arXiv:gr-qc/0606001 v1 31 May 2006

The influence of differential rotation on the detectability of gravitational waves from the r -mode instability

Paulo M. Sá^∗ and Brigitte Tomé^† Centro Multidisciplinar de Astrofísica – CENTRA, Departamento de Física, Faculdade de Ciências e Tecnologia, Universidade do Algarve, Campus de Gambelas, 8005-139 Faro, Portugal (Dated: May 31, 2006)

Recently, it was shown that differential rotation is an unavoidable feature of nonlinear r-modes. We investigate the influence of this differential rotation on the detectability of gravitational waves emitted by a newly born, hot, rapidly-rotating neutron star, as it spins down due to the r-mode instability. We conclude that gravitational radiation may be detected by the advanced laser interferometer detector LIGO if the amount of differential rotation at the time the r-mode instability becomes active is not very high.

PACS numbers: 04.30.Db, 95.85.Sz, 97.10.Sj, 97.60.Jd

I. INTRODUCTION

The new kilometer-scale laser interferometer gravitational-wave detectors LIGO and Virgo, or their advanced versions, operating at a broad frequency band (between about 10 and 10^4 Hz), may detect gravitational waves from a variety of sources (for a recent review see Ref. [1]). One such source could be a spinning neutron star emitting gravitational radiation due to the r-mode instability.

First studied more than twenty years ago [2], r-modes are non-radial oscillation modes of rotating stars that have the Coriolis force as their restoring force and a characteristic frequency comparable to the angular velocity of the star. These modes have been attracting increasing attention since it was discovered that they are driven unstable by gravitational radiation emission [3, 4] and that, for a large range of relevant temperatures and angular velocities of neutron stars, the driving effect of gravitational radiation is stronger than the damping effect of viscosity [5, 6].

Using a phenomenological model for the evolution of the r-mode instability, Owen et al. [7] studied the detectability of gravitational waves emitted by newly born, hot, rapidly-rotating neutron stars, arriving at the conclusion that such waves could be detected by the enhanced version of LIGO if sources were located at distances up to 20 Mpc from Earth. However, a deeper understanding of this issue requires taking into account nonlinear effects in the evolution of the r-mode instability. Arras et al. [8] considered the nonlinear interaction between modes, arriving at the conclusion that enhanced laser interferometer detectors could see gravitational radiation from r-modes if the sources were much closer to Earth, namely, at distances smaller than about 200 kpc. In this paper we will investigate the issue of detectability

∗Electronic address: pmsa@ualg.pt †Electronic address: btome@ualg.pt

of gravitational radiation emitted by newly born neutron stars as they spin down due to the r-mode instability, but taking into account another nonlinear effect: differential rotation.

Rezzolla et al. [9] were the first to suggest that r-modes induce a drift of fluid elements along azimuthal directions and derived an approximate analytical expression for these drifts. Soon afterwards, numerical studies, both in general relativistic [10] and Newtonian hydrodynamics [11], confirmed the existence of such drifts. Recently, an exact r-mode solution, representing differential rotation of kinematic nature that produce large scale drifts of fluid elements along stellar latitudes, was found within the nonlinear theory up to second order in the mode’s amplitude in the case of a Newtonian, barotropic, nonmagnetized, perfect-fluid star [12]. This differential rotation, which is an unavoidable feature of nonlinear rmodes, contributes to the physical angular momentum of the mode [12] and, therefore, plays an important role in the nonlinear evolution of the r-mode instability [13]. In particular, the amplitude of the r-mode saturates in a natural way at a value that depends on the amount of differential rotation at the time the instability becomes active; this saturation value can be much smaller than unity [13].

In this paper, using the model of evolution of Ref. [13], we investigate how differential rotation induced by rmodes influences the detectability, by the laser interferometer detectors LIGO and Virgo, of gravitational waves emitted by a newly born, hot, rapidly-rotating neutron star. In Sect. II we briefly review the evolution model of the r-mode instability. The main results of the paper are presented in Sect. III, where we derive expressions for the maximum value of the gravitational wave amplitude and for the frequency-domain gravitational waveform. We also compare, for different values of differential rotation, the characteristic amplitude of the signal with the rms strain noise in the initial LIGO, Virgo and advanced LIGO gravitational-wave detectors and compute the signal-to-noise ratio. Finally, Sect. IV is devoted to a discussion of the results and conclusions.

