arXiv:gr-qc/0605145v3 20 Mar 2009

On the Energy of Vaidya Space-time

I-Ching Yang^1 Systematic and Theoretical Science Research Group, and Department of Natural Science Education, National Taitung University, Taitung, Taiwna 950, Republic of China

ABSTRACT

In this paper we calculate the energy distribution of six cases of Vaidyatype solutions in the Møller prescription. With the exception of the energy complex of Møller for the monopole solution which vanishes everywhere, the other solutions have a non-zero energy component. Only the energy distributions of the de Sitter and anti-de Sitter solution are independent of the advanced/retarded time v. For the radiating dyon solution, the difference in the energy complex between Møller’s and Einstein’s prescription is just like the case for the Reissner-Nordström solution.

PACS No.: 04.20.-q, 04.70.-s

1E-mail:icyang@nttu.edu.tw

A non-static spherically symmetric solution of Einstein’s equations for an imploding (exploding) null dust fluid is found by Vaidya in 1951 [1]. In various contexts this “null dust” may be interpreted as a high-frequency electromagnetic or gravitational wave, incoherent superposition of aligned waves with random phases and polarisations, or as massless scalar particles or neutrinos. Since then, the solution has been intensively studied in gravitational collapse [2]. In particular, Papapetrou [3] firstly showed that this solution can give rise to the formation of naked singularities, and thus provided one of the earlier counterexamples to the cosmic censorship conjecture [4]. Furthermore, the solution was generalized to the charged case [5], and the charged Vaidya solution has been studied soon in various situations. It had been used to study the thermodynamics of black holes by Sullivan and Israel [6] and be a classical model for the geometry of evaporating charged black holes by Kaminga [7]. In the meantime, Lake and Zannias [8] studied the self-similar case and found that, similar to the uncharged case, naked singularities can be also formed from gravitational collapse. Otherwise, Chamorro and Virbhadra [9] obtained the dyonic case, in which both with the electric and magnetic charge, and Husian [10] further generalized the Vaidya solution to a null fluid with a particular equation of state. Husian’s solutions have been lately used as the formation of black holes with short hair [11].

In this article, we would to consider the energy of several well-known cases of Vaidya-type solution. The energy in curved space-time has been a subject of extensive research since the early days of general relativity. Here, to evaluate the energy of a system in general relativity is for two physical reasons. First, the total energy of a system must be a conserved quantity and could play an important role in solving the equation of motion. Second, the energy distribution must be positive everywhere if attractive force exists only. Early energy-momentum investigations for gravitating systems gave reference-frame-dependent energy-momentum complexes, and many physicists such as Einstein [12], Tolman [13], Landau and Lifshitz [14], Papapetrou [15], Bergmann and Thompson [16], Weinberg [17], and Møller [18], had given different definitions for the energy-momentum complex. The Møller energy-momentum complex is an handy tool for the calculation of the energy-momentum localization and allows obtaining satisfactory results for the energy and momentum distributions in several cases of general relativistic systems [19, 20, 21]. The Møller energy-momentum complex in a four-dimensional background is given as [18]

Θ^μ_ν = 1 8π ∂χ^{μσ}_ν ∂x^σ , (1)

where χ^{μσ}_ν = √ −g ( ∂g_{να} ∂x^β − ∂g_{νβ} ∂x^α ) g^{μβ}g^{σα} (2) is the Møller’s superpotential, a quantity antisymmetric in the indices μ, σ. According to the definition of the Møller energy-momentum complex, the energy within a volume V is given as E = ∫ V Θ^0d^3x = 1 8π ∫ V ∂χ^{0k}_0 ∂x^k d^3x, (3)

and the Latin index takes values from 1 to 3.

