arXiv:gr-qc/0605025 v1 4 May 2006

Relativistic Elastodynamics

Michael Wernig-Pichler Institut für theoretische Physik der Universität Wien Boltzmanngasse 5, A-1090 Wien, Austria

2

Contents

1 Introduction 7

2 Hyperbolic Second Order Systems 11 2.1 Basics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11 2.2 Local existence with no boundaries present . . . . . . . . . . . 14 2.3 Local existence in the presence of boundaries . . . . . . . . . . 18

3 Geometry and Kinematics 27 3.1 Space-time description . . . . . . . . . . . . . . . . . . . . . . 28 3.1.1 Basic setup . . . . . . . . . . . . . . . . . . . . . . . . 28 3.1.2 The space-time Lagrangian . . . . . . . . . . . . . . . . 32 3.1.3 Elasticity operator . . . . . . . . . . . . . . . . . . . . 34 3.1.4 Energy momentum . . . . . . . . . . . . . . . . . . . . 37 3.1.5 Reference state . . . . . . . . . . . . . . . . . . . . . . 40 3.2 Material description . . . . . . . . . . . . . . . . . . . . . . . . 42 3.2.1 Basic setup . . . . . . . . . . . . . . . . . . . . . . . . 42 3.2.2 Material Lagrangian . . . . . . . . . . . . . . . . . . . 46 3.2.3 Reference deformation . . . . . . . . . . . . . . . . . . 49

4 Dynamics of Elastic Materials 53 4.1 Equations of motion . . . . . . . . . . . . . . . . . . . . . . . 53 4.1.1 Space-time description . . . . . . . . . . . . . . . . . . 54 4.1.2 Material picture . . . . . . . . . . . . . . . . . . . . . . 59 4.2 Conserved quantities . . . . . . . . . . . . . . . . . . . . . . . 67 4.2.1 Symmetries-conserved quantities . . . . . . . . . . . . . 67 4.2.2 The conserved energy . . . . . . . . . . . . . . . . . . . 68 4.2.3 Linearized energy . . . . . . . . . . . . . . . . . . . . . 69 4.2.4 Linearized material Lagrangian . . . . . . . . . . . . . 73 4.3 Linearized elasto-dynamics . . . . . . . . . . . . . . . . . . . . 74 4.3.1 Linearized equations of motion . . . . . . . . . . . . . 75 4.3.2 Explicit solution . . . . . . . . . . . . . . . . . . . . . 76

4.4 Unbounded setup . . . . . . . . . . . . . . . . . . . . . . . . . 86 4.4.1 Space-time description . . . . . . . . . . . . . . . . . . 87 4.4.2 Material description . . . . . . . . . . . . . . . . . . . 93 4.5 Gravito-elastodynamics . . . . . . . . . . . . . . . . . . . . . . 99 4.5.1 Einstein field equations . . . . . . . . . . . . . . . . . . 99 4.5.2 Coupled . . . . . . . . . . . . . . . . . . . . . . . . . . 107 4.6 Bounded domains . . . . . . . . . . . . . . . . . . . . . . . . . 110 4.6.1 Basics and equations of motion . . . . . . . . . . . . . 111 4.6.2 Boundary conditions . . . . . . . . . . . . . . . . . . . 112 4.6.3 Reference deformation . . . . . . . . . . . . . . . . . . 114 4.6.4 Coerciveness . . . . . . . . . . . . . . . . . . . . . . . . 117 4.6.5 Main result . . . . . . . . . . . . . . . . . . . . . . . . 119

5 Summary, Conclusions and Outlook 121 5.1 Summary and conclusions . . . . . . . . . . . . . . . . . . . . 121 5.2 Outlook and open problems . . . . . . . . . . . . . . . . . . . 122

6 Appendix 125 6.1 An easy example: 1+1 dimensions . . . . . . . . . . . . . . . . 125 6.1.1 Basics . . . . . . . . . . . . . . . . . . . . . . . . . . . 125 6.1.2 Static setup . . . . . . . . . . . . . . . . . . . . . . . . 126 6.1.3 Elasticity on Schwarzschild background . . . . . . . . . 127 6.2 A short remark on energy conditions . . . . . . . . . . . . . . 133 6.3 Non-relativistic limits . . . . . . . . . . . . . . . . . . . . . . . 134 6.4 3+1 decompositions . . . . . . . . . . . . . . . . . . . . . . . . 136

Acknowledgements

First of all I want to express my deep gratitude to the supervisor of this thesis, Prof. Robert Beig. He aroused my interest in the beautiful field of elasticity. For this and for his continuous support and inspiration during the last years I am most thankful. His genuine intuition and deep understanding of physics impressed and motivated me all the way through the genesis of this thesis.

I am also grateful to the other members of the gravity group. To the supervisor of my diploma thesis, Prof. P.C. Aichelburg and Prof. H. Urbantke, whose introductory lectures on relativity opened my eyes for this marvelous field.

We must not forget the other members: the people from ”Dissertandenzimmer”: Michael, Patrick and Roland. Christiane (formerly known as ”little Christiane”) and her husband Juan. They answered my questions and questioned my answers. Florian and Natascha, who also contributed to the unique atmosphere at the Vienna gravity group. The former members Walter and Mark who were of great help during my beginnings in the group. I really enjoyed my time with all these people at the institute.

It is a pleasure to mention my dear friend and college Anil although I am sorry that we could not work on relativistic elasticity together (as was first planned) due to the unsure funding. I truly hope that the situation of the FWF will improve so that young scientist like him (or Patrick) are not forced to go abroad for purely financial reasons.

Leaving the institute my path most naturally leads to the dojo. Karatedo is an important part of my life and many friendships are connected with it. Just to mention a few: I am thankful to Christian, Gunther, Clemens, Frrranzzz, Leo, Markus, Erika, Sonja, Gernot and Reinhold.

After training there is still enough time to meet more friends: my flatmate Manfred (the stoic Gaisacher), Jörn (the unstoic German), Bernhard and Sonja (I still got one of their CDs) and Martin (I smile wile I remember those long evenings we spent discussing religion, god and girls).

We now hold at the threshold between friends and family. This is the right point to thank my girl-friend Ceylan. I owe her many important lessons concerning human relationships. Her belief in me has helped me a lot during the last months.

At last I mention those who should have come first (I stole this formulation from Mark) and who will always come first in real life: from the bottom of my heart I express my deep gratitude to my father and to my mother as well as to the rest of my family. Thank you, Udo, Brigitte, Johannes, Leonhard, Eva, Anna-Oma, Milli-Oma, . . .

This work was supported by the by the FWF (Project number P16745).

Chapter 1

Introduction

To grasp the importance of understanding elastic materials one just has to take a look around. Many of the things one will see then are ”elastic”. These include all kinds of fluids (fluid dynamics is a special case of elasticity), as well as solid materials. From very large to very small scales elasticity theory applies. Phenomena like earth-quakes can be understood as the propagation of waves in an elastic medium (see [1]). The very same theory applies to complete different field like human medicine: tumor growth (see [50]) or the elastic properties of arteria (see [31]) can be considered.

These fields are covered by classical non-relativistic elasticity theory. There the material is identified with a certain region in space and its motion is modeled by time-dependent mappings between this region and the actual position of the material. Usually one assumes the existence of a flat (Riemannian) metric on space.

See [23] or [27] for an introductory textbook into non-relativistic theory. A more mathematical approach is given in [41], [44] or [14]. For a (very) short but nevertheless enlightening compendium including information on global properties we refer to [49].

Attempts to formulate a relativistic theory of elasticity can be traced back as early as 1911 for special relativity ([26]) and 1916 for general relativity ([43]). The promptness of these results (being published only a short time after the advent of special (general) relativity) indicates the importance of elasticity to the scientific community back then.

Since these early attempts there have been a number of approaches to obtain a relativistic theory of elastic materials. We ought to mention the work of Carter and Quintana [9] together with its review by Ehlers [17]. We also refer to the works of Maugin [42], Kijowski and Magli [34] and Tahvildar- Zadeh [52].

In this thesis we follow the formulation of relativistic theory as given

8 CHAPTER 1. INTRODUCTION

by Beig and Schmidt [5] or Christodoulou [12]. This means that we treat relativistic elasto-dynamics as a Lagrangian field theory. We derive the corresponding equations of motion and prove local well-posedness for a variety of different setups.

The following are the basic ingredients:

• a space-time manifold equipped with a smooth Lorentzian metric

• a three-dimensional ”material manifold” equipped with a smooth volume form represents the material

• a stored energy function, which plays the role of an ”equation of state”

The motion of the elastic medium is described by mappings from space-time onto the material manifold (space-time description) or by time-dependent mappings from the material manifold onto space-like hyper-surfaces of spacetime (material description). The equations of motion are derived from an action principle. In this sense we restrict ourselves (in terms of non-relativistic theory) to hyper-elastic materials. In difference to standard non-relativistic theory we do not assume the material manifold to be equipped with a flat reference metric, since the volume form turns out to be sufficient for all kinematical purposes. An overview on the formulation of relativistic elasticity as used in this thesis can be found in [4]. For a review emphasizing the hyperbolic structure of the equations of motion we recommend [3].

While in this thesis we consider elasto-dynamics (i.e. time-dependent motions), we note that there exist related work within the same framework by Beig and Schmidt on stationary scenarios. They investigate the boundary value problem for time-independent formations of elastic matter (like a solid star in rigid rotation). For the non-relativistic case we refer to [6], while the relativistic problem is treated in [7]. An application of the formalism to static elastic shells can be found in [37].

This thesis is organized as follows:

In chapter 2 we review basic definitions from the theory of hyperbolic quasi-linear second order systems of partial differential equations and collect local well-posedness results for both bounded and unbounded domains.

Basic kinematics for relativistic elastic materials in developed in chapter 3. For both space-time (”Euler”) description and material (”Lagrange”) description we identify the basic unknowns and derive a covariant formulation of relativistic elasticity in terms of these unknowns. For both descriptions the Lagrangian is derived in terms of material quantities. The energy-momentum tensor is given and a discussion of the reference state (a ”realization” of the (abstract) material in the actual world) is included.

Chapter 4 deals with the dynamic properties of elastic materials. For both descriptions we derive the equations of motion and prove local well-posedness results under various assumptions. We include a study of conserved quantities in the presence of space-time symmetries and compute an explicit formula for the solution of the initial value problem for the linearized equations of motion. Then the self-interaction due to gravity is included and a well-posedness result for this setup is proved. Finally we consider the initial-boundary value problem and obtain well-posedness for natural boundary conditions.

A summary of the results of this thesis is given in chapter 5. We finish by stating various open problems and possible ways to generalize the results obtained in the course of the present work.

The appendix finally collects remarks on energy conditions satisfied by the energy-momentum tensor, non-relativistic limit for the elastic equations of motion and 3+1 decomposition for the Chistoffel symbols. It also provides us with an easy 1+1 dimensional example to get used to the basic definitions as introduced in chapter 3.

10 CHAPTER 1. INTRODUCTION

Chapter 2

Hyperbolic Second Order Systems

As soon as one tries to describe a phenomenon in objective terms, mathematics comes necessarily into play. If the phenomenon is dynamical it is very likely that one will not be able to proceed without the tool of partial differential equations. If these equations governing this dynamical process arise from an action principle (which usually is the case in mathematical physics) these will naturally form a quasi-linear (second order) system of partial differential equations. We will find various examples for such systems (arising from action principles) in the course of this thesis. It is thus favorable to have a well-oiled machinery, when it comes to questions concerning well-posedness. To provide the necessary tools to prove such results for the systems arising in the context of elasticity in chapter 4 is the aim of this chapter:

We will essentially state two results. The first is concerned with the pure initial value problem and is due to Kato et al [30]. The second deals with the initial boundary value problem and is due to Koch [36]. We will not use these results directly but rather give corollaries, which will turn out to be more appropriate for later application.

2.1 Basics

We start with a some general definitions concerning quasi-linear second order systems of partial differential equations: the latter are of the form

A^{μν}_{AB} ∂_μ∂_ν f^B + B_A = 0 (2.1)

where the unknown f^A appears linearly in the highest order derivatives, i.e. ∂_μ∂_ν f^B . The coefficients A^{μν}_{AB} and B_A are allowed to depend on lower order derivatives of the unknown and may also depend on x^μ, the coordinates on the base space. One finds that most information about the system can be read off from the highest order terms. We thus define

Definition. The principal part of a system of PDE is the part involving the highest order derivatives.

For the case of equation (2.1) the principal part is given by

A^{μν}_{AB}∂_μ∂_ν f^B (2.2)

Definition. The principal symbol corresponding to the principal part (2.2) (and thus to the system (2.1)) is given by

A_{AB}(k) := A^{μν}_{AB}k_μk_ν (2.3)

Finally the characteristic polynomial is given by the determinant of the principal symbol A(k) := det A_{AB}(k) (2.4)

Let upper case Latin indices range from one to N. Then the characteristic polynomial is homogenous of order 2N in the co-vector k. Note that both the principal symbol and the characteristic polynomial depend on the unknown f and its first order derivatives. In this sense the unknown determines the character of the equation. This fact has to be kept in mind for the following definitions, where the dependence on the unknown will be suppressed.

In the following we restrict ourselves to a certain type of systems:

Definition. The system (2.1) is called weakly hyperbolic w.r.t. a co-vector k̃, if A(k̃) ≠ 0 and the polynomial A(k + sk̃) admits only real zeros (s_1, . . . , s_{2N} ) for any choice of k, i.e. if the characteristic polynomial is a hyperbolic polynomial. Such a k̃ is then called sub-characteristic.

This conditions turns out to be sufficient to obtain well-posedness for linear systems (see [32]), but it is too weak to establish well-posedness for the quasi-linear equations (2.1). There are various stronger concepts of hyperbolicity, which are not equivalent. Without the attempt to give an overview (which can f.e. be found in [3] or [12]) we state the notion used in this thesis.

Definition. We call the system (2.1) regular hyperbolic if it is regular hyperbolic w.r.t. a pair (X^μ, ω_ν ), i.e. if there exist a pair (X^μ, ω_ν ) ∈ T M × T^∗M satisfying X^μω_μ > 0 and constants (ϵ_1, ϵ_2) > (0, 0) such that for arbitrary ψ^A we have −A^{μν}_{AB}ω_μω_ν ψ^Aψ^B ≥ ϵ_1|ψ|^2 (2.5)

2.1. BASICS 13

while A^{μν}_{AB}k_μk_ν ψ^Aψ^B ≥ ϵ_2|ψ|^2|k|^2 (2.6)

for all k_μ ∈ T^∗M satisfying k_μX^μ = 0.

Remark. This is an open condition (it involves real inequalities). Suppose everything is sufficiently smooth and the system is regular hyperbolic for the unknown f. Then the system is also regular hyperbolic in some neighborhood of this f (in a suitable topology).

The second condition in the definition above is of some importance on its own. For later need we define:

Definition. An objects C^{ij}_{AB} is called strongly elliptic if the following inequality holds C^{ij}_{AB} μ_iμ_j λ^Aλ^B ≥ ϵ|μ|^2|λ|^2 (2.7)

for a positive real number ϵ. This condition is also called Legendre-Hadamard condition or rank one positivity.

The two notions of hyperbolicity given so far are connected via the following lemma:

Lemma 1. Regular hyperbolicity implies weak hyperbolicity. Every w.r.t. a pair (X, ω) regular hyperbolic operator is also weakly hyperbolic w.r.t the co-vector ω.

A proof of this statement can be found f.e. in [3]. In short the argument works like this: Hyperbolicity is defined as a condition on the zeros of a determinant. This is equivalent to an eigenvalue problem, which due to the symmetry of the involved objects can be shown to admit only real eigenvalues.

There exists another even weaker notion of hyperbolicity:

Definition. A co-vector k̃ is called non-characteristic, if A(k̃) ≠ 0. In turn a co-vector k, for which A(k) = 0 is called characteristic.

Clearly a sub-characteristic co-vector is non-characteristic but not the contrary has not necessarily to be true. This can be seen directly from the definitions.

Remark. Note that hyperbolicity in the forms given here is a point-wise (i.e. local in particular) condition.

To get used to the notation we discuss the scalar wave equation on Minkowski space as an easy example:

η^{μν} ∂_μ∂_ν ϕ = l.o. (2.8)

The principal part is simply given by the d’Alembert operator acting on the unknown: η^{μν} ∂_μ∂_ν ϕ. Thus the principal symbol is η^{μν} k_μk_ν . Because we are only dealing with the scalar case in this example, the characteristic polynomial coincides with the principal symbol. We find that light-like covectors are characteristic and that all other co-vectors are non-characteristic. Choosing k̃ = dt we get that the zeros of

−(k_0 + s)^2 + ⃗k^2 (2.9)

are all real. Since we can always find coordinates such that k̃ = dt at a certain point for time-like k̃, we find that the wave equation is weakly hyperbolic w.r.t. every time-like co-vector. (Thus every time-like co-vector is sub-characteristic.) It is easy to see that it is not weakly hyperbolic w.r.t. any space-like or light-like vector. Finally we note that the wave equation is regular hyperbolic w.r.t. any pair (X^μ, k̃_ν ) where X^μ and k̃_ν are both time-like.

We have mentioned, that the notion of weak hyperbolicity is not strong enough to guarantee well-posedness of the Cauchy problem. In the next sections we will see that regular hyperbolicity is a sufficient assumption for that matter.

2.2 Local existence with no boundaries present

The ultimate goal of this section is to give a local existence result based purely on the concept of regular hyperbolicity. To this purpose we first state a local existence result which is a simplification of a theorem due to Kato et al. [30] and then modify it. The final corollary will in some sense be weaker than the original theorem, but will be more natural from a space-time point of view, since no preferred foliation is included. For this purpose we make use of an domain of dependence result due to Christodoulou [12]. The original theorem by Kato et al. reads as follows:

Given a quasi-linear second order system

A^{μν}_{AB}∂_μ∂_ν f^B + B_A = 0 (2.10)

for an unknown f which is a mapping from [0, T ] × R^3 to R^3. Greek indices run from 0 to 3, where x^0 = t ∈ [0, T ]. The coefficients A^{μν}_{AB} and B_A depend smoothly on the unknown, its first order derivatives as well as on time t and on the point x^i ∈ R^3, i.e.

A^{μν}_{AB} ∈ C^∞_b ([0, T ] × R^3 × Ω) and B_A ∈ C^∞_b ([0, T ] × R^3 × Ω) (2.11)

Here Ω ⊂ R^3 × R^{12} is an open set. We assume that (f, ∂f) take values in Ω.

In addition to these differentiability properties we require the principal part to show the following symmetry:

A^{μν}_{AB} = A^{νμ}_{BA} (2.12)

We also assume that the principal part is regular hyperbolic w.r.t. (∂_t, dt) for some reference state in Ω. This means that there exists a real ϵ > 0 such that

− A^{00}_{AB} ψ^Aψ^B ≥ ϵ|ψ|^2 (2.13) A^{ij}_{AB} ξ_iξ_j ψ^Aψ^B ≥ ϵ|ξ|^2|ψ|^2 (2.14)

for all (t, x, g, ∂g) ∈ [0, T ]×R^3×Ω as well as for all ξ ∈ T^∗R^3 and all ψ ∈ T R^3.

Under these assumptions the Cauchy problem with initial conditions

f(t = 0) = f_0 ∈ H^{s+1}(R^3, R^3) (2.15) ∂_tf(t = 0) = f_1 ∈ H^s(R^3, R^3) (2.16)

is considered, where we assume that (f_0, f_1, ∂_if_0) ∈ Ω. Then the following theorem holds:

Theorem 1. Assume s ≥ 3 and let the preceding assumptions hold. Then the Cauchy problem for (2.10) is well-posed in the following sense: Given (f_0, f_1) ∈ H^{s+1}(R^3, R^3) × H^s(R^3, R^3) such that (f_0, f_1, ∂_if_0) ∈ Ω, there is a neighborhood V of (f_0, f_1) in H^{s+1} × H^s and a positive number T^∗ ≤ T such that, for any initial conditions in V , (2.1) has a unique solution f(t, ·) for t ∈ [0, T^∗] with (f, ∂f) ∈ Ω. Moreover f ∈ C^r([0, T^∗], H^{s+1−r}) for 0 ≤ r ≤ s and the map (f_0, f_1) → (f, ∂_tf) is continuous in the topology of H^{s+1} × H^s uniformly in t ∈ [0, T^∗].

A proof of a more general version can be found in [30]. We will alter this result in two directions. On the one hand we would like to generalize it to arbitrary regular hyperbolic systems. This on the other hand brings up a new problem, namely the need for a version of the theorem, which is local in space. This need arises since regular hyperbolicity in general does not lead to a situation covered directly by the theorem. This will be seen in the next lemma. Then we will show in a final lemma how to deal with this problem by giving a way how to continue initial data on an open set U ⊂ R^3 to initial data on all of R^3 in a proper way so that the theorem can still be applied. But first we show how the requirement of regular hyperbolicity locally leads to a problem of the above type.

Lemma 2. Assume that the system (2.10) obeys the symmetry (2.12) and is regular hyperbolic w.r.t. a pair (X^μ, ω_ν ). If the coefficients are regular (smooth for example) there exists a coordinate system, every point of spacetime has a neighborhood where we can find coordinates such that the requirements of the theorem are met.

In the proof we will not deal with the differentiability requirements but will only care about the geometry. First note that the symmetry (2.12) is unchanged under coordinate transformations. The goal is that of finding a foliation, such that ω is the co-normal and X is tangent to the time-flow, i.e. a coordinate system in which (X, ω) ∝ (∂_t, dt). Having this picture in mind, we first assume that ω is closed, i.e. that dω = 0. This implies that ω = dα for a scalar potential α. By choosing this α as new time coordinate, we obtain ω = dt. For the other coordinates we have to solve

X^ν ∂_ν y^i = 0 (2.17)

This means the new coordinate has to be constant along the flow of X. Let ϕ^ν_s (x^μ) denote this flow. Then (since X is time-like) the equation ϕ_s(t, x) = (0, z) uniquely determines the parameter s(t). Now we define

y^i(t, x) := ϕ^i_{−s(t)}(t, x) (2.18)

Defined this way, y is constant along the integral curves of X and thus obeys the above equation. Hence (α, y^i) constitute a coordinate system satisfying the claims of the lemma.

If ω is not closed we have to proceed along a slightly different route. Fix an arbirtary point on the manifold we can find a hyper-surface with conormal ω̃ such that at the chosen point ω̃ coincides with ω. Since we assumed the system to be regular hyperbolic w.r.t. (X, ω), by continuity there exists a neighborhood of the chosen point, where the system is regular hyperbolic w.r.t. the pair (X, ω̃). Since ω̃ is hyper-surface-orthogonal by definition, we can use the first part of the proof to conclude the result of the lemma.

Remark. For a regular hyperbolic system we can find data, such that the requirements of the theorem are locally met. To apply the theorem, we have to extend the initial data to all of R^3. This is the gaol of the following lemma.

Lemma 3. Let Ũ be a non-empty open subset of R^3 and let (g_0, g_1) ∈ H^{s+1}(Ũ , R^3) × H^s(Ũ, R^3) be small initial data on Ũ, i.e. a pair of functions satisfying the requirements for the theorem restricted to the open set Ũ . Let U be a non-empty open subset of Ũ. We also assume the existence of a reference solution, which induces initial data in the sense of the theorem on all of R^3. Then there exists a pair of functions (f_0, f_1) ∈ H^{s+1}(R^3, R^3) × H^s(R^3, R^3), which is an initial data set in the precise sense of the theorem with the property that (g_0, g_1) = (f_0, f_1) in U. The development of the initial data in the domain of dependence of U is independent of the continuation and depends solely on the choice for (g_0, g_1).

Remark. This lemma allows us to use the theorem also for the case when data are only given in a subregion of R^3. For the notion of ”domain of dependence” we refer to [12]. For the given context we might sloppily translate the last part of the lemma as: ”there exists a unique local solution”.

We denote the initial data on R^3 coming from the reference solution by (d_0, d_1). Then on Ũ we define

(δg_0, δg_1) = (g_0, g_1) − (d_0, d_1) (2.19)

One could think of multiplying this with the characteristic function for Ũ and adding this then to (d_0, d_1). These data would satisfy the algebraic conditions, but would not meet the differentiability requirements in general. We thus have to smoothen these data. Let χ be a smooth nonnegative function on all of R^3 such that χ = { 1 on U 0 on R^{m+1} \Ũ

(2.20)

Then χ(δg_0, δg_1) is defined on all of R^3 and has the required differentiability. Thus (f_0, f_1) := (d_0, d_1) + χ(δg_0, δg_1) (2.21)

has the required differentiability too. We have to check that the hyperbolicity conditions are not violated. By assumption they obviously hold in U and R^3\Ũ. They also hold in the region Ũ \U, since the contribution of χ(δg_0, δg_1) can be made arbitrarily small by choosing (δg_0, δg_1) small enough (in the proper norms, f.e. the supremum norm). This works by the smoothness of χ. In the region U (f_0, f_1) and (g_0, g_1) clearly coincide. This proves the first part of the lemma. The second part of the lemma (concerning domain of dependence) is actually proven in theorem 5.10 of [12] which we can directly apply to the given setup.

Corollary 1. Given a regular hyperbolic system of the form (2.10). Then the Cauchy problem is locally well-posed in the sense, that for local (in space) initial data there exists a unique local (in space and time) solution for the initial value problem, which depends continuously on the data.

The involved function spaces are the same as in the theorem.

Remark. Note that strong ellipticity of the spatial part (i.e. the Legendre- Hadamard condition) was sufficient to guarantee well-posedness. In the presence of boundaries the need for more restrictive conditions will arise.

2.3 Local existence in the presence of boundaries

In analogy to the previous section we are going to state a local existence result on the initial-boundary value problem for quasi-linear second order systems. The main theorem is due to Koch [36]. A similar result by Chrzestzczyk can be found in [13], although the Koch version is much closer to the Lagrangian approach used in this work as we will see. Although the theorem in its genuine form allows for mixed boundary conditions we will only state a version involving just one kind of boundary conditions namely such of Neumanntype. As before we will first state the main theorem and then discuss some of its properties and point out the main differences to the unbounded case. Let Ω be a bounded domain in R^3 with smooth boundary ∂Ω. Let Ω_T := [0, T ) × Ω and ∂Ω_T := [0, T ) × ∂Ω for 0 < T ≤ ∞. Let n_μ denote the outer co-normal to Ω_T . Greek indices run from zero to three, while Latin indices range from one to three. The independent variables are (x^μ) = (t, x^k).

Suppose we are given a system of the form d dx^μ F^μ_A = B_A (2.22)

in Ω_T subjected to the boundary condition

F^μ_An_μ|_{∂ΩT} = 0 (2.23)

at ∂Ω_T . Here both F and B are functions of x^i, the unknown u^A and its first order derivatives ∂_μu^A. Thus the given system is quasi-linear. We seek solution for the following initial conditions at {t = 0} × Ω:

u|_{t=0} = u_0 ∂_tu|_{t=0} = u_1 (2.24)

We assume that (u_0, u_1) ∈ H^{s+1} × H^s for s ≥ 3. The principal part is obtained from F by variation w.r.t. the gradient of the unknown: A^{μν}_{AB} := ∂F^μ_A ∂(∂_ν u^B)

(2.25)

Let U be an open neighborhood of graph(u_0, u_1, ∂_iu_0) in (Ω ∪ ∂Ω) × R^3 × R^{12}. We assume that F and B are smooth functions on U. We additionally assume the following symmetry of the principal part:

A^{μν}_{AB} = A^{νμ}_{BA} (2.26)

Note that this relation is automatic, if the system is derived from an action principle. Now comes the crucial input, namely the hyperbolicity requirements. From the previous section we expect point-wise positivity conditions on certain portions of the principal part. This view will only partly persist. For the time-components we require that for any v ∈ U

−A^{00}_{AB}(v)ϕ^Aϕ^B ≥ ϵ|ϕ|^2 (2.27)

for some positive constant ϵ. This is the same condition as we had before in the unbounded case. The difference comes with the spatial part: Instead of a point-wise condition we now have the following coerciveness condition: for any v_0 ∈ C^1(Ω̄), v_1 ∈ C(Ω̄) with graph(v_0, v_1, ∂_iv_0) ∈ U there exist constants ϵ > 0 and κ ≥ 0, such that for all smooth ϕ ∫ Ω A^{ij}_{AB}(x, v_0, v_1, ∂_iv_0)∂_iϕ^A∂_j ϕ^B ≥ ϵ||ϕ||^2_H 1 − κ||ϕ||^2_L2 (2.28) This inequality is usually called Garding inequality (see f.e. [54]).

Remark. We will see later in this section, that the Garding inequality implies the Legendre-Hadamard condition (2.7). The converse statement however is in general not true.

If κ = 0, then this coercivity condition tells us that the H^1 norm can be estimated from above by some bilinear form. If A^{ij}_{AB} is smooth, then it is bounded too and the left had side in (2.28) can itself be estimates from above by the H^1 norm. Thus the bilinear form generates an equivalent norm. Along this way, one can try to prove existence results. In the general case however κ ≠ 0 and this does not work immediately.

If one is only interested in Dirichlet boundary conditions, the unknown can be assumed to vanish at the boundary. In that case the coercivity condition is equivalent to the Legendre-Hadamard condition. This will be shown in a lemma following the main theorem.

Since boundaries are present, a smallness assumption on the initial data will not be sufficient anymore. We will have to guarantee that the initial data go along with the boundary conditions. This requirement is reflected in the so called compatibility conditions, which represent restrictions on the initial data. A discussion of the actual meaning of these conditions will be given following the theorem.

Theorem 2. Suppose the compatibility conditions are satisfied up to order s. Then under the above assumptions there exists a unique 0 < T_∗ ≤ T and a unique classical solution u ∈ C^2(Ω_{T∗} ∪ ∂Ω_{T∗} ) of the system (2.22)-(2.24) with ∂^σu(t) ∈ L^2(Ω) if 0 ≤ σ ≤ s + 1 (∂ denotes all derivatives). In addition the solution depends continuously on the initial data.

Remark. Note that the assumptions of the theorem involve mainly open conditions. Thus if we can show them to hold for some initial data, we immediately obtain a neighborhood of the original data as well as admissible data. Consequently the existence of a reference solution implies the existence of solutions, which are small perturbations. Then the continuity part of the theorem tells us, that these solutions remain close to the reference state at least for short times.

As was mentioned in the introduction, a proof of (an extended version of) this theorem by Koch can be found [36].

We still need to discuss the compatibility conditions. Roughly speaking they guarantee, that the initial data satisfy the boundary conditions up to a certain order in time. Higher time derivatives of the initial data are expressed via the field equations. F.e. we say that the compatibility conditions are satisfied to zeroth order, if the boundary conditions hold, where (u, ∂_tu, ∂_iu) is substituted by (u_0, u_1, ∂_iu_0). It is quite lengthy to actually write down these conditions for general order, so at this stage we only give the recipe how they are obtained.

We introduce (suppressing the x^i-dependence)

n_μ∂^m_t F^μ_A =: n_μF^{(m)μ}_A (u^A, u^A,_i , ∂_tu^A, ∂_tu^A,_i , . . . , ∂^m_t u^A,_i , ∂^{m+1}_t u^A) (2.29)

To express the time derivatives in terms of the initial data we use the differential equations (2.22) and their time derivatives. ∂^m_t u^A for example is recovered as a function of the lower time derivatives by solving ∂^{m−2}_t ( d dx^μ F^μ_A − B_A ) = 0 (2.30)

for the highest order in time. This is possible, since the coefficient is given by A^{00}_{AB} which is non-degenerate by the assumptions of the theorem. The solution is called u^{(m)A}. By induction we can eliminate all higher time derivatives and are left with functions, which are completely determined by the initial data and their spatial derivatives. Abusing notation we denote these again by u^{A(m)}. Then the compatibility condition reads

Definition. We say, the compatibility condition is satisfied up to order s, provided

n_μF^{(k)μ}_A (u^A_0 , u^A_1 , u^A_0 ,_i , u^A_1 ,_B , . . . , u^{(k)A},_B , u^{(k+1)A})|_{∂Ω} = 0

is satisfied for all 0 ≤ k ≤ s.

Remark. This intuitive definition only works if the ingredients are sufficiently smooth.

In general one will have to deal with non-continuous functions, i.e. elements of certain Sobolev spaces. In this setup the restriction of a function to the boundary is not defined in a strict sense. This problem is overcome by introducing the trace operator (see f.e. [19] or [54]), which assigns boundary values in a proper way. One can show (see [19] p. 259) that the trace of a function f ∈ H^1 does vanish on the boundary if and only if f ∈ H^1_0 . Using this we give an alternative definition for the compatibility condition:

Definition. We say, the compatibility condition is satisfied up to order s, provided

n_μF^{(k)μ}_A (u^A_0 , u^A_1 , u^A_0 ,_i , u^A_1 ,_B , . . . , u^{(k)A},_B , u^{(k+1)A}) ∈ H^{s−k} (Ω) × H^1_0 (Ω)

for all 0 ≤ k ≤ s.

