arXiv:gr-qc/0605107 v2 15 Sep 2006

Gauge-invariant Formulation of the Second-order Cosmological Perturbations

Kouji Nakamura^∗ Department of Astronomical Science, the Graduate University for Advanced Studies, 2-21-1, Osawa, Mitaka, Tokyo 181-8588, Japan (Dated: September 15, 2006)

Gauge invariant treatments of the second order cosmological perturbation in a four dimensional homogeneous isotropic universe filled with the perfect fluid are completely formulated without any gauge fixing. We derive all components of the Einstein equations in the case where the first order vector and tensor modes are negligible. These equations imply that the tensor and the vector mode of the second order metric perturbations may be generated by the scalar-scalar mode coupling of the linear order perturbations as the result of the non-linear effects of the Einstein equations.

PACS numbers: 04.50.+h, 04.62.+v, 98.80.Jk

To clarify the relation between scenarios of the early universe and observational data such as the cosmic microwave background (CMB) anisotropies, the general relativistic cosmological linear perturbation theory has been developed to a high degree of sophistication during the last 25 years[1]. Recently, the first order approximation of the early universe from a homogeneous isotropic one is revealed by the observation of the CMB by Wilkinson Microwave Anisotropy Probe (WMAP)[2] and is suggested that fluctuations in the early universe are adiabatic and Gaussian at least in the first order approximation. One of the next theoretical tasks is to clarify the accuracy of these results, for example, through the non-Gaussianity. To accomplish this, the second order cosmological perturbation theory is necessary. So, the perturbation theory beyond the linear order has been investigated by many authors[3, 4, 5, 6] and is a topical subject, in particular, to study the non-Gaussianity generated during the inflation[7] and that will be observed in CMB data[8].

In this letter, we show the gauge invariant formulation of the general relativistic second order cosmological perturbations on Friedmann-Robertson-Walker (FRW) universe filled with the perfect fluid. This short letter is prepared to show the aspect of the special importance of our companion paper[10], briefly. The formulation in this paper is one of the applications of the gauge invariant formulation of the second order perturbation theory on a generic background spacetime developed in Refs.[9, 10]. We treat all perturbative variables in the gauge invariant manner. We also derive all components of the second order Einstein equations of cosmological perturbations in terms of these gauge invariant variables without any gauge fixing.

First, we explain the “gauge” in general relativistic perturbations[4, 5, 11]. To explain this, we have to explain what we are doing in perturbation theories, at first. In perturbation theories, we treat two spacetimes. One is the physical spacetime M which we will describe by perturbations. In cosmological perturbations, M is an uni-

∗E-mail address: kouchan@th.nao.ac.jp

verse with small inhomogeneities. Another is the background spacetime M_0 which is prepared for perturbative analyses. In cosmological perturbations, M_0 is the FRW universe with the metric

g_{ab} = a^2(η) ( −(dη)_a(dη)_b + γ_{ij} (dx^i)_a(dx^j)_b ) , (1)

where γ_{ij} is the metric on a maximally symmetric 3-space with curvature constant K. We note that M and M_0 are different manifolds.

We also note that, in perturbation theories, we always write equations in the form

Q(“p”) = Q_0(p) + δQ(p). (2)

Eq. (2) gives the relation between variables on M and M_0. Actually, Q(“p”) in the right hand side (rhs) of Eq. (2) is a variable on M, while Q_0(p) and δQ(p) in the left hand side (lhs) of Eq. (2) are those on M_0. Further, the point “p” in Q(“p”) is on M, while the point p in Q_0(p) and δQ(p) is on M_0. Since Eq. (2) is a field equation, we implicitly identify these two points “p” and p through Eq. (2) by a map M_0 → M : p ∈ M_0 → “p” ∈ M. This identification is the “gauge choice” in perturbation theories[11].

Moreover, the above gauge choice between M_0 and M is not unique in theories with general covariance. Rather, Eq. (2) involves the degree of freedom corresponding to the choice of the map X : M_0 → M. This degree of freedom is the “gauge degree of freedom” in general relativistic perturbation theory. By virture of the general covariance, there is no preferred coordinate system and we have no guiding principle to choose the identification map X . So, we may always change the gauge choice X .

