturbations, the odd or Regger-Wheeler perturbations and the even or Zerilli perturbations. It was shown that negative-mass Schwarzschild spacetimes are stable against both kinds of perturbations. However, as was pointed out by Gleiser and Dotti [2], the analysis of the even perturbations of Ref. [1] is flawed. They argue that the marginally stable solution used to prove stability is at most twice differentiable in the radial coordinate. Thus the perturbed metric is not continuous and is not a solution of the linearized vacuum Einstein equations. (It actually solves the field equations with a singular distribution of sources.) Moreover, boundary conditions at the singularity cannot be chosen by self-adjoint extensions of the wave operator for gravitational perturbations [3] (see Ref. [2] and discussion below). The choice of boundary conditions of Ref. [1] is not consistent with the perturbation expansion because it requires the radial components of the even perturbations to diverge near the singularity. These two points led Gleiser and Dotti to conclude that the negative-mass Schwarzschild spacetime is unstable against even perturbations and derive an explicit solution for the unstable mode. We will show that this solution is an algebraically special mode [4] of the geometry and extend this result to the S(A)dS spacetimes. The method presented below also provides a framework to address the stability of more general negative-mass spacetimes. For example, our conclusions are easily generalized to charged Reissner-Nordström and rotating Kerr geometries.

SPACETIME PERTURBATIONS AND ALGEBRAICALLY SPECIAL MODES

Gravitational perturbations in spherically symmetric, static geometries [5, 6] are divided in two distinct classes according to their transformation properties: Regge-Wheeler or odd perturbations (+) and Zerilli or even pertubations

† Also at Centro de Física Computacional, Universidade de Coimbra, P-3004-516 Coimbra, Portugal

(−). These pertubations are defined by assuming that the metric functions can locally be written as

g_{μν} (x) = g^{(0)}_{μν} (x) + h_{μν} (x) , (1)

where μ and ν take values between 0 and 3 and x is a vector of spacetime coordinates. The metric g^{(0)}_{μν} (x) is the static background solution of Einstein’s equations and h_{μν}(x) is a small perturbation. In the case under consideration, the background metric is

ds^2 = fdt^2 − f^{−1}dr^2 − r^2(dθ^2 + sin^2 θdϕ^2) , f(r) = ( α r^2 R^2

+ 1 − 2M r ) , (2)

where α = +1 for AdS, −1 for dS and R is the (A)dS radius. The quantity M is the mass of the spacetime, which we allow to be positive or negative. Substituting Eq. (1) in the field equations, we obtain the differential equations for the perturbations. We use the original notation of Regge and Wheeler [5]. (See Refs. [7, 8] for details.) The perturbations are expanded in tensorial spherical harmonics with parity (−1)^{l+1} (odd) and (−1)^l (even), where l is the angular momentum of the mode. Choosing the Regge-Wheeler gauge, the canonical form for the perturbations is

• odd parity:

h_{μν} = 0 0 0 h_0(r) 0 0 0 h_1(r) 0 0 0 0 h_0(r) h_1(r) 0 h_0(r) e^{−iωt} ( sin θ ∂ ∂θ ) P_l(cos θ) , (3)

• even parity:

h_{μν} = H_0(r)f(r) H_1(r) 0 0 H_1(r) H_2(r)/f(r) 0 0 0 0 r^2K(r) 0 0 0 0 r^2K(r) sin^2 θ e^{−iωt}P^l(cos θ) , (4)

where P_l(cos θ) is the Legendre polynomial with angular momentum l ≥ 2. (We consider only radiative multipoles). The functions h_0(r) , h_1(r) , H_0(r) , H_1(r) and K(r) are functions of the radial coordinate r alone. For more details on this decomposition we refer the reader to the original works [5, 6]. Inserting Eq. (3) and Eq. (4) into Einstein’s equations, one obtains ten coupled second-order differential equations for the perturbations. These equations can be combined into two second-order differential equations, one for each parity [5, 6]. The perturbations can be written in terms of a unique wave function Ψ(r). For odd parity, we have

Ψ_+(r) = f(r) r h_1(r) , h_0 = i ω d dr_∗ (rΨ_+) . (5)