The line element, in terms of the standard spherical coordinates, of the non-static spherically symmetric type D solution [22] can be expressed as ds^2 = e^{2ψ(v,r)} [ 1 − 2m(v, r) r ] dv^2 − 2ϵe^{ψ(v,r)}dvdr − r^2dθ^2 − r^2 sin^2 θdϕ^2, (4)

note that m(v, r) is usually called the mass function and relates to the gravitational energy within a given radius r. When ϵ = +1, the null coordinate v represents the Eddington advanced time, in which r is decreasing towards the future along a ray v = constant (ingoing). On the other hand, when ϵ = −1, it represents the Eddington retarded time, in which r is increasing towards the future along a ray v = constant (outgoing). In the following, we shall consider the particular case where ψ(v, r) = 0, and the stress-energy tensor of radiation and null dust fluid in Vaidya solution is of the form [22]

T_{μν} = (ρ + P )(l_μn_ν + l_ν n_μ) + P g_{μν} + μl_μl_ν , (5)

where μ = ϵṁ(v, r) 4πr^2 , ρ = m^′(v, r) 4πr^2 , P = − m^{′′}(v, r) 8πr and ṁ(v, r) ≡ ∂m(v, r) ∂v , m^′(v, r) ≡ ∂m(v, r) ∂r .

Here l_μ, n_μ are two null vector,

l_μ = δ^0_μ, n_μ = 1 2 ( 1 − 2m(u, r) r ) δ^0_μ − δ^1_μ,

l_λl^λ = n_λn^λ = 0, l_λn^λ = −1.

Therefore, the nonvanishing component of Møller’s superpotential is

χ^{01}_0 = sin θ ϵ (2m − 2m^′r). (6)

Applying the Gauss theorem to (3) and using (6), we evaluate the integral over the surface of a sphere with radius r, and find that the energy distribution is as the form E = 1 ϵ (m − m^′r). (7) Next, The following cases include six known Vaidya-type solutions of the Einstein field equations with spherical symmetry:

(i) The monopole solution [23]: The mass function of the monopole solution is given as m(v, r) = ar 2 , (8) where a is an arbitrary constant. The corresponding solution can be identified as representing the gravitational field of a monoploe. After the previous computatuion, all components of Møller’s superpotential is zero, and the energy component of Møller energy-momentum complex is obtained with

E = 0. (9)

(ii) The de Sitter and Anti-de Sitter solutions [22]: The well-known de Sitter and Anti-de Sitter solutions in the Vaidya’s radiation coordinates show that the mass function is m(v, r) = Λ 6 r^3, (10) where Λ is the cosmological constant. This corresponds to the de Sitter solution for Λ > 0 and to anti-de Sitter solution for Λ < 0. The required nonvanishing component of χ^{0k}_0 is

χ^{01}_0 = − sin θ ϵ 2 3 Λr^3, (11) and the obtained energy component within a sphere of radius r is E = − Λ 3ϵ r^3. (12)

(iii) The charged Vaidya solution [22]: For the charged Vaidya solution, the mass function is found as m(v, r) = f(v) − q^2(v) 2r , (13)

where the two arbitrary functions f(v) and q(v) represent, respectively, the mass and electric charge at the advanced (retarded) time v. The non-zero component of Møller’s superpotential only is obtained as

χ^{01}_0 = sin θ ϵ [ 2f(v) − 2q^2(v) r ] , (14)

and the energy component within a shpere of radius r of Møller energymomentum complex is evaluated with E = 1 ϵ [ f(v) − q^2(v) r ] . (15)

(iv) The monopole-de Sitter-charged Vaidya solutions [22]: According to the monopole-de Sitter-charged Vaidya solutions, its mass function is represented as m(v, r) = ar 2 + Λ 6 r^3 + f(v) − q^2(v) 2r . (16) Using the definition of Møller energy-momentum complex, the nonvanishing component of Møller’s superpotential is

χ^{01}_0 = sin θ ϵ [ − 2 3 Λr^3 + 2f(v) −

2q^2(v) r ] , (17)

and the energy component within a shpere of radius r of Møller energymomentum complex is E = 1 ϵ [ − Λ 3 r^3 + f(v) − q^2(v) r ] . (18)

(v) The radiating dyon solution [9]: The metric, which describes the gravitational field of non-rotating massive radiating dyon, is found by Chamorro and Virbhadra, and its mass function is m(v, r) = M(v) − q^2_e (v) + q^2_m(v) r . (19)

With the energy-momentum pseudotensor of Møller, we obtain the nonvanishing component of Møller’s superpotential is

χ^{01}_0 = sin θ ϵ [ 2M(v) − 2q^2_e (v) + 2q^2_m(v) r ] , (20)

and the energy within a shpere of radius r is calculated as E = 1 ϵ [ M(v) − q^2_e (v) + q^2_m(v) r ] . (21)