To develop this understanding of the “gauge”, we introduce a parameter λ for the perturbation and the 4+1- dimensional manifold N = M × R so that M_0 = N |_{λ=0} and M = M_λ = N |_{R=λ}. On this extended manifold N , the gauge choice is regarded as a diffeomorphism X_λ : N → N such that X_λ : M_0 → M_λ. Further, a gauge choice X_λ is introduced as an exponential map with the generator^Xη^a which is chosen so that its integral curve in N is transverse to each M_λ everywhere on N [4]. Points lying on the same integral curve are regarded as the “same point” by the gauge choice X_λ.

Now, we define the first and the second order perturbation of the physical variable Q on M_λ by the pulledback variable X^∗_λ Q on M_0, which is induced by the gauge choice X_λ and expanded as

X^∗_λ Q_λ = Q_0 + λ £X_ηQ | |_{M0} + 1 2 λ^2 £^2X_ηQ | | |_{M0} + O(λ^3).(3)

Q_0 = Q|_{M0} is the background value of Q and all terms in Eq. (3) are evaluated on M_0. Since Eq. (3) is just the perturbative expansion of X^∗_λ Q_λ, we may regard that the first and the second order perturbations of Q are given by^{(1)}_X Q = £X_ηQ | |_{M0} , and^{(2)}_X Q = £^2_{Xη}Q | | |_{M0} , respectively.

Suppose that we have two gauge choices X_λ and Y_λ with the generators^Xη^a and^Yη^a, respectively. When these generators have the different tangential components to each M_λ, these X_λ and Y_λ are regarded as “different gauge choices”. Further, the “gauge transformation” is regarded as the change of the gauge choice X_λ → Y_λ, which is given by the diffeomorphism

Φ_λ := (X_λ)^{−1} ∘ Y_λ : M_0 → M_0 (4)

The diffeomorphism Φ_λ does change the point identification. Further, Φ_λ induces a pull-back from the representation^X Q_λ in the gauge choice X_λ to the representation Y Q_λ in the gauge choice Y_λ as

Y Q_λ = Y^∗_λQ|_{M0} = ( X^{−1}_λ Y_λ )_∗ (X^∗_λ Q) | | |_{M0} = Φ^∗_λ^X Qλ. (5)

As discussed in Ref.[5],^Y Q_λ = Φ^∗_λ^X Q_λ is expanded as

Y Q_λ =^XQ + λ£_{ξ(1)}^XQ + λ^2 2 ( £_{ξ(2)} + £^2_{ξ(1)} )_X Q + O(λ^3), (6)

where ξ^a_{(1)} and ξ^a_{(2)} are the generators of Φ_λ.

Comparing Eq. (6) with Y^∗_λ ∘ ( X^{−1}_λ )_{∗ X} Q in terms of the generators^X η^a and^Y η^a, we find ξ^a_{(1)} =^Y η^a −^X η^a and ξ^a_{(2)} = [_Y η,^X η ]_a . Further, Eqs. (6) and (3) yield (1) Y Q −^{(1)}_X Q = £_{ξ(1)} Q_0, (7) (2) Y Q −^{(2)}_X Q = 2£_{ξ(1)}^{(1)}_X Q + { £_{ξ(2)} + £^2_{ξ(1)} } Q_0. (8)

These are the gauge transformation rules for the first and the second order perturbations, respectively.

Inspecting gauge transformation rules (7) and (8), we define the gauge invariant variables of each order. First, we consider the metric perturbations. The metric on M_λ is expanded through the gauge choice X_λ as

X^∗_λ ḡ_{ab} = g_{ab} + λ_Xh_{ab} + λ^2 2^X l_{ab} + O^3(λ). (9)