In general it is not clear whether the compatibility conditions can be satisfied. In the actual case we will show, that under certain assumptions a large class of initial data can be given satisfying the compatibility condition. Assume we are given a time-independent reference solution for the system (2.22)-(2.23). We call this solution f. It induces initial data of the form (f, ∂_tf)|_{t=0} = (f_0, 0). Further assume that the principal part satisfies the Legendre-Hadamard condition w.r.t. the co-normal n_μ: A(x, f, ∂f)^{μν}_{AB}n_μn_ν ϕ^Aϕ^B > C|ϕ|^2 (2.31) for arbitrary ϕ and a positive constant C. Then we have the following lemma

Lemma 4. Assume that A^{0i}_{AB}(x, f, ∂f) = 0. (There are no mixed components in the reference deformation.) Then under the two assumptions made above, we can derive initial conditions close to those for the reference deformation, which obey the compatibility conditions.

First of all note that the zero-component of the co-normal vanishes since the co-normal is annihilated by ∂_t by virtue of the setup:

n_0 = 0 (2.32)

Let us first prove the lemma for the zeroth order. Let ∂_n := n^μ∂_μ denote a vector field transversal to the boundary ∂Ω. (If a metric g^{μν} is given we can choose f.e. n^μ = g^{μν} n_ν ) Then the zeroth order condition reads n_μF^{(0)μ}_A |_{∂Ω} = 0. Clearly ∂n_μF^{(0)μ}_A ∂(∂_nu^B_0 ) = n_μ ∂F^μ_A ∂(∂_νu^B) n_ν (2.33)

The right hand side is positive definite near the reference solution by the Legendre-Hadamard condition. Thus the finite dimensional inverse function theorem (see f.e. [41]) allows us to solve n_μF^{(0)μ}_A |_{∂Ω} = 0 for ∂_nu_0. This means that the zeroth order compatibility condition is satisfied by a suitable choice of a transversal derivative of the initial data at the boundary.

For the higher orders we first note that

n_μF^{(k)μ}_A = n_μA^{μν}_{AB}∂^k_t u^B_ν + l.o.t. (2.34)

Again the Legendre-Hadamard condition allows us to use the implicit function theorem to solve this for ∂^k_t ∂_nu. This can be rewritten as ∂_nu^{(k)}. For k = 1 this is nothing but the normal derivative of the initial datum ∂_nu_1. For higher orders k ≥ 2 we have to show that ∂_nu^{(k)} can be solved for higher normal derivatives of the initial data. For this we use the differentiated field equation. For k ≥ 2 we can write (2.30) as

A^{μν}_{AB} ∂_μ∂_ν ∂^{k−2}_t u^B = l.o.t. (2.35)

Using that n_0 = 0, this can be rewritten as

−A^{00}_{AB}∂_nu^{(k)B} = n_μn_ν A^{μν}_{AB}∂^3_nu^{(k−2)B} + l.o.t. (2.36)

where the terms denoted by l.o.t. may be of the same order but involve A^{0i}_{AB} and thus cause no trouble as we will see. Note that both A^{00}_{AB} and n_μn_ν A^{μν}_{AB} are non-degenerated in some neighborhood of the reference solution by the hyperbolicity conditions. Thus we can iteratively use the above equation to determine u^{(k)B} in terms of normal derivatives. We have that

∂_nu^{(k)B} = M^B_{(k)A}∂^{k+1}_n u^A + l.o.t. (2.37)

for even k where M^B_{(k)A} denotes a non-degenerated matrix formed from A^{00}_{AB} and n_μn_ν A^{μν}_{AB} (non-degenerated at least close to the reference solution). Finally for odd k we obtain

∂_nu^{(k)B} = M^B_{(k−1)A}∂^k_nu^{(1)A} + l.o.t. (2.38)

Now we can use the implicit function theorem on both these expressions because: For the reference solution this equation is identically satisfied by assumption. The l.o.t.-terms are either lower order in the normal derivative or do vanish due to the A^{0i}_{AB} = 0 assumption. On the other hand M^B_{(k)A} involves only the initial data and first order normal derivatives. Thus all the requirements are met to apply the implicit function theorem.

We have found that the compatibility condition can in fact be interpreted as a condition on the odd-numbered normal derivatives of the initial data at the boundary. Thus by a suitable choice of these derivatives, the compatibility conditions can be satisfied. Besides these restrictions the data can be given freely, as long as they stay in a certain neighborhood of the reference solution. In particular this means that the field, its first order time derivative and all of their even normal derivatives are free data.

Remark. Note that by the above constructions we can choose a large class of initial data close to those generated by the reference solution, which satisfy the compatibility condition up to arbitrary order.

In the next lemma we establish the connection between the Legendre- Hadamard condition (2.7), which was sufficient for local well-posedness in the unbounded case and the Garding inequality (2.28):

Lemma 5. Let Ω be a bounded domain in R^3. Then the Garding inequality (2.28) for u ∈ H^1_0 (Ω) and the Legendre-Hadamard condition (2.7) are equivalent.

First we show, how the Legendre-Hadamard condition implies the Garding inequality: For this we will follow Giaqunita [22]. The argument consists of three parts: first we assume that A^{ij}_{AB} (x) = Ã^{ij}_{AB} is constant, then we derive the inequality for a finite region and in the last step we cover Ω by such regions. The basic tool used for the first step is Fourier transformation. Because H^1_0 (Ω) is the closure of C^∞_0 (Ω) it suffices to prove the result for u ∈ C^∞_0 (Ω). By the Plancherel theorem (see f.e. [19]) the L^2 norm of a square-integrable function is unchanged under Fourier-transform, thus

||∂_iu^A||^2_L2 = ||k_iû^A||^2_L2 (2.39)

where an upper hat denotes the Fourier transform. Thus Ã(u, u) = 4π^2Ã^{ij}_{AB} ∫ Ω k_ik_jû^Aû^Bdk ≥ c ∫ Ω |k|^2|û|^2dk = c ∫ Ω |∂u|^2dx (2.40)

Next suppose that u ∈ C^∞_0 (Ω) such that the support is a subset of U_ϵ(x_0). On U_ϵ(x_0) we can add and subtract a term involving A^{ij}_{AB}(x_0). Using the inequality above this leads to ∫ Ω A^{ij}_{AB}(x)∂_iu^A∂_j u^Bdx ≥ c ∫ Ω |∂u|^2dx − ω ∫ Ω |∂u|^2dx (2.41)

The first term comes from the Garding inequality for the constant operator A^{ij}_{AB}(x_0), while the second is obtained by uniform continuity (on U_ϵ(x_0), the difference of A^{ij}_{AB} (x) from A^{ij}_{AB}(x_0) must not exceed ω). By choosing ϵ small enough we can obtain c − ω > 0.

Since Ω is bounded subset of R^3 it is compact and can hence be covered by a finite number of balls B_ϵ(x_j) ⊂ Ω for j = 1, . . . , N. Then we choose

ϕ_j ∈ C^∞_0 (B_ϵ(x_j )) such that^N ∑ j=1 ϕ^2_j = 1. Then A(u, u) can be written as ∫ Ω A^{ij}_{AB} (_N ∑ l=1 ϕ^2_l ) ∂_iu^A∂_j u^B = N∑ l=1 ∫ Ω A^{ij}_{AB}∂_i(ϕ_lu^A)∂_j (ϕ_lu^B) + . . . (2.42)

The dots stand for terms which are at most linear in derivatives of u. Those terms can be handled easily by the triangle inequality using the fact that both A^{ij}_{AB} and ϕ_l are bounded functions. Thus we obtain bounds from below by the L^2 norms of u and ∂u respectively. we obtain A(u, u) ≥ c N∑ l=1 ∫ Ω |∂(ϕ_lu)|^2dx − d||u||_L2 ||∂u||_L2 − e||u||_L2 (2.43) As indicated above the constants (especially d and e) depend on ϕ and the operator A^{ij}_{AB}. We now may pull ϕ_l out of the bracket in the first term which can lead to a change in e and d. We obtain A(u, u) ≥ c ∫ Ω |∂u|^2 − d||u||_L2 ||∂u||_L2 − e||u||_L2 (2.44) Note that e is non-negative in this procedure.We now can apply Young’s inequality (see f.e. [19]) to obtain the desired result.

The other direction is much easier to prove. We only have to find an appropriate function to insert into the Garding inequality. A good choice is

ϕ^A = λ^A sin(αμ_ix^i)χ_U (2.45)

where χ_U denotes an arbitrary smooth function with support in an open subset U ⊂ Ω. Inserting this into the inequality leads to

α^2 ∫ U A^{ij}_{AB}λ^Aλ^B μ_iμ_j χ^2_U cos^2(αμ_lx^l) ≥ cα^2 ∫ U |μ|^2|λ|^2χ^2_U cos^2(αμ_lx^l) + l.o.

(2.46)

The terms denoted by l.o. are those of lower order in α. Note that the coefficients of the α are all bounded, since we integrate smooth functions over bounded regions. We get rid of these lower order terms by a high frequency limit. Since all terms are bounded, there exists an α_0 such that for all α > α_0 the above inequality holds without the lower order terms. We have that ∫ U cos^2(αμ_lx^l)χ^2_U ( A^{ij}_{AB}λ^Aλ^B μ_iμ_j − c|μ|^2|λ|^2 ) ≥ 0 (2.47)

Recall that U was taken to be an arbitrary open subset of Ω. This implies together with the smoothness of the integrand that the above estimate holds point-wise. This in turn allows us to drop the cosine and the function χ_U . The result is the desired Legendre-Hadamard condition.

Although this section is devoted to boundary value problems, we add the following remark: the Lemma can be used to prove the analogous result for Ω = R^3:

Corollary 2. The lemma still holds with the bounded domain Ω being replaced by R^3.

To show that the Legendre-Hadamard condition follows from the Garding inequality in this more general context we can use the very same argument as above without any change at all. The only difficulty arises when we want to prove the other direction. The techniques used in the proof of the lemma do not carry over, since there we made use of the compactness of Ω, which now is not given anymore. We have to work along a different route.

Let therefore ϕ ∈ C^∞_0 . Then there exists a compact subset Ω such that the support of ϕ is contained within Ω. Hence by lemma 5 the Garding inequality holds on Ω. But since ϕ has compact support all integrals can be taken over all of R^3. The Garding inequality on all of R^3 is obtained. The analogous procedure can be carried out for all ϕ ∈ C^∞_0 . The desired result follows.

Remark. This lemma tells us that the Legendre-Hadamard condition is still sufficient to treat the Dirichlet problem.

We conclude this section by stating two other positivity notions beside the Legendre-Hadamard condition (2.7) and discussing their relevance in the given context:

Definition. An objects C^{ij}_{AB} is called rank-two-positive if the following inequality holds C^{ij}_{AB} μ^A_i μ^B_j ≥ ϵ|μ|^2 (2.48) for a positive real number ϵ. Here |μ| denotes an appropriate norm, f.e. |μ|^2 := μ^A_i μ^A_i . We finally call an object C_{ABCD} strong point-wise stable, if C_{ABCD}μ^{AB} μ^{CD} ≥ ϵ|Lμ|^2 (2.49) for a positive real number ϵ where Lμ^{AB} =^1_2 (μ^{AB} + μ^{BA}) denotes the symmetric part of μ.

Note that by raising or lowering the indices we can write the rank-two positivity condition as well as the Legendre-Hadamard condition in the form of the strong-point-wise-stability condition. Then we have the following picture: The Legendre-Hadamard condition is the weakest of these three, followed by strong point-wise stability. The strongest condition is rank-two-positivity.

Note that this rank-two condition is strong enough to guarantee the validity of the Garding inequality (2.28). To show this we simply choose μ^A_i = ∂_iϕ^A and integrate (2.48) over a region Ω. This immediately gives the Garding inequality with ϵ = κ > 0.

We will however show in a later chapter that in fact point-wise-stability suffices to obtain the Garding inequality and hence satisfies the requirements needed for the theorem.

Chapter 3

Geometry and Kinematics

There have been several accounts to deal with relativistic elasticity, the best known maybe that of Carter and Quintana [9]. We however will proceed along the route of Beig and Schmidt first published (for the space-time setup) in [5].

In this chapter we will introduce the basic concepts of relativistic elasticity due to the latter authors. The basic unknown will be the configuration of the elastic material, which is described as a mapping between manifolds. We will work in two different settings. On the one hand we will use the spacetime-description (also known as Euler picture) where we assign to each point of space-time a particle. On the other hand we will work with the spatial description (or Lagrange picture), where for every instant of time the spatial position of the particle is determined. We will write down the Lagrangian for both cases. Later in chapter 4.1 the field equations will be derived from these Lagrangians.

As we will see it is more natural to introduce the main objects of the theory in the space-time picture. This is due to the fact that the material description requires a foliation of space-time, therefore lacking the obvious covariance properties of the space-time description.

There are two manifolds naturally involved in the formulation of this theory. One of them is space-time M, which is a four-dimensional manifold equipped with a Lorentzian metric g_{μν} . We assume that M is time-orientable. Let x^μ (μ = 0, . . . , 3) denote the coordinates on M.

The other one is called material manifold or simply body. We assign it the letter B. It is a three-dimensional manifold equipped with a volume-form V_{ABC} . The coordinates on B are X^A (A = 1, 2, 3).

Other manifolds, which appear in this work are constructed out of these two.

The material manifold can be viewed as an abstract collection of the particles making up the continuous material. (It is the idea of the material, as Platon would say.) Usually people assume B to be a Riemannian manifold, but we find that the existence of a volume form (which is of course a weaker assumption) is sufficient. In standard non-relativistic elasticity the metric on B is used to define the natural (reference) deformation. In our approach we go the other way round: the natural deformation (possibly) defines the metric on B. This is more satisfactory, since one would not expect the natural deformation to have the same body metric for different space-time metrics, which would be a consequence of the standard approach.

3.1 Space-time description

In this section we treat elasticity in the space-time description. The unknowns are a set of scalar fields on space-time taking values on the body. We will define the basic quantities and the energy-momentum tensor as well as the Lagrangian are derived.

3.1.1 Basic setup

The basic unknown in this setup is f^A, a mapping from space-time onto the body:

f : M → B (3.1) x^μ → f^A(x) (3.2)

Assumption. We place the following restrictions on f^A:

• ∂_μf^A as a mapping from T M → T B has maximal rank.

• the null space of ∂_μf^A is time-like w.r.t. the space-time metric.

Definition. We call f^A configuration. ∂_μf^A will be called configuration gradient.

Given a configuration f^A. Then the conditions on the configuration gradient uniquely determine a time-like direction in the tangent space T M. Thus there exists a unique time-like future-pointing vector-field u^μ ∈ T M with the properties

u^μ∂_μf^A = 0 (3.3) g_{μν} u^μu^ν = −1 (3.4)

Definition. The u^μ as defined above is called four-velocity. Remark. It is important to note that in this context u^μ is not a given vectorfield, but rather a functional of the configuration.

Next we look at the pullback of V_{ABC} , the volume form on B, along the configuration, i.e. we consider v_{μνλ} := f^A,_μ f^B ,_ν f^C ,_λ V_{ABC} (3.5) which by definition is orthogonal to u^μ. Let ϵ_{μνλρ} be the volume-form coming from the space-time metric. Then ϵ^{μνλρ}v_{νλρ} (3.6) is time-like and non-zero. Without loss of generality we assume that it is future-pointing. One easily finds that is orthogonal to ∂_μf^A and consequently proportional to u^μ. Thus there exists a positive quantity n, such that nu^μ := 1 3! ϵ^{μνλρ}v_{νλρ} (3.7) Definition. We call n particle number density.

Remark. As was the four-velocity, the particle number density is a functional of the configuration involving the configuration gradient.

The definition is justified by the following observation: the vector-field nu^μ satisfies a continuity equation: ∇_μ(nu^μ) = 0 (3.8) This can be verified using (3.7): ∇_μ(ϵ^{μνλρ}v_{νλρ}) = (∇_μϵ^{μνλρ})v_{νλρ} + ϵ^{μνλρ}(∇_μv_{νλρ}) (3.9) The first term vanishes, since the volume form on space-time is covariant constant. The second is zero, since V is closed and whence also v is closed.

Next we define the strain. Similar to a metric (as the name suggests) it is a measure for the strain arising in the material as a consequence of configuration.

Definition. The strain h^{AB} corresponding to the configuration is defined as h^{AB} := ∂_μf^Ag^{μν} ∂_ν f^B . (3.10)

Note that h^{AB} does not in general give rise to a rank two tensor on B, since it depends on x^μ, the coordinates on space-time.

Lemma 6. A necessary and sufficient condition for the strain to define a tensor on B is that the four-velocity u^μ is Born-rigid, i.e. that the Liederivative of metric projection orthogonal to u^μ in the u^μ direction vanishes:

L_u(g_{μν} + u_μu_ν ) = 0 (3.11)

The strain as defined in (3.10) is no tensor, since f is no diffeomorphism. But if the strain is constant along the flow of the four-velocity, then the strain is uniquely defined on the quotient (of space-time along the four-velocity). But the latter clearly is diffeomorphic to the body if the four-velocity u^μ is geodesic (one just has to think in terms of initial data). This is the case for solutions of the field equations as we will see. Thus the strain can be viewed as a tensor field. If on the other hand the strain really comes from a tensor field on B, then it must be constant along the flow of u. Both arguments come down to L_uh^{AB} = 0 (3.12)

Since the Lie-derivative of the configuration gradient (viewed as a collection of one-forms on space-time) vanishes according to

L_u∂_μf^A = ∂_μ(u^ν ∂_ν f^A) + u^ν ∂_{[μ}∂_{ν]}f^A = 0 (3.13)

we find that this is equivalent to the statement that the Lie-derivative of the inverse metric lies in the kernel of the configuration gradient:

0 = L_uh^{AB} = f^A,_μ f^B,_ν L_ug^{μν} (3.14)

Consequently there exists a scalar A and a vector v such that

L_ug^{μν} = −Au^μu^ν − 2v^{(μ}u^{ν)} (3.15)

where without restriction of generality we can assume v to be orthogonal to u. (Otherwise just split v into a parallel and an orthogonal part and re-define A and v in the obvious way.) We can lower the indices:

L_ug_{μν} = Au_μu_ν + 2v_{(μ}u_{ν)} (3.16)

First note that A = 0 according to

A = u^μu^ν L_ug_{μν} = L_u(g_{μν} u^μu^ν ) − 2u_μL_uu^μ = 0 (3.17) since u^2 = −1 and L_uu = 0 for every vector field u. To compute v we contract (3.16) with u:

−v_μ = u^ν L_ug_{μν} = L_u(u_μ) (3.18) Thus we find that L_ug_{μν} = −2L_u(u_{(μ})u_{ν)} (3.19) which is equivalent to the statement of the lemma.

Remark. Note that the Born-rigidity condition constitutes a restriction on the space-time geometry, since the existence of a Born-rigid vector field is not trivially given. An example, where a Born rigid four-velocity may exist, is that of a space-time admitting a time-like Killing vector field. The existence of a homothetic vector field however turns out to be too weak.

To see the last point of the remark, we insert L_ug_{μν} = Cg_{μν} (3.20) into (3.11). For nonzero C we obtain g_{μν} = −2u_{(μ}u_{ν)} (3.21) which contradicts the non-degeneracy of the metric. Note that Born-rigidity does in turn not imply homotheticity, since contracting (3.11) twice with f^A,_μ leads to f^{Aμ}f^{Bν} L_ug_{μν} = 0 (3.22) independent of the values of A and B. Thus L_ug ≠ Cg for non-zero C, since this would again lead to a contradiction.

Leaving behind the question of functional dependence and Born rigidity we note some further observations regarding the strain:

• the strain is positive definite • therefore there exists an inverse, denoted by h_{AB} .

• since the four-velocity is annihilated by the configuration gradient, we have that h^{AB} = f^A,_μ f^B ,_ν (g^{μν} + su^μu^ν ) for arbitrary real s.

The first statement comes from the fact, that the configuration gradient in the definition of the strain projects out the (time like) u^μ-direction, leaving behind the positive definite rest. The other points follow immediately.

We can use the strain to rewrite the particle number density as the positive root of the determinant of the strain, taken w.r.t. the volume form on the body:

6n^2 = det_B (h^{AB} ) = V_{ABC} V_A′_B′_C′ h^{AA′} h^{BB′} h^{CC′} (3.23)

This can be seen by contracting (3.7) with itself and using the standard formulas (see f.e. [46] p.83) to evaluate the ϵ-tensors.

3.1.2 The space-time Lagrangian

Our field equations will be the Euler-Lagrange equations associated with an action principle connected with the action

Ss[f] := ∫ M ρ(f, ∂f; g) √ − det gd^4x (3.24)

The Lagrangian density ρ is assumed to be a non-negative function of the configuration, of the configuration gradient and of the metric. An explicit x^μ dependence only enters via the space-time metric. We subject ρ to the following assumptions:

Assumption. The Lagrangian is covariant under space-time diffeomorphisms, i.e. it transforms as a scalar for given configurations.

Remark. In non-relativistic elasticity this condition is called “material frame indifference” (see e.g. [23] or [24]).

An equivalent formulation (see f.e. [51]) of this assumption is L_ξρ = ∂ρ ∂f^A L_ξ f^A + ∂ρ ∂f^A,_μ L_ξf^A,_μ + ∂ρ ∂g^{μν} L_ξ g^{μν} (3.25)

for arbitrary vector fields ξ^μ ∈ T M. If we write the Lie-derivatives in terms of partial derivatives we obtain f^A,_μ ∂ρ ∂f^A,_ν = 2g^{νλ} ∂ρ ∂g^{μλ} (3.26)

By contraction with u^μ this implies ∂ρ ∂g^{μλ} u^λ = 0 (3.27)

This by the symmetry of the expression in turn implies ∂ρ ∂g^{μν} = A_{AB}f^A,_μ f^B ,_ν (3.28) for some A_{AB} . From this the following is clear:

ρ(f^A, f^A,_μ ; g^{μν} ) = ρ(f^A, f^A,_μ ; g^{μν} + su^μu^ν ) (3.29)

for arbitrary real s. Let s = 1. We claim that

g_{μν} + u_μu_ν = f^A,_μ f^B,_ν h_{AB} (3.30)

The objects on both sides are symmetric. We verify the claim by contracting with u^μ and f^C ,_α g^{αμ} respectively. For both cases it is easy to verify the claim. Since those form an orthonormal basis of T M, the claim is proved.

The above formula then tells us that the Lagrangian can be rewritten as a function of the configuration, the configuration gradient and the strain: ρ(f, ∂f; g) = σ(f, ∂f; h) (3.31) Plugging this into equation (3.26) we see that ∂σ ∂f^A,_μ f^A,_ν = 0 (3.32)

Since the configuration gradient is assumed to be of maximal rank, the first term has to vanish. Thus σ is in fact explicitly independent of the configuration gradient (Of course it still enters implicitly via the strain). Keeping this in mind, we spit the Lagrangian ρ into

ρ = nϵ (3.33)

where by definition ϵ is a positive function depending solely on the configuration and the strain ϵ = ϵ(f, h) (3.34) This factorization is justified, since the particle number density n can be written as the determinant of the strain (see (3.23)), thus involves only the strain and (via the volume form on the body) the configuration. The action (3.24) takes its final form

Ss[f] := ∫ M nϵ(f, h) √ − det gd^4x (3.35)

where the Lagrangian Ls = nϵ(f, h) √ − det g (3.36)

depends solely on points of the base space (via the metric), on the strain and on the configuration.

Definition. We call ϵ stored energy function or simply stored energy.

The stored energy function contains all the information about the material under consideration. Knowing it is equivalent to knowing the equation of state.

We can derive some important quantities from the stored energy. First of all it provides us with an intrinsic definition of stress (depending only on the material):

Definition. The second Piola-Kirchhoff stress tensor is defined as the first variation of the stored energy w.r.t. the strain:

τ_{AB} := ∂ϵ ∂h^{AB} (3.37)

As was the case for the strain, the Piola-Kirchhoff stress is in general no tensor on the body, since it depends on the space-time coordinates x^μ. We have the obvious symmetry property

τ_{AB} = τ_{BA} (3.38)

We will mainly use this second Piola-Kirchhoff stress tensor and whenever we talk about the Piola stress we mean exactly this one unless said otherwise. For completeness we stress that one can define a first Piola-Kirchhoff tensor too. Let us denote it by σs. In the space-time description it is defined by

σ^μs_A := ∂ϵ ∂f^A,_μ (3.39)

One can check that the first and second Piola-Kirchhoff stress tensors are connected via σ^μs_A = τ_{CD} ∂h^{CD} ∂f^A,_μ = 2τ_{CD} δ^{(C}_A f^{D)}_ν g^{μν} (3.40)

Note that σ^μs_Au_μ = 0.

3.1.3 Elasticity operator

The second variation will turn out to be the most important quantity for questions of local well-posedness in the neighborhood of stress-free deformations:

Definition. The second variation of the stored energy w.r.t. the strain is called elasticity operator. It is defined as U_{ABCD} := ∂^2ϵ ∂h^{AB}∂h^{CD} (3.41)

Again this does not in general define a tensor field on the body. From the definition the following symmetries are evident: U_{ABCD} = U_{BACD} = U_{ABDC} = U_{CDAB} (3.42) Remark. Note that the second Piola stress and the elasticity operator are introduced without referring directly to the configuration. This fact will allow us to use the very same definitions in the material setup.

Before giving an important example for the elasticity tensor, we give a short definition concerning symmetries of the material.

Definition. A material is called homogeneous, if the stored energy ϵ depends solely on the strain and does no more include the configuration itself. This is equivalent to ϵ = ϵ(h) (3.43)

We also require the volume form V to be independent of X.

Assume there is given a metric G_{AB} on B (f.e. coming from the strain of a special Born-rigid reference configuration). Further assume that the stored energy is covariant under diffeomorphisms of B. Then it depends solely on the invariants of the strain taken w.r.t. G. We cast this into the following definition:

Definition. We call a material isotropic if the stored energy ϵ depends on the configuration gradient only via its invariants, i.e.

ϵ = ϵ(f, tr h, tr h^2, det h) (3.44)

An important special case of such materials are the so called St.Vernard- Kirchhoff materials (see f.e. [14]). They are homogenous and isotropic and their elasticity tensor is given by (remember that G denotes some metric on B) U_{ABCD} = 2μG_{A(C} G_{D)B} + λG_{AB} G_{CD} (3.45) where μ and λ are constants.

One can formally develop the stored energy for an isotropic (not necessarily homogeneous) material into a Taylor series around the metric G and find that the quadratic portion can always be written in the form (G^{AB} is the inverse metric) ( 2μG_{A(C} G_{D)B} + λG_{AB} G_{CD} ) (h^{AB} − G^{AB} )(h^{CD} − G^{CD} ) (3.46)

for μ and λ being functions on B. If the material is homogeneous, then they are constant.

Definition. The constants μ and λ appearing in the quadratic portion of the Taylor series of the stored energy for a homogenous isotropic material are called the Lamé constants.

This in particular means that the constants appearing in (3.45) are the Lamé constants. For the special case of St.Vernant-Kirchhoff materials they completely determine the material.

To get used to the notation we apply the three positivity notions introduced in section 2.1 to the St.Vernard-Kirchhoff elasticity operator: What one obtains are conditions on the Lamé constants:

For the Legendre-Hadamard condition we have to contract (3.45) with a^Ab^Ba^C b^D. Then the condition reads

(μ + λ)(a · b)^2 + μa^2b^2 ≥ ϵa^2b^2 (3.47)

By splitting b in a part parallel and a part orthogonal to a, we find that the above condition holds for all choices of a and b, if the Lamé constants satisfy the inequalities μ > 0 2μ + λ > 0 (3.48)

These combinations, as we will see in section 4.1.1, are crucial entities for the hyperbolicity of the corresponding equations of motion. We will also see, that these conditions (3.48) are equivalent to the statement that plane waves in the linearized theory propagate at real (and not imaginary) speed.

Next we do this computation for strong point-wise stability (2.49): The inequality, we have to satisfy for arbitrary m^{AB} is (recall that all finite dimensional norms are equivalent. See f.e. [2]) (2μG_{A(C} G_{D)B} + λG_{AB} G_{CD} )m^{AB}m^{CD} ≥ 2ϵG_{A(C} G_{D)B} m^{AB}m^{CD} (3.49) Evaluating both sides leads to

(μ − ϵ)n^{(AB)}n_{(AB)} ≥ 0 (3.50) (2μ + 3λ − ϵ)m^A ≥ 0 (3.51)

where n denotes the trace-free portion of m. The above conditions are satisfied for all possible choices of m^{AB} if

μ > 0 2μ + 3λ > 0 (3.52)

We see that there is a tighter restriction on the possible values of λ.

Finally we come to rank-two-positivity. The corresponding inequality reads (2μG_{A(C} G_{D)B} + λG_{AB} G_{CD} )m^{AB}m^{CD} ≥ ϵG_{AC} G_{DB} m^{AB}m^{CD} (3.53)

At the first glance it may look similar to the case of strong-point-wise-stability, but this is not true, since on the right hand side antisymmetric terms do appear. But sine on the left hand side only symmetric terms are involved, the antisymmetric terms on the right hand side cannot be bounded. Thus there is no possible way to satisfy rank-two-positivity of the elasticity operator for St.Venant-Kirchhoff materials (This holds for general isotropic materials. For this check the following remarks.) Note however that it makes sense to apply the notion of rank-two positivity to certain combinations involving the elasticity operator.

Remark. We stress that although we did the above example for the case of St.Vernant-Kirchhoff materials, the analogous treatment works for arbitrary isotropic materials.

Remark. Note that G entered in the conditions. It thus may well happen that the conditions are met for a certain choice of G and cease to hold for a different choice. We have also seen, that some positivity conditions may just fail for certain types of materials.

3.1.4 Energy momentum

Next we derive the energy-momentum tensor for this model. We can derive it from the Lagrangian according to the formula (see f.e. [51] p.42 )

T^μ_ν := ∂ρ ∂f^A,_μ f^A,_ν −ρδ^μ_ν (3.54)

Recall that the Lagrangian ρ did only depend on the configuration and the strain. This allows us to write (recall the definition of the strain (3.10)) ∂ρ ∂f^A,_μ f^A,_ν = ∂ρ ∂h^{CD} ∂h^{CD} ∂f^A,_μ f^A,_ν = 2 ∂ρ ∂h^{CD} f^C ,_ν f^D,_α g^{αμ} (3.55)

On the other hand ∂ρ ∂g^{μν} = ∂ρ ∂h^{CD} ∂h^{CD} ∂g^{μν} = ∂ρ ∂h^{CD} f^C ,_μ f^D,_ν (3.56)

Beside a factor 2 this is just the same term. Thus we can rewrite the energymomentum tensor as T_{μν} = 2 ∂ρ ∂g^{μν} − ρg_{μν} (3.57)

Note that this expression is manifestly symmetric. Contracting with the four-velocity and using (3.27) we find that

T_{μν} u^ν = −ρu_μ (3.58)

Thus the energy-momentum tensor must be of the form

T_{μν} = ρu_μu_ν + S_{μν} (3.59)

where S is symmetric and orthogonal to u, i.e. S_{μν} u^ν = 0. (S is sometimes called Cauchy-stress.) This in turn implies that there exists an object A_{AB} such that S_{μν} = f^A,_μ f^B ,_ν A_{AB}.

Remark. Note that this representation of the energy-momentum tensor allows a good interpretation for the ρ entering the Lagrangian. It plays the role of the total energy density of the material in its rest system.

To compute the actual form of A, we have to use ρ = nϵ to write out the right hand side in (3.57):

T_{μν} = 2 ( nτ_{AB} + ∂n ∂h^{AB} ϵ ) f^A,_μ f^B ,_ν −ρg_{μν} (3.60)

To compute the variation of the particle number density, we use a well known result that connects the variation of the determinant with the inverse tensor, namely (note that the strain is symmetric and that h_{AB} is the inverse strain as defined in section 3.1.1) ∂n ∂h^{AB} = 1 2 nh_{AB} (3.61)

The expression entering the energy momentum tensor is thus given by the symmetric tensor h_{μν} := h_{AB} f^A,_μ f^B,_ν . A closer look shows that

h_{μν} u^μ = 0 (3.62)

as well as h_{μν} f^{M ν} = h_{AB} f^A,_μ h^{BM} = f^M ,_μ (3.63) While the four-velocity is annihilated, h_{μν} acts as identity on the configuration gradient and hence also on the orthogonal space. We conclude the formula h_{μν} = g_{μν} + u_μu_ν (3.64) Insertion of this into the expression for the energy-momentum tensor yields

T_{μν} = ρu_μu_ν + 2nτ_{AB} f^A,_μ f^B ,_ν (3.65)

This justifies to call the second Piola-Kirchhoff tensor τ_{AB} stress, since it is equivalent to the Cauchy stress. Note that there are no currents involved in the energy-momentum tensor.

Remark. The energy-momentum tensor is divergence-free, if the configuration is stress-free and the corresponding four-velocity is geodesic.