II. NONLINEAR EVOLUTION OF THE R-MODE INSTABILITY

In a recent paper [13], we have investigated the role of differential rotation in the evolution of the l = 2 rmode instability in a newly born, hot, rapidly-rotating neutron star, using a simple phenomenological model adapted from the one proposed in Ref. [7]. The main difference between our modified model and the one proposed in Ref. [7] is that the former takes into account that the full physical angular momentum of the r-mode perturbation also includes a contribution from differential rotation. Namely, at second order in the mode’s amplitude α, the physical angular momentum was taken to be [12]

δ^{(2)}J = 1 2 α^2Ω(4K + 5)J̃M R^2, (1)

where Ω, R and M denote the angular velocity, the radius and the mass of the star, respectively, and J̃ ≡ ∫_R 0 ρr^6dr/(M R^4) = 1.635 × 10^{−2}. In the above expression, it was assumed that the star’s mass density ρ and pressure p are related by a polytropic equation of state p = kρ^2 with k such that M = 1.4M_⊙ and R = 12.53 km. In Eq. (1), K is a constant fixed by initial data, giving the initial amount of differential rotation associated with the r-mode.

Within our model (see Ref. [13] for details), the total angular momentum is given by the sum of the angular momentum of the unperturbed star and the angular momentum of the r-mode perturbation,

J = IΩ + δ^{(2)}J(Ω, α), (2)

where I = (8π/3) ∫_R 0 ρr^4dr = ĨM R^2 (Ĩ = 0.261) is the momentum of inertia of the unperturbed star. Assuming that the total angular momentum of the star decreases due to the emission of gravitational radiation and that the angular momentum of the perturbation increases due to the emission of gravitational radiation and decreases due to the dissipative effect of viscosity, we arrive at a system of differential equations determining the evolution of the star’s angular velocity Ω(t) and the r-mode’s amplitude α(t), namely, dΩ dt = 8 3 (K + 2)Qα^2 Ω τ_{GR} + 8 3 ( K + 5 4 ) Qα^2 Ω τ_V , (3) dα dt = − [ 1 + 4 3 (K + 2)Qα^2 ] α τ_{GR} − [ 1 + 4 3 ( K + 5 4 ) Qα^2 ] α τ_V , (4)

where Q ≡ 3J̃/(2Ĩ) = 0.094 and the value of K is chosen to lie in the interval −5/4 ⩽ K ≪ 10^{13}. The upper limit for K results from the fact that one wishes to impose the condition that the initial value of the angular momentum of the r-mode is much smaller than the angular momentum of the unperturbed star, i.e., δ^{(2)}J_0 ≪ IΩ_0 implies that K ≪ 10^{13} if we choose α_0 = 10^{−6}. The lower limit for K results from the fact that we do not want to saturate the amplitude of the mode by hand, a procedure needed for the case K < −5/4 in order to avoid that the total angular momentum of the star becomes negative (see Ref. [13] for details).

In Eqs. (3) and (4) the gravitational-radiation and viscous timescales^1 are given, respectively, by [5] 1 τ_{GR} = 1 τ̃_{GR} ( Ω √ πGρ̄ )_6 , (5) 1 τ_V = 1 τ̃_S ( 10^9K T )_2 + 1 τ̃_B ( T 10^9K

)_6 ( Ω √ πGρ̄ )_2 ,(6)

with the fiducial timescales τ̃_{GR} = −3.26 s, τ̃_S = 2.52 × 10^8 s [5] and τ̃_B = 2.01 × 10^{11} s [15]. The temperature of the star is assumed to decrease due to the emission of neutrinos via a modified URCA process, T (t) 10^9 K = [ t τ_c + ( 10^9 K

T_0 )_6]−1/6 , (7)

where T_0 is the initial temperature of the star and τ_c = 1 yr characterizes the cooling rate [7].

The viscous timescale given above was derived for a simple model of a neutron star with shear and bulk viscosity. The consideration of other types of viscosity (as, for instance, viscosity at the core-crust boundary in neutron stars with a crust [16] or hyperon bulk viscosity [17]) leads to expressions for the viscous timescale that differ substantially from Eq. (6). However, because of the complexity of the involved processes it is not clear yet which viscous timescale is more appropriate to describe a real neutron star. In this paper we choose to restrict ourselves to the viscous timescale given by Eq. (6).