Since the η = const. hypersurfaces in the metric (1) are maximally symmetric, the components {h_{ηη}, h_{iη}, h_{ij}} of the first order metric perturbation h_{ab} is classified into the three sets of variables {h_{ηη}, h_{(V L)}, h_{(L)}, h_{T L}}, {h_{(V )i}, h_{(T V )i}}, and h_{(T T )ij}, which are defined by

h_{ηi} =: D_ih_{(V L)} + h_{(V )i}, D^ih_{(V )i} = 0,

h_{ij} =: a^2h_{(L)}γ_{ij} + a^2h_{(T )ij}, γ^{ij} h_{(T )ij} = 0,

h_{(T )ij} =: ( D_iD_j − 1 3 γ_{ij} Δ ) h_{(T L)} +2D_{(i}h_{(T V )j)} + h_{(T T )ij}, (10)

D^ih_{(T V )i} = 0, D^ih_{(T T )ij} = 0.

The uniqueness of the decomposition (10) is guaranteed by the existence of the Green functions of operators Δ := D^iD_i, Δ + 2K, and Δ + 3K, where D_i is the covariant derivative associated with the metric γ_{ij} . In terms of the variables given in (10), we define a vector field X_a by

X_a := X_η(dη)_a + X_i(dx^i)_a, (11)

X_η := h_{(V L)} − 1 2 a^2∂_τ h_{(T L)}, , (12)

X_i := a^2 ( h_{(T V )i} + 1 2 D_ih_{(T L)} ) , (13)

where X_a is transformed as_YX_a −_XX_a = ξ_{(1)a} under the gauge transformation (7). We also define the variables

− 2a^{2 (1)}Φ := h_{ηη} − 2 (∂_η − H) X_η, (14)

−2a^{2 (1)}Ψ := a^2 ( h_{(L)} − 1 3 Δh_{(T L)} ) + 2HX_η , (15)

a^{2 (1)}ν_i := h_{(V )i} − a^2∂_ηh_{(T V )i}, (16) (1) χ_{ij} := h_{(T T )ij} , (17)

where H = ∂_ηa/a. Further, we denote

H_{ab} = −2a^{2 (1)}Φ (dη)_a(dη)_b + 2a^{2 (1)}ν_i (dη)_{(a}(dx^i)_{b)}

+a^2 ( −2^{(1)}Ψ γ_{ij} +^{(1)}χ_{ij} ) (dx^i)_a(dx^j)_b, (18)

where D^{i (1)}ν_i =^{(1)}χ_{[ij]}= (1) χ^i_i= D^{i (1)}χ_{ij} = 0. The tensor field H_{ab} is gauge invariant under the gauge transformation (7). In

the cosmological perturbations[1], {^{(1)}Φ ,^{(1)}Ψ },^{(1)}ν_i ,^{(1)}χ_{ij} are called the scalar, vector, and tensor modes, respectively. In terms of the variables H_{ab} and X_a, the original first order metric perturbation h_{ab} is given by

h_{ab} =: H_{ab} + £_X g_{ab}. (19)

Since the scalar mode dominates in the early universe,

we assume that^{(1)}ν_i =^{(1)}χ_{ij}= 0 in this letter.

Now, we consider the decomposition of the second order metric perturbation l_{ab} into the gauge invariant and variant parts. Through the above variables X_a and h_{ab}, we first consider the variable L̂_{ab} defined by

L̂_{ab} := l_{ab} − 2£_X h_{ab} + £^2_X g_{ab} (20)

Under the gauge transformation rules (7) and (8), the variable L̂_{ab} is transformed as

YL̂_{ab} −_XL̂_{ab} = £_σg_{ab}, σ^a := ξ^a_{(2)} + [ξ_{(1)}, X]^a. (21)

We note that this gauge transformation (21) have the same form as that of h_{ab}. Then, as shown above, there exist a vector field Y_a and a tensor field L_{ab} such that the second order metric perturbation l_{ab} is given by

l_{ab} =: L_{ab} + 2£_X h_{ab} + ( £_Y − £^2_X ) g_{ab}. (22)

The variables L_{ab} and Y^a are the gauge invariant and variant parts of l_{ab}, respectively, and the components of L_{ab} are given by

L_{ab} = −2a^{2 (2)}Φ (dη)_a(dη)_b + 2a^{2 (2)}ν_i (dη)_{(a}(dx^i)_{b)}

+a^2 ( −2^{(2)}Ψ γ_{ij} +^{(2)}χ_{ij} ) (dx^i)_a(dx^j)_b, (23)

where D^{i (2)}ν_i =^{(2)}χ_{[ij]}= (2) χ^i_i= D^{i (2)}χ_{ij}= 0. The vector field Y_a is transformed as_YY_a −_XY_a = σ_a under the gauge transformations (7) and (8).