This can be shown by direct computation:

∇_ν T^{μν} = ∇_ν (nu^ν )ϵu^μ + nu^ν ∇_ν (ϵu^μ) + 2g^{μμ′} ∇^ν (nτ_{AB} f^A,_μ′ f^B,_ν ) (3.66)

The last term is zero, since the configuration is assumed to be stress-free. The first term vanishes due to the continuity equation (3.8). The second term can be split into three parts: nu^ν ( ϵ∇_νu^μ + u^μ ∂ϵ ∂f^A f^A,_ν +u^μτ_{AB} h^{AB} , ν ) (3.67)

All these terms vanish. The last because the configuration is assumed stressfree, the second because the four-velocity is orthogonal to the configuration gradient and the first because the four-velocity is geodesic.

Remark. From the proof of the last remark we can extract another interesting observation: The divergence of the energy-momentum tensor (this time for a general configuration) is annihilated by the material velocity. Thus ∇_ν T^{μν} = 0 are practically only three equations, which are equivalent to f^A,_μ ∇_ν T^{μν} = 0

This can be seen by contracting (3.66) with the four-velocity and then evaluating the resulting expression. We will however proceed along a shorter route. Since by the Leibnitz rule

u_μ∇_ν T^{μν} = ∇_ν (u_μT^{μν} ) − T^{μν} ∇_ν u_μ (3.68)

we find that (using that the four-velocity annihilates the configuration gradient and is normalized)

u_μ∇_ν T^{μν} = −∇_ν (ρu^ν )2nτ_{AB} f^A,_μ f^B,_ν ∇^ν u^μ (3.69)

We can split the total energy density according to ρ = nϵ. Then the first term becomes −∇_ν (ρu^ν ) = −ϵ∇_ν(nu^ν ) − nu^ν ∇_ν ϵ (3.70) The first term vanished due to the continuity equation which is identically satisfied in our theory. The second term gives −nu^ν ∇_ν ϵ = −nu^ν ∂ϵ ∂f^A f^A,_ν −nu^ν τ_{AB} ∇_ν h^{AB} (3.71)

The first is zero because the four-velocity annihilates the configuration gradient, the second term prevails. We finally obtain

u_μ∇_ν T^{μν} = −nu^ν τ_{AB} ∇_ν h^{AB} − 2nτ_{AB} f^A,_μ f^B ,_ν ∇^ν u^μ (3.72)

This is altogether zero. To see this we first substitute

u^ν ∇_ν h^{AB} = 2g^{αβ} u^ν f^{(A},_α ∇_ν f^{B)},_β (3.73)

Since the configuration is a collection of scalars, we can use that the covariant derivative is torsion-free. This leads to

u^ν ∇_ν h^{AB} = 2g^{αβ} u^ν f^{(A},_α ∇_βf^{B)},_ν = −2f^{(A},_α f^{B)},_ν ∇_αu^ν (3.74)

Thus the two terms in (3.72) cancel and the statement of the remark is shown to be true.

3.1.5 Reference state

In the definition of isotropy we needed to assume the existence of a metric G on the body. We now assume that G is generated by some special reference configuration:

Definition. We call a configuration f̃^A reference configuration whenever it is stress-free, i.e.

τ_{AB} |_{f =}~_f = 0 (3.75)

and the corresponding four-velocity is geodesic. Quantities evaluated at this reference configuration will be denoted by an upper tilde (like e.g. f̃). Relations, which hold only for this reference configuration will be denoted by an o above the relation (f.e.^o=). We sometimes refer to the reference configuration more generally as the reference state of the material (this notation will be used in the material setup too).

Remark. There is another possible way of defining the reference configuration: one may assume it to be stress-free and in addition to generate a divergence-free energy-momentum tensor. Then the four-velocity is geodesic if the reference deformation solves the field equations. This can be seen from the following arguments. We shall however stick to our original definition.

By the last remark of the foregoing section we know that the energymomentum tensor for the reference state is divergence-free. We will see in section 4.1.1 that this is equivalent to the statement that the reference configuration solves the field equations (which will be the Euler-Lagrange equations corresponding to the Lagrangian (3.36).). But we would like to show that also slight perturbations of this reference state give rise to solutions. This will be shown to be the case (at least for the unbounded setup), if the reference configuration satisfies a certain minimality property, namely that the elasticity operator satisfies the Legendre-Hadamard condition:

Definition. We call a reference configuration natural, whenever the elasticity tensor for this reference state satisfies the Legendre-Hadamard condition (2.7). In formulas this reads Ũ_{ABCD}a^Aa^C b^Bb^D ≥ ϵ|a|^2|b|^2 (3.76) for all a and b and for a positive ϵ.

For most of the following work we will assume the existence of such a natural configuration.

Remark. These definitions did not claim Born-rigidity for the reference state’s four-velocity. Thus the reference strain need not define a tensor field on B. This is a difference between the formulation given here and the standard (non-relativistic) formulations of elasticity, where a (flat) metric on the body is assumed throughout.

We have seen in section 3.1.1 that the existence of a Born-rigid vector field constitutes a restriction on the space-time geometry. We will cast this statement into a more concrete form in the following lemma:

Lemma 7. If the reference strain defines a tensor field on the body, then space-time has to be stationary.

We have shown in lemma 6 that the strain defines a tensor if and only if the Born rigidity condition holds. Thus the problem is the following: we have to show that L_ug_{μν} = 0 (3.77)

for a four-velocity satisfying u^2 = −1 as well as u^ν ∇_ν u^μ = 0 and the Born condition (3.11). The latter implies the Killing equation whenever

L_uu_μ = 0 (3.78)

This is equivalent to

0 = 2u^ν ∇_{(ν} u_{μ)} = u^ν ∇_ν u_μ + 1 2 ∇_μu^2 (3.79)

Both terms on the right hand side vanish due to the assumptions of the lemma. This in turn implies the Killing equation to be valid for the reference four-velocity. Consequently space-time has to admit a time-like Killing vector field since otherwise one would have a contradiction. Thus the metric has to be stationary at least.

Remark. This lemma implies that a non-stationary space-time can not admit a Born-rigid reference four-velocity. In such a setup the reference strain can never be a tensor on the body.

We end this section with a slight adjustment of the original definition of isotropy:

Definition. We call a material isotopic (w.r.t. the reference configuration) whenever it is isotropic w.r.t. the reference strain.

For convenience we slightly change notation in the following way: if the material is isotropic, we redefine the Lamé moduli introduced in (3.45) according to 4Ũ_{ABCD} = ϵ̃ ( 2μh̃_{A(C}h̃_{D)B} + λh̃_{AB}h̃_{CD} ) (3.80)

This definition of isotropy will be used in the following.

3.2 Material description

In this section we introduce the material description. The dependent variables in this setup are time-dependent mappings from the body onto spacelike hyper-surfaces of space-time. Roughly speaking they are the instantaneous inverse to the configurations. In this section we will perform a 3 + 1 decomposition of space-time, translate all main objects into this new description and finally rewrite the Lagrangian for this setup.

3.2.1 Basic setup

Assume there exists a foliation of space-time by space-like hyper-surfaces. This means space-time is the product of a three-dimensional space-like manifold Σ with an interval I ⊂ R:

M = I × Σ (3.81)

Let the leafs of the foliation be the level sets of the function t. Introducing coordinates x^i (i = 1, 2, 3) on Σ, we can write the space-time metric (using t =: x^0 as fourth coordinate) as

g_{μν} dx^μdx^ν = −N^2dt^2 + g_{ij} (dx^i + Y^idt)(dx^j + Y^j dt) (3.82)

The inverse metric reads

g^{μν} ∂_μ∂_ν = −N^{−2}(∂_t − Y^i∂_i)^2 + g^{ij} ∂_i∂_j (3.83)

All functions depend on (t, x^i). Clearly we can write every metric in the given form. This is the ADM-representation of the metric (see [15] for details). The function N is assumed to be positive and is called lapse while Y^i is called shift. The geometrical meaning of the quantities entering the ADM-representation is the following: g_{ij} (t, x) is the induced metric on the leaf Σ_t := {t} × Σ of the foliation, g^{ij} is its inverse, i.e. g^{ij} g_{jk} = δ^i_k. The norm of dt is given by −N^{−2}. Thus the unit co-normal is n_μdx^μ = ±Ndt. The (future-pointing) unit-normal is n^μ∂_μ = N^{−1}(∂_t − Y^i∂_i).

Remark. One has to be careful about the notation: although g_{ij} denote the spatial components of g_{μν} dx^μdx^ν , the analogous statement fails to be true for the inverse metric. There the spatial components involve both lapse and shift as well as g^{ij} .

Given a configuration f^A. Since the corresponding material velocity u^μ is assumed to be time-like, we have that n_μu^μ ≠ 0. This means that u^μ is transversal to the foliation. This implies that for each instant of time t, the configuration is a diffeomorphism between the hyper-surface Σ_t and the body, since the configuration gradient is assumed to be of maximal rank, thus generating a linear isomorphism between T Σ_t and T B.

It thus makes sense to write down the inverse of the configuration for every instant of time. We define

Definition. The deformation F^i corresponding to the configuration f^A is defined by (remember that the coordinates on the body B were denoted by X^A) f^A(t, F^i(t, X)) = X^A (3.84)

We note that this definition involves the chosen foliation. We also note that by the above statements the deformation is well-defined, since we can solve (3.84) for it by means of the implicit function theorem. It is a collection of time dependent scalar maps from the body onto the leafs of the foliation. F : I × B → {·} × Σ ⊂ M (t, X^A) → F^i(t, X) Remark. One could easily construct a diffeomorphism between space-time and I × B by extending the configuration and the deformation into fourdimensional mappings of the form (t, f) and (t, F ). We will however (mostly) stick to our original formulation.

Definition. In accordance with the notion of configuration gradient, we call F^i,_A deformation gradient. Note that (in contrary to the configuration gradient) the deformation gradient defined this way is a linear isomorphism.

From the definition of the deformation (3.84) we can derive the formal connection between the configuration gradient and the deformation gradient: differentiating w.r.t. X^B leads to

f^A,_i (t, F )F^i,_B = δ^A_B (3.85)

Contracting with F^j,_A leads to

F^j,_A f^A,_i (t, F )F^i,_B = F^j,_B (3.86)

which in turn gives F^j ,_A f^A,_i (t, F ) = δ^j_i (3.87)

We see that the configuration gradient can be obtained as the inverse of the deformation gradient and vice versa.

Another consequence of the definition of F^i is obtained by differentiating (3.84) with respect to t, namely (an upper dot denotes differentiation w.r.t. t) ḟ^A(t, F (t, X)) + f^A,_i (t, F (t, X))Ḟ^i(t, X) = 0. (3.88)

This equation connects the time derivatives of the configuration and the deformation.

Remark. From now on we will drop the arguments of the configuration gradient. Whenever we write it down we understand it as the inverse of the deformation gradient by means of (3.85), (3.87) and (3.88).

For our purpose it turns out to be more convenient to introduce a different normalization for the four-velocity which is in accordance with the foliation. We introduce a new vector field v^μ, which is parallel to the four-velocity and satisfies v^μ(dt)_μ = 1. Thus

v^μ∂_μ = ∂_t + v^i∂_i (3.89)

Since the four-velocity is annihilated by the configuration gradient, the same is true for v:

0 = ḟ^A + v^if^A,_i (3.90)

Subtracting this from equation (3.88) we obtain v^i(t, F (t, X))f^A,_i (t, F (t, X)) = f^A,_i (t, F (t, X))Ḟ^i(t, X) (3.91)

Since f^A_i is non-degenerated, this implies v^i(t, F (t, X)) = Ḟ^i(t, X) (3.92) Thus v^μ∂_μ = ∂_t + Ḟ^i(t, f(t, x))∂_i (3.93) Definition. From now on we use the term four-velocity for v^μ in the context of the material setup. If we refer to u^μ we will speak of the normalized fourvelocity.

The norm g_{μν} v^μv^ν of the four-velocity is given by

v^2 = −N^2 + g_{ij} (Y^i + Ḟ^i)(Y^j + Ḟ^j) (3.94) Introducing W^i := 1 N (Ḟ^i + Y^i) (3.95) we find that the four-velocity is time-like if and only if 1 − W^ig_{ij} W^j =: 1 − W^2 > 0 (3.96) Assumption. Throughout the rest of this thesis we will assume that this condition holds.

This equation may be understood as a restriction on the possible choices for the time flow. Roughly speaking lapse and shift have to be chosen so that they balance the spatial evolution of the material.

This quantity W^i will appear throughout the following analysis. We will also frequently encounter it in the following context:

γ := (1 − W^2)^{−1} (3.97) The condition (3.96) is then equivalent to 1 ≤ γ < ∞ (3.98) We will find that this factor plays a similar role to the γ factor of special relativity. (This can be seen clearly in the Newtonian limit. We refer to the appendix for details.)

Next we deal with the strain. We can split the configuration gradient into its spatial part and the rest. Then the strain becomes

h^{AB} = f^A,_i f^B ,_j (g^{ij} − 1 N^2

Y^iY^j ) − 1 N^2 ḟ^Aḟ^B + 2 N^2 f^{(A},_i ḟ^{B)}Y^i (3.99)

Recall that the first term inside the bracket is the spatial part of the inverse metric (3.83). Then we use (3.88) to replace the time derivatives of the configuration by those of the deformation. One obtains

h^{AB} = f^A,_i f^B ,_j (g^{ij} − W^iW^j ) (3.100)

If one understands the configuration gradient as being the inverse of the deformation gradient, then this is an expression for the strain only involving the deformation and the deformation gradient besides the metric. We have thus successfully translated the strain into the material description.

Remark. Abusing notation we keep the letter h for the strain both in the space-time and in the material description, although strictly speaking those are different objects. The same remark applies to most of the following cases. But since it is clear from the context, which description is used, we stick to this simplified notation.

The inverse strain is given by

h_{AB} = F^a,_A F^b,_B g_{ia}g_{jb}(g^{ij} + γW^iW^j ) (3.101)

To prove this first note that h_{AB} as defined is clearly symmetric and positive definite, sice γ is bounded from below.

To show that it is indeed the inverse we contract with the strain:

h^{AB}h_{BC} = f^A,_a f^B ,_b (g^{ab} − W^aW^b)F^c,_C F^l,_B g_{cj} g_{li}(g^{ij} + γW^iW^j ) (3.102)

Now we use (3.85) and (3.87) to evaluate the contraction of the configuration gradient with the deformation gradient. The result of this is

h^{AB} h_{BC} = δ^A_C − f^A,_a W^aW^j g_{ij} F^j ,_C (1 − γ + γW^2) (3.103)

The term in the bracket vanishes due to the definition of γ, which proves that h_{AB} is indeed the expression for the inverse strain in the material setup.

3.2.2 Material Lagrangian

To translate the space-time action (3.35) into the material description, we have to find expressions for

• the particle number density (3.23)

• and the stored energy (3.34).

• We also have to transform the volume element in the proper way.

We start with the stored energy. It is a scalar build from the strain and the configuration, which themselves can be treated as a collection of scalars. Thus for the material description we have

ϵ = ϵ(X, h) (3.104)

It is an advantage of the material description that the dependence of the stored energy becomes more clear: the energy stored in the material depends on the strain acting at each point. Different points of the (non-homogeneous) material react differently to strain.

Remark. From this expression for the internal energy it is clear, that we can simply use the definition given for the second Piola stress (3.37) and the elasticity operator (3.41). We just have to replace the configuration f^A by the image X^A.

Only the first Piola tensor causes trouble, since it involves a variation w.r.t. the configuration gradient. For the material setup we introduce a new definition via the variation of the internal energy w.r.t. the deformation gradient:

σ^Am_i := ∂ϵ ∂F^i,_A (3.105)

But again this definition is given just for reasons of completeness.

Coming back to the original problem, namely that of translating the Lagrangian, we next show how to deal with the particle density. Recall that we could express it through the determinant of the strain. For the strain we now have formula (3.100). All we need to do, is to compute the determinant of this expression w.r.t. V_{ABC} , the volume form on the body.

First we introduce k^{AB} , the three-dimensional analogon of the strain:

k^{AB} = f^A,_i f^B ,_j g^{ij} (3.106)

This expression is exactly the non-relativistic version of the strain (see f.e. [23]). In this sense we can understand the W^i terms in (3.100) as relativistic corrections to the non-relativistic strain. The inverse of k^{AB} is given by

k^{−1}_{AB} = F^i,_A F^j ,_B g_{ij} (3.107)

which follows from basic linear algebra.

According to (3.23) the determinant of the strain (apart from a factor 6) is given by h^{AA′} h^{BB′} h^{CC′} V_{ABC} V_A′_B′_C′ Using (3.100) we write this as (g^{aa′} − W^aW^{a′} ) . . . f^A_a f^{A′}_a′ . . . V_{ABC} V_A′_B′_C′ (3.108)

Since V_{ABC} is the volume form on the body, f^A_a f^B_b f^C_c V_{ABC} is a volume form on the hyper-surface. Thus it must be proportional to the three-dimensional metric-volume-form ϵ_{ijk}. We define a scalar κ to be this proportionality factor:

f^A_a f^B_b f^C_c V_{ABC} =: κϵ_{abc} (3.109)

We will find according to (3.111) that κ is basically given by the particle density. From the above equation we find that (3.108) can be written as

(g^{aa′} − W^aW^{a′} )(g^{bb′} − W^bW^{b′} )(g^{cc′} − W^cW^{c′} )κ^2ϵ_{abc}ϵ_a′_b′_c′ (3.110)

This (besides the factor 6κ^2) is the determinant of (g^{aa′} − W^aW^{a′} ). Determinants of such objects can be easily computed using traces. The result is (1 − W^2). Thus the particle density n (which is the square root of the determinant of the strain) becomes

n = κ(1 − W^2)^{1/2} = κγ^{− 12} (3.111)

This equation connects the particle density n with the factor κ.

Finally we turn to the volume form. First we give its expression in ADM variables, then we apply our transformation (3.84) on the spatial part. The result will be a volume form on the body.

The space-time volume form can be written as √ det g_{μν} d^4x = N √ det g_{ij} dtd^3x (3.112)

Now (3.109) implies that the volume-form on the hyper-surfaces √ det g_{ij} d^3x can be transformed into κ^{−1}V_{ABC} dX^AdX^B dX^C , the volume form on B (modulo κ).

Collecting all pieces, we can write the action (3.35) as an integral over the material manifold times (an interval I of) R:

SM[F ] = ∫ I×B Nγ^{− 12} ϵV dtd^3X (3.113)

where V is a scalar on the body defined by V d^3X := V_{ABC} dX^AdX^B dX^C . The corresponding Lagrangian is obviously given by

LM = Nγ^{− 12} ϵV (3.114)

A final word on the functional dependence: V is a scalar on the body, N depends on time t and on the deformation. The stored energy is a function on the strain bundle over the body, i.e. it depends on the points of the body and on the strain. Finally we note that γ depends on time, on the deformation and on the time-derivative of the deformation. This completes the listing of the basic objects of the theory in the material description.

3.2.3 Reference deformation

This section gives a definition of reference deformation. We remain as closely as possible to the definition used for the reference state in the space-time description:

Definition. A deformation F̃^i is called reference deformation, if it is stressfree, i.e.

τ_{AB} |_{F =}~_F = 0 (3.115)

and if the configuration corresponding to F̃^i generates a geodesic normalized four-velocity.

In analogy to the space-time description a reference deformation is called natural, if the corresponding elasticity operator (3.41) satisfies the Legendre- Hadamard condition (2.7).

This is a rather pragmatic approach, since it involves configurations in the definition. We have chosen it to keep the definition simple and intuitive. The following lemma will give a characterization of a reference state solely using deformations.

Lemma 8. A stress-free deformation F^i is a reference deformation, if and only if it satisfies the equation

Γ^A_{00} = 0 (3.116)

where Γ^A_{00} are Christoffel symbols formed from the metric (3.126). The explicit form of this condition is given by setting the right hand side of (3.138) equal to zero.

We prove the lemma by exploiting the relation between space-time and R × B: From what we have learned so far it is quite clear that the mapping

M → R × B (3.117) (t, x) → (t, f(t, x)) (3.118) is a diffeomorphism with inverse (t, X) → (t, F (t, X)) (3.119) We will apply this diffeomorphism to the geodesic equation for the normalized four-velocity. The result will be the geodesic equation for the transformed objects. This equation will be of a particular simple form, so that the result can be readily read off.

For convenience we combine time t and points X^A on the body into a four-dimensional object

(X^μ) := (X^0, X^A) = (t, X^A) (3.120)

this notation may seem misleading at the first sight, but it will prove to be very practical. It will be clear from the context whether Greek indices belong to space-time or R × B.

Let the transformation of the normalized four-velocity be denoted by U^μ. Then by the standard transformation formula for vector fields we have

U^μ = ∂X^μ ∂x^ν u^ν (3.121)

(Recall the different meaning of μ and ν in this context). For the normalized four-velocity this leads to the particular simple expressions

U^0(t, X) = u^0(t, F (t, X)) =: u (3.122) U^A = f^A,_μ u^μ = 0 (3.123)

Then the geodesic equation takes the form

0 = u∂_tu + Γ^0_0u^2 (3.124) 0 = Γ^A_{00}u^2 (3.125)

where the Christoffel symbols have to be taken w.r.t. the transformed metric G_{μν} = g_μ′_ν′ ∂x^{μ′} ∂X^μ ∂x^{ν′} ∂X^ν (3.126)

We obtain (G_{μν} ) = ( −N^2(1 − W^2) Ng_{ij} W^iF^j,_A Ng_{ij} W^iF^j ,_B g_{ij} F^i,_A F^j,_B ) (3.127)

for the transformed metric where W^2 = g_{ij} W^iW^j . The first thing we can do is to determine the factor u. We find that u^μu^ν g_{μν} = −1 becomes

−1 = G_{μν} U^μU^ν = −u^2N^2(1 − W^2) (3.128)

From this we conclude that u = N^{−1}γ^12 , so that we can write the geodesic equation as:

0 = Nγ^{− 12} ∂_t(N^{−1}γ^{12} ) + Γ^0_0 (3.129) 0 = Γ^A_{00} (3.130)

Now we need the expressions for these Christoffel symbols. Note that we can rewrite the transformed metric (3.127) in ADM form using G_{AB} = g_{ij} F^i,_A F^j ,_B (3.131) as three-metric. The inverse is given by G^{AB} = g^{ij} f^A,_i f^B ,_j (3.132) Then for the shift we take Y^A = G^{AB} Y_B (3.133) where Y_B = Ng_{ij} W^iF^j ,_B (3.134) The lapse finally is given by X^2 = Y^2 − G_{00} = N^2(W^2 + 1 − W^2) = N^2 (3.135) Note that the above calculation also implies

γ^{−1} = (1 −

Y^2 N^2

) (3.136)

Now we can apply the formulas for the Christoffel symbols in the ADMformalism from the appendix to rewrite the expressions entering the equations as

γ∂_t(N^2γ^{−1}) − 2N^2Γ^0_0 = W^2γ∂_t(N^2γ^{−1}) − Y^A ( (N^2γ^{−1}),_A +2Ẏ_A ) (3.137) 2N^2Γ^A_{00} = −Y^A∂_t(N^2γ^{−1}) + [ N^2G^{AB} − Y^AY^B ] ( (N^2γ^{−1}),_B +2Ẏ_B ) (3.138)

From this we can show that it is sufficient to look at the second equation, since it implies the first. This is seen by contraction of (3.138) with Y_A:

2N^2Γ^A_{00}Y_A = −Y^2∂_t(N^2γ^{−1}) + (N^2 − Y^2)Y^B ( (N^2γ^{−1}),_B +2Ẏ_B ) (3.139)

which is nothing but N^2γ^{−1} times the right hand side of (3.137). Thus (3.138) vanishes if and only if the normalized four-velocity is geodesic which completes the proof on the lemma.

52 CHAPTER 3. GEOMETRY AND KINEMATICS

Chapter 4

Dynamics of Elastic Materials

This chapter deals with the dynamics of elastic materials. We will derive the equations of motion governing the evolution of the materials, which are the Euler-Lagrange equations arising from variation of the actions given in the previous chapter.

The linearized equations (in the space-time picture; the same is however true for the material picture, since the linearized equations are the same in both descriptions) are shown to allow for global solutions, which will be given in closed form. This will give some insight into the propagation of elastic distortions. Then we will show that the non-linear equations are hyperbolic in both descriptions, i.e. that the Cauchy problem is well-posed.

After this we generalize this result in two directions: First the selfinteraction due to gravitational forces is taken into account by analyzing the equations of elasticity coupled to the Einstein equations. This will be done in the space-time description. On the other hand we introduce boundaries, i.e. we specialize to materials of finite extension. This will be done in the material picture, since the boundary-conditions take a much simpler form in that setup. For both cases (the self-gravitating as well as the finite-volume) we show the Cauchy-problem to be well defined.

For all the well-posedness results in this chapter we employ the theorems given in the chapter 2.

4.1 Equations of motion

This section is devoted to the derivation of the equations of motion, which are the Euler-Lagrange equations arising in the context of the Lagrangians (3.36) and (3.114). Special attention will be given to the principal part, since we know from chapter 2 that this part of the equations is the relevant one for well-posedness.

Let L denote a Lagrangian depending on the field ϕ^A(x^μ) and its first order derivative. Then (under certain regularity assumptions on the Lagrangian) ϕ^A is a critical point of the action if and only if it satisfies the Euler-Lagrange equations: d dx^μ ∂L ∂ϕ^A,_μ = ∂L ∂ϕ^A (4.1)

This is a quasi-linear system of second order for the unknowns ϕ^A. In the following we will derive these equations for both the material and the spacetime description.

4.1.1 Space-time description

We use the Lagrangian (3.36) to obtain the equations of motion for the space-time description. Recall the form of this Lagrangian: Ls = nϵ(f, h) √ − det g (4.2)

Then the Euler-Lagrange equations can be written as A^{μν}_{AB}f^B ,_{μν} := ∂^2(nϵ) ∂f^A,_μ ∂f^B,_ν f^B ,_{μν} = R_A (4.3)

where the lower order terms are given by

R_A := ∂(nϵ) ∂f^A − ∂(nϵ) ∂f^A,_μ f^B f^B,_μ − 1 √ − det g ∂_μ ∂Ls ∂f^A,_μ (4.4)

Note that the differentiation in the last term on the right hand side is a partial differentiation acting on those x^μ entering explicitly (via the metric). They do not lead to second order expressions.

Remark. Note that we could as well use A^{(μν)}_{AB} instead of A^{μν} in the principal part. But this would lead to problems once boundary conditions are involved. (This can be seen in section 4.6: there we require a certain matching between principal part and boundary terms, which is violated for the considered symmetry assumption) Therefore we stick to the full principal part.

It is interesting to note that the fact that the principal part comes from a Lagrangian is reflected in the following symmetry of the principal part:

A^{μν}_{AB} = A^{νμ}_{BA} (4.5)

At this stage we pause to note a deep connection between the field equations as given here and the energy-momentum tensor: In general an alternative way to derive field equations is to claim divergence-less-ness of the energy momentum tensor. We have seen in section (3.1.4) that u^μ∇_ν T^ν_μ = 0 is identically satisfied due to the continuity equation. In the following lemma we will see, that the vanishing of the remaining components of the divergence is equivalent to the field equations derived from the Lagrangian via variation.

Lemma 9. A configuration, which solves the Euler-Lagrange equation has a divergence-free energy-momentum tensor and vice versa.

As mentioned before we only need to care about the components of the divergence of the energy-momentum tensor orthogonal to the material velocity. For this rest we first recall the definition of the energy-momentum tensor from (3.54):

T^μ_ν = ∂ρ ∂f^A,_μ f^A,_ν −ρδ^μ_ν (4.6)

Then

∇_μT^μ_ν = T^μ_ν ,_μ +Γ^μ_αT^α_ν − Γ^α_{μν} T^μ_α = T^μ_ν ,_μ + 1 2 T^α_ν g^{μβ} g_{μβ} ,_α − 1 2 T^{μα}g_{αμ},_ν (4.7)

where the last equality hods due to the symmetry of the energy-momentum tensor. The first term on the right hand side can be written as

T^μ_ν ,_μ = ( ∂ρ ∂f^A,_μ ) ,_μ f^A,_ν − ∂ρ ∂f^A f^A,_ν −∂_ν ρ (4.8)

This is already very close to the desired result. As in section 3.1.4 we can write ∂_ν ρ = ∂ρ ∂h^{AB} f^A,_α f^B ,_β g^{αβ} ,_ν (4.9)

since an explicit x-dependence only entered via the metric in the strain. The other two terms on the right hand side of (4.7) can be written as: 1 2 ∂ρ ∂f^A,_α f^A,_ν g^{μβ} g_{μβ} ,_α − 1 2 ∂ρ ∂f^A,_μ f^A,_λ g^{λα}g_{αμ},_ν (4.10)

where the first term can be written as ∂ρ ∂f^A,_α ( √ − det g),_α √ − det g f^A,_ν (4.11)

This term together with the first two terms in (4.8) is the desired result. We have to show, that the second term in (4.10) cancels the last term in (4.8). To see this recall from section 3.1.4 that ∂ρ ∂f^A,_μ f^A,_ν = 2 ∂ρ ∂h^{AB} f^A,_α g^{αμ}f^B,_ν (4.12)

Application of this to the two terms in question shows, that they cancel. The remaining parts can be cast into the form

∇_μT^μ_ν = 1 √ − det g [(√ − det g ∂ρ ∂f^A,_μ ) ,_μ − √ − det g ∂ρ ∂f^A ] f^A,_ν (4.13)

This together with the continuity equation implies the lemma.

We need good information on the principal part in order to apply the existence theorems from section 2.1. Thus we will give a more explicit form of A^{μν}_{AB} . In a first step we compute ∂nϵ ∂f^A,_μ = n ∂f^A,_μ ϵ + nτ_{M N} ∂h^{M N} ∂f^A,_μ (4.14)

Thus A^{μν}_{AB} = ∂^2n ∂f^A,_μ ∂f^B,_ν ϵ + nU_{M N KL} ∂h^{M N} ∂f^A,_μ ∂h^{KL} ∂f^B,_ν + Φ^{μν}_{AB} (4.15)

There are basically three parts: The first involves the stored energy, the second the elasticity tensor, and the last term is linear homogeneous in the stress. More precisely the following holds Φ^{μν}_{AB} = τ_{M N} ( ∂n ∂f^A,_μ ∂h^{M N} ∂f^B ,_ν + ∂n ∂f^B,_ν ∂h^{M N} ∂f^A,_μ + n ∂^2h^{M N} ∂f^A,_μ ∂f^B,_ν ) (4.16)

For a stress-free state Φ^{μν}_{AB} |_{τ =0} = 0 and the principal part consists only of the first two terms in (4.15).

To obtain a higher level of detail, we have to compute the involving partial derivatives. The easiest is the variation of the strain w.r.t. the configuration gradient. It is straightforward to see that ∂h^{M N} ∂f^A,_μ = 2δ^{(M}_A f^{N )},_α g^{μα} (4.17)

Then the second variation yields ∂^2h^{M N} ∂f^A,_μ ∂f^B,_ν = 2δ^{(M}_A δ^{N )}_B g^{μν} (4.18)

The only missing ingredients are the variations of the particle number density. We have seen in section 3.1.4 that ∂n ∂h^{AB} = 1 2 nh_{AB} (4.19)

with h_{AB} being the inverse strain. Thus ∂n ∂f^A,_μ = nh_{AN} f^N ,_α g^{μα} (4.20)

From this expression we can compute the second variation

∂^2n ∂f^A,_μ ∂f^B,_ν = nh_{BM} f^M ,_β g^{νβ} h_{AN} f^N ,_α g^{μα} + n ∂h_{AN} ∂f^B,_ν f^N ,_α g^{μα} + nh_{AB} g^{μν} Since h_{M N} is the inverse strain, we can use the formula ∂h_{AN} ∂f^B,_ν = −h_{AC} ∂h^{CD} ∂f^B ,_ν h_{DN} (4.21)

This leads to ∂h_{AN} ∂f^B,_ν = −2h_{B(A}h_{N )D}f^D ,_α g^{αν} (4.22)

Inserting this into the formula for the second variation gives 2nh_{BM} h_{AN} f^M ,_α f^N ,_β g^{α[ν} g^{μ]β} + nh_{AB} ( g^{μν} − h_{M N} f^N ,_α f^M ,_β g^{αμ}g^{βν} ) (4.23)

This is where possible antisymmetric (in the upper index-pair) portions of the principal part enter.

We can further simplify using two observations: first note that

ϕ^ν_B := h_{BM} f^M ,_α g^{αν} (4.24)

is the inverse of the configuration gradient on the orthogonal space of the four-velocity. In formulas this means

ϕ^ν_Bf^A,_ν = δ^A_B (4.25) and ϕ^ν_Bf^B ,_μ = δ^ν_μ + u_μu^ν (4.26) While the first equation is immediate from the definition of the ϕ^ν_B, the second equality is shown by contracting ϕ^ν_Bf^B ,_μ (which is symmetric w.r.t.

the metric) with the four-velocity and the configuration gradient respectively. The first contraction obviously vanishes, while the second gives ϕ^ν_Bf^B ,_μ f^A,_ν = f^A_ν h_{BM} f^M ,_α g^{αν} f^B ,_μ = f^A,_μ (4.27) This proves the given formulas.