Einstein’s equations reduce to

∂^2Ψ_+ ∂r^2_∗ + [ ω^2 − V_+(r) ] Ψ_+ = 0 , (6)

where

V_+ = f(r) [ l(l + 1)

r^2 − 6M r^3 ] (7) and the tortoise coordinate r_∗ is defined by dr/dr_∗ = f(r). For even parity, H_0, H_1 and K are related to Ψ_−(r) by

K = 6M^2 + c (1 + c) r^2 + M ( 3cr − 3α^{r3}_{R2} ) r^2 (3M + cr)

Ψ_− + dΨ_− dr_∗ , (8)

H_1 = − iω ( −3M^2 − 3cM r + cr^2 − 3M α^{r3}_{R2} ) r (3M + cr) f(r) Ψ_− − iω r f(r) dΨ_− dr_∗ , (9) where c =^1_2 [l(l + 1) − 2]. Einstein’s equations are

∂^2Ψ_− ∂r^2_∗ + [ ω^2 − V_−(r) ] Ψ_− = 0 , (10)

where

V_− = 2f(r) r^3

9M^3 + 3c^2M r^2 + c^2 (1 + c) r^3 + 3M^2 ( 3cr + 3α^{r3}_{R2} ) (3M + cr)^2

. (11)

The potentials V_± can be rewritten in the form [4]

V_± = W^2 ± dW dr_∗ + β , (12)

where^1 W = 3M ( 6M r^2 + 2cαR^2(2M − r) ) cr^2 (6M + 2cr) αR^2

+ j , (13) β = − ( (l − 1)l(l + 1)(l + 2) 12M )_2

, (14) j = − (l − 1)l(l + 1)(l + 2) 12M − 3M α cR^2 . (15)

Potentials of the form (12) are sometimes called superpartner potentials [9]. A class of special modes can be found analytically using Eq. (12) [4]. Defining ± W = d dr_∗ log χ_± , (16)

the wave equations can be written as 1 Ψ_± d^2Ψ_± dr^2_∗ + ( ω^2 − β ) = 1 χ_± d^2χ_± dr^2_∗ , (17)

where we have used the identity 1 χ_± d^2χ_± dr^2_∗ = W^2 ± dW dr_∗ . (18)

The algebraically special modes are defined by ω^2 − β = 0. In this case, Eq. (17) can be integrated. Its general solution is

χ_± = exp [ ± ∫ W dr_∗ ] , Ψ_± = χ_± ∫ dr_∗ χ^2_± = χ_± ( C_1 + C_2 ∫_r 0 dr_∗ χ^2_± ) . (19)

INSTABILITY OF NEGATIVE-MASS SPACETIMES

Algebraically special modes can be used to prove the instability of the S(A)dS, spherically symmetric negative-mass spacetimes. Since the singularity at r = 0 is naked, the wave equations have support in the interval r ∈ (0, r_c), where r_c is infinity for Schwarzschild and SAdS spacetimes, and the cosmological horizon for SdS spacetime. It can be shown that the algebraically special modes with frequency

ω_s = i

(l − 1)l(l + 1)(l + 2) 12|M | (20)

1 The following equations correct some typos in Ref. [7].

grow exponentially with time, i.e. they are unstable despite being regular throughout the spacetime. The behavior of negative-mass perturbations for r → 0 is

Ψ_+ ∼

C_{+1} r + C_{+2}r^3 , Ψ_− ∼ C_{−1}r + C_{−2}r log r . (21)

The logarithm term makes the perturbation quantity K diverge at the origin. Since we are looking for spatially bounded metric perturbations, we require

C_{+1} = C_{−2} = 0 . (22)

In addition to the boundaries r = 0 and r = r_c, the potentials V_± seem to diverge at r = r_i ≡ 6|M | (l − 1)(l + 2)

. (23)

Near this point the wave function behaviors are

Ψ_+ ∼ C_{+2} × constant , Ψ_− ∼ C_{−1} r − r_i , (24)

where we have used Eq. (22). The odd-parity wave function Ψ_+ is well-behaved for r → r_i. The even-parity wave function Ψ_− diverges. However, from Eq. (9) it follows K ∼ ( 1 + 2c 3 + 9M^2α c^2R^2 ) ( Ψ_− r − r_i + dΨ_− dr ) , H_1 ∼ −iωr_i ( Ψ_− r − r_i + dΨ_− dr ) . (25)

Therefore, both perturbations are regular at r = r_i. To complete the discussion and assess the stability of the spacetime, we still have to consider spatial infinity.