Further, by using the above variables X_a and Y_a, we can find the gauge invariant variables for the perturbations of an arbitrary field as

(1)Q :=^{(1)}Q − £_X Q_0, , (24)

(2)Q :=^{(2)}Q − 2£_X^{(1)}Q − { £_Y − £^2_X } Q_0. (25)

Through the gauge transformation rules (7) and (8), we can easily check that these variables are gauge invariant up to the first and the second order, respectively.

As the matter contents, in this letter, we consider the perfect fluid whose energy-momentum tensor is given by T̄^b_a = (ϵ̄ + p̄) ū_aū^b + p̄δ^b_a . (26)

We expand these fluid components ϵ̄, p̄, and ū_a as Eq. (3):

ϵ̄ = ϵ + λ^{(1)}ϵ + 1 2 λ^{2 (2)}ϵ +O(λ^3), (27)

p̄ = p + λ^{(1)}p + 1 2 λ^{2 (2)}p +O(λ^3), (28)

ū_a = u_a + λ^{(1)}u_a + 1 2 λ^{2 (2)}u_a +O(λ^3). (29)

Following the definitions (24) and (25), we easily obtain the corresponding gauge invariant variables for these perturbations of the fluid components: (1) E :=^{(1)}ϵ −£X ϵ,^{(1)}P :=^{(1)}p −£X p, (1) U_a:= (1) (u_a) −£_X u_a, (2) E :=^{(2)}ϵ −2£X^{(1)}ϵ − { £_Y − £^2_X } ϵ, (2) P :=^{(2)}p −2£X^{(1)}p − { £_Y − £^2_X } p, (30) (2) U_a := (2) (u_a) −2£_X^{(1)}u_a − { £_Y − £^2_X } u_a. Through ḡ^{ab}ū_aū_b = g^{ab}u_au_b = −1 and neglecting the

rotational part in^{(1)}U_a, we see that (1) U_a= −a^{(1)}Φ (dη)_a + aD_i^{(1)}v (dx^i)_a. (31)

We also expand the Einstein tensor as

Ḡ^b_a = G^b_a + λ^{(1)}G^b_a + 1 2 λ^{2(2)}G^b_a + O(λ^3). (32)

Equations (19) and (22) give each order perturbation of the Einstein tensor which is decomposed as

(1)G^b_a =^{(1)}G^b_a [H] + £_X G^b_a , (33)

(2)G^b_a =^{(1)}G^b_a [L] +^{(2)}G^b_a [H, H]

+2£_X^{(1)}G^b_a + { £_Y − £^2_X } G^b_a (34)

as expected from Eqs. (24) and (25). Here,^{(1)}G^b_a [H] and^{(1)}G^b_a [L] +^{(2)}G^b_a [H, H] are gauge invariant parts of the frist and the second order perturbations of the Einstein tensor, respectively. On the other hand, the energy mometum tensor (26) is also expanded as

T̄^b_a = T^b_a + λ^{(1)}T^b_a + 1 2 λ^{2(2)}T^b_a + O(λ^3) (35)

and^{(1)}T^b_a and^{(2)}T^b_a are also given in the form

(1)T^b_a =^{(1)}T^b_a + £_X T^b_a , (36)

(2)T^b_a =^{(2)}T^b_a + 2£_X^{(1)}T^b_a + { £_Y − £^2_X } T^b_a (37)

through the definitions (30)–(31) of the gauge invariant variables of the fluid components. Here,^{(1)}T^b_a and^{(2)}T^b_a are gauge invariant part of the first and the second order perturbation of the energy momentum tensor, respectively. Then, the first and the second order perturbations of the Einstein equation are necessarily given in term of gauge invaraint variables:

(1)G^b_a [H] = 8πG^{(1)}T^b_a , (38)