On the other hand we can use this new information to simplify the bracket-terms in (4.23). We can write them as g^{μν} − h_{M N} f^N ,_α f^M ,_β g^{αμ}g^{βν} = −u^μu^ν (4.28) Thus the final version for the second variation of the particle density is ∂^2n ∂f^A,_μ ∂f^B,_ν = 2nϕ^{[μ}_A ϕ^{ν]}_B − nh_{AB} u^μu^ν (4.29) With this expression at hand, we have all what we need to cast the principal part into its final appearance: A^{μν}_{AB} = ( 2nϕ^{[μ}_A ϕ^{ν]}_B − nh_{AB} u^μu^ν ) ϵ + 4nU_{AN BL}f^N ,_α g^{αμ}f^L,_β g^{βν} + Φ^{μν}_{AB} (4.30) This will be the form of the principal part relevant in the next sections. We have the following expression for Φ^{μν}_{AB} :

Φ^{μν}_{AB} = 2n ( τ_{BN} f^N ,_α g^{αν} ϕ^μ_A + τ_{AN} f^N ,_α g^{αμ}ϕ^ν_B + τ_{AB} g^{μν} ) (4.31) Note that besides the antisymmetric very first term the stress-free part of the principal part is split into a term in u-direction and a term orthogonal to the four-velocity. One can continue in this direction by splitting the stress-terms in a similar manner. Recalling the definition of the ϕ^ν_B, we find that we can split the metric according to g^{μν} = h_{M N} f^M ,_α g^{αμ}f^N ,_β g^{βν} − u^μu^ν (4.32) We also find that the antisymmetric term in the principal part is orthogonal to the four-velocity:

ϕ^{[μ}_A ϕ^{ν]}_B = h_{M [A}h_{B]N} f^M ,_α g^{αμ}f^N ,_β g^{βν} (4.33) Thus we can split the principal part into two orthogonal components:

A^{μν}_{AB} = −n (ϵh_{AB} + 2τ_{AB} ) u^μu^ν + 2nM_{AM BN} f^M ,_α g^{αμ}f^N ,_β g^{βν} (4.34) where

M_{AM BN} = 2U_{AM BN} + τ_{AB} h_{M N} + τ_{BN} h_{AM} + τ_{AM} h_{BN} + ϵh_{M [A}h_{B]N} (4.35)

Note the following symmetry of M_{AM BN} : M_{AM BN} = M_{BN AM} (4.36) The other symmetries of the elasticity operator (3.1.3) are lost by virtue of the other terms.

We finally give the equations of motion in a convenient form ( −nϵh_{AB}u^μu^ν + 4nU_{AM BN} f^M ,_α g^{αμ}f^N ,_β g^{βν} + Φ^{μν}_{AB} ) ∂_μ∂_ν f^B = R_A (4.37)

where R_A again denotes the lower order terms.

4.1.2 Material picture

From the Lagrangian (3.114) we derive the equations of motion for a elastic medium in the material description. This Lagrangian had the form

LM = Nγ^{− 12} ϵV (4.38)

In the above formula N is the lapse, V is the scalar volume element and γ^{−1} = (1 − W^2) where W was defined by NW^i := Ḟ^i + Y^i, where Y^i is the shift.

As in section 3.2.3 we combine time t and points X^A on the body into a four-dimensional object

(X^μ) := (X^0, X^A) = (t, X^A) (4.39)

Whenever we use the material picture (and whenever the contrary is not explicitly emphasized), we apply this notation. Greek indices thus range from zero to three and denote points on R × B.

In this notation the Euler-Lagrange equations can be written as

A^{μν}_{ij} ∂_μ∂_ν F^j = R_i (4.40)

where the lower order terms are given by

NR_i := ∂Nγ^{− 1}2 ϵ ∂F^i − ∂^2Nγ^{− 1}2 ϵ ∂F^i,_μ ∂F^j F^j ,_ν − 1 V ∂_ν ( V ∂Nγ^{− 1}2 ϵ ∂F^i,_μ ) (4.41)

As before in the space-time description we will no longer care about this lower order terms. They are (as long as they stay smooth) of no importance for the question of local well-posedness and only come into play when the longtime-behavior is analyzed which is far beyond the scope of this thesis.

The principal part reads A^{μν}_{ij} = ∂^2γ^{− 1}2 ϵ ∂F^i,_μ ∂F^j,_ν (4.42)

Note that γ only involves the time-derivative of the deformation and none of its other derivatives. Thus the F^i,_A can only be found in the stored energy function (via the strain). With this property of the Lagrangian variation looks easier than in the space-time-description. But as we will see, this case is in fact the more complicated one. This is because the deformation gradients enter the Lagrangian in a less explicit way, which is a result of the transformations involved in the transition between the descriptions.

In analogy to the space-time-description the principal part is given by A^{μν}_{ij} = ∂^2γ^{− 1}2 ∂Ḟ^i∂Ḟ^j δ^μ_0 δ^ν_0 ϵ + γ^{− 12} U_{M N AB} ∂h^{AB} ∂F^i,_μ ∂h^{M N} ∂F^j,_ν + Φ^{μν}_{ij} (4.43)

where Φ^{μν}_{ij} is again linear homogeneous in the stress. It is of the form Φ^{μν}_{ij} = τ_{AB} ( γ^{− 12} ∂^2h^{AB} ∂F^i,_μ ∂F^j,_ν + ∂γ^{− 12} ∂F^i,_μ ∂h^{AB} ∂F^j,_ν + ∂γ^{− 12} ∂F^j ,_ν ∂h^{AB} ∂F^i,_μ ) (4.44)

As for the space-time-description we will derive more explicit formulas by computing the variations. The expressions finally obtained will be the counterparts of (4.30) and (4.34) in the material description.

In any case we need the variations of γ^{− 1}2 = (1 − W^2)^12 and of the strain. For the former we first compute ∂γ^{− 12} ∂Ḟ^i = − γ^{12} N W^ag_{ai} (4.45)

From this the second variation can be obtained ∂^2γ^{− 1}2 ∂Ḟ^i∂Ḟ^j = ( − γ^32 N^2

W^aW^b − γ^12 N^2 g^{ab} ) g_{ia}g_{jb} (4.46)

Now we turn to the variation of the strain: Note that the f^A,_a entering the formula (3.100) for the strain are by means of (3.85) the inverse of the deformation gradient and thus only depend on F^a,_A and not on Ḟ^i.

The first variations are given by ∂h^{AB} ∂Ḟ^i = − 2 N f^{(A},_a f^{B)},_i W^a (4.47) ∂h^{AB} ∂F^i,_I = −2f^I ,_a f^{(A},_i f^{B)},_b (g^{ab} − W^aW^b) = −2f^{(A},_i h^{B)I} (4.48) where we have used the variation of (3.85) w.r.t. the deformation gradient to compute the variation of f^A,_a. From the above expressions for the first variations the second variations follow: ∂^2h^{AB} ∂Ḟ^i∂Ḟ^j = − 2 N^2 f^{(A},_i f^{B)},_j (4.49) ∂^2h^{AB} ∂F^i,_I ∂F^j,_J = 2f^J ,_i f^{(A},_j h^{B)I} + 2f^{(A},_i ( f^{B)},_j h^{IJ} + h^{B)J} f^I ,_j ) (4.50) ∂^2h^{AB} ∂F^i,_I ∂Ḟ^j = 2 N f^{(A},_i [f^{B)},_a f^I ,_j +f^{B)},_j f^I ,_a ]W^a (4.51)

Using these formulas we can write down the principal part. Since the resulting expressions are rather lengthy we split into time-components, spatial components and mixed components:

Time components

We first compute the time-portion of the principal part (4.43):

A^{00}_{ij} =

∂^2γ^{− 12} ∂Ḟ^i∂Ḟ^j ϵ + γ^{− 12} U_{M N AB} ∂h^{AB} ∂Ḟ^i ∂h^{M N} ∂Ḟ^j + Φ^{00}_{ij} (4.52)

From the formulas we have obtained for the variation of γ and of the strain, we find that this can be written as

A^{00}_{ij} = − (γW_iW_j + g_{ij} ) γ^{12} ϵ N^2 + 4 γ^{− 12} N^2

U_{ABCD}f^A,_a W^af^B ,_i f^C ,_c W^cf^D ,_j +Φ^{00}_{ij}

where the index at W was pulled with the induced three-metric: W_i = g_{ij} W^j . For application it will be more convenient to replace the original principal part A^{μν}_{ij} by a new object defined by

B^{μν}_{AB} := A^{μν}_{ij} F^i,_A F^j ,_B (4.53)

Since the deformation gradient F^i,_A is an isomorphism, those two objects can be viewed as equivalent. For example positivity of A^{μν}_{ij} implies positivity of B^{μν}_{AB} and vice versa. The reason for introducing B^{μν}_{AB} will be clear, once we write it down. Using the formula (3.101) for the representation of the inverse strain we obtain B^{00}_{AB} = −h_{AB} γ^12 ϵ N^2 + 4 γ^{− 1}2 N^2

U_{ACBD}f^C ,_c f^D ,_d W^cW^d + Ψ^{00}_{AB} (4.54) where Ψ^{μν}_{AB} := Φ^{μν}_{ij} F^i,_A F^j,_B. To complete the time part we note that Φ^{00}_{ij} is given by

Φ^{00}_{ij} = 2 γ^12 N^2 τ_{AB} ( −γ^{−1}f^A,_i f^B ,_j +2W_{(i}f^A,_{j)} f^B ,_b W^b ) (4.55)

Thus we obtain

Ψ^{00}_{AB} = 2 γ^{12} N^2 τ_{M N} ( −γ^{−1}δ^M_A δ^N_B + 2W_iF^i,_{(A} δ^M_{B)}f^N ,_b W^b ) (4.56)

Spatial components Next we come to the spatial part. This is easily obtained, since γ does not depend on F^i,_A. It is given by A^{AB}_{ij} = γ^{− 12} U_{M N KL} ∂h^{KL} ∂F^i,_A ∂h^{M N} ∂F^j,_B + Φ^{AB}_{ij} (4.57)

This takes the simple form

A^{AB}_{ij} = 4γ^{− 12} U_{M N KL}f^M ,_i h^{N A}f^K ,_j h^{LB} + Φ^{AB}_{ij} (4.58)

which becomes B^{AB}_{IJ} = 4γ^{− 12} U_{IM JN} h^{M A}h^{N B} + Ψ^{AB}_{IJ} (4.59) It remains to compute Φ^{AB}_{ij} and Ψ^{AB}_{IJ} . The former is given by

Φ^{AB}_{ij} = 2γ^{− 12} τ_{M N} ( f^B ,_i f^M ,_j h^{N A} + f^M ,_i f^N ,_j h^{AB} + f^M ,_i f^A,_j h^{N B} ) (4.60)

From this the latter is found to be

Ψ^{AB}_{IJ} = 2γ^{− 12} τ_{M N} ( δ^B_I δ^M_J h^{N A} + δ^M_I δ^N_J h^{AB} + δ^M_I δ^A_J h^{N B} ) (4.61)

This completes the computation of the spatial terms.

Mixed components Now we turn to the mixed components. They are obtained from A^{0B}_{ij} = γ^{− 12} U_{M N KL} ∂h^{KL} ∂Ḟ^i ∂h^{M N} ∂F^j,_B + Φ^{0B}_{ij} (4.62)

The other mixed components then follow from the symmetry of the principal part:

A^{A0}_{ij} = A^{0A}_{ji} (4.63)

Applying our formulas to compute the included variations we obtain

A^{0B}_{ij} = 4 N γ^{− 12} U_{M N KL}f^M ,_i h^{N B}f^K ,_a f^L,_j W^a + Φ^{0B}_{ij} (4.64)

This leads to

B^{0B}_{IJ} = 4 N γ^{− 12} U_{IN JK} h^{N B}f^K ,_a W^a + Ψ^{0B}_{IJ} (4.65)

Finally we compute

Φ^{0B}_{ij} =

2γ^{12} N τ_{M N} [ 2γ^{−1}f^{(B},_i f^{N )},_a W^af^M ,_j +h^{BM} f^N ,_j W_i ]

and Ψ^{0B}_{IJ} =

2γ^12 N τ_{M N} [ 2γ^{−1}δ^{(B}_I f^{N )},_a W^aδ^M_J + h^{BM} δ^N_J W_iF^i,_I ] (4.66)

With these formulas for the mixed components of the principal part we can proceed to the final task of this section:

Full principal part

We will add up the partial results from the proceeding subsections and will derive the full principal part including the stress-terms in analogy to (4.34). Note that the key point there was to split the principal part into a portion proportional to the four-velocity and an orthogonal remainder. Here we will proceed along the same lines. This means that first of all we have to identify the analogous objects for the material setup.

The form of the principal part (4.43) suggests, that one preferred direction will be ∂_t. To give an explanation for this fact we recall our procedure in section 3.2.3. There we saw, that the transformation (t, x) ↔ (t, X) given by the diffeomorphism (t, X) = (t, f(t, x)) (t, x) = (t, F (t, X)) (4.67) maps the normalized four-velocity to

u^μ → u^0δ^μ_0 (4.68)

Thus ∂_t is nothing but (a multiple of) the normalized four-velocity mapped to R×B. From this one can guess that the transformation of f^A,_μ g^{μν} (viewed as a collection of vector fields on space-time) will determine the remainder. We find that

f^A,_μ g^{μν} → −δ^μ_0 ḟ^A + δ^μ_M h^{M A} = −δ^μ_0 ḟ^A + δ^μ_M h^{M A} (4.69)

This leads to the definitions

U^μ := γ^{12} δ^μ_0 (4.70) ϕ^{Cμ} := δ^μ_0 Ḟ^af^C ,_a +δ^μ_M h^{M C} (4.71)

The coefficient entering the definition of U^μ guarantees the normalization. In order to keep the calculation as simple as possible, we assume Gaussian coordinates on space-time. This choice makes the computation a lot easier to overlook.

Even for this simple choice of coordinates the actual calculation is rather lengthy, we will only catch the most important steps. We find it more convenient to replace A^{μν}_{ij} by B^{μν}_{AB}. This new object is given by

B^{μν}_{AB} = δ^μ_0 δ^ν_0 [ −h_{AB} γ^{12} ϵ + 4γ^{− 12} U_{AaBb}Ḟ^aḞ^b− (4.72) 2τ_{CD} ( 2γ^{12} Ḟ^cf^C ,_c f^D,_{(i} Ḟ_{j)}F^i,_A F^j ,_B −γ^{− 12} δ^C_A δ^D_B )] + (4.73) +δ^μ_I δ^ν_J [ 4γ^{− 12} U_{ACBD}h^{CI} h^{DJ} + (4.74)

+2γ^{− 12} τ_{CD} ( δ^J_Aδ^C_B h^{DI} + δ^C_A δ^D_B h^{IJ} + δ^C_A δ^I_Bh^{EJ} )] + (4.75)

+δ^μ_0 δ^ν_J [ 4γ^{− 12} U_{ACBD}Ḟ^af^C ,_a h^{DJ} + (4.76) + 2τ_{CB} ( γ^{12} Ḟ^kg_{kn} F^n,_A h^{CJ} + 2γ^{− 12} δ^{(C}_A f^{J)},_m Ḟ^m )] + (4.77)

+δ^ν_0 δ^μ_I [ 4γ^{− 12} U_{ACBD}Ḟ^af^D,_a h^{CI} + (4.78) + 2τ_{CA} ( γ^{12} Ḟ^kg_{kn}F^n,_B h^{CI} + 2γ^{− 12} δ^{(C}_B f^{I)},_m Ḟ^m )] (4.79)

In analogy to (4.34) we try to decompose this in the following way B^{μν}_{AB} = −A_{AB}U^μU^ν + 4γ^{− 12} U_{ACBD}ϕ^{Cμ}ϕ^{Dν} + B_{ACBD}ϕ^{Cμ}ϕ^{Dν} (4.80) That this is indeed a valid ansatz will be seen in the course of the computation: we will find that there are indeed no other terms than the ones given above. In particular there will be no U^μϕ^{Cν} -terms.

There are in principle two ways to proceed. One may guess A_{AB} and then compute B_{ACBD}, which is again a check of the validity of the ansatz for

A_{AB}. On the other hand one may try to construct B_{ACBD} by putting terms into the form ϕ^{Cμ}. The remaining terms form then A_{AB}. In both cases we have to check that the coefficients of the elasticity tensor are of the required form. This will be our first task. The parts involving U_{ACBD} are

δ^μ_0 δ^ν_0 4γ^{− 12} U_{AaBb}Ḟ^aḞ^b + δ^μ_I δ^ν_J 4γ^{− 12} U_{ACBD}h^{CI} h^{DJ} + (4.81) +δ^μ_0 δ^ν_J 4γ^{− 12} U_{ACBD}Ḟ^af^C_a h^{DJ} + δ^ν_0 δ^μ_I 4γ^{− 12} U_{ACBD}Ḟ^af^D_a h^{CI} (4.82)

Now it is straightforward to find that this is of the desired form. To discuss the remaining terms we decide to make a proper ansatz for A_{AB} since this turns out to be the simplest route. In reminiscence of the analogy for the part involving the elasticity operator we pick

A_{AB} = γ^{− 12} (h_{AB} ϵ + 2τ_{AB} ) (4.83)

Both these terms come from the variation twice w.r.t. Ḟ . The first term in the bracket is found immediately. The second requires a little more care since it appears with the (at the first glance) wrong factor. This is overcome by splitting γ^{−1} = 1 − Ḟ^2. The remaining terms then are

δ^μ_0 δ^ν_0 [ 2τ_{CD} ( 2γ^{12} Ḟ^cf^C_c f^D_{(i} Ḟ_{j)}F^i_AF^j_B + γ^{12} δ^C_A δ^D_B Ḟ^2 )] + (4.84) +δ^μ_I δ^ν_J [ 2γ^{− 12} τ_{CD} ( δ^J_Aδ^C_B h^{DI} + δ^C_A δ^D_B h^{IJ} + δ^C_A δ^I_Bh^{DJ} )] + (4.85)

+δ^μ_0 δ^ν_J [ 2τ_{CB} ( γ^{12} Ḟ^kg_{kn}F^n_A h^{CJ} + 2γ^{− 12} δ^{(C}_A f^{J)}_m Ḟ^m )] + (4.86)

+δ^ν_0 δ^μ_I [ 2τ_{CA} ( γ^{12} Ḟ^kg_{kn}F^n_Bh^{CI} + 2γ^{− 12} δ^{(C}_B f^{I)}_m Ḟ^m )] (4.87)

In the next step we will evaluate the Kronecker deltas and split according to the indices of the stress. This leads to 2τ_{AB} ( δ^μ_0 δ^ν_0 γ^{12} Ḟ^2 + δ^μ_I δ^ν_J γ^{− 12} h^{IJ} + δ^μ_0 δ^ν_J γ^{− 12} f^J_mḞ^m + δ^ν_0 δ^μ_I γ^{− 12} f^I_mḞ^m ) +(4.88) +2τ_{CA} [ δ^μ_0 δ^ν_0 γ^{12} Ḟ^cf^C_c Ḟ^ag_{ab}F^b_B + δ^μ_I δ^ν_J γ^{− 12} δ^I_Bh^{CJ} +(4.89)

+δ^ν_0 δ^μ_I ( γ^{12} Ḟ^kg_{kn}F^n_Bh^{CI} + γ^{− 12} δ^I_Bf^C_mḞ^m )] +(4.90) +2τ_{CB} [ δ^μ_0 δ^ν_0 γ^{12} Ḟ^cf^C_c Ḟ^ag_{ab}F^b_A + δ^μ_I δ^ν_J γ^{− 12} δ^J_Ah^{CI} +(4.91)

+δ^μ_0 δ^ν_J ( γ^{12} Ḟ^kg_{kn}F^n_Ah^{CJ} + γ^{− 12} δ^J_Af^C_mḞ^m )] (4.92)

All left to do, is to simplify the terms in the brackets. The first term is the easiest: it is proportional to τ_{AB} h_{CD} ϕ^{Cμ}ϕ^{Dν} . The factor is obtained as

τ_{AB} (. . . ) = γ^{− 12} τ_{AB} h_{CD} ϕ^{Cμ}ϕ^{Dν} (4.93)

The other two terms are slightly more difficult but can also be handled without much trouble. We do the calculation for the second term, the third works just the same way. We want to show that τ_{CA}(. . . ) = γ^{− 12} τ_{AC} h_{BD}ϕ^{Cμ}ϕ^{Dν} (4.94) To prove the validity of this claim we expand the right hand side: h_{BD}ϕ^{Cμ}ϕ^{Dν} = h_{BD}ḟ^Cḟ^Dδ^μ_0 δ^ν_0 + δ^N_B h^{M C} δ^μ_M δ^ν_N − δ^M_D ḟ^C δ^μ_M δ^ν_0 − δ^ν_0 δ^μ_M h_{BD}ḟ^D h^{CM} The second and the third term match the second and last term in the bracket in (4.89). The other terms need some handling.

h_{BD}ḟ^Cḟ^D = F^b_B(g_{bd} + γḞ_bḞ_d)Ḟ^df^C_c Ḟ^c = γF^b_Bg_{bd}Ḟ^df^C_c Ḟ^c (4.95) which shows that the first term equals the first term in (4.89). The remaining last term can be dealt with along the same lines.

The very same arguments show that τ_{CB} (. . . ) = γ^{− 12} τ_{CB} h_{AD}ϕ^{Cμ}ϕ^{Dν} (4.96) So altogether we find that the principal part can be written as B^{μν}_{AB} = −γ^{− 12} (h_{AB} ϵ + 2τ_{AB} ) U^μU^ν + 2γ^{− 12} M_{ACBD}ϕ^{Cμ}ϕ^{Dν} (4.97) where M_{ACBD} = 2U_{ACBD} + τ_{AB} h_{CD} + τ_{BD}h_{AC} + τ_{AC} h_{BD} (4.98) We find that the principal part takes the very same form as in(4.34), apart from the missing h_{A[C} h_{D]B} term. Nevertheless we only have the symmetry M_{ACBD} = M_{BDAC} (4.99) Remark. The same result could be obtained including lapse and shift. One would just have to replace Ḟ^i by W^i and add the shift N at the right places.

As was the case in the space-time-description, the “spatial” portion of the principal part lacks the full symmetry of the elasticity operator for general states. Only for special cases, f.e. stress-free states of the material, this full set of symmetries is given.

This ends the derivation of the field equations. We can now turn to the discussion of local well-posedness for certain situations. Before doing so, we make some comments on the existence of conserved quantities.

4.2 Conserved quantities

In this section we discuss conserved quantities. By the Noether theorem (see f.e. [51]) we know that the existence of symmetries implies the existence of conserved quantities. Under the assumption of staticity we will derive such a conserved quantity, which will be the energy of the system. We will then linearize this energy at a stress-free reference solution. We show that the linearized energy is of the form “kinetic plus potential terms”. We will also show that the linearized material Lagrangian is of the form “kinetic minus potential terms” with the same expressions for the kinetic and potential terms, which reflects the connection between Lagrangian and Hamiltonian of classical mechanics. Finally we rewrite the linearized potential terms using a covariant derivative. This allows for a direct comparison with the nonrelativistic case. Note that the derived energy is conserved for both finite and infinite matter distributions (this last statement of course depends on the boundary conditions; in particular we will see that it is true for natural boundary conditions as introduced in section 4.6.2).

4.2.1 Symmetries-conserved quantities

Given a Killing vector ξ^μ, we can contract it with the Energy-momentum tensor: T^{μν} ξ_ν . This new object is divergence free, if the Energy-momentum tensor itself is divergence free, which we assume in the following. (We have seen that the energy-momentum tensor is divergence-free for solutions of the Euler-Lagrange equations) We have

∇_μ (T^{μν} ξ_ν ) = 0 (4.100)

Integrating this over a region Ω in space-time, we obtain 0 = ∫ Ω ∇_μ (T^{μν} ξ_ν ) vol (4.101)

We can use Stoke’s theorem to convert this into a surface integral 0 = ∫ Ω ∇_μ (T^{μν} ξ_ν ) vol = ∫ ∂Ω T^{μν} ξ_ν vol_μ (4.102)

The volume element on the boundary can be written as vol_μ = √ | det g_{(i)}|n_μd^3x.

n_μ is the outer unit normal, while g_{(i)} denotes the induced metric on ∂Ω. We find that 0 = ∫ ∂Ω T^{μν} ξ_ν n_μ √ | det g_{(i)}|d^3x (4.103)

Assume Ω to be a cylinder. Then ∂Ω consists of three parts: The bottom and the top and the mantle. If one can show that the integral over the mantle vanishes (due to boundary or fall-off conditions for the fields), one finds (taking into account the sign change in the normal) that the integral over the bottom coincides with the integral over the top. A conserved quantity is found.

4.2.2 The conserved energy

Assume the space-time to be static and that the Killing vector has norm −1. Then we can introduce coordinates (t, x^i) such that t is the parameter along the flow of the Killing vector field and the x^i are coordinates on the hyper-surfaces t = const. The metric can be written in the following form:

ds^2 = −dt^2 + g_{ij} (x)dx^idx^j (4.104)

The Killing vector is then given by ∂_t. Integrating over the world-tube of the material (i.e. the inverse of the body under the configuration map), we assume that the integral over the mantle of the tube vanishes. This is guaranteed by fall-off or by the natural boundary conditions introduced in section 4.6. Thus the integral of T^{μν} ξ_ν n_μ √ | det g_{(i)}|dx over any space-like slice of the world-tube is conserved. By choosing the slices to have constant t we arrive at an energy, which by construction is conserved in time:

E := ∫ f^{−1}(t)(B) T^{μν} ξ_ν ξ_μ √ | det g|d^3x (4.105)

here f^{−1}(t)(B) is the inverse of the body B under the map f at the instant t. Modulo the determinant of the induced metric the integrand is given by

T^{μν} ξ_ν ξ_μ = ξ^μξ^ν (ρu_μu_ν + 2nτ_{AB} f^A,_μ f^B,_ν ) (4.106)

For each value of t this is a scalar on the hyper-surface t = const. We can compute its pullback along the deformation map F^i. We had the following relations between quantities in the material and spatial picture:

u^μ = 1 √ −v^2 v^μ (4.107)

v^μ∂_μ = ∂_t + Ḟ^i∂_i (4.108) −v^2 = 1 − Ḟ^2 (4.109)

From this it follows that

u^μξ_μ = 1 √ 1 − Ḟ^2

(4.110) and that we have

T^{μν} ξ_ν ξ_μ = ρ 1 − Ḟ^2

+ 2nτ_{AB} Ξ^AΞ^B (4.111)

where Ξ^A := f^A,_μ ξ^μ = ḟ^A = −f^A,_i Ḟ^i (4.112) The pullback of the volume form on the t = const hyper-surface is given by (the volume-element on B is chosen such that V = 1) √ det g_{ij} det ( ∂F^k ∂X^A ) dX = (1 − Ḟ^2)^{12} n d^3X (4.113)

Now the energy can be rewritten as an integral over the body B: (The integral coincides with the integral of the pull-back over the base space) E = ∫ B ( ϵ (1 − Ḟ^2)^12 + 2τ_{AB} (1 − Ḟ^2)^12 f^A,_i f^B ,_j Ḟ^iḞ^j ) d^3X (4.114)

Using the definition of γ we can abbreviate this: E = ∫ B γ^{12} ( ϵ + 2τ_{AB} f^A,_i f^B,_j Ḟ^iḞ^j ) d^3X (4.115)

This energy is conserved in time. It is built solely from material quantities.

4.2.3 Linearized energy

In this section we will expand the energy in a neighborhood of a static and stress-free natural deformation. By this we mean that the reference configuration (the existence of which we take as given) is assumed to satisfy

u^μ∂_μ^o= ∂_t (4.116) (An equivalent way of putting the above equations is to write ũ^μ∂_μ = ∂_t. It is however useful to stick to the notation used in (4.116). For conventions regarding the reference state see section 3.1.5) By the definition of the fourvelocity (4.116) includes that the reference configuration and hence also the reference deformation is time-independent: Ḟ^{i o}= 0 (4.117)

We will find that the first order variation of the energy vanishes and that the second order terms are of the form kinetic energy plus potential energy.

Remark. As will be seen in later sections this particular reference state is a solution of the field equation satisfying the boundary conditions (both fall-off and natural).

As usual we will write^o= for relations which only hold for this natural deformation. The perturbation will be denoted by δF^i.

To see that the first variation of the energy vanishes note that we can easily compute the following partial derivatives:

∂γ^12 ∂F^i,_μ = δ^μ_0 γ^{32} Ḟ_i^o= 0 (4.118)

∂γ^{12} ∂F^i = 1 2 γ^{32} Ḟ^aḞ^bg_{ab},_i^o= 0 (4.119) ∂ϵ ∂F^i,_μ = τ_{AB} ∂h^{AB} ∂F^i,_μ o= 0 (4.120) ∂ϵ ∂F^i = τ_{AB} ∂h^{AB} ∂F^i o= 0 (4.121)

The first variation of the second term in the bracket in (4.115) vanishes, since it is quadratic in Ḟ^i. There is also the Piola stress tensor in the third term, so it only contributes to third order. We may omit it in this analysis. We have found that the expanded energy is at least quadratic in the deformation field.

We now compute the second variation of the energy: Therefore we need the second variations of γ^12 and the stored energy ϵ: For the former we obtain

∂^2γ^{12} ∂F^i,_μ ∂F^j,_ν = δ^μ_0 δ^ν_0 ( 3γ^{52} Ḟ_iḞ_j + γ^{32} g_{ij} )_o = δ^μ_0 δ^ν_0 g_{ij} (4.122)

All other variations vanish for the obvious reason that they still involve timederivatives of the field, which are zero for the natural reference deformation.

The second variation of the stored energy with respect to the deformation gradient is

∂^2ϵ ∂F^i,_μ ∂F^j,_ν = U_{ABCD} ∂h^{AB} ∂F^i,_μ ∂h^{CD} ∂F^j,_ν +τ_{AB} (. . . )^o= U_{ABCD} ∂h^{AB} ∂F^i,_μ ∂h^{CD} ∂F^j,_ν (4.123)

We can write out the variations of the strain and get

∂^2ϵ ∂F^i,_μ ∂F^j,_ν o= 4U_{ABCD} h^{M B}f^A,_i h^{N D}f^C ,_j δ^μ_M δ^ν_N (4.124)

The second variation with respect to the deformation reads

∂^2ϵ ∂F^i∂F^j = U_{ABCD} ∂h^{AB} ∂F^i ∂h^{CD} ∂F^j + τ_{AB} (. . . )^o= U_{ABCD} ∂h^{AB} ∂F^i ∂h^{CD} ∂F^j (4.125)

writing this in terms of the deformation we obtain

∂^2ϵ ∂F^i∂F^j o= U_{ABCD}f^A,_a f^B,_b g^{ab},_i f^C ,_c f^D,_d g^{cd},_j (4.126)

Finally we need to take care of the mixed term:

∂^2ϵ ∂F^i,_μ ∂F^j = U_{ABCD} ∂h^{AB} ∂F^j ∂h^{CD} ∂F^i,_μ + τ_{AB} (. . . )^o= U_{ABCD} ∂h^{AB} ∂F^j ∂h^{CD} ∂F^i,_μ (4.127)

which gives

∂^2ϵ ∂F^i,_μ ∂F^j o= −2U_{ABCD}f^A,_a f^B,_b g^{ab},_j h^{M C} f^D,_i δ^μ_M (4.128)

These are all the terms entering the second variation of the energy. All other vanish. Summing up we find that the lowest non-trivial term in the expansion of the energy is given by the integral over the following expression: ϵg_{ij} δḞ^iδḞ^j + 4U_{ABCD} ( X^{AB} + Y^{AB} ) ( X^{CD} + Y^{CD} ) (4.129)

where X^{AB} = − 1 2 f^A,_a f^B ,_b g^{ab},_i δF^i (4.130)

Y^{AB} = h^{M A}f^B ,_i δF^i,_M (4.131)

To write this in a more convenient form, we introduce a covariant derivative:

∇_AV^i = ∂_AV^i + Γ^i_{jk} V^k F^j_A (4.132) The Γ^i_{jk} are the Christoffel symbols corresponding to the induced three-metric g_{ij} . We will show, that we can combine X^{AB} and Y^{AB} into this covariant derivative.