Schwarzschild spacetime

In the asymptotically flat case, r_∗ ∼ r for large r. Equation (19) and Eq. (22) imply

χ_± ∼ e^{±|ωs |r} , Ψ_+ = C_{+2}χ_+ ∫_r 0 1 χ^2_+ dr_∗ , Ψ_− = C_{−1}χ_− . (26)

The integral above converges and is positive-definite. The behavior of the odd-parity wave function for large r is

Ψ_+ ∼ C_{+2} e^{|ωs|r} . (27)

The wave function Ψ_+ is bounded only if C_{+2} = 0. Odd-parity perturbations are thus stable at this algebraically special frequency. This conclusion agrees with the results of Ref. [1], where Regge-Wheeler modes are shown to be stable for all frequencies. Equation (26) also shows that Ψ_− is bounded on the entire space. However, the even-parity mode grows exponentially in time as e^{−iωt} = e^{Im(ωs)t}. We conclude that the negative-mass Schwarzschild spacetime is unstable against the algebraically special Zerilli modes. The explicit form of the perturbations is given by

Ψ_− = C_{−1} ( r 6M + (l − 1)(l + 2)r ) e^{−|ωs|r∗} . (28) The above result agrees with the unstable modes presented by Gleiser and Dotti [2].

SdS spacetime

The behavior of the negative-mass SdS geometry near the cosmological horizon r_c is f = − r^2 R^2

+ 1 + 2|M | r ∼ |a|(r_c − r) , (29) where a is a constant. It follows χ_± ∼ e^{∓|ωs | log(rc −r)} . (30) Odd-parity modes are stable at the algebraically special frequency. The algebraically special even-parity modes are regular in all the domain:

Ψ_− = C_{−1} ( r 6M + (l − 1)(l + 2)r ) e^{−|ωs|r∗} . (31) Zerilli algebraically special perturbations of negative-mass SdS geometry are spatially regular unstable solutions.

SAdS spacetime

From the asymptotic behavior of the SAdS geometry with negative mass, it follows χ_± ∼ e^{∓|ωs|/r} . (32) Regge-Wheeler and Zerilli perturbations asymptote to a constant value at spatial infinity. Boundary conditions play a key role in the SAdS spacetime. If the perturbations vanish at the boundary (reflective boundary conditions [10, 11, 12]), the geometry is stable because C_{+2} = C_{−1} = 0 imply vanishing perturbations on the entire spacetime. Other boundary conditions, such as the mixed boundary conditions by Norman and Moss [13] must be studied case by case. These conclusions are expected to hold also in asymptotically AdS spacetimes with different topologies [14, 15], e.g. toroidal or cylindrical black holes. (For a discussion on algebraically special modes of toroidal black holes in AdS, see Refs. [16, 17]).

DISCUSSION

The above discussion shows that four-dimensional Schwarzschild and S(A)dS spacetimes with naked singularities are unstable. The odd-parity and even-parity gravitational perturbations of these geometries are described by master equations with superpartner potentials. Algebraically special Regge-Wheeler modes are in general stable, whereas Zerilli modes lead to instabilities. Similarly to positive-mass spacetimes [18], algebraically special modes seem to describe different physics according to their parity.

The extension of these results to negative-mass Reissner-Nordström and Kerr spacetimes is straightforward. The equations for the Reissner-Nordström spacetime can be found in Ref. [19]. Perturbations in the Kerr geometry are best handled with Teukolsky’s formalism [20], which determines the evolution of the Weyl scalars Ψ_0 and Ψ_4. Algebraically special modes for this spacetime were defined by Chandrasekhar [4]. (See also Ref. [21]). The explicit solution for the algebraically special mode is

Ψ_0 = 1 r^2 − 2M r + a^2

P_{+2}S_{+2} , P_{+2} = ( a_3r^3 + a_2r^2 + a_1r + a_0 ) , (33)

where a_i are constant parameters and the time dependence is e^{−iωt}. The value ω at the algebraically special mode is determined by the vanishing of the Starobinsky constant. It is easy to see that well-behaved modes exist. For example, Eq. (33) is regular at r = 0. Therefore, these special modes determine the instability of negative-mass Kerr-like naked singularities.