(1)G^b_a [L] +^{(2)}G^b_a [H, H] = 8πG^{(2)}T^b_a . (39)

The traceless scalar part of the spatial component

of Eq.(38) yields^{(1)}Ψ =^{(1)}Φ , and the other components of Eq. (38) gives well-known equations[1]. Neglecting the

first order vector and tensor modes and using^{(1)}Ψ =^{(1)}Φ ,

the components of^{(2)}U_a are given by (2) U_a = a

((_{(1)} Φ )_2 − D_i^{(1)}v D^{i (1)}v −^{(2)}Φ ) (dη)_a

+a ( D_i^{(2)}v +^{(2)}V_i ) (dx^i)_a, (40)

where D^{i (2)}V_i = 0.

All components of Eq. (39) are summarized as follows: As the scalar parts of Eq. (39), we have

4πGa^{2 (2)}E = ( −3H∂_η + Δ + 3K − 3H^2

) (2) Φ −Γ0 + 3 2 ( Δ^{−1}D^iD_j Γ^j_i − 1 3 Γ^k_k )

− 9 2 H∂_η (Δ + 3K)^{−1} ( Δ^{−1}D^iD_j Γ^j_i − 1 3 Γ^k_k ) , (41)

8πGa^2(ϵ + p)D_i^{(2)}v = −2∂_ηD_i^{(2)}Φ −2HD_i^{(2)}Φ +D_iΔ^{−1}D^kΓ_k − 3∂_ηD_i (Δ + 3K)^{−1} ( Δ^{−1}D^iD_j Γ^j_i − 1 3 Γ^k_k ) , (42)

4πGa^{2 (2)}P = ( ∂^2_η + 3H∂_η − K + 2∂_η H + H^2

) (2) Φ − 1 2 Δ^{−1}D^iD_j Γ^j_i + 3 2 ( ∂^2_η + 2H∂_η ) (Δ + 3K)^{−1} ( Δ^{−1}D^iD_j Γ^j_i − 1 3 Γ^k_k ) , (43) (2) Ψ −^{(2)}Φ = 3 2 (Δ + 3K)^{−1} ( Δ^{−1}D^iD_j Γ^j_i − 1 3 Γ^k_k ) . (44)

where

Γ_0 := 8πGa^2(ϵ + p)D^{i (1)}v D_i^{(1)}v −3D_k^{(1)}Φ D^{k (1)}Φ −3 ( ∂_η^{(1)}Φ

)_2

− 8^{(1)}Φ Δ^{(1)}Φ −12 ( K + H^2 ) (_{(1)} Φ )_2

, (45)

Γ_i := −16πGa^2

(_{(1)}

E +^{(1)}P ) D_i^{(1)}v +12H^{(1)}Φ D_i^{(1)}Φ −4^{(1)}Φ ∂_ηD_i^{(1)}Φ −4∂_η^{(1)}Φ D_i^{(1)}Φ , (46)

Γ^j_i := 16πGa^2(ϵ + p)D_i^{(1)}v D^{j (1)}v −4D_i^{(1)}Φ D^{j (1)}Φ −8^{(1)}Φ D_iD^{j (1)}Φ +2 ( 3D_k^{(1)}Φ D^{k (1)}Φ +4^{(1)}Φ Δ^{(1)}Φ + ( ∂_η^{(1)}Φ

)_2 + 4 ( 2∂_ηH + K + H^2 ) (_{(1)} Φ )_2

+ 8H^{(1)}Φ ∂_η^{(1)}Φ ) γ^j_i . (47)

As the vector parts of Eq. (39), we have

8πGa^2(ϵ + p)^{(2)}V_i = 1 2 (Δ + 2K)^{(2)}ν_i + ( Γ_i − D_iΔ^{−1}D^kΓ_k ) , (48) ∂_η ( a^{2 (2)}ν_i ) = 2a^2 (Δ + 2K)^{−1} { D_iΔ^{−1}D^kD_lΓ^l_k − D_kΓ^k_i } . (49)