We first define

V^{M N}_{mn} := 4U_{ABCD}h^{M A}h^{N C} f^B,_m f^D ,_n (4.133)

Then the second term in (4.129) becomes V^{M N}_{mn} (δF^m,_M − 1 2 h_{M A}F^i,_B f^A,_a f^B ,_b g^{ab},_j δF^j) ((. . . )^n_N ) (4.134)

We will show that the second term in the brackets coincides with the connection terms. A short computation indeed gives

h_{M A}F^i,_B f^A,_a f^B ,_b g^{ab},_j δF^j = −F^a,_M g^{bm}g_{ab},_j δF^j (4.135)

All we have to show is that g_{ab},_j is the only non-vanishing term left from the Christoffel symbol Γ_{baj} . The rest, which we will prove to vanish is (−g_{aj} ,_b +g_{jb},_a ). This is antisymmetric in (a, b). We have to show that

F^a,_M g^{bm}V^{M N}_{mn} = 4F^a,_M g^{bm}U_{ABCD}h^{M A}h^{N C} f^B,_m f^D ,_n (4.136)

is symmetric in this pair of indices. But this is nearly obvious since the term on the right hand side becomes

4h^{N C} f^D,_n U_{ABCD}f^B ,_i f^A,_k g^{ka}g^{ib} (4.137)

which of course has the desired symmetry by the symmetries of the elasticity tensor. Thus the antisymmetric part of the Christoffel symbol is annihilated and we end up with 1 2 h_{M A}F^i,_B f^A,_a f^B ,_b g^{ab},_j δF^j = −F^a,_M Γ^m_{aj} δF^j (4.138)

Together with the partial derivative we can combine this to the covariant derivative. We finally have the following formula for the linearized energy (besides the ground state energy ϵ̃, which is an additive constant):

E_L = ∫ B ( ϵg_{ij} δḞ^iδḞ^j + V^{M N}_{mn} ∇_M δF^m∇_N δF^n ) d^3X (4.139)

Note that E_L is of the form kinetic energy plus potential energy. Besides the covariant derivatives it coincides with the corresponding non-relativistic quantity. Using the strong point-wise stability condition (i.e. if the material’s elasticity operator satisfies this condition) on the elasticity tensor of the natural deformation, we find that the linearized energy is non-negative. For non-static, non-isometric deformations it is positive.

This very last remark needs some additional explanation.

Definition. We call a linearized deformation isometric, whenever it is a Killing vector field w.r.t. the spatial metric g_{ab}.

Note that it makes sense to speak of the linearized deformation δF^i as of a vector field, since by its nature it is an element of the tangential bundle over the hyper-surfaces t = const. Going back to the original form of the energy given in (4.129), we note that the part involving the elasticity operator vanishes if and only if X^{(AB)} + Y^{(AB)} = 0. We will show that this is the case if and only if δF^i is a Killing field for the spatial metric. First note that X^{(AB)} + Y^{(AB)} = 0 if and only if − 1 2 g^{ab},_i δF^i + f^M ,_m g^{m(a}δF^{b)},_M = 0 (4.140)

Viewing δF^i as a field on physical space t = const rather than on the body, we find that δF^i,_m = f^M ,_m δF^i,_M . Lowering the indices in the above equation using the spatial metric leads to

g_{ab},_i δF^i + 2g_{m(a}δF^m,_{b)} = 0 (4.141)

which is exactly the Killing equation L_{δF} g_{ab} = 0. We have the following lemma

Lemma 10. Assume that the strong point-wise stability condition holds. Then the linearized energy is positive if and only if the linearized deformation is non-static and non-isometric in the above sense.

Taking into account the energy of the natural state, which is the first (i.e. zeroth order) term in the Taylor series, we find that the energy increases, whenever one has a non-trivial (i.e. non-isometric) perturbation of the natural state. This implies that the assumed natural state (if it exists) minimizes the energy if the strong-point-wise stability condition holds. This sheds some light into the physical meaning of this condition.

4.2.4 Linearized material Lagrangian

Here we will derive the linearized material Lagrangian w.r.t. the given static natural state. We will see that it looks very similar to the linearized energy. Just the relative sign between the kinetic and the potential term changes. As was the case for the energy, we will find, that the first order perturbation of the Lagrangian vanishes and that the first non-vanishing order is the second.

Recall that the fully non-linear Lagrangian for the material picture is given by SM = γ^{− 12} ϵ (4.142)

Comparison with the energy shows that the first term differs only in the sign of the exponent of γ. The first variation vanishes due to well known reason: The variation of the internal energy gives the Piola-stress tensor, while the variation of the γ-term holds time-derivatives of the natural deformation.

The second variations become

∂^2LM ∂F^i∂F^j o= U_{ABCD} ∂h^{AB} ∂F^i ∂h^{CD} ∂F^j (4.143)

∂^2LM ∂F^i,_μ ∂F^j o= U_{ABCD} ∂h^{AB} ∂F^i,_μ ∂h^{CD} ∂F^j (4.144)

∂^2LM ∂F^i,_μ ∂F^j,_ν o= −g_{ij} ϵδ^μ_0 δ^ν_0 + U_{ABCD} ∂h^{AB} ∂F^i,_μ ∂h^{CD} ∂F^j,_ν (4.145)

Besides the minus in the last line in front of the spatial metric, this is just the same as we had for the linearization of the energy. We thus can directly write down the linearized action

SM_L = ∫ B ( −ϵg_{ij} δḞ^iδḞ^j + V^{M N}_{mn} ∇_M δF^m∇_N δF^n ) d^3X (4.146)

This linearized Lagrangian is of the form potential minus kinetic energy. From this linearized Lagrangian we can read off all the information needed for the local existence results proven in section 4.4. If the metric is in addition flat, we can introduce coordinates on space-time and on the body, such that the configuration gradient and the strain coincide with the Kronecker Delta. Then V^{M N}_{mn} = 4U_{ABCD} δ^{M A}δ^{N C} δ^B_mδ^D_n (4.147)

so that V^{M N}_{mn} coincides with the elasticity tensor in these particular coordinate systems. But then the linearized relativistic Lagrangian coincides with the non-relativistic linearized Lagrangian.

Remark. We have seen that for a flat metric (i.e. elasticity on Minkowski space) there is no way to distinguish between the relativistic and the nonrelativistic theory on the linearized level. Relativistic effects only enter to third or higher order.

4.3 Linearized elasto-dynamics

We linearize the space-time Lagrangian w.r.t. a stress-free static reference solution. From this linearized Lagrangian we will derive the corresponding linearized equations of motion. The actual computation will be similar to the one done in the previous section. There however we were working in the material description while here the space-time picture is used. We do not know a priori that these two descriptions lead to the same formulas in the linearized case. That this is indeed true will be seen in the following computations.

Then in the second part of this section an explicit solution for this linear system will be derived for isotropic and homogeneous materials. For simplicity we assume space-time to be Minkowski space.

4.3.1 Linearized equations of motion

The original nonlinear Lagrangian on Minkowski space is according to (3.36) given by L = nϵ (4.148) where the stored energy ϵ depends solely on the strain h^{AB} due to the assumption of homogeneity. The particle number density n depends again solely on the strain, if the medium is assumed to be homogeneous. The strain itself is a function purely of the configuration gradient and the space-time metric which is known. Thus we can develop both the density and the internal energy into a formal Taylor series:

n = ñ + ∂n ∂f^A,_μ |_{f =}~_f δf^A,_μ + 1 2 ∂^2n ∂f^A,_μ ∂f^B ,_ν |_{f =}~_f δf^A,_μ δf^B,_ν +h.o.t. (4.149)

ϵ = ϵ̃ + ∂ϵ ∂f^A,_μ |_{f =f̃} δf^A,_μ + 1 2 ∂^2ϵ ∂f^A,_μ ∂f^B ,_ν |_{f =f̃} δf^A,_μ δf^B,_ν +h.o.t. (4.150)

We recall from section 4.1.1 that there always exist Φ^μ_A which form the inverse configuration gradient in the sense that

f^A,_μ ϕ^μ_B = δ^A_B and ϕ^μ_Bf^B ,_ν = h^μ_ν (4.151)

where h^{μν} = η^{μν} + u^μu^ν (4.152) is the metric on the orthogonal space of the four-velocity. We assume that we can choose coordinates in such a way that ũ = ∂_t in standard Minkowski coordinates. This means that the normalized four-velocity is assumed to be a hyper-surface-orthogonal time-like Killing field. Thus the corresponding configuration f̃^A is a time-independent diffeomorphism between the body and the hyper-surfaces orthogonal to ũ^μ. In addition we assume f̃^A to be stress-free, i.e. τ̃_{AB} = 0.

Using ϕ^μ_A and the formulas derived in section 4.1.1 for the variation of the internal energy and the particle number, we find that n = ñ ( 1 + ϕ̃^i_Aδf^A,_i − 1 2 h̃_{AB} δḟ^Aδḟ^B + . . . ) (4.153)

ϵ = ϵ̃ + 2Ũ_{AM BN}f̃^M ,_m δ^{mi}f̃^N ,_n δ^{nj} δf^A,_i δf^B,_j + . . . (4.154)

Thus the linearized Lagrangian (omitting the zeroth order term which does not contribute to the variation) is given by

L_0 := −ϵ̃h̃_{AB}δḟ^Aδḟ^B + 4Ũ_{AM BN}f̃^M ,_m δ^{mi}f̃^N ,_n δ^{nj} δf^A,_i δf^B,_j (4.155)

This Lagrangian is quadratic in the linearized configuration gradient δf^A. As in the foregoing section the Lagrangian is of the form kinetic minus potential terms.

Once the linearized Lagrangian is given it is easy to obtain the corresponding field equations which are the linearization of the original Euler-Lagrange equations. We obtain

−ϵ̃h̃_{AB} ∂_t∂_tδf^B + 4Ũ_{AM BN}f̃^M ,_m δ^{mi}f̃^N ,_n δ^{nj} ∂_i∂_j f^B = 0 (4.156)

Without restriction of generality we set ϵ̃ = 1 (this can be obtained by dividing by ϵ̃ then redefining the elasticity operator). We also use coordinates on the body, such that f̃^M_i = δ^M_i . Then the reference strain satisfies h̃_{AB} = δ_{AB}. We also specialize to the isotropic case, where the internal energy depends on the strain only via its invariants. Then the elasticity tensor is determined by two constants, λ and μ, the so called Lamé constants (see section 3.1.3). In the chosen coordinates we have

4Ũ_{AM BN} = λδ_{AM} δ_{BN} + 2μδ_{A(B} δ_{N )M} (4.157)

For convenience we write g^B instead of δf^B. Then the equation reads

−g̈^A + μΔg^A + (μ + λ)∇^A(∇ · g) = 0 (4.158)

Note that this is hyperbolic if and only if the following two conditions on the Lamé constants are satisfied:

c^2 := μ > 0 and c^2_1 := 2μ + λ > 0 (4.159)

In the following section we will derive an explicit solution for the Cauchy problem.

4.3.2 Explicit solution

In this section we will derive a solution for equation (4.158) for given initial data g|_{t=0} = j ġ|_{t=0} = h (4.160) For explicit solutions in a more general setting (but only for the case j = 0) we refer to [16]. There the requirement of isotropy is dropped. The resulting system still has constant coefficients but is coupled in a more complicated way.

Zero initial configuration To keep the calculation clear and simple, we first assume that

g|_{t=0} = 0 ġ|_{t=0} = h (4.161)

The other case h = 0 will be handled afterwards along similar lines. By linearity the solution to the full problem is then the superposition of these two solutions.

Let the Fourier transformation of g be denoted by g̃. Then the Fourier transformation (in space only) of (4.158) is given by

¨g̃^A + μk^2g̃^A + (μ + λ)k^A(g̃ · k) = 0 (4.162)

This equation is of the form

¨g̃^A = −C^A_Bg̃^B (4.163)

where the (symmetric) matrix C is given by

C_{AB} = (μ + λ)k_Ak_B + μk^2δ_{AB} (4.164)

Indices are lowered and raised using the Kronecker delta (which coincides with the reference strain in the chosen coordinates). The solution of the above equation with the Fourier transform of (4.161) as initial data is of the form g̃^A = ( sin C^{1/2}t C^{1/2} )_A B h̃^B (4.165)

This can be easily verified by direct computation. Note that^{sin C1/2}_{C1/2} is a matrix, and that in general it is not easy to actually compute this operator from the given C. But one readily checks that C is positive definite if the operator (4.157) is elliptic, i.e. as long as (4.159) holds. But this is assumed anyway, so the root C^{1/2} is well defined. For the actual computation we split C into projection operators:

C = (2μ + λ)k^2P + μk^2Q (4.166)

where the projectors

P_{AB} = k^{−2}k_Ak_B (4.167) Q_{AB} = δ_{AB} − k^{−2}k_Ak_B (4.168) satisfy the following relations

P^2 = P Q^2 = Q (4.169) P Q = 0 P + Q = δ (4.170)

Using this together with the definition of the sine via its Taylor series and the uniqueness of the inverse one can show that (recall the definition of the wave speeds c_i according to (4.159))

C^{1/2} = c_1|k|P + c_2|k|Q (4.171)

C^{−1/2} = 1 c_1|k| P + 1 c_2|k| Q (4.172)

sin C^{1/2}t = sin c_1|k|tP + sin c_2|k|tQ (4.173)

Note that in the last expression the operators P and Q are not affected by the sine. When taken together, the above statements imply

sin C^{1/2}t

C^{1/2} = sin c_1|k|t c_1|k| P + sin c_2|k|t c_2|k| Q (4.174)

Using that P + Q = δ we find that g̃ can be written as

g̃^A = ( sin c_1|k|t c_1|k|^3 − sin c_2|k|t c_2|k|^3 ) (h̃ · k)k^A + sin c_2|k|t c_2|k| h̃^A (4.175)

The last term will provide a Dirac delta, the first terms become Heaviside functions (and later on by partial integration generate Kronecker deltas too). We first investigate the last integral, since it is the easier one. We have to compute the following integral:

II^A := 1 (2π)^{3/2} ∫ sin c_2|k|t c_2|k| h̃^Ae^{ik·x}d^3k (4.176)

By the standard Fourier formulas we can express this as the convolution of F , the inverse Fourier transformation of (|k|c_2)^{−1} sin c_2|k|t, with the initial data:

(2π)^{3/2}II = ∫ F (x − y)h(y)d^3y = ∫ F (y)h(x − y)d^3y (4.177)

We thus have to compute the integral kernel F to obtain an explicit statement. The usual Fourier transformation formula reads

F (x) = 1 (2π)^{3/2} ∫ sin c_2|k|t |k|c_2 e^{ik·x}d^3k (4.178)

For convenience we introduce some notation: κ = |k|, ξ = |x| and z = cos θ where θ is the angle between x and k, so that x · k = ξκ cos θ. By a suitable choice of coordinate axes we can introduce polar coordinates such that the above formula becomes

F (x) = 1 (2π)^{1/2} ∞∫ 0 1∫ −1 sin c_2κt κc_2 e^{iκξz} κ^2dzdκ (4.179)

We can carry out the z integration and obtain

F (x) = 1 (2π)^{1/2} 2 c_2ξ ∞∫ 0 sin c_2κt sin κξdκ (4.180)

The integrand has a primitive, which is not defined at infinity. Therefore we cannot hope at all to obtain a classical representation of the above integral. But assuming that the initial datum h is a smooth function of compact support we can interpret (4.177) as the action of the distribution F on the test function h. Thus we may as well search for distributional F . To do so we note that we can rewrite F using the Euler formula: F (x) = − 1 (2π)^{1/2} 1 2c_2ξ ∞∫ 0 ( e^{iκ(c2t+ξ)} + e^{−iκ(c2 t+ξ)} − e^{iκ(c2 t−ξ)} − e^{−iκ(c2 t−ξ)} ) dκ Now we combine the first and the second term as well as the third and the last one into integrals over all of R: F (x) = − 1 (2π)^{1/2} 1 2c_2ξ ∞∫ −∞ ( e^{iκ(c2t+ξ)} − e^{iκ(c2t−ξ)} ) dκ (4.181)

The integral is basically the well-known formula for the Fourier transform of the Dirac delta distribution. We thus finally obtain F (x) = − (π 2 )_{1/2} 1 c_2ξ

[δ(c_2t + ξ) − δ(c_2t − ξ)] (4.182)

This allows a great simplification in (4.177). Since we are interested in the solution for positive t, which corresponds to solving to the future, the first Dirac delta does not contribute (recall that ξ = |x| ≥ 0). The solution is then given by II = 1 4π 1 c_2 ∫ δ(c_2t − |x − y|) h(y) |x − y| d^3y (4.183)

We can use the delta to transform the nominator and get it in front of the integral: II = 1 4π 1 c^2t ∫ δ(c_2t − |x − y|)h(y)d^3y (4.184) One clearly sees that the initial disturbance travels along the sound-cone given by c_2t − |x − y| = 0. Next we introduce spherical coordinates. Then we can directly carry out the radial integration. This allows us to rewrite g as a surface integral over a ball of radius c_2t with center x. II = 1 4π 1 c^2t ∫ ∂B(x,c_2t) h(y)dS_y (4.185)

which is t times the average integral of the initial datum over the sphere ∂B(x, c_2t). Now we turn to the first two terms in (4.175). They are a result of the coupling in the equation (4.158) and are a little more complicated to handle. We have to compute

I^A := 1 (2π)^{3/2} ∫ ( sin c_1|k|t c_1|k|^3 − sin c_2|k|t c_2|k|^3 ) (h̃ · k)k^Ae^{ik·x}d^3k (4.186)

Since this integral consists of two identical parts we will only compute one of them and then add the analogous expression for the other one. First we note that ∫ sin c_1|k|t c_1|k|^3 (h̃ · k)k^Ae^{ik·x}d^3k = 1 i ∂ ∂x^A ∫ sin c_1|k|t c_1|k|^3 (h̃ · k)e^{ik·x}d^3k (4.187)

The remaining integral will again be written as convolution of a function derived from the initial data and an integral kernel obtained from the sine term.

Let G denote the inverse Fourier transform of^{sin c1|k|t}_{c1|k|3} and let H denote the inverse Fourier transform of h̃ · k. Then ∫ sin c_1|k|t c_1|k|^3 (h̃ · k)e^{ik·x}d^3k = ∫ G(x − y)H(y)d^3y (4.188)

and consequently ∫ sin c_1|k|t c_1|k|^3 (h̃ · k)k^Ae^{ik·x}d^3k = 1 i ∫ ∂ ∂x^A G(x − y)H(y)d^3y (4.189)

We first determine H. We claim H(y) = 1 i ∂_Ah^A(y) (4.190)

To prove this we show that by partial integration (recall that h is assumed to be of compact support) ∫ ∂_Ah^Ae^{−ik·x}d^3x = i ∫ h^Ak_Ae^{−ik·x}d^3x (4.191)

The k can be put in front of the integral. This proves that the Fourier transform of ∂_Ah^A is given by ik_Ah̃^A, which implies the claim.

It thus only remains to compute the integral kernel G. We proceed similar to what we did with the last term of (4.175). Along the same paths we find that G = − 1 (2π)^{1/2} 1 2c_1ξ ∞∫ −∞ 1 κ^2 ( e^{iκ(c1t+ξ)} − e^{iκ(c1t−ξ)} ) dκ (4.192)

The integrals are nothing but one-dimensional Fourier transformations of κ^{−2}. Thus we obtain G = √ π 2 1 2c_1ξ

[(c_1t + ξ) sgn(c_1t + ξ) − (c_1t − ξ) sgn(c_1t − ξ)] (4.193)

we can give g a better known appearance by exchanging the sgn = 2Θ − 1 by the Heaviside step function Θ. This gives G = − √ π 2 1 c_1 − √ π 2 1 c_1ξ

[(c_1t − ξ)Θ(c_1t − ξ) − (c_1t + ξ)Θ(c_1t + ξ)] (4.194)

Next we have to take the derivative with respect to x. ∂G ∂x = √ π 2 x c_1ξ^3

[. . . ] + √ π 2 1 c_1ξ [ x ξ Θ(c_1t − ξ) + x ξ Θ(c_1t + ξ) ] (4.195)

There are also Dirac deltas, but they only appear together with the argument (i.e. as xδ(x)) and therefore do not contribute. Taking into account the terms in the first bracket we end up with ∂G ∂x = − √ π 2 xt ξ^3

[Θ(c_1t + ξ) − Θ(c_1t − ξ)] (4.196)

Note that the constant c_1 only appears as an argument in the Heaviside functions. Having this expression for G, one half of I is determined by 1 i ∫ ∂G ∂x (x−y)H(y)d^3y = √ π 2 ∫ (x − y)t |x − y|^3 [Θ(c_1t+|x−y|)−Θ(c_1t−|x−y|)]∂_Ah^A(y)d^3y

The second half of I is just the negative of this expression only with c_1 replaced by c_2. At this stage we assume that c_1 > c_2. When these two expressions are added up, we find that the Heaviside functions add up in way, which only leaves B(x, c_1t) \ B(x, c_2t) as integration domain. (If c_2 > c_1 the balls would simply be interchanged.) Thus we have

I^A = − 1 4π ∫ B(x,c_1t)\B(x,c_2t) (x − y)^At |x − y|^3 (∂ · h)(y)d^3y (4.197)

This is possible, since (as already mentioned) the wave speeds c_i only appear as arguments of the Heaviside function. Now we can add II to obtain the full solution g:

g^A = 1 4π 1 c^2t ∫ ∂B(x,c_2t) h^A(y)dS_y − t 4π ∫ B(x,c_1t)\B(x,c_2t) (x − y)^A |x − y|^3 (∂ · h)(y)d^3y This formula still needs some cosmetics, since there appears a divergence of the initial data. This problem is easily overcome by partial integration: − ∫ V ∂ ∂y^A h^Aϕ^B = ∫ V h^A ∂ ∂y^A ϕ^B − ∫ ∂V h^AN_Aϕ^B (4.198)

Note that in contrary to what was done before, we must not omit the boundary terms, since integration takes place over a finite domain. In our case V = B(x, c_1t) \ B(x, c_2t). Thus the co-normal N is given by |x − y|N = ±(y − x) where the sign depends whether we are at the outer or inner boundary. The derivative of ϕ = (x − y)|x − y|^{−3} with respect to y is given by ∂ ∂y^A ϕ^B = 1 |x − y|^3 ( −δ^B_A + 3 (x − y)^B |x − y| (x − y)_A |x − y| ) (4.199)

For convenience we introduce

n^A = (y − x)^A |x − y| (4.200)

At the outer boundary this n coincides with the unit normal and on the inner boundary it is just the anti-normal. We write ∂ ∂y^A ϕ^B = 1 |x − y|^3 ( −δ^B_A + 3n^B n_A ) (4.201)

This means that the volume term on the right hand side of (4.198) becomes ∫ B(x,c_1t)\B(x,c_2t) 1 |x − y|^3 (3n_An^B − δ^B_A )h^Ad^3y (4.202)

The surface integral over ∂V splits into two integrals over spheres of radius c_it with center x. They are given by − 1 c^2_1t^2 ∫ ∂B(x,c_1t) n^B n_Ah^A(y)dS_y (4.203) 1 c^2t^2 ∫ ∂B(x,c_2t) n^B n_Ah^A(y)dS_y (4.204)

Adding the last three integrals up according to (4.198) and combining the result with the original formula, we arrive at the final form for the unknown g: g^B = t 4π ∫ B(x,c_1t)\B(x,c_2t) 1 |x − y|^3 (3n_An^B − δ^B_A )h^A(y)d^3y + (4.205) + 1 4π 1 c^2t ∫ ∂B(x,c_2t) (δ^B_A − n_An^B )h^A(y)dS_y + + 1 4π 1 c^2_1t ∫ ∂B(x,c_1t) n^Bn_Ah^A(y)dS_y According to this formula, a given initial disturbance at a point y is noticed by an observer sitting at x in the following way: there will at first be a sharp signal followed by a continuous wave, which finally ceases with another sharp signal. There is also a grave difference in the nature of the sharp signals. One (c_1) wave is transversal, while the other one (c_2) is longitudinal. Usually the longitudinal waves are called pressure waves and the transversal waves are known as shear waves (see f.e. [23] or another introductory textbook).

Zero initial momentum

In order to complete the picture we investigate the behavior of solutions to (4.158) with the following initial data (compare to (4.161)):

g|_{t=0} = j ġ|_{t=0} = 0 (4.206)

Due to the linearity the solution for general initial data is then the sum of the two solutions obtained for the initial data (4.161) and (4.206). For the above data, the solution of the Fourier transformed equations (4.162) is

g̃ = cos C^{1/2}tj̃ (4.207)

The C can again be split into the projection operators P and Q which allows us to explicitly compute cos C^{1/2}t. We finally obtain

g̃ = cos c_2|k|tj̃ + ( cos c_1|k|t |k|^2 − cos c_2|k|t |k|^2 ) (j̃ · k)k (4.208)

The solution g is the inverse Fourier transform of this expression. We split into two parts, the first of them being

I := 1 (2π)^{3/2} ∫ j̃ cos c_2|k|te^{ik·x}d^3k (4.209)

Thus (2π)^{3/2}I = ∫ E(y)j(x − y)d^3y (4.210)

where E is the inverse Fourier transform of cos c_2|k|t. Introducing spherical coordinates we again do the integration over the angles. We obtain E = π iξ(2π)^{3/2} ∫ κ ( e^{iκ(c2t+ξ)} + e^{iκ(ξ−c2t)} ) dκ (4.211)

Writing this as E = − π c_2ξ(2π)^{3/2} ∂_t ∫ ( e^{iκ(c2t+ξ)} − e^{iκ(ξ−c2t)} ) dκ (4.212)

we obtain E(x) = − (π 2 )_{1/2} 1 c_2ξ

∂_t [δ(c_2t + ξ) − δ(ξ − c_2t)] (4.213)

This allows us to evaluate I: We can write the t-derivative in front of the convolution. We also omit the first Dirac delta, since (c_2t + ξ) > 0. The remaining terms read I(x) = 1 4π ∂_t ∫ 1 c^2t δ(|x − y| − c_2t)j(y)d^3y (4.214) We introduce spherical coordinates and use the Dirac delta to do the radial integration. This leads to I = 1 4π ∂_t ( 1 c^2t ∫ ∂B(x,c_2t) j(y)dS_y ) (4.215)

To actually carry out the differentiation we transform the integral in one over ∂B(0, 1): I = 1 4π ∂_t ( t ∫ ∂B(0,1) j(x + c_2ty)dS_y ) (4.216)

Now we can interchange the integration with the differentiation, since the domain ∂B(0, 1) is independent of t. Then we transform the domain back. This finally gives I = 1 4π ( 1 c^2t^2 ∫ ∂B(x,c_2t) jdS_y + 1 c_2t ∫ ∂B(x,c_2t) ∂j ∂N dS_y ) (4.217) where^{∂j}_{∂N} denotes the outer normal derivative.

Next we compute the inverse Fourier transform of the remaining terms in (4.208).We start by computing

II_1 := 1 (2π)^{3/2} ∫ cos c_1|k|t |k|^2 (j̃ · k)ke^{ik·x}d^3k (4.218) Using the previous result we obtain

(2π)^{3/2}II^A_1 (x) = − ∫ ∂ ∂x^A D_1(x − y)∂ · jd^3y (4.219)

where D_1(x) = 1 (2π)^{3/2} ∫ cos c_1|k|t |k|^2 e^{ik·x}d^3k (4.220)

Along the meanwhile well known paths we convert this into a one-dimensional Fourier integral:

D_1(x) = 1 (2π)^{1/2} 2 ξ ∞∫ 0 1 κ cos c_1κt sin κξdκ = 1 2iξ(2π)^{1/2} ∞∫ −∞ 1 κ ( e^{iκ(c1t+ξ)} + e^{iκ(ξ−c1 t)} ) dκ

The integrals give (modulo constants) the sign distributions. Thus D_1 becomes D_1(x) = √ π 2 1 ξ [Θ(c_1t + ξ) + Θ(ξ − c_1t) − 1] (4.221)

Consequently (since t > 0 we have Θ(c_1t + ξ) = 1 and δ(ξ + c_1t) = 0)

∂D_1(x) = √ π 2 ( − x ξ^3

Θ(ξ − c_1t) + x ξ^2 δ(ξ − c_1t) ) (4.222)

This means that II := II_1 − II_2 is given by 4πII = − ∫ B(x,c_1t)\B(x,c_2t) (x − y) |x − y|^3 ∂ · jd^3y − 1 c^2_1t^2 ∫ ∂B(x,c_1t) (x − y)∂ · jdS_y + + 1 c^2t^2 ∫ ∂B(x,c_2t) (x − y)∂ · jdS_y We know from the previous case of initial data (4.161) how to deal with the volume integral. By partial integration we can split in up into a volume integral involving the undifferentiated initial data plus some surface terms.

Rearranging finally yields

4πg^B = ∫ B(x,c_1t)\B(x,c_2t) 1 |x − y|^3 (3n_An^B − δ^B_A )j^A(y)d^3y + (4.223) + 1 c^2t^2 ∫ ∂B(x,c_2t) (δ^B_A − n_An^B)j^A(y)dS_y + + 1 c^2_1t^2 ∫ ∂B(x,c_1t) n^B n_Aj^A(y)dS_y + + 1 c_2t ∫ ∂B(x,c_2t) [ n^A∂_Aj^B − n^B ∂_Aj^A ] dS_y + + 1 c_1t ∫ ∂B(x,c_1t) n^B ∂_Aj^AdS_y Then the full solution is the superposition of this solution with (4.205).

Note that properly speaking we have not proved the existence of a solution but have rather derived the form of the solution, if existence is assumed. In principle we would have to prove that the representation formulas we derived in this section really solve the system (4.158) and satisfy the initial conditions. But since this is a rather trivial task, once the formulas are given, we omit it at this stage.

4.4 Unbounded setup

The minimum requirement a mathematical theory should fulfill to be viewed as physical reasonable is that the equations of motion describing the dynamics are well-posed in a certain sense. In our case the simplest non-linear setup is that of an infinitely extended elastic material on a given background spacetime, since in that case we do not have to worry about effects arising from self-gravitation nor have to care about boundary terms. It is thus a crucial test for our matter model to provide this well-posedness for the field equations arising in the said setup.

In this section we thus take a closer look at the equations of motion derived in the sections 4.1.1 and 4.1.2. We will compute the principal symbol, and check hyperbolicity of the equations of motion. Finally we apply the basic existence theorem from section 2.2 to obtain local well-posedness for the Cauchy problem for data close to those describing natural states of the material.

Beside the results on well-posedness we will also derive some results on the underlying geometric structure of the equations.

Throughout the following analysis we assume the internal energy to be a smooth function of its entries (i.e. of the configuration and the strain in the space-time description and of the body point and the strain in the material picture).

We finally note that some of the results of this section can be found in [5], [3] or [8].

Remark. Note that from now on we again deal with the fully non-linear case.

4.4.1 Space-time description

The equations of motion for the configuration took the form ( −nϵh_{AB} u^μu^ν + 4nU_{AM BN} f^M ,_α g^{αμ}f^N ,_β g^{βν} + Φ^{μν}_{AB} ) ∂_μ∂_ν f^B = R_A (4.224)

This is a quasi-linear second order system for the configuration f^A. R_A denoted the lower order terms and Φ^{μν}_{AB} was linear homogeneous in the stress.

Second order well-posedness

We will show that the principal part is regular hyperbolic in the neighborhood of a natural configuration. The existence of this natural configuration will be assumed in the following.

To prove regular hyperbolicity for configurations close to the natural one (in a proper topology of course) it suffices to show that the natural configuration itself has the required property. By continuity (f.e. in the C^1 topology) the same is then true for all configurations sufficiently close. Remember that regular hyperbolicity implied weak hyperbolicity as was shown in section 2.2. The principal symbol for the natural configuration reads

A_{AB}(k) := −ñϵ̃h̃_{AB}(ũ^μk_μ)^2 + 4ñŨ_{AM BN}f̃^M ,_α k^αf̃^N ,_β k^β (4.225)

This form of the principal symbol strongly suggest to try to prove regular hyperbolicity w.r.t the pair (ũ^μ, −ũ_ν ). Indeed one finds that

A_{AB}(−ũ) = −ñϵ̃h̃_{AB} (4.226)

which is negative definite. On the other hand for all l_μ satisfying l_μu^μ = 0 we have that A_{AB}(l) = 4ñŨ_{AM BN}f̃^M ,_α l^αf̃^N ,_β l^β (4.227)

which is positive definite by virtue of the Legendre-Hadamard condition implied in the definition of the natural configuration. Finally one checks the final requirement: u^μ(−u_μ) = 1 > 0. Thus we have the following result:

Lemma 11. The system (4.224) is regular hyperbolic w.r.t. the pair (ũ^μ, −ũ_ν ).

Then the corollary from section 2.2 immediately implies the following result.

Theorem 3. The Cauchy problem for (4.224) is well-posed in the following sense: Given a smooth natural configuration. Then there exists a foliation of space-time, such that the initial value problem for initial data (f_0, f_1) being close to the data induced by the natural configuration (f̃_0, f̃_1) in H^{s+1} × H^s (for s ≥ 3) give rise to a unique local (both in space and time) solution, which depends continuously on the initial data.

Remark. The problem with this result is that we only get existence and uniqueness locally in space. This can be improved if the we add an additional assumption. If the characteristic speeds of the material are smaller than the speed of light, one may obtain regular hyperbolicity w.r.t. (∂_t, dt) all over the leafs of the foliation and not only in certain neighborhoods. For the case of an isotopic material this is explicitly carried out for the material setup in the following section in lemma 16, but it would work just the same wy in the given context of the space-time description.