The choice of boundary conditions at the singularity is critical, with various authors considering different boundary conditions. For instance, the boundary conditions of Ref. [1] rely on self-adjoint extensions. In that case, the spacetime is found to be stable. We think the issue of boundary conditions is simpler in this case: the behavior Ψ_− ∼ r log r seems to be forbidden in a well-defined perturbation problem. The quantity K(r) would behave as log r/r, thus diverging at the singularity faster than the background.

The purpose of this work was to show the connection between algebraically special modes and instability of negativemass naked singularities in four dimensions. An interesting topic for further research would be the generalization of the above results to higher-dimensional spacetimes, where the potentials for gravitational perturbations seem no longer be related by superpartner relations [22, 23, 24].

Acknowledgements

We would like to thank Sean Hartnoll for useful correspondence. VC acknowledges financial support from FCT through the PRAXIS XXI program, and from the Fundação Calouste Gulbenkian through the Programa Gulbenkian de Estímulo à Investigação Científica. This work was supported (in part) by the US Department of Energy under grant DE-FG02-91ER40622.

∗ Electronic address: vcardoso@phy.olemiss.edu ‡ Electronic address: cavaglia@phy.olemiss.edu [1] G. W. Gibbons, S. A. Hartnoll and A. Ishibashi, Prog. Theor. Phys. 113, 963 (2005) [arXiv:hep-th/0409307]. [2] R. J. Gleiser and G. Dotti, arXiv:gr-qc/0604021. [3] R. M. Wald, J. Math. Phys. 21, 2802 (1980).

[4] S. Chandrasekhar, Proc. R. Soc. London, Ser. A 392, 1 (1984). [5] T. Regge and J. A. Wheeler, Phys. Rev. 108, 1063 (1957).

[6] F. J. Zerilli, Phys. Rev. Lett. 24, 737 (1970); See also R. Ruffini, in Black Holes: les Astres Occlus, (Gordon and Breach, New York, 1973).

[7] V. Cardoso and J. P. S. Lemos, Phys. Rev. D 64, 084017 (2001) [arXiv:gr-qc/0105103]. [8] V. Cardoso, R. Konoplya and J. P. S. Lemos, Phys. Rev. D 68, 044024 (2003) [arXiv:gr-qc/0305037]. [9] F. Cooper, A. Khare and U. Sukhatme, Phys. Rept. 251, 267 (1995) [arXiv:hep-th/9405029]. [10] S. J. Avis, C. J. Isham and D. Storey, Phys. Rev. D 18, 3565 (1978). [11] P. Breitenlohner and D. Z. Freedman, Phys. Lett. B 115, 197 (1982). [12] C. P. Burgess and C. A. Lutken, Phys. Lett. B 153, 137 (1985).

[13] I. G. Moss and J. P. Norman, Class. Quant. Grav. 19, 2323 (2002) [arXiv:gr-qc/0201016]. [14] J. P. S. Lemos, Phys. Lett. B 353, 46 (1995) [arXiv:gr-qc/9404041]. [15] J. P. S. Lemos and V. T. Zanchin, Phys. Rev. D 54, 3840 (1996) [arXiv:hep-th/9511188]. [16] V. Cardoso and J. P. S. Lemos, Class. Quant. Grav. 18, 5257 (2001) [arXiv:gr-qc/0107098]. [17] A. S. Miranda and V. T. Zanchin, Phys. Rev. D 73, 064034 (2006) [arXiv:gr-qc/0510066]. [18] A. Maassen van den Brink, Phys. Rev. D 62, 064009 (2000) [arXiv:gr-qc/0001032]. [19] S. Chandrasekhar, The Mathematical Theory of Black Holes, (Oxford University Press, New York, 1983). [20] S. A. Teukolsky, Astrophys. J. 185, 635 (1973).

[21] H. Onozawa, Phys. Rev. D 55, 3593 (1997) [arXiv:gr-qc/9610048].

[22] H. Kodama and A. Ishibashi, Prog. Theor. Phys. 110, 701 (2003) [arXiv:hep-th/0305147]. [23] A. Ishibashi and H. Kodama, Prog. Theor. Phys. 110, 901 (2003) [arXiv:hep-th/0305185]. [24] H. Kodama and A. Ishibashi, Prog. Theor. Phys. 111, 29 (2004) [arXiv:hep-th/0308128].