As the tensor parts of Eq. (39), we have the evolution equation of^{(2)}χ_{ij} ( ∂^2_η + 2H∂_η + 2K − Δ

) (2)

χ_{ij} = 2Γ_{ij} − 2 3 γ_{ij} Γ^k_k − 3 ( D_iD_j − 1 3 γ_{ij} Δ ) (Δ + 3K)^{−1} ( Δ^{−1}D^kD_lΓ^l_k − 1 3 Γ^k_k )

+4 ( D_{(i} (Δ + 2K)^{−1} D_{j)}Δ^{−1}D^lD_kΓ^k_l − D_{(i} (Δ + 2K)^{−1} D^kΓ_{j)k} ) , (50)

Equations (49) and (50) imply that the second order vector and tensor modes may be generated due to the scalar-scalar mode coupling of the first order perturbation.

Further, the equations (41) and (44) are reduced to the single equation for^{(2)}Φ ( ∂^2_η + 3H(1 + c^2_s)∂_η − c^2_sΔ + 2∂_ηH + (1 + 3c^2_s)(H^2 − K)

) (2) Φ = 4πGa^2 { τ^{(2)}S + ∂c^2_s ∂ϵ (_{(1)} E )_2 + 2 ∂c^2_s ∂S (1) E^{(1)}S + ∂τ ∂S (_{(1)} S )_2}

− c^2_sΓ_0 + 1 6 Γ^k_k + 3 2 ( c^2_s + 1 3 ) ( Δ^{−1}D^iD_j Γ^j_i − 1 3 Γ^k_k )

− 3 2 ( ∂^2_η + ( 2 + 3c^2_s ) H∂_η ) (Δ + 3K)^{−1} ( Δ^{−1}D^iD_j Γ^j_i − 1 3 Γ^k_k ) . (51)

Here, we have used the second order perturbation of the equation of state for the fluid components (2) P = c^2_s^{(2)}E +τ^{(2)}S + ∂c^2_s ∂ϵ (1) E 2 +2 ∂c^2_s ∂S (1) E^{(1)}S + ∂τ ∂S (1) S 2 ,(52) where^{(1)}S and^{(2)}S are the gauge invariant entropy perturbation of the first and second order, respectively, we denoted that c^2_s := ∂p̄/∂ϵ̄ and τ := ∂p̄/∂S̄. The equation (51) will be useful to discus the second order effect in the CMB anisotropy, for example, the non-Gaussianity generated by the non-linear effects[8].

We gave all components of the second order perturbation of the Einstein equation in terms of gauge invariant variables. This is the main result of this paper. The similar equations are also obtained in the case where the matter content of the universe is a single scalar field[10]. We also note that we have derived the second order perturbation equations without using explicit solutions to the first order perturbations. Therefore, the equations (41)-(50) are applicable to any expansion law of the background universe. In particular, in the case where a(η) = 1, these equations are those for the second post-Minkowski perturbations. Besides the explicit forms of the second order Einstein equations, the gauge invariant expressions (38) and (39) of the first and the second order Einstein equation are true if the decomposition formula (19) is true. Hence, the gauge invariant formulation of the second order perturbation shown here is also applicable not only to cosmological perturbations but also any other situations of the general relativistic perturbations.

In the case of cosmological perturbations, Eqs. (41)- (50) make possible to discuss the non-linear effects in the evolution of the universe. In many works[7], the second order effects have been investigated through the conserved quantities which corresponds to the Bardeen parameter in the linear theory. It will be interesting to clarify these conservation laws by using the gauge invariant formulation in this paper.

Further, the rotational part of the fluid velocity in Eqs. (48) of the vector mode is also important in the early universe because this part of the fluid velocity is related to the generation of the magnetic field in the early universe[12]. The generation of the tensor mode by Eq. (50) is also interesting, since this is one of the generation process of gravitational waves. We have already known that the fluctuations of the scalar mode exist in the early universe from the anisotropy of the CMB. Hence, the generation of the vector mode and tensor mode due to the second order perturbation will give the lower limit of these modes in the early universe.