Note that the connection between the Legendre-Hadamard condition and regular hyperbolicity is even deeper than we already know. The following holds

Lemma 12. The system (4.224) is regular hyperbolic w.r.t. (u^μ, −u^ν ) for a reference configuration if and only if it is natural. If the material is isotropic w.r.t. the reference strain, then (4.224) is regular hyperbolic if and only if the reference configuration is natural.

The first part of the lemma is easy to prove: One part of the statement we have already checked. The other part is obvious from the structure of the principal part: suppose that the system is regular hyperbolic w.r.t (u^μ, −u_ν ). Then the Legendre-Hadamard condition for the elasticity operator follows directly from the definition.

The second part of the lemma is a little bit harder. We will see that regular hyperbolicity w.r.t. any (X^μ, ω_ν ) implies the Legendre-Hadamard condition. We have

0 < A_{AB}(k)m^Am^B ≤ 4nU_{AM BN} f^M ,_α k^αf^N ,_β k^βm^Am^B (4.228)

for all k_μX^μ = 0. Since we assume isotropy, we can write this as

0 < μm^2κ^2 + (μ + λ)(m · κ)^2 (4.229) where κ^A := f^A,_α k^α and contractions are taken w.r.t. the strain. We can always find a k, which gives rise to a non-vanishing κ. Then m = κ includes 2μ + λ > 0, while choosing m orthogonal to κ gives rise to μ > 0. But those are just the conditions on the Lamé moduli which establish the Legendre- Hadamard condition. The statement of the lemma is proven.

Remark. This lemma does not generalize to non-isotropic materials.

The reason for this lies in the following fact: suppose the system is regular hyperbolic w.r.t. a pair (X^μ, ω_ν ) where X^μ is not parallel to the four-velocity. Then the hyperbolicity conditions would imply the Legendre-Hadamard condition only on the subspace, which is the intersection between the orthogonal spaces of the four-velocity and the given X^μ.

To recover the full Legendre-Hadamard condition one would in addition require 0 < U_{AM BN} f^M ,_α X^αf^N ,_β X^β m^Am^B to be true. But in general there is no way to obtain this inequality. One could of course try to derive a necessary condition on the elasticity operator which would result in the above inequality and thus would imply the statement of the lemma for such materials but this will not be done here.

We make a further comment on possible choices for (X^μ, ω_ν ) for isotropic materials:

Lemma 13. Let the material be isotropic. Then the system (4.224) is regular hyperbolic w.r.t. the pair (X^μ, ω_ν ) if and only if the following inequalities ( g^{μν} + ( 1 − 1 c̄^2 ) u^μu^ν ) ω_μω_ν < 0 (4.230)

as well as ( g_{μν} + ( 1 − c̃^2 ) u_μu_ν ) X^μX^ν < 0 (4.231) hold for c̄ being the maximum of c_1 = √ 2μ + λ and c_2 = √ μ while c̃ is the minimum. For this lemma we also assume that 1 > c̄ ≥ c̃, i.e. that those constants are bounded from above by the speed of light (the physical meaning is that the sound waves travel with physical velocities). u^μ is the reference four-velocity.

Remark. This lemma sheds some light on the geometric structure of the problem. It tells us that X^μ as well as ω^ν have to lie inside certain soundcones. Recall that we have found in the last section (at least for the linearized setup) that the elastic perturbations travel along these cones.

To prove the lemma we first of all have to know the isotropic principal symbol. In principle (that means beside positive multiples) it is given by

A(k)_{AB} m^Am^B = −m^2(u^μk_μ)^2 + ( μm^2κ^2 + (μ + λ)(m · κ)^2 ) (4.232) where κ^A = f^A,_μ k^μ and contractions are taken w.r.t. the reference strain. Without restriction of generality we assume m^2 = 1.

Recall the definition: a system is regular hyperbolic w.r.t. (X^μ, ω_ν ) if and only if A(ω)_{AB} is negative definite, while A(l)_{AB} has to be positive definite for all l_μX^μ = 0. By continuity small changes in the argument k do not change the positivity properties of A(k)_{AB}. A change of these positivity properties would reflect itselve in the condition det A(k)_{AB} = 0.

In general this determinant can be computed to be (see f.e. [5])

det A(k)_{AB} = (ϵn)^3(g^{μν}_1 k_μk_ν )(g^{μν}_2 k_μk_ν ) (4.233)

where g^{μν}_i = g^{μν} + ( 1 − 1 c^2_i ) u^μu^ν (4.234)

(later on we will use ḡ^{μν} and g̃^{μν} with the same meaning) The determinant vanishes if and only if g^{μν}_1 k_μk_ν = 0 or g^{μν}_2 k_μk_ν = 0. Since the g^{μν}_i are nondegenerate these conditions define cones in the co-tangent space.

The principal part taken w.r.t. −u_μ is negative definite. Since ( g^{μν} + ( 1 − 1 c^2_i ) u^μu^ν ) u_μu_ν = − 1 c^2_i

< 0 (4.235)

the principal part is negative definite w.r.t. all ω_ν satisfying the condition ḡ^{μν} ω_μω_ν < 0. Thus all co-vectors lying inside cone ḡ^{μν} k_μk_ν = 0 are subcharacteristic.

The proof for X^μ is slightly more difficult: We need the following result

Proposition 1. g̃^{μν} k_μk_ν > 0 for all k_μX^μ = 0 if and only if g̃^{−1}_{μν} X^μX^ν < 0

This proposition however is trivially true since g̃_{μν} is a Lorentz-metric for 1 > c̃^2.

The proposition gives the second inequality of the lemma. At first glance it might seem strange that one inequality involves c̃ while the other one contains c̄. This comes from the fact, that in one case we approach the co-sound-cone from above and in the other case from below.

Note that (strictly speaking) up to now we have only proven the ”if”-part of the lemma. To complete the proof we simply note that positive (respectively negative) definite operators have positive (respectively negative) determinant. This observation gives the ”only if”-part and thus completes the proof of the lemma.

Remark. Note that the inner and outer cone interchange when viewed in tangent and co-tangent space respectively. Thus X^μ lies in the inner cone, while ω_ν lies in the inner co-cone.

Rank two vs rank one positivity

Usually people in the relativity community try to prove well-posedness by casting the equations of motion into a symmetric hyperbolic first order system. We will not give a definition (which can e.g. be found in [20]). Just note that there exists a complete local-in space-theory for such systems. We could of course try to apply this theory for the given setup as is done f.e. in [5]. But in general there may be a prize to pay for the transition to the first order system. In the following we shall briefly sketch, how this problem looks like and how it (at least in the special case of an isotropic material) can be overcome:

If one prefers to cast the original equations into a first order system, one would need to contract the principal part not only with rank one objects but with general tensors with two indices to obtain hyperbolicity and hence wellposedness. Hence the original Legendre-Hadamard condition may in general fail to be sufficient, since it only covers rank one positivity.

Note that the principal symbol and even the original second order system is unchanged if we exchange the elasticity tensor by U_{ABCD} → Ũ_{ABCD} := U_{ABCD} + Λ_{ABCD} (4.236) if the additional term has the following symmetries:

Λ_{ABCD} = −Λ_{ADCB} = −Λ_{CBAD} = Λ_{CDAB} (4.237)

We will see (at least in the case of an isotropic material) that a gauge transformation of the kind introduced in (4.236) can be used to obtain hyperbolicity of the first order system by just using the Legendre-Hadamard condition.

For an isotropic material we have seen that the elasticity operator can be written as (omitting the upper tilde for the reference strain) 4U_{ABCD} = ϵ ( 2μh_{A(C} h_{D)B} + λh_{AB} h_{CD} ) (4.238)

Remark. For convenience we will omit the factor 4 on the left hand side as well as the stored energy ϵ from now on for the rest of this subsection.

Since we do not assume the material to be homogeneous they need not be constant and may still be functions on the body. h_{AB} is the inverse strain at the reference deformation. On flat background we may use coordinates such that h_{AB} = δ_{AB} but we will stick to this more general notation. We know that the Legendre-Hadamard condition is equivalent to the following condition on the Lamé moduli (compare section 3.1.3):

μ > 0 2μ + λ > 0 (4.239)

Our goal is to establish a stronger positivity result for the transformed elasticity tensor Ũ_{ABCD} using these conditions on the Lamé moduli. Namely we will show positivity of Ũ_{ABCD}ϕ^{AB} ϕ^{CD} = U_{ABCD}ϕ^{AB}ϕ^{CD} + Λ_{ABCD}ϕ^{AB} ϕ^{CD} (4.240) Splitting into its antisymmetric (ω^{AB} ) and symmetric but trace-free (χ^{AB}) parts we obtain ϕ^{AB} = ω^{AB} + χ^{AB} + 1 3 tr ϕh^{AB} (4.241)

where tr ϕ = h_{AB} ϕ^{AB} is the trace of ϕ^{AB} w.r.t. the reference strain. The first term in (4.240) can then be written as ( 2μ 3 + λ ) (tr ϕ)^2 + 2μχ_{CB} χ^{CB} (4.242)

The indices were lowered using the reference strain. This is nonnegative if and only if μ > 0 and the bulk modulus κ := 3λ + 2μ > 0.

Remark. We note two things:

• those conditions are stronger than (4.239)

• they do not include the antisymmetric part of ϕ^{AB}

We cannot use this expression to bound the contracted original elasticity tensor away from zero, since the left hand side vanishes for antisymmetric ϕ^{AB}. Thus the gauge term Λ_{ABCD} must give rise to antisymmetric terms thus breaking the symmetry (isotropy) of the setup.

The easiest and at the same time most natural choice for a gauge term is

Λ_{ABCD} = αh_{A[B} h_{D]C} (4.243) This term obeys the required symmetries as stated in (4.237). The free function α will be specified in the following. Computing the second term in (4.240) using this gauge term we obtain Λ_{ABCD}ϕ^{AB} ϕ^{CD} = α ( 2 3 (tr ϕ)^2 − χ^{AB}χ_{AB} + ω^{AB} ω_{AB} ) (4.244)

Adding this to the terms from the original elasticity tensor gives Ũ(ϕ, ϕ) = ( 2 3 (μ + α) + λ ) (tr ϕ)^2 + (2μ − α)χ^{AB} χ_{AB} + αω_{AB} ω^{AB} (4.245)

If we would chose α = 2μ then we could use the Legendre-Hadamard condition to bound the first and the last term but the second term would vanish. This however would lead to problems as indicated in the remark above. We thus need a more refined argument. Assume the Legendre-Hadamard condition holds. Then by continuity there exists a δ > 0 such that 2μ + λ − 2 3 δ > 0 (4.246)

2μ − δ > 0 (4.247)

Then we set α = 2μ − δ and obtain Ũ(ϕ, ϕ) = ( 2μ + λ − 2 3 δ ) (tr ϕ)^2 + δχ^{AB}χ_{AB} + (2μ − δ)ω_{AB}ω^{AB} (4.248)

Now all coefficients are positive by virtue of the Legendre-Hadamard condition and all summands are nonnegative.

We have shown how to construct a gauge term which leaves the second order system unchanged but allows for the Legendre-Hadamard condition to be sufficient for positivity and hence for hyperbolicity in the context of the first order system.

4.4.2 Material description

Now we turn to the material setup. In this section we will show that the equations of motion derived from the material Lagrangian are regular hyperbolic close to a natural reference state. This will include well-posedness for the second order system.

We could also try to cast the system into a symmetric hyperbolic system. Then in general stronger assumptions on the elasticity operator (and thus on the material) would be needed. For isotropic materials the last part of the previous section could be used to overcome this discrepancy. But (besides this remark) we will not go any deeper into the first order formulation, since the second order formulation works out well.

As in the space-time setting we will find that there exists a preferred pair (X^μ, ω_ν ), with respect to which the systems unfolds its hyperbolicity properties in the most natural way. Finally the connection between this very choice and the pair (u^μ, −u_ν ) used in the previous sections will be discussed.

The equations of motion were derived in the form (see section 4.1.2 for the derivation) A^{μν}_{ij} ∂_μ∂_ν F^j = R_i (4.249) This is a second order quasi-linear system for the deformation F^j . As before R_i denotes lower order terms.

Remark. Note that Greek indices are not space-time indices but rather denote points of R × B.

It turns out to be most convenient not to use the principal part directly to check the various positivity requirements but rather work with

B^{μν}_{AB} := A^{μν}_{ij} F^i,_A F^j,_B (4.250)

Since F^i,_A is an isomorphism, this newly defined B^{μν}_{AB} has the very same positivity properties as the original A^{μν}_{ij} had. The advantage is that the new object can be given in the more convenient form (see again section 4.1.2) B^{μν}_{AB} = γ^{− 12} ( −ϵh_{AB}U^μU^ν + 4U_{ACBD}ϕ^{Cμ}ϕ^{Dν} ) + Φ^{μν}_{AB} (4.251)

where Φ^{μν}_{AB} is linear homogeneous in the stress. We have seen in section 4.1.2 how to obtain U^μ and ϕ^{Aμ} for Gaussian coordinates on space-time. It is straightforward to see that for general coordinates (i.e. for non-vanishing lapse and shift) we obtain very similar expressions

U^μ = N^{−1}γ^{12} δ^μ_0 (4.252) ϕ^{Cμ} = N^{−1}δ^μ_0 W^af^C ,_a +δ^μ_M h^{CM} (4.253)

For the rest of this section we will stick to this more general formulation. Note that γ is thus again given by the more general expression γ = (1 − W^2)^{−1} Then for a reference deformation the principal part reads

γ̃^{12} B̃^{μν}_{AB} = −ϵ̃h̃_{AB}Ũ^μŨ^ν + 4Ũ_{ACBD}ϕ̃^{Cμ}ϕ̃^{Dν} (4.254)

We now try to find a pair (X^μ, ω_ν ) w.r.t. which the system is regular hyperbolic. Note that the principal part consists of two portions. The first is non-positive, while the second is non-negative once the Legendre-Hadamard condition is assumed for the elasticity operator. Thus a good choice for each element of the pair (X^μ, ω_ν ) will annihilate one part of the principal symbol. For the reference deformation this is in general given by

γ̃^{12} B(k)_{AB} = −ϵ̃h̃_{AB} (Ũ^μk_μ)^2 + 4Ũ_{ACBD}ϕ̃^{Cμ}k_μϕ̃^{Dν} k_ν (4.255)

From the form of the principal symbol it is clear that the choice for X^μ has to be X^μ = Ũ^μ (4.256)

because then for all l_μX^μ = 0 we have that

γ̃^{12} B(l)_{AB} = 4Ũ_{ACBD}ϕ̃^{Cμ}l_μϕ̃^{Dν} l_ν (4.257) which is positive by the Legendre-Hadamard condition unless ϕ̃^{Cμ}l_μ = 0. This however can be excluded since

ϕ̃^{Cμ}l_μ = h̃^{CM} l_M ≠ 0 (4.258)

which is non-zero by the non-degeneracy of the strain.

In order to obtain a negative principal part for ω_ν we have to assure that the part involving the elasticity operator does not enter the symbol. This is guaranteed only by the following condition:

ϕ̃^{Cμ}ω_μ = 0 (4.259)

We conclude ω_M = −Ñ^{−1}ω_0h̃_{M C}W̃^af̃^C ,_a (4.260)

Thus for fixing ω_0 through the (arbitrary) condition X^μω_μ = 1 we obtain

ω = Ñγ̃^{− 12} ( dt − Ñ^{−1}h̃_{M C}W̃^af̃^C ,_a dX^M ) (4.261)

Together this gives the following result

Lemma 14. The system (4.249) is regular hyperbolic w.r.t. the pair

(Ñ^{−1}γ̃^{12} ∂_t, Ñγ̃^{− 12} (dt − Ñ^{−1}h̃_{M C}W̃^af̃^C ,_a dX^M )) (4.262)

in a neighborhood of a natural deformation.

Remark. Needless to say that the system is also regular hyperbolic w.r.t. all pairs sufficiently close to the one given above. Nevertheless the system (4.249) satisfies the conditions for regular hyperbolicity in this optimal way only for the above choice.

We can thus obtain the analogous result as in the previous section stating that the system (4.249) is regular hyperbolic near a natural deformation if and only if it is regular hyperbolic w.r.t. the above choices for X^μ and ω_ν . The form of the corresponding lemmas can be taken word by word from the last section. Instead of spending too much time on this, we shall rather clarify the connection between the above choice for (X^μ, ω_ν ) and the four-velocity.

For this purpose we make use of the transformation introduced in section 4.1.2, namely the diffeomorphism (t, X) = (t, f(t, x)) (t, x) = (t, F (t, X)) (4.263)

We have seen in the section mentioned above, that the material velocity maps to U^μ which is a multiple of ∂_t. We have also seen that

f^A,_μ g^{μν} → ϕ^{Aν} (4.264)

From this one may guess that −u_μ → ω_μ. To see this we use the following result from section 3.2.3:

(g_{μν} ) → (G_{μν} ) = ( −N^2(1 − W^2) Ng_{ij} W^iF^j ,_A Ng_{ij} W^iF^j,_B g_{ij} F^i,_A F^j ,_B ) (4.265)

From this it is easy to obtain that

u_ν → U^μG_{μν} = N^{−1}γ^{12} G_{0ν} = −Nγ^{− 12} δ^0_ν + γ^{12} g_{ij} W^iF^j ,_A δ^A_ν (4.266)

To complete the argument we have to show that the spatial parts coincide (The time-part already fits). This can be seen by recalling the formula for the inverse strain derived in (3.101):

h_{M C} f^C ,_a W^a = (g_{ij} + γW_iW_j )F^i,_M W^j = γW_iF^i,_M (4.267)

Using this calculation on the spatial art of ω we immediately find that u_μ → −ω_μ thus proving the claim.

Remark. The above computation shows how the geometric importance of the four-velocity u^μ carries over to the material description.

From our observations up to now the following lemma connecting the material and the space-time description is immediate:

Lemma 15. The material system close to a natural deformation is regular hyperbolic w.r.t. (X^μ, ω_ν ) as defined above if and only if the system in the space-time picture is regular hyperbolic w.r.t. (ũ^μ, −ũ_ν) where ũ^μ is the natural normalized four-velocity. Moreover (X^μ, ω_ν ) and (ũ^μ, −ũ_ν ) are connected via the diffeomorphism introduced in section 3.2.3 as indicated above.

Remark. To prove this one just has to use that from regular hyperbolicity w.r.t. one of the above pairs the Legendre-Hadamard condition follows, which gives the hyperbolicity in the other description.

We carry on with a local existence result. As in the space-time description we can use the basic theorem given in section 2.2 to obtain local wellposedness:

Theorem 4. The Cauchy problem for (4.249) is well-posed in the following sense: Given a natural deformation. Then there exists a (local) foliation of R × B, such that for initial data (F^i_0, F^j_1 ) close to the ones induced by the natural deformation on the leafs of the foliation in the H^{s+1} × H^s topology (s ≥ 3) there exists a unique regular (i.e. at least C^2) local (in space and time) solution which depends continuously on the initial data.

Remark. The actual function spaces involved can be taken from the original theorem from section 2.2.

Remark. The reason why we only get local in space solutions in general lies in the fact that u_μ (and hence ω_μ) is not closed in general.

There is another natural choice for the pair (X^μ, ω_ν ), given by the foliation R× B. This pair is given by (∂_t, dt). In the following lemma we will see how to deal with this setup (at least for isotropic materials)

Lemma 16. Let the material be isotropic w.r.t a natural deformation. Then the system (4.249) evaluated in a neighborhood of the natural deformation is regular hyperbolic w.r.t (∂_t, dt) if and only if the characteristic speeds c^2_1 := 2μ+λ and c^2 = μ are bounded from above in the following way: W^{−2} > c^2_1 > 0 as well as W^{−2} > c^2 > 0.

The following corollary follows immediately from the 1 > W^2 ≥ 0:

Corollary 3. The isotropic system is regular hyperbolic w.r.t. (∂_t, dt) close to the natural deformation if the characteristic speeds c_i are bounded by the speed of light, i.e. 1 > c_i > 0.

Remark. It is interesting that due to the lemma one may obtain regular hyperbolicity w.r.t. (∂_t, dt) even if c_1 ≥ 1.

Remark. An analogous result can be obtained for the space-time setup for a suitable foliation.

For the proof of the lemma we note that the Legendre-Hadamard condition guarantees that the principal symbol is positive definite w.r.t. all l_μ satisfying l_0 = 0. This has already been mentioned in the proof of lemma 14. The new part consists in showing that dt is sub-characteristic. We have to show that the principal symbol (for convenience we omit the tilde) taken w.r.t. dt is negative definite, i.e.

N^2γ^{12} B(k)_{AB} = −ϵh_{AB}γ + 4U_{ACBD} f^C ,_c W^cf^D,_d W^d < 0 (4.268)

Since the coefficient on the left hand side is positive (recall that 1 ≥ γ > 0) we only have to care about the right hand side. Using the expression for the isotropic elasticity operator, the question comes down to −m^2γ + ( (μ + λ)(m · w)^2 + μm^2w^2 ) < 0 (4.269) for non-vanishing m^A where products were taken w.r.t. the strain h_{AB} , while w^A := f^A,_a W^a. The coefficient in front of (m · w)^2 lacks a clear sign (the Legendre-Hadamard condition only leads to the conditions given in the lemma). We thus first have to rewrite the above expression. This is done by splitting m^A into a part parallel to w^A and an orthogonal rest:

m^A = m · w w^2 w^A + m^A_⊥ (4.270)

This leads to m^2 =

(m · w)^2

w^2

+ m^2_⊥ (4.271) Thus besides positive multiples the principal symbol twice contracted with m^A is given through − ( m^2_⊥ +

(m · w)^2 w^2 ) γ + (2μ + λ)(m · w)^2 + μm^2_⊥w^2 (4.272)

now the Legendre-Hadamard condition can be used to guarantee positivity of the coefficients. Since m^2_⊥ and (m · w)^2 can be chosen independently, the symbol is negative definite if and only if the following two inequalities hold: − m^2_⊥γ + μm^2_⊥w^2 < 0 (4.273) −(m · w)^2γ + (2μ + λ)(m · w)^2w^2 < 0 (4.274) Assuming the non-trivial case, those two inequalities are essentially of the type −γ + c^2w^2 < 0 (4.275) It remains to compute w^2 = W^aW^bf^A,_a f^B,_b h_{AB} and compare the result to γ. From the formula for the inverse strain given by equation (3.101) we obtain w^2 = γW^2 (4.276) Thus the inequality we need becomes −1 + c^2W^2 < 0 (4.277) which is the claimed inequality.

Remark. Note that we can use the lemma to establish a local existence result on all of B getting rid of the locality in space. The same argument works for the space-time description. There we can use it to obtain valid data on all of t = const.

4.5 Gravito-elastodynamics

Once the initial value problem for the unbounded setup on a fixed background is shown to be well-posed, there are two natural ways to proceed. One can consider finite material bodies or one can investigate unbounded selfgravitating elastic materials. While the former task will be undertaken in the following section 4.6 we shall concentrate here on the latter challenge. We will show that the initial value problem for a self-gravitating unbounded elastic medium is well-posed under certain (mild) restrictions on the material, already well-known to us from the previous sections (namely the Legendre- Hadamard condition).

We will first discuss the initial value problem for the Einstein field equations. Following the exposition of Friedrich and Rendall [21] we will use the harmonic gauge to cast them into a quasi-linear wave equation, which is then shown to be regular hyperbolic. Then we will discuss issues like gauge propagation and proper initial data.

Then in the second part we will show that the coupled system consisting of the Einstein(-matter field) equations (in harmonic gauge) and the elastic equations of motion in space-time description is regular hyperbolic and discuss how the arguments given for the un-coupled case carry over.

4.5.1 Einstein field equations

Let space-time be denoted by (M, g_{μν} ). The Einstein field equations determine the space-time geometry (encoded in the metric g_{μν} ) through the space-time entities (matter). They are obtained from the action principle (L denotes the matter Lagrangian) ∫ M (R √ − det g_{μν} + 2κL)d^4x (4.278)

and read G_{μν} = κT_{μν} (4.279)

where G_{μν} is the Einstein tensor formed from the Ricci tensor R_{μν} , which depends on the metric and its first and second derivatives while T_{μν} is the energy-momentum tensor while the constant κ =^{8πG}_{c4} (G being the gravitational constant). An equivalent version reads R_{μν} = κ ( T_{μν} − 1 2 T_{αβ}g^{αβ} g_{μν} ) =: M_{μν} (4.280)

For vacuum the energy-momentum tensor vanishes and the Einstein field equations simplify to R_{μν} = 0 (4.281)

Remark. For the moment we do not specify a particular matter model. In this spirit we do not give an explicit expression for the energy-momentum tensor. We rather assume it to be a functional of the matter fields to keep this discussion on a general level. Later on it will of course be the one derived for elastic matter (3.65). It is however important to assume that it does not contribute to the principal part.

When written in terms of the metric equation (4.280) reads − 1 2 g^{λρ}g_{μν,λρ} + ∇_{(μ}Γ_{ν)} + Γ^η_{λμ}g_{ηδ}g^{λρ}Γ^δ_{ρν} + 2Γ^λ_{δη} g^{δρ}g_{λ(μ}Γ^η_{ν)ρ} = M_{μν} (4.282)

where the contracted Christoffel symbols are defined by Γ^μ := Γ^μ_{αβ} g^{αβ}. Since the Christoffel symbols involve first derivatives of the metric, the principal part is given by P^{αβγδ}_{μν} ∂_γ ∂_δg_{αβ} := 1 2 g^{λρ}g_{μν,λρ} + ∂_{(μ}Γ_{ν)} (4.283)

Remark. We could exchange the covariant derivative by an ordinary one, because the difference is of lower order in the metric.

Note that this is a quasi-linear expression, since the inverse metric depends on the metric itself but not on higher order terms. One can show (see e.g. [21]) that every hyper-surface is characteristic in the sense that for every choice of k_μ the characteristic polynomial (see chapter 2.1 for the definitions) vanishes:

P (k) = 0 (4.284)

This in particular implies that there exists neither a sub-characteristic covector nor can the equation in the form (4.282) be hyperbolic in the sense of any of our definitions. This defect can however be shown to be a result of the diffeomorphism invariance (i.e. of coordinate freedom) of the field equations.

In order to obtain a reasonable system of differential equations we have to make a suitable choice of coordinates. The form of the principal part (4.283) suggest that a good coordinate system would allow us to get rid of the term ∂_{(μ}Γ_{ν)}, since we then would be left with a wave-equation. This is possible, since the Christoffel symbols are no tensorial objects. We can thus hope to find coordinates for which Γ_μ = 0 (4.285)

More precisely we have the following:

Lemma 17. Given a space-like hyper-surface. Let x^a be coordinates in some open neighborhood U in this hyper-surface. Then there exists coordinates y^μ on some neighborhood of U in M with the property (y^μ)|_U = (0, x^i) such that in these new coordinates Γ^μ = 0 (4.286)

Definition. The coordinates introduced in the fore-going lemma are called ”harmonic coordinates”.

We can prove the lemma by rewriting (4.286) (we construct harmonic coordinates):

□_xy^μ(x) = □_y y^μ = −Γ^μ = 0 (4.287) where the second Christoffel symbol corresponds to the new coordinate system (y^μ). The first equality holds since coordinates are scalars on space-time. Using proper initial conditions one can obtain the solution claimed in the lemma (a way of seeing this is by application of the theorem in section 2.2).

In harmonic coordinates (which will from now on be denoted by x^μ) the principal part (4.283) becomes A^{αβγδ}_{μν} ∂_γ ∂_δg_{αβ} := 1 2 g^{λρ}g_{μν,λρ} (4.288) At the given stage it is easy to show that the principal part (after raising the indices (μν) in the above equation using the metric) in harmonic coordinates is regular hyperbolic:

Lemma 18. The principal part (4.288) is regular hyperbolic w.r.t. every pair (X^μ, ω_ν ) where both X^μ and ω_ν are time-like and satisfy X^μω_μ > 0.

Given proper initial data we can thus apply the existence theorem from section 2.2 to obtain local well-posedness for the Einstein equations in harmonic gauge (assuming proper well-posedness of the matter equations). Remark. The procedure of reducing the Einstein field equations to a hyperbolic system by a suitable choice of coordinates is called ”hyperbolic reduction”.

The story however does not end at this point. Two (three) questions remain open:

• What are proper initial data? The related question: Are there any constraints or can the data be given freely? If there are constraints, do they propagate?

• Does the gauge condition hold off the initial surface? (Is it preserved under the evolution?)

These question will be answered in separate subsections.

Initial data and constraints

One may at first guess that the metric and a suitable transversal derivative given on a suitable initial surface play the role of proper initial data. This however is not the case. We will see that an initial data set consist of a threedimensional Riemannian manifold (S, g_{ij} ), which in addition is equipped with a symmetric covariant two-tensor k_{ij} plus a diffeomorphism identifying S with a space-like hyper-surface in M = R × S. Then g_{ij} plays the role of first fundamental form (induced metric) on this initial hyper-surface, while k_{ij} is the second fundamental form (external curvature). If matter is present, the initial data set has to be extended to include the matter data.

While lapse and shift can be prescribed freely (each choice corresponds to a certain coordinate choice on M), g_{ij} and k_{ij} are subjected to certain constraint equations. From these ”constrained” initial data one can construct initial data for (4.282).

To actually see this we have to carry out a 3+1 decomposition of the Einstein field equations (4.280). Assuming a foliation of space-time by spacelike hyper-surfaces {t = const} we write the metric in its ADM representation

g_{μν} dx^μdx^ν = −N^2dt^2 + g_{ij} (dx^i + Y^idt)(dx^j + Y^j dt) (4.289)

Then the projector onto the tangent space of the hyper-surface {t = const} is h^{μν} = g^{μν} + n^μn^ν where the unit-normal n^μ is given by n^μ = N^{−1}(δ^μ_0 − δ^μ_i Y^i).

Then g_{ij} is the induced metric on {t = const}, while the second fundamental form is given by k_{ij} = 1 2N (∂_t − L_Y ) g_{ij} (4.290)

One finds that certain components of the Einstein equations (4.279) beside material quantities only depend on the first and second fundamental form and do not involve higher order transversal derivatives of the metric. First note the following trivial consequences of (4.279):

0 = n^μn^ν (G_{μν} − κT_{μν} ) (4.291) 0 = n^μh^ν_λ (G_{μν} − κT_{μν} ) (4.292)

The interesting point about these equations is that they can be written as

0 = r − k_{ab}k^{ab} + k^2 − 2κj (4.293) 0 = 2D_{[a}k^a_{b]} + κj_b (4.294)

where T^{μν} n_μn_ν =: j T^{μν} n_μh_{να} = −j_α k = k_{ij} g^{ij} (4.295)

Here r denotes the Ricci scalar corresponding to the induced metric (one must use the Gauss and the Codazzi equation to arrive at the stated result. See [18] for details) while D_a is the covariant derivative associated with g_{ij} .

Note that equations (4.293,4.294) form an under-determined system for first and second fundamental form, once the material quantities are known. In this sense (4.293,4.294) constitute necessary restrictions on possible initial data and are therefore called constraint equations. If the coupled system is considered, these equations also constrain the material initial data.

It remains to show how to construct the initial data g_{μν} and ∂_tg_{μν} for (4.282) on {t = 0} once (g_{ij} , k_{ij} ) (or rather the corresponding objects on the initial hyper-surface) are given.

From the 3+1 decomposition of the Christoffel symbols one can derive the following equations for lapse and shift (see [21] for the derivation)

∂_tN − N,_i Y^i = N^2(k − n_μΓ^μ) (4.296) ∂_tY^i − Y^i,_j Y^j = N^2(γ^i − D^i ln N − h^i_ν Γ^ν ) (4.297)

Here γ^i denote the contracted Christoffel symbols corresponding to the induced metric.

Given lapse and shift and assuming harmonic gauge, the above equations give the time derivatives of lapse and shift in terms of (g_{ij} , k_{ij} , N, Y^i). What we still lack is an equation for ∂_tg_{ij} in terms of the data. For this we use the definition of the second fundamental form (4.290). We can rewrite it in the form (L_v denotes the Lie-derivative w.r.t. the vector field v^i)

∂_tg_{ij} = 2Nk_{ij} + L_Y g_{ij} (4.298)

This equation gives the sought time-derivative of the induced metric.

We sum up: Given initial data (S, g_{ij} , k_{ij} ) (we suppress the material data for the moment) which obey the constraints (4.293,4.294). These data induce corresponding objects on the initial hyper-surface, which is the isomorphic embedding of (S, g_{ij} ) into space-time. Then for any sufficiently smooth choice of lapse and shift (this choice is pretty arbitrary, it just fixes the time flow off the initial surface) we can construct g_{μν} on the initial surface. The components of ∂_tg_{μν} can be obtained using equations (4.296,4.297,4.298) under the restriction Γ^μ = 0 (coming from the requirement for harmonic coordinates) as indicated above.

We have seen that the relevant initial data are given by (S, g_{ij} , k_{ij} ) together with an isometric embedding into space-time. It has been shown how these data can be used to obtain suitable data for the problem as formulated in (4.282).