(vi) The Husain solutions [10]: This solution found by Husian with imposing the equation of state P = kρ have the mass function defined as m(v, r) = f(v) − g(v) (2k − 1)r^{2k−1} , (22)

where f(v) and g(v) are two arbitrary functions, and k is a constant. Then, by the definition of Møller energy-momentum complex, the required non-zero component of Møller’s superpotential is

χ^{01}_0 = sin θ ϵ [ 2f(v) + 2k − 2 2k − 1 2g(v) r^{2k−1} ] , (23)

and the energy component within a shpere of radius r of Møller energymomentum complex is E = 1 ϵ [ f(v) + 2k − 2 2k − 1 g(v) r^{2k−1} ] . (24)

In Ref[24] it was found that energy-momentum complexes provide the same acceptable energy-momentum distribution for some systems. However, for other systems, these prescriptions are disagreed. Based on some analysis of the results known with many prescriptions for energy distribution (including some well-known quasi-local mass definitions) in a given space-time, Virbhadra [24] remarked that the formulation by Einstein is still the best one, however there is really no consensus as to which is the best. But, in his previous paper, which motivated us to study this further, Lessner [25] argued that the Møller energy-momentum expression is a powerful concept of energy and momentum in general relativity. However, Hamiltonian’s principle helps to solve this enigma [26]. Each expression has a geometrically and physically clear significance associated with the boundary conditions.

In this work, we briefly present the energy component of Møller energymomentum complex for six Vaidya-like solutions. Except the energy complex of Møller for the monopole solution vanishes everywhere, for the de Sitter, anti-de Sitter, charged Vaidya, monopole-de Sitter-charged Vaidya, radiating dyon and Husain solution have non-zero energy component. Here only the energy distributions of the de Sitter and anti-de Sitter solution are independent on v. On the case of radiating dyon solution, the differnece in energy complex between Møller’s and Einstein’s prescription is like the case of Reissner-Nordström solution [9, 21]. For the Reissner-Nordström space-time E_{Ein} = M −e^2/2r (the seminal Penrose quasi-local mass definition also yields the same result agreeing with linear theory) whereas E_{Møl} = M − e^2/r. Similarly, the energy of radiating dyon solution is E_{Møl} = M(v)−[q^2_e (v)+q^2_m(v)]/r whereas E_{Ein} = M(v)−[q^2_e (v)+q^2_m(v)]/2r [9]. There is a difference of a factor 2 in the second term.

Acknowledgments

This research was supported by the National Science Council of the Republic of China under contract number NSC 93-2112-M-143-001 and NSC 94-2112- M-143-001.

References

[1] P.C. Vaidya, Proc. Indian Acad. Sc. A33, 264 (1951).

[2] P.S. Joshi, Global Aspects in Gravitation and Cosmology (Oxford, Clarendon, 1993).

[3] A. Papapetrou, in A Random Walk in Relativity and Cosmology, edited by N. Dadhich, J.K. Rao, J.V. Narlikar, and C.V. Vishveshwara (Wiley, New York, 1985) pp. 184-191.

[4] R. Penrose, Riv. Nuovo Cimento 1, 252 (1969).

[5] R.W. Lindquist, R.A. Schwartz, and C.W. Misner, Phys. Rev. B137, 1364 (1965); W. Israel, Phys. Lett. A24, 184 (1967); J. Plebanski and J. Stachel, J. Math. Phys. 9, 169 (1967); W.B. Bonnor and P.C. Vaidya, Gen. Relativ. Grav. 2, 127 (1970).

[6] B.T. Sullivan and W. Israel, Phys. Lett. A79, 371 (1980).

[7] Y. Kaminaga, Class. Quantum Grav. 7, 1135 (1990).

[8] K. Lake and T. Zannias, Phys. Rev. D43, 1798 (1991).

[9] A. Chamorro and K.S. Virbhadra, Pramana-J. Phys. 45, 181 (1995).

[10] V. Husian, Phys. Rev. D53, R1759 (1996).

[11] J.D. Brown and V. Husian, Int. J. Mod. Phys. D6, 563 (1997).