Thus, the formualtion shown here have very wide applications and we leave these our future works. These issues are interesting not only from the theoretical point of veiw but also from the observational point of view. Due to its very wide applications, the gauge invariant formulation shown here will play a key role in general relativistic perturbations.

Acknowledgements

The author acknowledges participants of the workshop on “Black Hole, spacetime singularities, cosmic censorship”, which was held at TIFR, for valuable discussions, in particular, for Prof. P.S. Joshi for hospitality during this workshop. He also thanks to Prof. N. Dadhich the hospitality during his visit to IUCAA. The author deeply thanks to members of DTA at NAOJ and his family for their encouragement.

[1] J. M. Bardeen, Phys. Rev. D 22 (1980), 1882; H. Kodama and M. Sasaki, Prog. Theor. Phys. Suppl. No.78, 1 (1984); V. F. Mukhanov, H. A. Feldman and R. H. Brandenberger, Phys. Rep. 215, 203 (1992).

[2] C.L. Bennett et al., Astrophys. J. Suppl. 148, 1 (2003). [3] K. Tomita, Prog. Theor. Phys. 37 (1967), 831; ibid.

45 (1971), 1747; ibid. 47 (1972), 416; H. Noh and J.C. Hwang, Phys. Rev. D 69 (2004), 104011; K. Tomita, ibid. 71 (2005), 083504; ibid. 72 (2005), 103506; ibid. 72 (2005), 043526.

[4] M. Bruni, S. Matarrese, S. Mollerach and S. Sonego, Class. Quantum Grav. 14, 2585 (1997); M. Bruni and S. Sonego, ibid. 16 (1999), L29; S. Matarrese, S. Mollerach, and M. Bruni, Phys. Rev. D 58 (1998), 043504; M. Bruni, L. Gualtieri and C.F. Sopuerta, Class. Quantum Grav. 20, 535 (2003); C.F. Sopuerta, M. Bruni and L. Gualtieri, Phys. Rev. D70 (2004), 064002.

[5] S. Sonego and M. Bruni, Commun. Math. Phys. 193 (1998), 209.

[6] D.H. Lyth, K.A. Malik and M. Sasaki, JCAP 0505, 004 (2005); D. Langlois and F. Vernizzi, Phys. Rev. Lett. 95 (2005), 091303; D. Langlois and F. Vernizzi, Phys. Rev. D 72 (2005), 103501.

[7] V. Acquaviva, N. Bartolo, S. Matarrese, and A. Riotto,

Nucl. Phys. B 667 (2003), 119; J. Maldacena, JHEP, 0305, 013 (2003); K. A. Malik and D. Wands, Class. Quantum Grav. 21 (2004), L65; N. Bartolo, S. Matarrese and A. Riotto, Phys. Rev. D 69 (2004), 043503; N. Bartolo, S. Matarrese and A. Riotto, JHEP 0404, 006 (2004); D.H. Lyth and Y. Rodríguez, Phys. Rev. D 71 (2005), 123508; F. Vernizzi, ibid. 71 (2005), 061301R.

[8] N. Bartolo, S. Matarrese and A. Riotto, JCAP 0401, 003 (2004); N. Bartolo, S. Matarrese and A. Riotto, Phys. Rev. Lett. 93 (2004), 231301; N. Bartolo, E. Komatsu, S. Matarrese and A. Riotto, Phys. Rept. 402, 103 (2004); N. Bartolo, S. Matarrese, and A. Riotto, arXiv:astro-ph/0512481.

[9] K. Nakamura, Prog. Theor. Phys. 110, 723 (2003); ibid.

113, 481 (2005).

[10] K. Nakamura; [arXiv:gr-qc/0605108].

[11] J. M. Stewart and M. Walker, Proc. R. Soc. London A 341 (1974), 49; J. M. Stewart, Class. Quantum Grav. 7, 1169 (1990); J. M. Stewart, Advanced General Relativity (Cambridge University Press, Cambridge, 1991).

[12] S. Matarrese, S. Mollerach, A. Notari, and A. Riotto, Phys. Rev. D 71 (2005), 043502; K. Takahashi, K. Ichiki, H. Ohno, and H. Hanayama, Phys. Rev. Lett. 95 (2005), 121301.