Propagation of gauge

Assume we have proper initial data on a hyper-surface, such that the theorem from section 2.2 provides us with local existence and uniqueness. (The accurate form of this statement will be presented in the last section.) Then we still have to show that this solution (obtained from the reduced system) actually is a solution to the full Einstein field equation (4.280). This is done by showing that if the contracted Christoffel symbols vanish initially, then they also vanish off the initial surface.

For the solution of the reduced system g_{μν} we construct the un-contracted and contracted Christoffel symbols (which for the moment we do not assume to vanish). For these symbols we derive the Einstein tensor G_{μν} . Subtracting the energy-momentum tensor and the reduced field equations (which hold due to the assumptions) leads to (Γ^μ is assumed to be computed from g_{μν} )

G_{μν} − κT_{μν} = G_{μν} − κT_{μν} − (reduced equations) = ∇_{(μ}Γ_{ν)} − 1 2 g_{μν} ∇_αΓ^α (The second term arises when we express g^{αβ}g_{μν} ,_{αβ} in terms of covariant derivatives.) Now we employ the contracted Bianchi identity (see f.e. [53] or [47]), which hold for purely geometrical reasons independently of the field equations:

∇^μG_{μν} = 0 (4.299)

If the energy-momentum tensor T_{μν} is divergence-free (which is the case for elastic materials according to lemma 9) this leads to a homogeneous wave equation for the contracted Christoffel symbols:

□Γ_μ + R^ν_μΓ_ν = 0 (4.300)

If we can show that Γ_μ and ∂_tΓ_μ both vanish on the initial surface, we may employ the basic existence and uniqueness result from section 2.2: obviously Γ_μ = 0 is a solution for trivial initial data. The uniqueness part then assures that this is indeed the only solution. This means that g_{μν} found from this harmonic coordinate ansatz is a solution to the Einstein equations.

To see that the initial data for (4.300) are indeed trivial, we recall equations (4.296,4.297). We used the harmonic gauge to obtain ∂_tN and ∂_tY^i in terms of the given data. Reverting this argument implies that the initial data have been chosen in a way such that Γ_μ vanishes initially.

The argument for ∂_tΓ_μ works in a similar way, but is more complicated, since the expression under consideration is second order in the metric. By this it is not sufficient anymore to argue in terms of initial data only. We have to make use of the field equations. These enter in the form introduced in the beginning of this sub-section. Contracting with the unit-normal n^μ leads to n^ν (G_{μν} − κT_{μν} ) = n^ν ( ∇_{(μ}Γ_{ν)} − 1 2 g_{μν} ∇_αΓ^α ) (4.301)

Recall that the left hand side only involves initial data when evaluated on the initial surface (this was shown in the last sub-section). But the initial data satisfy the constraint equations, so that we can conclude

0 = n^ν ∇_{(μ}Γ_{ν)} − 1 2 n_μ∇_αΓ^α (4.302)

Since we already know that Γ_μ vanishes on the initial surface this can be written as (we stress that this equality only holds on the initial surface as do the following equations. We include no statements off the initial surface.)

0 = n^ν ∂_{(μ}Γ_{ν)} − 1 2 n_μ∂_αΓ^α (4.303)

Note that we can omit spatial derivatives of the contracted Christoffel symbols, since the latter vanish identically on all of t = 0. It is then a simple matter of inserting the definitions of the unit-normal together with the ADMrepresentation of the metric to obtain the desired result. We can conclude that ∂_tΓ_μ has to vanish on the initial surface.

Thus we have found that the data for (4.300) are trivial so that the only solution is trivial as well. We conclude that the metric obtained from the reduced equations is indeed a solution to the Einstein equations.

Remark. Note that the only restriction on the matter model was the divergenceless-ness of the energy-momentum tensor. For elastic materials which satisfy the equations of motion this condition holds. This is true independently of the equations of motion for the metric.

Propagation of constraints

We have seen in the previous section that the constraints (4.293,4.294) naturally arise in the context of 3+1 decomposition. If we would have used the Einstein equations in their ADM-version (i.e. as evolution equation for the induced metric), we would have to assure that the constraints hold off the initial surface.

In the given context however this requires no further work, since a solution to the initial value problem connected to the equation (4.282) gives rise to a solution g_{μν} of the full Einstein equations (4.280). Thus at each instant of time the constraints are trivially satisfied and require no further argumentation.

This property still holds once matter fields (and the corresponding equations of motion) are added to the system.

Hyperbolicity for the ADM variables in harmonic gauge

Although this is somehow ”off-route” we will show how the harmonic gauge can be used to obtain a well-posed system for the ADM-variables. Therefore we first define g_{μν} =: Z_{μν} (N, Y^k, g_{ij} ) (4.304)

and introduce (ϕ^A) := (N, Y^i, g_{jk}) (4.305)

In this notation we have g_{μν} = Z_{μν} (ϕ^A) (4.306)

This gives for the derivatives g_{μν,ρ} = Z_{μν,A}ϕ^A_{,ρ} (4.307) and g_{μν,ρτ} = Z_{μν,AB} ϕ^A_{,ρ}ϕ^B_{,τ} + Z_{μν,A} ϕ^A_{,ρτ} (4.308) so the new principal part derived from (4.288) is given by Z^{ρτ} Z_{μν,A} ϕ^A_{,ρτ} . (4.309) Note that the mapping Z : ϕ^A → Z_{μν} (ϕ^A) is a diffeomorphism, so that Z_{μν} ,_A is a linear isomorphism.

The symbol corresponding to (4.309) reads

k^2Z_{μν,A} (4.310)

In order to apply theorem1 we have to modify this. The most natural way is by use of Z_{μν,A}. For this purpose we first raise the free Greek indices in (6.74) by a non-degenerated contra-variant two tensor G^{μμ′} , which we will be specify later. It may depend on the ADM variables and their first but not on their second derivatives. The new symbol reads k^2Z_μ′_ν′ ,_B G^{μμ′} G^{νν′} Z_{μν,A} (4.311) In order to apply our definition of regular hyperbolicity we have to modify this. The most natural way is by use of Z_{μν,A}. For this purpose we first raise the free Greek indices in (6.74) by a non-degenerated contra-variant two tensor G^{μμ′} , which we will be specify later. It may depend on the ADM variables and their first but not on their second derivatives. The new symbol reads k^2Z_μ′_ν′ ,_B G^{μμ′} G^{νν′} Z_{μν,A} (4.312) The proper choice of G^{μν} is crucial for the whole argument to work. A natural candidate is the following:

G^{μν} = Z^{μν} + 2n^μn^ν (4.313)

where n^μ = N^{−1}(−δ^μ_0 + Y^iδ^μ_i ) is the unit normal to the t = const hypersurface. If we contract (4.312) with δϕ^Aδϕ^B, we obtain

k^2N^{−4} ( 4N^2(δN)^2 + 2g_{ij} δY^iδY^j + δg_{ik}δg_{jl}g^{jk} g^{il} ) (4.314)

Since the terms inside the bracket is positive, the symbol is positive (negative) definite for space-like (time-like) choice of k_μ. Therefore the symbol is regular hyperbolic with respect to every pair (X^μ, ω_ν ) where both X^μ and ω^ν are time-like and satisfy X^μω_μ > 0.

4.5.2 Coupled

Here we will collect the partial results from the fore-going sections to add them up into a local well-posedness result for the equations of gravito-elasto-dynamics. We know that the Einstein equations in harmonic coordinates form a regular hyperbolic second order system. We also know that the solution of this system is indeed a solution to the Einstein field equations (4.280) if the energy-momentum tensor is divergence-free (which in our case is trivial since the latter condition is equivalent to the matter equations of motion, see lemma 9). Finally we know which restrictions (namely the constraints) have to be imposed on the initial data and that these constraints propagate in the proper sense.

We know from section 4.4.1 that equations governing the dynamics of an elastic material on a fixed background are regular hyperbolic close to a natural reference state (i.e. a stress-free state, which satisfies the Legendre- Hadamard condition).

What we lack up to now is knowledge on the coupled system. For this purpose we take a closer look at the action describing the coupled scenario. For a self-gravitating elastic materials we rewrite (4.278) as (one could include a coupling constant in front of one of the two terms, but we set it equal to one, since we can f.e. absorb it into the stored energy) ∫ M (R + nϵ) √ − det g_{μν} d^4x (4.315)

At this stage we point out the following important detail: the elastic Lagrangian does not depend on derivatives of the metric while the Ricci scalar is independent of the configuration at all. Thus the principal part decouples and in a harmonic coordinate system we find that we can write the system as ( g^{μν} δ^{λ′}_λ δ^{ρ′}_ρ 0 0 A^{μν}_{IJ} ) ∂_μ∂_ν ( g_λ′_ρ′ f^J ) = l.o.t. (4.316)

where A^{μν}_{IJ} = ∂^2nϵ ∂f^I ,_μ ∂f^J ,_ν (4.317)

is the principal part for the material equations as given in (4.30) (We have divided the material principal part by √ − det g_{μν} ). As already indicated previous to lemma 18 it is more convenient to raise the indices in the portion of the principal part involving the second order derivatives of the metric. (There appear extra terms, but they are omitted here because they are at most of first order.) The new principal part reads ( g^{μν} δ^λ′ δ^ρ′ 0 0 A^{μν}_{IJ} ) ∂_μ∂_ν ( g^{λ′ρ′} f^J ) (4.318)

Next we recall the material principal part for a reference configuration (recall that all quantities corresponding to the reference configuration f̃^A were labeled by an upper tilde; see (4.37) for the principal part)

Ã^{μν}_{IJ} = −ñϵ̃h̃_{AB}ũ^μũ^ν + 4ñŨ_{AM BN}f̃^M ,_α g^{αμ}f̃^N ,_β g^{βν} (4.319)

We know from the section 4.4.1 that this is regular hyperbolic w.r.t the pair (ũ^μ, −ũ_ν ). Since the four-velocity ũ^μ is time-like by construction, we find that the principal part (4.318) evaluated at a natural configuration is regular hyperbolic w.r.t. (ũ^μ, −ũ_ν ). This is due to the diagonal form of the principal part which itself is a result of the uncoupling of the equations in the highest order. By continuity (the stored energy is assumed to be sufficiently smooth) the same is then true for all configurations sufficiently close. We thus have the following statement:

Lemma 19. The principal part (4.318) is regular hyperbolic w.r.t. the pair (u^μ, −u_ν ) for all pairs (g_{μν} , f^A) where f^A is close enough to a natural configuration.

Remark. Note that the definition of natural configuration did involve the Legendre-Hadamard condition.

We can thus apply the existence theorem (or the corollary, depending on whether ũ_μ is closed) from section 2.2 to obtain local well-posedness.

There remains just one small obstacle regarding proper initial data: we have to identify the material quantities used in the constraint equations (4.293,4.294) in terms of the configuration. For this we have to chose a proper initial surface. Let us for convenience assume that ũ_μ is closed.

Remark. Carefully note that this very last assumption implies the existence of a reference metric g̃_{μν} with respect to which the above statement is true. This particular tilde here does not stand for the reference configuration but for the reference metric.

Then redefine ũ_μ := g̃_{μν}ũ^μ. This one-form then by definition constitutes a foliation of space-time by space-like hyper-surfaces S_t (which we assume to be isomorphic to R^3). For those hyper-surfaces the four-velocity ũ^μ is the unit-normal w.r.t. g̃_{μν} . Then the constraints (4.293,4.294) can be written as (note that in this particular foliation ũ_b = 0)

0 = r − k_{ab}k^{ab} + k^2 − 2κT^{μν}ũ_μũ_ν (4.320) 0 = 2D_{[a}k^a_{b]} + κT^{μν}ũ_μg̃_{νb} (4.321)

Now we can state the main result of this section:

Theorem 5. Let the stored energy depend smoothly on its arguments. Given a reference state (g̃_{μν} , f̃^A), where f̃^A is a natural configuration such that ũ_ν := g̃_{μν}ũ^μ is closed. Then this reference state defines a foliation of space-time by space-like hyper-surfaces S_t. Given an initial data set (S, g_{ij} , k_{ij} , f^A_0 , f^A_1 ) satisfying the constraints (4.320,4.321) together with a diffeomorphism mapping S onto the initial hyper-surface S_0 (defined using the reference state (g̃_{μν} , f̃^A)). Then the embedded data give rise to data (g_{μν} , ∂_tg_{μν} , f^A, ∂_tf^A)|_{t=0} for the system (4.316). If the latter are close to the data induced by the reference state (g̃_{μν} , f̃^A) in the topology H^{s+1}(R^3) × H^s(R^3) × H^{s+1}(R^3) × H^s(R^3) for s ≥ 3 they generate a unique local solution (g_{μν} , f^A) to the coupled system (4.280, 4.224) which depends continuously on the initial data.

For the actual function space for the solution we refer to the existence theorem from section 2.2.

Remark. Once the theorem is given is becomes clear what we meant by the phrase ”close to”: namely that the corresponding data on a suitable hypersurface would be sufficiently close in the topology given in the theorem. An example would be states which are close to the reference state in the supremumnorm.

We could have tried to obtain a similar result using the corollary from section 2.2: If ũ_μ is not assumed to be closed, then one obtains local wellposedness. We shall formulate this the following way:

Lemma 20. Given a reference state (g̃_{μν} , f̃^A), where f̃^A is a natural configuration. Then there exists a (local in space and time) foliation of space-time such that all data close to the the ones induces by the reference state give rise to a unique local (in space and time) solution for the Cauchy problem.

4.6 Bounded domains

In the context of matter models most naturally the question arises whether the equations of motion admit solutions subjected to certain boundary conditions. In this context it is again the most natural choice to consider so called natural boundary condition. This means that the normal stress is assumed to vanish. An elastic body like a planet (neglecting the atmosphere) would be described by such a model. Nevertheless one should stress that a planet like earth is still well described by the Newtonian version of the equations given here. On the other hand the next bigger objects, where relativistic corrections come into play, are stars, which are described well enough by fluid dynamics.

Fluid dynamics can by kinematically treated as a simple subcase of an elastic material (the stored energy depends only on the particle density, see e.g. [5]). Nevertheless the techniques used in this work are not suitable to discuss the dynamics of fluids. This leaves us with the only physical example, which seems to be realized in our universe: neutron stars. Those extremely dense objects are known to admit solid crusts ([38] or [25]) and it may well be the case that the core is solid as well. This provides a physical motivation for the given problem. Of course we do not treat the self-gravitating case but the setup discussed here has to be rather seen as a natural first step towards this challenge.

There is another reason to talk about finite elastic materials, which is a rather pragmatic one: there is a small number of physical reasonable theories where a well-posed initial-boundary-value problem can be considered without too much trouble. From this point of view one can argue that it is reasonable to consider the given problem for the sole reason that we can do so.

But instead of giving further arguments to justify the following analysis we shall go in medias res. We finally note that the results of this section can be too found in [8].

We will use the equations of motion in the material picture. The reader will find that in comparison to the foregoing sections we will place stronger restrictions on the space-time geometry. The reason for this is technical and will be discussed ”on the way”.

This section is organized as follows: First we recall the basic setup including the relevant equations of motion. Then we discuss suitable boundary conditions, which in our case happen to be natural ones. This discussion is then followed by some remarks concerning the connection between the Garding inequality and strong point-wise stability as introduced in section 2.1. Finally we will show that the corollary to the basic existence theorem due to Koch [36] given in section 2.3 applies to the system under consideration, which gives local well-posedness of the initial-boundary value problem.

4.6.1 Basics and equations of motion

It is convenient for the problem at hand to use the equations of motion cast in the material description. The reason lies in the boundary conditions. We will find in the following section that while the boundary in space-time is free, thus the problem in that setup is that of solving a free-boundary value problem, it is fixed in the material picture and given through the boundary of the material manifold.

In the given scenario the basic unknowns are the deformation mappings F , which are time-dependent mappings from a compact manifold B̄ = B ∪∂B with smooth boundary ∂B onto a bounded region S of the standard leaf of the foliation, i.e.

F : B̄ × R → S (4.322) (X^A, t) → F^i(X, t) (4.323)

As in the unbounded case the body is equipped with a volume-form V_{ABC} , which is smooth on B̄.

For this setup we can define the basic kinematic objects just the same way as for an unbounded medium. We thus use the definitions as given in section 3.2.

For technical reasons we restrict ourselves to so called ”ultra-static” spacetimes. This means we assume the existence of a hyper-surface-orthogonal normalized time-like Killing vector field. This restriction may seem harsh but we stress that the sole existence of a reference deformation, which admits a Born-rigid normalized four-velocity, already provides a quite strong restriction on the space-time geometry. If this reference deformation ought to be a solution of the field equations, we found in section 4.1.1 that this necessarily implies the existence of a normalized time-like Killing vector field.

For technical reasons, which will be explained at a later stage it is very convenient to assume this Killing field additionally to be hyper-surface-orthogonal.

Under this assumption a suitable choice of coordinates allows us to write the metric as ds^2 = −dt^2 + g_{ij} (x)dx^idx^j (4.324) Note that this form of the metric already leads to a notable simplification of the formalism: Since both the lapse and the shift take their most trivial form N = 1, Y^i = 0, we find that

W^i = Ḟ^i (4.325)

which includes h^{AB} = f^A,_a f^B ,_b (g^{ab} − Ḟ^aḞ^b) (4.326) as well as γ = (1 − Ḟ^2)^{−1} (4.327)

Remark. Remember that f^A,_a are to be understood as the inverse of F^a,_A.

We finally recall the Lagrangian

L = γ^{− 12} ϵV (4.328)

where the stored energy ϵ is a smooth function of X^A and of the strain.

Then the field equations are d dX^μ ( ∂L ∂F^i,_μ ) = ∂L ∂F^i (4.329)

Thus the principal part is determined by A^{μν}_{ij} = ∂^2L ∂F^i,_μ ∂F^j,_ν (4.330)

4.6.2 Boundary conditions

We now turn to boundary conditions. In non-relativistic elasticity theory there are essentially two kinds of boundary conditions:

• boundary conditions of place: the boundary of the material in spacetime (i.e. the set f^{−1}(∂B) ) is prescribed.

• traction boundary conditions: the normal traction, i.e. the normal components of the stress are prescribed.

When the normal traction is zero, we speak of ”natural” boundary conditions. For obvious reasons they are the ones appropriate for modeling a freely floating finite object like a star or a planet. This reason together with a second one strongly suggests this choice: all other boundary conditions but the natural ones become inconsistent once one couples to the Einstein equations.

For the space-time description these natural boundary conditions are given by T^ν_μ n_ν |_f −1_{(∂B)} = 0 (4.331) where T^{μν} is the energy-momentum tensor as given in (3.65) while n_μ denotes the co-normal of f^{−1}(∂B). To see this note that the material velocity is tangential to the inverse images of points of B under the configuration map. Thus it is annihilated by the co-normal. Hence the above equation becomes (recall that the configuration gradient is assumed to be of maximal rank)

τ_{AB} f^B ,_ν g^{μν} n_ν |_f −1_{(∂B)} = 0 (4.332)

which is just the statement that the normal stress vanishes.

There is however a huge disadvantage about these boundary conditions: the boundary f^{−1}(∂B) is free, i.e. it is not determined a priori, but it is rather a part of the problem to find the actual boundary.

This problem is overcome by switching to the material description. Then the boundary conditions are evaluated on ∂B ×R, which is fixed. To actually obtain these new boundary conditions we have to translate (4.332) into the material description. In section 3.2.3 we have encountered the diffeomorphism (t, X) = (t, f(t, x)). Applying it to the space-time co-normal n_μ we find that it is mapped to the one-form N_μ, which by definition is connected to n_μ in the following way:

N_μdX^μ = (N_0 + N_Aḟ^A)dt + N_Af^A,_a dx^a = n_μdx^μ (4.333)

Recalling now that the four-velocity was mapped to a multiple of ∂_t, we find that the equation n_μu^μ = 0 now reads N_0 = 0, which at once implies the relation n_μ = f^A,_μ N_A (4.334) Thus (4.332) becomes τ_{AB}h^{BC} N_C |_{∂B} = 0 (4.335) These are the new boundary conditions. They state that the normal components of the stress measured along the body have to vanish for all time.

There is a deep connection between the equations of motion and the boundary condition. To reveal this connection we note that ∂L ∂F^i,_A = γ^{− 12} V τ_{M N} ∂h^{M N} ∂F^i,_A (4.336)

Using formula (4.47) for the variation of the strain this becomes ∂L ∂F^i,_A = −2γ^{− 12} V τ_{M N} f^M ,_i h^{N A} (4.337)

This means the following: if we replace (4.335) by the equivalent equation (recall that f^A,_i was an isomorphism)

−2γ^{− 12} V f^A,_i τ_{AB} h^{BC} N_C |_{∂B} = 0 (4.338)

we find that we can rewrite the boundary condition in a slightly different way as ∂L ∂F^i,_A N_A|_{∂B} = ∂L ∂F^i,_μ N_μ|_{∂B} = 0 (4.339)

since N_0 = 0. Due to this correspondence (4.338) (sometimes the version (4.339)) will be the version of the boundary condition we are going to use in the following.

So the problem is to find a solution to the initial-boundary value problem given by the equations of motion (4.329) subjected to the boundary conditions (4.339).

Remark. Note that the statements of this section are independent of the restricted space-time geometry, but apply to the general setup.

4.6.3 Reference deformation

It is natural to assume the existence of a ”natural state” of the material, which may be viewed as a trivial realization of the (abstract) material manifold in space-time.

In the given context we assume that there exists a static reference deformation, such that the elasticity operator satisfies the strong point-wise stability condition (2.49).

We formulate these requirements first in terms of the space-time description: There exists a configuration f̃^A, such that the four-velocity coincides with the Killing field:

ũ = ∂_t (4.340)

This implies that the reference configuration is time-independent:

∂_tf̃^A = 0 (4.341)

From section 3.1.5 we know that the reference configuration by definition has to be stress-free with the corresponding normalized four-velocity ũ^μ being geodesic. But the latter point together with the property of being a static Killing field implies the Born condition, which in turn means that the reference strain can be viewed as a metric field on the body. (A simple way of seeing this is by recognizing that h̃^{AB} is time-independent as well as the reference configuration, which implies that it becomes a field on B, once translated into the material description.)

Remark. Note that this nice property of the reference configuration is an artefact of this special setup. For general space-times as investigated in the sections dealing with the unbounded setup, there will neither exist a Bornrigid motion nor will the strain define a tensor field on the body.

Remark. Note that the requirements on the elasticity operator employed here are stronger than those needed for the unbounded setup. We will see that it is a proper way of satisfying the Garding inequality, which is a necessary component for the Koch theorem.

Once the properties of the reference state are known in the space-time description it is quite easy to determine the analogous statements for the material description:

There exists a reference deformation F̃^i, which is time-independent. The reference strain h̃^{AB} is a metric field on the body, and satisfies the following conditions:

ϵ(X, h̃) =: ϵ̃(X) > 0 (4.342)

as well as τ_{AB} (X, h̃) = 0 (4.343)

Finally strong point-wise stability for U(X, h̃)_{ABCD} =: Ũ(X)_{ABCD} (4.344) reads (suppressing the X-dependence; also compare (2.49)) Ũ_{ABCD}μ^{AB} μ^{CD} ≥ Ch̃_{C(A}h̃_{B)D}μ^{AB} μ^{CD} (4.345) for C > 0.

Remark. We stress that strong point-wise stability implies the Legendre- Hadamard condition but not vice versa.

It is worth noting that our definition of the reference deformation did not imply any statement on the boundary conditions. However one finds that the following is true:

Lemma 21. The reference deformation also solves the boundary value problem (4.329,4.338). In particular this means that initial data given on the hyper-surface {t = 0} of the form (F̃^A, 0) generate the reference deformation.

The first part of the lemma is a trivial consequence of (4.343). The second part however is not that trivial. It is obvious that the reference deformation is a solution to (4.329,4.338) with the claimed initial data. But in order to exclude that there are other solutions with the same initial data, which do not coincide with the reference deformation we have to use the uniqueness part of the Koch theorem. We will show in the following that the requirements of this theorem are met for the reference deformation (and hence by continuity for deformation which are close enough). This will result in the main theorem of this section, which implies the uniqueness statement needed here.

The principal part given in (4.97,4.98) takes a relative simple form for the reference deformation. (Remember that in these formulas not the principal part A^{μν}_{ij} was given but rather B^{μν}_{AB} := A^{μν}_{ij} F^i,_A F^j,_B. Another slight difference comes from the fact that in the definition given there the factor V coming from the volume form was eliminated, which is not convenient anymore in this context due to the presence of the boundary conditions.)

Using the convention that every object evaluated in the reference deformation is marked by an upper tilde, f.e.

A^{μν}_{ij} |_{F =}~_F = Ã^{μν}_{ij} (4.346)

we find that Ã^{00}_{ij} = −V ϵ̃g̃_{ij} (4.347)

as well as Ã^{AB}_{ij} = 4V Ũ_{CEDF} h̃^{AC}h̃^{DB}f̃^E ,_i f̃^F ,_j (4.348)

The remaining terms of the principal part vanish when taken for the reference deformation:

Ã^{0A}_{ij} = 0 (4.349)

Apart from other reasons the last equations holds as a result of the special form of the metric. If a lapse would have been present, the elasticity operator would have entered Ã^{00}_{ij} and Ã^{0A}_{ij} would not necessarily have vanished.

This would have resulted in the problems we know from section 4.4.2 concerning a proper coordinate choice. This question of coordinate choice gains extra-finesse since in these different coordinates the boundary would most probably loose its convenient coordinate form. All these problems were bypassed by the restrictions placed on the metric in this section.

We finally observe that by (4.347) the coefficient of the time-derivative A^{00}_{ij} is negative definite for the reference deformation and thus by continuity for all deformation sufficiently close.

4.6.4 Coerciveness

A crucial entity for the Koch theorem is the coerciveness of the spatial principal part. At this stage the equation of state (i.e. the elasticity operator) comes into play. We will show that in the given context materials those stored energy satisfies strong point-wise stability (4.345) at the reference state give rise to this coerciveness condition.

More concrete we have to show that the Garding inequality (2.28) ∫ B A^{AB}_{ij} ∂_Aϕ^i∂_Bϕ^j d^3X ≥ ϵ||ϕ||^2_H 1 − κ||ϕ||^2_L2 (4.350) holds for all smooth ϕ^i where the constants ϵ > 0 and κ ≥ 0. (H^1 = W^{1,2}(B) and L^2 = W^{0,2}(B); see e.g. [19])

Remark. Note that the inequality involves no derivatives of the deformation higher than first order. By this property it becomes a restriction on possible initial data.

We will first derive the Garding inequality for the reference deformation: ∫ B 4V Ũ_{CEDF} h̃^{AC}h̃^{DB}f̃^E ,_i f̃^F ,_j ∂_Aϕ^i∂_Bϕ^j ≥ ϵ||ϕ||^2_H 1 − κ||ϕ||^2_L2 (4.351) By continuity (4.350) is then true for all deformation sufficiently close (the precise form of this statement will be given later). This includes that the Garding inequality holds for all initial data sufficiently close to those generated by the reference deformation.

To prove (4.351) we have to invoke Korn’s inequality (see f.e. [28]) or (to be more accurate) a slight generalization to Riemannian manifolds due to [10]: Given a vector field ψ^A on the body, which can be viewed as the Riemannian manifold (B, h̃_{AB}). Then define L(ψ) by

L(ψ)_{AB} = 2h̃_{C(A}ψ^C ,_{B)} (4.352)

Then the Korn inequality tells us that there exists a positive constant C, such that ||L(ψ)||^2_L2 + ||ψ||^2_L2 ≥ C||ψ||^2_H 1 (4.353)

Going back to (4.351) we note that by (4.345) the integral on the left hand side is taken over the product of two positive functions (the scalar V and the rest). Since V is also a continuous function on a compact set, we can estimate it from below by its minimum, which is positive. Using (4.345) again on the remaining integral we still have to show that ∫ B h̃_{C(A}h̃_{B)D}f̃^B,_i ϕ^i,_E h̃^{AE}f̃^D ,_j ϕ^j ,_F h̃^{CF} (4.354)

is bounded from below in a suitable way. For this purpose we assume without restriction of generality that coordinates on B were chosen in a way such that F̃ i becomes the identity map.

Remark. It is notable that this specialization directly leads to the classical setup of non-relativistic elasticity theory in its classical formulation: that the body is identified with a certain part of space.

For this choice of coordinates the deformation gradient coincides with the Kronecker delta:

F̃^i,_A = δ^i_A (4.355)

which clearly includes f̃^A,_i = δ^A_i (4.356)

Applying this to the integrand in (4.354) leads us to ∫ B h̃_{C(A}h̃_{B)D}f̃^B ,_i ϕ^i,_E h̃^{AE}f̃^D,_j ϕ^j ,_F h̃^{CF} ≥ C||L(f̃^A,_i ϕ^i)||^2_{L2} (4.357)

Note that we would obtain equality, if the norm || · ||_L2 was defined using the reference strain. If one decides to use a flat metric δ_{AB} to construct these norms (as is the usual way) equality does not hold anymore. In any case however the equivalence of finite-dimensional norms tells us that the above inequality holds for some positive constant C (which depends on the metric used to construct the norm on the right hand side). Note that the proper choice of coordinates was crucial for the argument, since it allowed us to interchange differentiation with contraction with the inverse deformation gradient.

Now we can apply the Korn inequality (4.353) to the right hand side of (4.357). Since f̃^A,_i = δ^A_i , we find that (4.351) is true, which in turn implies validity of (4.350) for deformations close enough.

4.6.5 Main result

In this section we will show that all the requirements of the Koch theorem as given in section 2.3 are met in the current setup. This will ultimately result in a local well-posedness for the relativistic elastic initial-boundary value problem.

For convenience we recall these requirements (already stated in the terms used here). First note that the system (4.329, 4.339) has exactly the required connection between boundary conditions and equations of motion. In addition we have to check

• the symmetry A^{μν}_{ij} = A^{νμ}_{ji}

• hyperbolicity (and coerciveness) of the principal part

The first point is trivially met, since our equations of motion come from an action principle which reflects itself in (4.330) from which the desired symmetry can readily be read off.

The second point consists of two parts: First we have to show that A^{00}_{ij} is negative definite. For the reference deformation this is evident from (4.347). From this we concluded the same property for all deformations ”sufficiently close”. This statement will be sharpened in the following:

Assume we are given initial data, i.e. a pair (F_0, F_1) ∈ H^{s+1}(B) × H^s(B) for s ≥ 3. Then by Sobolev embedding we find that (F_0, F_1) ∈ C^1(B)×C^0(B) (See f.e. [19]). But this means that the deformation gradient is a continuous function on the initial surface {0} × B.

Denoting the data induced by the reference deformation (which itself clearly is assumed to be sufficiently smooth) by (F̃_0, 0), we find that all data close to the reference data in the topology H^{s+1}(B) × H^s(B) are close in C^1(B) × C^0(B) (which is a point-wise statement). We conclude that there exists a neighborhood of the reference data in H^{s+1}(B) × H^s(B) for which A^{00}_{ij} is negative.

On the other hand we have to show coerciveness for the spatial component of the principal part. By the very same argument as we used for timecomponents, we conclude that coerciveness holds for all data close to the reference data in H^{s+1}(B) × H^s(B).

We have found that all the requirements of the theorem are met, so that we obtain the following result:

Theorem 6. Given a space-time and a material manifold as described in section 4.6.1. Let the stored energy be a smooth function of all its entries. In addition assume that there exists a smooth static reference solution as defined in section 4.6.3, such that the elasticity operator satisfies the strong-point-wise stability condition (4.345). Then for all data close to the data induced by the reference deformation in the topology H^{s+1}(B) × H^s(B) that satisfy the compatibility conditions up to order s there exists a unique T > 0 and a unique solution F^i ∈ C^2([0, T ) × B̄) to the initial-boundary value problem (4.329, 4.338) which depends continuously on the initial data.

We end with two remarks concerning the compatibility conditions: First note that by the lemma 4 from section 2.3 we know that there exists a great number of possible initial data obeying the compatibility conditions.

Secondly we stress that in the proof of lemma 4 the compatibility conditions were solved by prescribing certain normal derivatives of the initial data along the boundary (we refer to section 2.3 for details). In this sense the boundary conditions (4.338) are of Neumann type.

For details concerning the compatibility conditions we refer to section 2.3.

Chapter 5

Summary, Conclusions and Outlook

What have we learned in the course of the thesis and in what ways can the results given here hope to be generalized? This will be answered in the following.

5.1 Summary and conclusions

In this thesis we treated relativistic elasticity as a Lagrangian field theory. The key objects were configurations (deformations respectively), which are maps between space-time and an abstract material manifold. During all of our applications we assumed the existence of a certain reference state, which played the role of a natural realization of the material manifold in space(-time). This assumption constitutes the connection to the classical non-relativistic setup, where the material in rest is identified with a certain region in space. Note however that in principle the (kinetic) theory as presented here can be formulated without the assumption of any reference state.

There remains another grave difference to the classical non-relativistic setup: There the material manifold is (spoken in our language) viewed as a Riemannian manifold equipped with a flat metric. The reference state is defined to be the state where the strain coincides with this given flat metric.