Let us assume that the temperature, the mode’s amplitude and the star’s angular velocity take the initial values T_0 = 10^{11} K, α_0 = 10^{−6} and Ω_0 = Ω_K , where Ω_K = (2/3) √ πGρ̄ = 5612 s^{−1} is the Keplerian angular velocity at which the star starts shedding mass at the equator (these initial values will be used throughout the paper). Then, in the first moments of the evolution, bulk viscosity dominates the dynamics of Eqs. (3) and (4). But this lasts just a fraction of a second. Indeed, the temperature of the star falls so rapidly that the gravitational-radiation driving effect almost immediately dominates over the bulk viscosity damping effect. This

1 The gravitational-radiation timescale τ_{GR} for r -modes was first obtained using an expression for the time evolution of the physical energy of the r -mode perturbation, assuming that the imaginary part of the frequency of the mode, Im(ω) ≡ 1/τ_{GR}, is related to the time derivative of the energy by dE/dt = −2E/τ_{GR} [5]. But τ_{GR} can also be obtained by solving explicitly the hydrodynamic equations in the presence of the gravitational radiation reaction force [14].

preponderance of gravitational radiation continues during most of the evolution, ending between t_b = 3.6×10^6 s (for K = −5/4) and t_b = 7.1 × 10^6 s (for K ≫ 1) . Afterwards, shear viscosity dominates the dynamics of the evolution. At t = 1 yr, which corresponds to a temperature T = 10^9 K, we stop evaluating Eqs. (3) and (4), since at this temperature superfluid effects are expected to become important, rendering invalid our assumptions about the viscous timescale [18].

In Fig. 1 the numerical solution of the system of equations (3) and (4), for different values of the constant K, is represented in a (Ω, T ) diagram. As we can see there, for

FIG. 1: Angular velocity of the star as a function of the temperature. As the star cools and emits gravitational radiation, its angular velocity decreases to values which are quite insensitive to the value of K. The dotted line represents the stability curve, τ^{−1}_{GR}(Ω) + τ^{−1}_V (Ω, T ) = 0, i.e., the set of points for which the damping effect of viscosity balances exactly the driving effect of gravitational radiation.

a newly born, hot, rapidly-rotating neutron star, there is an interval of relevant temperatures and angular velocities of the star for which the r-mode instability is active. For such values of temperature and angular velocity (corresponding to 0 ≲ t < t_b), the influence of viscosity on the evolutionary equations (3) and (4) is so small, as compared with the influence of gravitational radiation, that Ω(t) and α(t) can be determined, in a very good approximation, by the system of equations: dΩ dt = 8 3 (K + 2)Qα^2 Ω τ_{GR} , (8) dα dt = − [ 1 + 4 3 (K + 2)Qα^2 ] α τ_{GR} . (9)

Therefore, in what follows, Eqs. (8) and (9), which can be solved analytically, are used to determine Ω(t) and α(t), while Eqs. (3) and (4), which we solve numerically, are used just to determine t_b, i.e., the time at which the damping effect of viscosity becomes equal to the driving effect of gravitational radiation. As mentioned above, the value of t_b, which depends on K, lies in the range 3.6 × 10^6 s ⩽ t_b ⩽ 7.1 × 10^6 s.

As shown in Ref. [13], Eqs. (8) and (9) yield the following solution: − 2 τ̃_{GR} ( Ω_0 √ πGρ̄ )_6 [ 1 + 4 3 (K + 2)Qα^2_0

]_6 t = ln

Ω_0 Ω + ln

1 +^4_3 (K + 2)Qα^2_0 −^Ω_{Ω0} 4 3 (K + 2)Qα^2_0 + 5∑ n=1 [ 1 +^4_3 (K + 2)Qα^2_0 ]_n n [( Ω_0 Ω )_n − 1 ] ,(10)

− 1 τ̃_{GR} ( Ω_0 √ πGρ̄ )_6 [ 1 + 4 3 (K + 2)Qα^2_0

]_6 t = ln α α_0 + 5∑ n=1 5! 2n(5 − n)!n! [ 4 3 (K + 2)Q ]_n

× ( α^{2n} − α^{2n}_0 ) . (11)

An analysis of the above solution makes it clear that the evolution of the r-mode instability proceeds in two stages.

In the first stage of the evolution, the above solution is well approximated by

Ω(t) Ω_0 ≈ 1 − 4 3 (K + 2)Qα^2_0 exp {( Ω_0 √ πGρ̄ )_6 2t |τ̃_{GR}| } , (12)

α(t) ≈ α_0 exp {( Ω_0 √ πGρ̄ )_6 t |τ̃_{GR}| } , (13)

i.e., both the angular velocity of the star and the amplitude of the mode evolve on the gravitational-radiation timescale.

In the second stage of evolution, the solution (10) and (11) is well approximated by

Ω(t) Ω_0 ≈ 0.63 ( Ω_0 √ πGρ̄ )_{−6/5} ( t |τ̃_{GR}| )_{−1/5} , (14) α(t) ≈ 3.56 √ K + 2 ( Ω_0 √ πGρ̄ )_{3/5} ( t |τ̃_{GR}| )_{1/10} , (15)

i.e., due to nonlinear effects (the presence of differential rotation), the amplitude of the mode saturates at a value that depends crucially on the parameter K, namely, α_{sat} ∝ (K + 2)^{−1/2}, and the angular velocity decreases to a final value which is quite insensitive to the value of K (it depends on K through t_b).