[12] A. Trautman, in Gravitation: an Introduction to Current Research, edited by L. Witten (Wiley, New York, 1962).

[13] R.C. Tolman, Relativity, Thermodynamics and Cosmology (Oxford Univ. Press, 1934).

[14] L.D. Landau and E.M. Lifshitz, The Classical Theory of Fields (Addison-Wesley, Reading, MA, 1962), 2nd ed.

[15] A. Papapetrou, Proc. R. Ir. Acad. A52, 11 (1948).

[16] P.G. Bergmann and R. Thompson, Phys. Rev. 89,400 (1953).

[17] S. Weinberg, Gravitation and Cosmology (Wiley, New York, 1972).

[18] C. Møller, Ann. Phys. (NY) 4, 347 (1958).

[19] M. Salti and O. Aydogdu, Found. Phys. Lett. 19, 269 (2006); grqc/0603108; gr-qc/0603027; gr-qc/0511030. O. Aydogdu and M. Salti, Astrophys. Space Sci. 299, 227 (2005). M. Salti, Czech. J. Phys. 56, 177 (2006); Mod. Phys. Lett. A20, 2175 (2005). O. Aydogdu, grqc/0601070. O. Aydogdu, M. Salti, M. Korunur, and I. Acikgoz, grqc/0603063. A. Havare, M. Korunur, and M. Salti, Astrophys. Space Sci. 301, 43 (2006). A. Havare, M. Salti, and T. Yetkin, gr-qc/0502057. D. Solano and R. Alvarado, gr-qc/0510006. G.G.L. Nashed, Nuovo Cim. B119, 967 (2004). M. Favata, Phys. Rev. D63, 064013 (2001). J.W. Maluf and J.F. de Rocha-Neto, J. Math. Phys. 40, 1490 (1999). R.M. Gad, Astrophys. Space Sci. 295, 459 (2005); ibid. 293, 453 (2004); gr-qc/0403039. S.S. Xulu, Astrophys. Space Sci. 283, 23 (2003); Mod.

Phys. Lett. A15, 1511 (2000). M. Sharif and T. Fatima, Nuovo Cim. B120, 533 (2005); Int. J. Mod. Phys. A20, 4309 (2005); gr-qc/0601060. M. Sharif, Nuovo Cim. B119, 463 (2004); ibid. B118, 669 (2003).

[20] E.C. Vagenas, Int. J. Mod. Phys. D14, 573 (2005); Mod. phys. Lett.

A19, 213 (2004); Int. J. Mod. Phys. A18, 5949 (2003); ibid. A18, 5781 (2003); gr-qc/0602107. Th. Grammenos, Mod. Phys. Lett. A20, 1741 (2005). Th. Grammenos and I. Radinschi, gr-qc/0602105 I. Radinschi and Th. Grammenos, gr-qc/0508005. I. Radinschi, in Quantum Cosmology Research Trends. Horizons in World Physics. Volume 246, edited by Albert Reimer, (Nova Science, 2005). I. Radinschi, Chinese J. Phys. 39, 231 (2001); gr-qc/0203084. I. Radinschi and I.-C. Yang, Fizika B14, 3 (2005). I. Radinschi and I.-C. Yang, in New Developments in String Theory Research, edited by Susan A. Grece, (Nova Science, 2005). I.-C. Yang and I. Radinschi, Mod. Phys. Lett. A17, 1159 (2002); gr-qc/0309130. I.-C. Yang, W.-F. Lin and R.-R. Hsu, Chinese J. Phys. 37,118 (1999).

[21] I.-C. Yang and I. Radinschi,Chinese J. Phys. 42, 40 (2004).

[22] A. Wang and Y. Wu, Gen. Relativ. Grav. 31, 107 (1999) and the references cited therein.

[23] M. Barriola and A. Vilenkin, Phys. Rev. Lett. 63, 341 (1989).

[24] K.S. Virbhadra, Phys. Rev. D41, 1086 (1990); ibid. D42, 2919 (1990);

ibid. D60, 104041 (1999).

[25] G. Lessner, Gen. Relativ. Grav. 28, 527 (1996)

[26] C.C. Chang, J.M. Nester and C.M. Chen, Phys. Rev. Lett. 83, 1897 (1999).