For the relativistic formulation we only assume the existence of a volume form on the material manifold. This assumption turns out to be sufficient to treat kinematics. If the strain is to define a metric on the material manifold, there arise certain restrictions on the space-time geometry (there has to exist a Born-rigid vector-field).

As in the non-relativistic theory the elastic properties of the material are basically encoded in the stored energy function, which is a measure for the elastic energy in dependence of the strain. The difference between relativistic and non-relativistic theory lies in the definition of the strain (which can be viewed as a metric for the deformed state) itself. While in the non-relativistic theory it is a purely spatial object (compare k_{AB} as defined in (3.106)) in the given context it is constructed out of the full space-time metric (compare (3.10)) including also time-derivatives of the configuration.

In the second part of this thesis we derived the equations of motion governing the time-evolution of the elastic material from an action principle arising from the variation of a Lagrangian which was basically given by the total energy density. The resulting equations were then analyzed both on the linearized and non-linear level. For the linearized equations on Minkowski space-time we could give an explicit formula for the solution of the initial value problem corresponding to an un-bounded homogeneous and isotropic material. On the non-linear level we discussed conserved quantities and the connection between the thus defined energy and Killing vector fields (generating trivial spatial configurations).

Finally we proved well-posedness results for a variety of scenarios including both bounded and unbounded elastic materials both on a fixed gravitational background and self-gravitating.

We found that the initial boundary value problem required stronger restrictions on the material’s elastic properties than the other setups, for which a rather mild assumption (real propagation speeds for linearized elastic wave solutions) turned out to be sufficient.

In this sense we can say that the theory as presented in this thesis is well-suited for the description of relativistic elastic materials.

5.2 Outlook and open problems

Given the results of this thesis what else remains there to do? In principle there are basically two ways to proceed. One may either choose to go into detailed analysis for certain kinds of materials (equations of state) in hope of obtaining some results which could be compared with observational data (f.e. concerning neutron stars). This can be seen as a complementary approach to the ”ab initio” attempts of obtaining suitable equations of state (see [25]). It might lead to an understanding of certain effects like the wellknown ”glitches” (see [38] and references therein). This task however would require numerical effort rather than analytical. But even for the numerical treatment well-posedness of the equations of motion is a necessary ingredient

5.2. OUTLOOK AND OPEN PROBLEMS 123

[45].

On the other hand one can of course carry on without numerics. Such analytical work could go in two directions.

First one might try to generalize the result from section 4.6 to include self-gravitation. This task by far exceeds the one related to the finite body on fixed background, since one would have to care about the propagation of the constraints along the boundary. We have learned in section 4.6 that it is favorable to formulate the boundary value problem in the material description. Section 4.5 however teaches us that the self-gravitating problem is conveniently addressed in the space-time setup. One might even ask how to formulate the self-gravitating problem in the material description in terms of partial differential equations. The diffeomorphism between space-time and {material manifold times time} introduced in section 3.2.3 may be of some help in this conquest.

Secondly one might try to derive global results. At least for small initial data (i.e. data close to a natural reference state) it should be possible to prove global existence on Minkowski space-time. For the non-relativistic theory such results already exist for a growing number of scenarios. (See [48] for an overview.)

There are at least two important ingredients in the proofs of such result. One has to require a certain ”null-condition”, which prevents the self-interaction of the eigen-modes of the elastic material (see [29] for the definition for wave equations and [49] for isotropic elastic equations). In non-relativistic theory this condition is known to be necessary for the longtime existence of solutions ([33] (it should be possible to obtain analogous non-existence results for the present setup).

Under the assumption of this null-condition (a generalization of this condition also plays an important role in general relativity, see [11], [40], [39]) one then uses generalized energy estimates (first introduced by Klainerman in the study of non-linear wave equations [35]) which are connected to the symmetry group of isomorphisms of space-time. In the non-relativistic theory this symmetry group is the Galilei group and hence only 6-dimensional. One has to employ special projection techniques (see [48]) to obtain additional bounds. In the present relativistic version we have the full 10-dimensional Poincare group at our disposal. This might lead to a simplification of the task of obtaining the required estimates. One can thus hope that it will be rather straightforward to obtain a global existence result for the relativistic setup by following the non-relativistic proof.

The ultimate challenge would be the derivation of statements on the asymptotic structure for elastic materials. For unbounded materials one might expect that the global solution for small initial data approaches the unstressed reference solution (on any open neighborhood) as time passes on (perturbation due to non-trivial initial data travel to infinity). The analogous problem for finite materials implies further problems. Will the material approach a natural state? What about translations of the center of mass? How to describe such a phenomenon? What is to be expected in the selfgravitating setup?

Finally (far beyond the scope of any stern approach): what about global asymptotic behavior for a self-gravitating finite elastic material? What is there to be expected?

This is a whole load of interesting and challenging questions, both from mathematical and physical point of view. In this sense the results obtained up to now can be seen as a (necessary) first step on the way to answering the questions of the type stated above.

Chapter 6

Appendix

This appendix contains some minor results which do not directly fit into the main body of this work. It contains an example which is incorporated to become familiar with the objects defined in chapter 3 as well as remarks on energy conditions, Newtonian limit of the field equation and finally some formulas arising in the context of the 3+1 decomposition.

6.1 An easy example: 1+1 dimensions

This section contains a simple 1+1 dimensional example to get used to the definitions introduced in chapter 3. For convenience we will specialize to static space-times, in particular we concentrate on the elastic equations on Schwarzschild background. Note however that we do not employ any ”smallstress” assumptions.

6.1.1 Basics

The unknown is a mapping f from two dimensional space-time M onto a one dimensional manifold B called body. The body is equipped with a volume form V dX, which is a one-form in the given context.

f : M → B (6.1) x^α → X = f(x^α) (6.2)

We assume the tangent mapping df to be of maximal rank with time-like null-space. In the given context this simply means df ≠ 0. Therefore (as long as M is time-orientable) there exists a unique future-pointing time-like vector-field u^μ satisfying the two conditions

u^αf_{,α} = 0 g(u, u) = −1. (6.3)

The strain hdXdX is determined by the function h which (in accordance with (3.10)) is given by h = f,_μ f,_ν g^{μν} (6.4) Then the particle density becomes n = V √ h (6.5)

We also assume the existence of a reference configuration f̃ . Then we can choose coordinates on the body in such a way that h̃ = 1. For convenience we assume that V = 1 in these coordinates, such that the reference strain is a flat metric on the body and V is the corresponding volume form.

Then a material which is homogeneous and isotropic w.r.t. this reference configuration is given by a stored energy which depends only on the invariants of the strain (taken w.r.t. the reference strain, which is a flat metric). Since in one dimension there is only one independent invariant we have: ϵ(n) = ϵ( √ h) (6.6)

Remark. In this sense there is no difference between fluids and other elastic materials in this low dimension. The stored energy does (in the isotropic case) only depend on the particle number density.

Consequently we have that the stress is given by τ = ∂ϵ ∂h = 1 2n ∂ϵ ∂n (6.7)

For the energy-momentum tensor this implies

T_{μν} = ρu_μu_ν + ∂ϵ ∂n f,_μ f,_ν (6.8)

From this point on we will specialize to static setups. What we exactly mean by this we explain in the following:

6.1.2 Static setup

We assume the existence of a Killing field ξ^μ, which in addition is assumed to be proportional to the four-velocity:

u = ϕξ (6.9)

where ϕ^2 := (−g(ξ, ξ))^{−1} . (6.10)

Under these assumptions we can easily derive the equations of motion. We have seen in section 4.1.1 that they are equivalent to divergence-less-ness of the energy-momentum tensor. Recalling the continuity equation (3.8) this condition is equivalent to

0 = nu^μ(ϵu_ν );_μ + ( ∂ϵ ∂n f,^μ f,_ν ) ;_μ (6.11)

Since ξ^μ is a Killing field, we have ξ^μϕ,_μ = 0. As a consequence u^μ;_ν = ϕ,_ν ξ^μ + ϕξ^μ;_ν yields u^μ;_μ = 0. We also find that u^μu_ν ;_μ =^1_2 ϕ^2(ϕ^{−2}),_ν . From this we find that (6.11) contracted with the four-velocity leads to 0 = −nu^μϵ,_μ + ∂ϵ ∂n f,^μ f;_{νμ} u^ν (6.12)

But since u^ν ϵ,_ν = 1 n ∂ϵ ∂n f,^μ f;_{νμ} u^ν (6.13) we find that T^μ_ν ;_μ u^ν = 0 is satisfied identically by virtue of the continuity equation as was to be expected from section 3.1.4.

The remaining component is the only non-trivial one. It is obtained by contraction of (6.11) with f,^ν . 0 = −nϵu^μu^ν f;_{μν} + ( ∂ϵ ∂n f,^μ f,_ν ) ;_μ f,^ν (6.14)

The bracket term includes both first and second variations of the stored energy. Besides these non-vanishing stress-terms the above equation looks a lot like the equations of motion as given in section 4.1.1. They constitute a second order equation for the configuration f. In fact it isn’t even a PDE but can rather be cast in the form of an ODE, since we assumed the material velocity to be proportional to a Killing field. To see this more clearly we again specialize our example by fixing a particular background metric, namely the Schwarzschild metric.

6.1.3 Elasticity on Schwarzschild background

We now use the Schwarzschild metric

ds^2 = − ( 1 − 2m r ) dt^2 + ( 1 − 2m r )_{−1} dr^2. (6.15)

Therefore we use the following Killing field ξ = ∂_t (6.16) ϕ = ( 1 − 2m r )_{−1/2} . (6.17)

The first consequence is that the configuration is time-independent, i.e.

f,_t = ξ^μf,_μ = ϕ^{−1}u^μf,_μ = 0 (6.18)

From this we find that

u^μu^ν f;_{μν} = − 1 2 (ϕ^{−2}),_r f,_r (6.19)

Thus (6.14) becomes a single ordinary differential equation in r.

We find that the second term in (6.14) becomes ( ∂ϵ ∂n ϕ^{−2}f,^2_r ) ,_r f,_r ϕ^{−2} + 1 2 ∂ϵ ∂n f,^3_r ϕ^{−2}(ϕ^{−2}),_r (6.20)

Altogether this means that (6.14) is given by (using the identity n^2 = h = f,^2_r ϕ^{−2}) 0 = 1 2 n(ϕ^{−2}),_r f,_r ( ϵ + n ∂ϵ ∂n ) + ( ∂ϵ ∂n n^2 ) ,_r nϕ^{−1} (6.21)

Multiplying by ϕn^{−1} leads to

0 = (ln ϕ^{−1}),_r n ( ϵ + n ∂ϵ ∂n ) + ( ∂ϵ ∂n n^2 ) ,_r (6.22)

Assuming that ( ϵ + n^{∂ϵ}_{∂n} ) ≠ 0, we conclude that (6.14) is equivalent to

0 = (ln ϕ^{−1}),_r + ( ln ( ϵ + n ∂ϵ ∂n )) ,_r (6.23)

Thus we can solve by integration. We obtain ϵ + n ∂ϵ ∂n = Cϕ (6.24)

where the constant C has to be determined via the boundary conditions entering the integration. This is an algebraic equation for n and hence for f,_r. If we can solve algebraically for the configuration gradient, we can obtain the configuration itself via integration.

For convenience we define

A(n) := e + ne,_n = ρ,_n (6.25)

Using the definition for the stress p := n ∂ρ ∂n − ρ (6.26) we can translate A into A(n) = p + ρ n (6.27)

Recall that we used the assumption A ≠ 0. In fact we will also assume that A is positive:

A > 0 (6.28) and monotone ∂A ∂n > 0 (6.29)

This implies that the energy density ρ has to be convex.

We now turn to the analysis of (6.24) for certain special setups. First we concentrate on the case of a hanging body (supported at the upper end).

PSfrag replacements

It is natural to assume r_u and n_l to be given. The first is the suspension point. The second is given through p(n_l) = 0, since we require the pressure to vanish at the lower end. Note that we can solve p(n_l) = 0 for n_l, since by ∂p ∂n = n ∂A ∂n (6.30)

the pressure p is monotone in n. For the described scenario (6.24) becomes

A(n_u) = A(n_l)ϕ(r_u)ϕ^{−1}(r_l) =: C_1 ( 1 − 2m r_l ) 1_2 (6.31)

where C_1 > 0. This equation only gives us information on the endpoints of the material.

To obtain a formula which gives the particle density for general r (away from the endpoints), we assume for the moment that r_l is given (this assumption has to be removed later on). Then (6.24) becomes

A(n) = A(n_l)ϕ^{−1}(r_l)ϕ(r) (6.32)

Assume for a moment that m = 0 (i.e. vanishing gravity). Then n = n_l which means that the particle density is constant along the stick and thus that there is no pressure present when gravity is turned off.

Remark. Recall that n_l was uniquely determined by the condition p(n_l) = 0.

Since we are interested in a finite body we assume that its intrinsic length L defined by L = ∫ B V = ∫ B dX (6.33)

is finite. This implies (the configuration is viewed as mapping between body and the space orthogonal to the Killing flow) L = ∫ f^{−1}(B)

f^∗V = ∫_{ru} r_l f_{,r}dr^′ = ∫_{ru} r_l n ( 1 −^{2m}_{r′} )_{1/2} dr^′ (6.34)

We can use this equation to get rid of the r_l entering formula (6.32). We will see that we can solve (6.34) for r_l in terms of r_u, n_l, L and m.

For this we have to show that

0 ≠ ∂L ∂r_l = ∫_{ru} r_l ϕ(r) ∂n ∂r_l dr − n(r_l)ϕ(r_l) (6.35)

This condition is necessary and will give rise to a restriction on A and hence on the stored energy ϵ.

To see this note that the second term is negative while for the first term (6.32) gives ∂A(n) ∂r_l = A(n_l)ϕ(r) ∂ϕ^{−1}(r_l) ∂r_l = A(n)ϕ(r_l)^2 m r^2_l

(6.36)

which is positive. By the monotonicity of A (recall^{∂A}_{∂n} > 0) this includes the analogous statement on the variation of n. Thus from our original (mild) assumptions on A we cannot conclude a sign for the right hand side of (6.35. We thus assume the validity of (6.35) in the following. It is reasonable to assume that^{∂L}_{∂rl} to be negative, since this implies that a longer material is also longer in space. In a more explicit form this condition reads 0 > ∂L ∂r_l = ∫_{ru} r_l ϕ A A,_n ϕ(r_l)^2 m r^2_l dr − n_lϕ(r_l) (6.37)

Without analyzing this condition any further at the moment we shall assume it as given, since it obviously plays the role of a minimal requirement for a reasonable model.

To assign a coordinate-independent meaning to a certain length in space(- time), we define an intrinsic length using the induced volume element of t = const surfaces of space-time:

l_m := ∫_{ru} r_l dr ( 1 −^{2m}_r

)_{1/2} . (6.38)

Since both r_u and r_l can be obtained from the data, we can assign a spatial length to the material.

One would expect that the elastic material is stretched when gravity becomes stronger. To actually see this we compute l_m,_m. For this computation recall that r_l depends on m via (6.34). Consequently

l_m,_m = ∫_{ru} r_l dr r ( 1 −^{2m}_r

)_{3/2} − r_l,_m ( 1 −^{2m}_{rl} )_{1/2} (6.39)

The first term is positive, which is in accordance with what one would expect. In the second term we have to get rid of the m derivative of r_l, since we know a priori nothing about its sign. This is done by differentiating (6.34) with respect to m and using the resulting equation to determine the sign of r_l,_m.

Since L is by construction independent from m, we have 0 = ∂L ∂r_l r_l,_m + ∫_{ru} r_l ϕ ( n r ϕ^2 + A A,_n [ ϕ^2 r − ϕ(r_l)^2 r_l ]) dr (6.40)

To obtain the desired result, namely that r_l,_m < 0 we have to show that the integral has is negative.

Since doing these estimates for general m would go beyond the scope of a simple example we shall be satisfied with a simpler case, namely by showing the above claims for small m. For this first note that (6.37) is indeed satisfied: ∂L ∂r_l |_{m=0} = −n_l < 0 (6.41)

By continuity the above inequality and the following results also hold for small m.

But we can do better. In fact we can derive an explicit formula for r_l. We can use that the solution for the elastic equation (6.32) for m = 0 implies that the particle density has to be constant to evaluate (6.34) at m = 0:

r_l|_{m=0} = r_u − L n_l (6.42)

Thus in order to obtain an explicit expression for (6.39) for m = 0, we only have to compute r_l,_M |_{m=0} This is done by evaluating (6.40) at m = 0.

r_l,_m |_{m=0} = ∫_{ru} r_l ( 1 r + A nA,_n |_{n=nl} [ 1 r − 1 r_l ]) dr (6.43)

Thus according to (6.39) we have

l_m,_m |_{m=0} = A nA,_n |_{n=nl} ∫_{ru} r_l ( 1 r_l − 1 r ) dr (6.44)

Since the integrand is positive we conclude that there an actual growth in the length of the material in space at least in first order.

Using the above results we can expand the length of the elastic material into a formal Taylor series in the Schwarzschild mass m. Using only the given data, which are (n_l, r_u) as well as A and L we obtain

l_m = ∫_{ru} r_u −^L_{nl} dr r + m A nA,_n |_{n=nl} ∫_{ru} r_u −^L_{nl} ( 1 r_u −^L_{nl} − 1 r ) dr + h.o.t. (6.45)

The next example is simpler in nature, since we need not use l_m. Assume now to hang the body into the gravitational field. Then place the same body such that its lower end stands, where the hanging body ended.

PSfrag replacements

We may now compare the two solutions corresponding to the picture (Compare (6.31)), where n_h(r) denotes the particle density along the hanging body (compare (6.32)), while n_s(r) corresponds to the hanging body (note that in this setup now n_0 defines the pressure-free state):

A(n_h)ϕ(r_l) = A(n_0)ϕ (6.46) A(n_s)ϕ(R_u) = A(n_0)ϕ (6.47)

These equations give n_h and n_s as functions of r. To prove that the standing material does not reach the original suspension point of the hanging material

6.2. A SHORT REMARK ON ENERGY CONDITIONS 133

given by r_u, we proceed by contradiction. Since both scenarios n_s and n_h correspond to the same material, they both lead to the same intrinsic length L. Assume now that R_U ≥ r_u. Since the integrand is positive this includes ∫_{ru} r_l n_hϕdr = ∫_{Ru} r_l n_sϕdr ≥ ∫_{ru} r_l n_sϕdr (6.48)

This means that there have to exist at least some points r̃ where n_h(r̃) ≥ n_s(r̃). By the monotonicity of A this includes A(n_h(r̃)) ≥ A(n_s(r̃)).

Now we make use of the equations (6.46) and (6.47). Taken together they imply A(n_h)ϕ(r_l) = A(n_s)ϕ(R_u) (6.49)

Combining this with the last observation we obtain

ϕ(R_u) ≥ ϕ(r_l) (6.50)

This is equivalent to R_u ≤ r_l (6.51)

which is a contradiction to the setup. Thus we have proved the claim that r_u > R_u and have thus shown that the hanging material is the longer one.

Remark. Note that one can formulate the above problem in a coordinate invariant way by comparing the spatial length l_m. But it is easy to see that this problem can be reduced to the one handled here.

Remark. Note that in these examples we had no grave restrictions on the equation of state nor on the state itself. In contrary to the main body of this work the results derived here hold for materials subjected to high stress.

6.2 A short remark on energy conditions

This section will be concerned with the energy conditions and whether they hold for elastic materials. This will be a rather short discussion since the energy-momentum tensor given by (see equation (3.65)):

T_{μν} = ρu_μu_ν + 2nτ_{AB} f^A,_μ f^B ,_ν (6.52)

includes the stress. Our conditions did only involve the elasticity operator. But the following is trivially true: for states sufficiently close to a reference state, the energy-momentum tensor is arbitrarily close to that of a pressurefree perfect fluid.

In this sense all the energy conditions hold. For a stress-free state we have

• the weak energy condition:

T_{μν} V^μV^ν = ρ(u_μV^μ)^2 ≥ 0 (6.53)

for all time-like V^μ.

• the dominant energy condition, since in addition to the weak energy condition −T^ν_μ V^μ = −ρ(u_μV^μ)u^ν (6.54) is future-pointing and time-like for time-like V^μ since V^μu_μ < 0.

• the strong energy condition: for all V^μ with V_μV^μ = −1 we have

T_{μν} V^μV^ν = ρ(u · V )^2 ≥ ρ(−u^2)(−V^2) = ρ = −T_{μν} g^{μν} > − 1 2 T^{μν}_{μν} Remark. By the above observations at least some of the states appearing in our analysis in the last chapter obey the energy conditions.

It may be interesting to see to which degree the states for which local existence can be obtained satisfy energy conditions (and which of them in particular). Both statements use smallness assumptions on the stress. Formulating those in a proper way may (or may not) lead to interesting agreement.

6.3 Non-relativistic limits

Here we show that the non-relativistic limit of the elastic field equations coincides with the known non-relativistic field equations. Since the nonrelativistic limit for the space-time description can be found in [5], we will concentrate on the material description. The non-relativistic field equations are given by (see f.e. [23])

−F̈^i + d dX^A ( ∂ϵ̃ ∂F^i,_A ) = 0 (6.55)

which can be obtained from an action principle of the form (see again [23] ∫ I×B ( − 1 2 Ḟ^2 + ϵ̃(k) ) dtd^3X (6.56)

We will do the non-relativistic limit only for the Lagrangian, since the corresponding limit for the equations of motion is then a trivial consequence if the involved quantities are regular.

6.3. NON-RELATIVISTIC LIMITS 135 The action for the material description according to (3.113) is given by S[F ] = 1 c ∫ I×B Nγ^{− 12} ϵV dtd^3X (6.57) Note the modification: we inserted an extra^1_c to keep the limit regular. Otherwise the total Lagrangian would diverge with order c.

In a first step we set V = 1. The metric is chosen to be Minkowskian, i.e. η_{μν} dx^μdx^ν = −c^2dt^2 + δ_{ij} dx^idx^j (6.58) Note that this choice already implies that the foliation, w.r.t. to which the material description was introduced (recall that such a foliation was necessary) is flat.

By the above restrictions N = c, while the shift vanishes. We find that γ^{−1} = 1 − W^2 = 1 − 1 c^2

Ḟ^iδ_{ij}Ḟ^j (6.59) Thus developing into a formal Taylor series in terms of d :=^1_c we find that γ^{− 12} = 1 − d^2 1 2 Ḟ^2 + h.o.t. (6.60) It remains to evaluate the stored energy. For this purpose we have to say a word on the strain, which is given by h^{AB} = k^{AB} − w^Aw^B (6.61) where k^{AB} = f^A,_a δ^{ab}f^B,_b is the non-relativistic version of the strain, while w^A = df^A,_a Ḟ^a (the d comes from the fact that we use t now instead of ct as time variable).

Note that by the expression for w^B the strain is of order h^{AB} = k^{AB} + O(d^2) (6.62) The stored energy consists of a rest-energy portion and a variable part ϵ̃ ϵ(h) = c^2 + ϵ̃(h) (6.63) Using the above observation on the strain, we find that ϵ(h) = c^2 + ϵ̃(k) + O(d^2) (6.64) Thus the Lagrangian becomes

L = (c^2 + ϵ̃(k))(1 − d^2 1 2 Ḟ^2) + O(d^2) = (c^2 − Ḟ^2 + ϵ̃(k)) + O(d^2) (6.65)

There are essentially three parts: the first part is constant and thus does not contribute to the field equations, since it vanishes under variations. The last term vanishes in the non-relativistic limit d → 0 (which is of course equivalent to c → ∞). Thus the action one obtains from the non-relativistic limit is S_{nonrel}[F ] = ∫ I×B ( −Ḟ^2 + ϵ̃(k) ) dtd^3X (6.66)

which obviously coincides with the action given above.

Remark. Comparing this non-relativistic Lagrangian with the relativistic one, we find the following: if one linearizes the above Lagrangian, the resulting field equations would exactly coincide with the ones derived from the linearized material Lagrangian (4.146). There is thus no way to distinguish between relativistic and non-relativistic elasticity on the linearized level.

6.4 3+1 decompositions

At some stage of this work (section 3.2.3) we needed the form of the Christoffel symbols in a 3+1 decomposition. For matters of completeness these shall hence be given at this point.

Let the metric be given in the ADM form

ds^2 = −N^2dt^2 + g_{ij} (dx^i + Y^idt)(dx^j + Y^j dt) (6.67)

Then the inverse metric reads

g^{μν} ∂_μ∂_ν = −N^{−2}(∂_t − Y^i∂_i)^2 + g^{ij} ∂_i∂_j (6.68)

Then one can compute the Christoffel symbols in terms of lapse, shift and induced metric. The result is

2N^2Γ^0_0 = − ∂ ∂t (−N^2 + Y^2) + Y^i ( −(−N^2 + Y^2),_i +2Ẏ_i ) (6.69)

2N^2Γ^0_j = −(−N^2 + Y^2),_j +Y^l ( 2Y_{[l},_{j]} +ġ_{lj} ) (6.70) 2N^2Γ^0_{ij} = ġ_{ij} − 2Y_{(i},_{j)} −Y^lg_{ij} ,_l +2Y^lg_{l(i},_{j)} (6.71)

2N^2Γ^i_{00} = Y^i ∂ ∂t (−N^2 + Y^2) + ( N^2g^{il} − Y^iY^l ) ((N^2 − Y^2),_l +2Ẏ_l) (6.72)

2N^2Γ^i_{0j} = −Y^i(N^2 − Y^2),_j + ( N^2g^{il} − Y^iY^l ) (2Y_{[l},_{j]} +ġ_{lj} ) (6.73) 2N^2Γ^i_{jk} = −Y^iġ_{jk} + 2Y^iY_{(j} ,_{k)} + ( N^2g^{il} − Y^iY^l ) (−g_{jk} ,_l +2g_{l(k} ,_{j)} ) (6.74)

Bibliography

[1] K. Aki and P.G. Richards. Quantitative Seismology. University Science Books, 2 edition.

[2] G. Bachman, L. Narici, and E. Beckenstein. Fourier and Wavelet Analysis. Springer, 1999.

[3] R. Beig. Concepts of hyperbolicity and relativistic continuum mechanics.

gr-qc/0411092, 2004.

[4] R. Beig. Nonrelativistic and relativistic continuum mechanics. grqc/0403073, 2004.

[5] R. Beig and B.G.Schmidt. Relativistic elasticity. Class. Quantum Grav., 20:889–904, 2003.

[6] R. Beig and B.G.Schmidt. Static self-gravitating elastic bodies.

Proc.Roy.Soc., 459:109–115, 2003.

[7] R. Beig and B.G.Schmidt. Relativistic elastostatics I: Bodies in rigid rotation. Class.Quant.Grav, 22:2249–2268, 2005.

[8] R. Beig and M. Wernig-Pichler. On the motion of a compact elastic body. gr-qc/0508025, 2005.

[9] B. Carter and H. Quintana. Foundations of general relativistic highpressure elasticity theory. Proc.R.Soc.A, 331, 1972.

[10] W. Chen and J. Jost. A Riemann version of Korn’s inequality.

Calc.Var.Partial Differential Equations, 14:517–530.

[11] Y. Choquet-Bruhat. The null-condition and asymptotic expansions for the Einstein equations. Ann. Phys., 9(3-5):258–266, 2000.

[12] D. Christodoulou. The Action Principle and Partial Differential Equations. Princeton University Press, 2000.

[13] A. Chrzestzczyk. On some class of initial boundary value problems for second order quasilinear hyperbolic systems. Tsukuba J. Math., 16(2):443–486, 1992.

[14] P.G. Ciarlet. Mathematical Elasticity: Vol1. Three-Dimensional Elasticity. North Holland, 1988.

[15] J.A. Wheeler C.W. Misner, K.S. Thorne. Gravitation. W.H. Freeman and Company, New York, 1973.

[16] G.F.D. Duff. The Cauchy problem for elastic waves in an anisotropic medium. Philos. Trans. Roy. Soc. London Ser. A, pages 249–273, 1960.

[17] J. Ehlers. Sourvey of general relativity theory. astrophyisics and cosmology. Boston MA: Dordrecht, 1973.

[18] L.P. Eisenhart. Riemannian Geometry. Princeton University Pess, 1925.

[19] L.C. Evans. Partial Differential Equations. American Mathematical Society, 1991.

[20] A.E. Fischer and J.E. Marsden. The Einstein evolution equations as a first order quasilinear symmetric hyperbolic system, i. Comm. math. Phys, 28:1–38, 1972.

[21] H. Friedrich and A. Rendall. The Cauchy problem for the Einstein equations. In B.G. Schmidt, editor, Einstein’s field equations and their physical implications.

[22] M. Giaquinta. Introduction to Regularity Theory for Nonlinear Elliptic Systems. Birkhäuser Verlag, 1993.

[23] M.E. Gurtin. An Introduction to Continuum Mechanics. Academic Press, 1981.

[24] M.E. Gurtin. Topics in Finite Elasticity. Society for industrial and applied mathematics, 1983.

[25] P. Haensel. Neutron star crusts. In A. Sedrakian D. Blaschke, N.K. Glendenning, editor, Physics of Neutron Star Interiors.

[26] G. Herglotz. über die Mechanik des deformierbaren Körpers vom Standpunkt der Relativitätstheorie. Ann. Phys., 36:483–533, 1911.

[27] G. Herglotz. Vorlesungen über die Mechanik der Kontinua. Teubner Verlagsgesellschaft Leipzig, 1985.

[28] C.O. Horgan. Korn’s inequalties and their application in continuum mechanics. SIAM Rev., 37:491–511.

[29] L. Hörmander. Lectures on nonlinear hperbolic differential equations.

New York: Springer, 1997.

[30] T.J.R. Hughes, T. Kato, and J.E. Marsden. Well-posed quasi-linear second-order hyperbolic systems with applications to nonlinear elastodynamics and general relativity. Arch. Ration. Mech. Anal., 58:181–205, 1977.

[31] J.D. Humphrey. Mechanics of the arterial wall: review and directions.

Crit. Rev. Biomed. Eng., 1995.

[32] F. John. Partial Differential Equations. Springer, Berlin, 1982.

[33] F. John. Formation of singularities in elastic waves. Trends and Applications of Mathematics in Mechanics; Editors: P.G. Ciaralet and M. Roseau, 1984.

[34] J. Kijowski and G. Magli. Relativistic elastomechanics as a Lagrangian field theory. J. Geom. Phys., 9:207–223, 1992.

[35] S. Klainerman. Uniform decay estimates and the Lorentz invariance of the classical wave equation. Comm. Pure Appl. Math., 38:321–332, 1985.

[36] H. Koch. Mixed problems for fully nonlinear hyperbolic equations. Math.

Zeitschrift, 1993.

[37] C.M. Losert-Valiente Kroon. Static elastic shells in Newtonian and Einsteinian gravity. Diplomarbeit, 2005.

[38] J.M. Lattimer and M. Prakash. Neutron star structure and equation of state. The Astrophysical Journal, 550:426–442, 2001.

[39] H. Lindblad and I. Rodnianski. The global stability of the Minkowski space-time in harmonic gauge. http://arXiv.org/abs/math.AP/0411109.

[40] H. Lindblad and I. Rodnianski. The weak null-condition for Einstein’s equations. C.R. Acad. Sci., 336, 2003.

[41] J.E. Marsden and T.J.R. Hughes. Mathematical Foundations of Elasticity. Dover Publications, Inc., 1994.

[42] G.A. Maugin. Exact relativistic theory of wave propagation in prestressed non-linear elastic solids. Ann. Inst.H Poincare, 28:155–185, 1978.

[43] G. Nordström. De gavitatietheorie van Einstein en de mechanica van Herglotz. Versl. Afdeeling Naturk., 25, 1916.

[44] R. Ogden. Non-linear elastic deformations. New York: Dover, 1997. [45] Michael Pürrer. oral communication.

[46] R.U. Sexl and H.K. Urbantke. Relativität Gruppen Teilchen. Springer Verlag, 1981.

[47] R.U. Sexl and H.K. Urbantke. Gravitation und Kosmologie. Spekrtum Akademischer Verlag, 1995.

[48] T. Sideris. Nonresonance and global existence of prestressed nonlinear elastic waves. Annals of Math., 151:849–874, 2000.

[49] T. Sideris. Nonlinear hyperbolic systems and elastodynamics. Phase Space Analysis of PDEs, Scuole Normale Superiore Pisa, II:451–485, 2004.

[50] B.D. Sleeman. Solid tumor growth: a case study in mathematical biology. Non-linear Mathematics and it’s Applications, 1996.

[51] D.E. Soper. Classical field theory. John Wiley and Sons, 1976. [52] A. Tahvildar-Zadeh. Relativistic and nonrelativistic elastodynamics with small shear strains. Ann.Inst. H Poincare, 69:275–307, 1998.

[53] R. Wald. General Relativity. Chicago University Press. [54] J.T. Wloka, B. Rowley, and B. Lawruk. Boundary value problems for elliptic systems. Cambridge university press, 1995.