The smooth transition between the two stages of evolution occurs a few hundred seconds after the instability becomes active. The moment of occurrence of this transition can be defined more precisely by introducing the transition time t_a, corresponding to the moment, determined by the condition d^2α/dt^2(t_a) = 0, when the mode’s amplitude changes from an exponential to a much slower power-law growth. Using Eqs. (5), (8) and (9), the above condition yields α(t_a) = [12(K +2)Q]^{−1/2} or, using the relation Ω ≈ Ω_0[1 +^4_3 (K + 2)Qα^2]^{−1}, Ω(t_a) = 0.9Ω_0. Inserting α(t_a) into Eq. (11), or Ω(t_a) into Eq. (10), and taking into account that 4(K + 2)Qα^2_0/3 ≪ 1 and α_0 ≪ α(t_a), one obtains

t_a ≈ [521.0 − 18.5 ln(K + 2)] s. (16)

III. DETECTABILITY OF GRAVITATIONAL WAVES FROM THE R-MODE INSTABILITY

The gravitational radiation emitted by a newly born neutron star, as it spins down due to the r-mode instability, could in principle be detected by the laser interferometer detectors LIGO and Virgo using appropriate detecting strategies.

The gravitational wave amplitude, averaged over source and detector orientation, is given by [7]

|h(t)| = 1.3 × 10^{−24}α(t) ( Ω(t) Ω_K

)_3 (

20 Mpc D ) , (17)

where D is the distance to the source.

In Fig. 2 the gravitational wave amplitude is shown for different values of K and a distance to the source of D = 20 Mpc. During the first stage of evolution, |h(t)| grows exponentially [see Eqs. (12) and (13)], while during the second stage of evolution it decreases slowly, as t^{−1/2} [see Eqs. (14) and (15)]. The maximum value h_{max} ≡ |h(t_∗)| is achieved when d|h|/dt(t_∗) = 0, which, using Eqs. (8) and (9), gives the mode’s amplitude α(t_∗) = √ 3/[20(K + 2)Q], or, using the relation Ω ≈ Ω_0[1 +^4_3 (K + 2)Qα^2]^{−1}, the star’s angular velocity Ω(t_∗) = (5/6)Ω_K . Substituting these values of α and Ω into Eq. (17), we obtain h_{max} = 9.5 × 10^{−25} √ K + 2 ( 20 Mpc D ) . (18)

If α(t_∗) is inserted into Eq. (11), or Ω(t_∗) into Eq. (10),we obtain that the gravitational wave amplitude reaches its maximum value at t_∗ ≈ [543.1 − 18.5 ln(K + 2)] s, i.e., shortly after the transition between the first and second stages of evolution of the r-mode instability.

Let us now derive an analytical expression for the frequency-domain gravitational wave amplitude |h̃(f)|. Using the stationary phase approximation, namely, |h̃(f)| = |h(t)|/ √ |df/dt|, where df/dt is straightfor- wardly obtained from Eq. (8), df dt = −8.1(K + 2)α^2(t) ( f f_{max} )_7

Hz/s, (19)

we can easily obtain the frequency-domain gravitational wave amplitude |h̃(f)|,

|h̃(f)| = 4.6 × 10^{−25} √ K + 2 √ f_{max} f ( 20 Mpc D ) Hz^{−1}, (20)

FIG. 2: Gravitational wave amplitude |h(t)| for different values of K and distance to the source D = 20 Mpc. At t∗ ≈ [543.1−18.5 ln(K+2)] s the gravitational wave amplitude reaches its maximum value, hmax = 9.5 × 10^{−25} (K + 2)^{−1/2}.

where f = 2Ω/(3π) is the frequency of the emitted gravitational wave.

Equation (20) applies to both stages of evolution, for frequencies ranging from f_{min} = (77 − 80) Hz to f_{max} = 1191 Hz, where the maximum frequency corresponds to the initial value of the angular velocity of the star, Ω_K = 5612 s^{−1}, and the minimum frequency corresponds to the final angular velocity of the star, Ω(t_b), which lies between 0.065Ω_K (for K = −5/4) and 0.067Ω_K (for K ≫ 1).

Let us mention that in Ref. [7] an expression for the frequency-domain gravitational wave amplitude |h̃(f)| was derived based on the assumption that dJ/df ∝ I, where J is the total angular momentum of the star, f is the frequency of the emitted gravitational wave and I is the moment of inertia of the unperturbed star. Since within the model of Ref. [7], the condition dJ/df ∝ I only applies during the second stage of evolution, the expression obtained there for |h̃(f)| is valid just for this stage of evolution. Within our model, however, it can be easily shown that the condition dJ/df ∝ I holds, not only during the second stage of evolution, but also during the first stage. Indeed, from Eqs. (1) and (2), we obtain that dJ dΩ = I [ 1 + 1 3 (4K + 5) Qα^2 ( 1 + 2 Ω α dα dΩ )] . (21)

Now we can use Eqs. (8) and (9) to relate dΩ and dα, namely, dΩ Ω = − 8 3 (K + 2)Qα 1 +^4_3 (K + 2)Qα^2 dα. (22) Inserting this expression into Eq. (21) and using f = 2Ω/(3π) we obtain dJ df = 9πI 8(K + 2)

. (23)

Since the above condition holds during both stages of the evolution, we could use it to derive, in the manner proposed in Ref. [7], the frequency-domain gravitational wave amplitude given by Eq. (20).

The gravitational wave amplitude |h̃(f)| is represented in Fig. 3 for different values of K and for gravitationalwave frequencies lying between f_{min} and f_{max}.

FIG. 3: Gravitational wave amplitude in the frequency domain, |h̃(f)|, for different values of K and distance to the source D = 20 Mpc.

It is worth mentioning that within the model of evolution proposed in Ref. [7], the frequency-domain gravitational wave amplitude has a spike at high frequencies, due to the fact that during the first stage of evolution the angular velocity of the star evolves very slowly on the viscous timescale, leading to a quasi-monochromatic gravitational wave emission during the first 500 s of evolution. However, as we have seen, if one takes into account the influence of differential rotation, namely, the fact that it contributes to the physical angular momentum of the rmode perturbation, then the angular velocity of the star evolves in the gravitational-radiation timescale already in the first stage of evolution [see Eq. (3)]. As a consequence, the gravitational wave amplitude |h̃(f)| in the first stage of evolution is also given by Eq. (20) and we observe no spike.

Let us now analyze the possibility of detecting the emitted gravitational waves with laser interferometer detectors LIGO and Virgo. Because of the complexity of real neutron stars, our knowledge of the evolution of the r-mode instability is insufficient to predict the gravitational waveform with such an accuracy that a matched filtering signal-processing technique would be feasible. However, we can use matched filtering in order to estimate the detectability of the gravitational-wave signal. For that purpose, the characteristic amplitude of the signal, h_c(f) ≡ f|h̃(f)| = 5.5 × 10^{−22} √ K + 2 √ f f_{max} ( 20 Mpc D ) , (24)

is compared with the rms strain noise in the detector, h_{rms}(f) ≡ √ fS_h (f), (25)

where S_h(f) is the noise power spectral density of the detector.

For frequencies in the interval 50 Hz ⩽ f ⩽ 1200 Hz, the curves for the noise power spectral densities of the initial LIGO [19], Virgo [20] and advanced LIGO [21] detectors are well approximated by the following analytical expressions, respectively:

S_h(f) = S_1 [( f_1 f )_4 + ( f f_1

)_2]

, (26)

where S_1 = 3.4 × 10^{−46} Hz^{−1} and f_1 = 142.0 Hz,

S_h(f) = S_2 [ 1 + 1 6 ( f_2 f )_2 + 1 6 ( f f_2

)_2]

, (27)

where S_2 = 1.5 × 10^{−45} Hz^{−1} and f_2 = 249.6 Hz, and

S_h(f) = S_3 { 1 + ( f_3 f )_7 − 10 3 ( f f_4 ) [ 1 − ( f f_4 )

+ 3 50 ( f f_4 )_2]} , (28)

where S_3 = 2.2 × 10^{−47} Hz^{−1}, f_3 = 52.8 Hz and f_4 = 421.3 Hz.

In Fig. 4 the curves corresponding to the rms strain noises in the initial LIGO, Virgo and advanced LIGO detectors are compared with the curves corresponding to the characteristic amplitude of the gravitational wave signal for different values of K and for a distance to the source of D = 20 Mpc. For such a distance, which includes the Virgo cluster of galaxies, a few supernovae per year are expected.

The most striking feature of Fig. 4 is that the detectability of gravitational waves from the r-mode instability of newly born neutron stars is drastically reduced as the initial value of differential rotation associated with r-modes increases. Indeed, for K ≳ 100, even the advanced LIGO detector would not have enough sensitivity to see such sources (for D = 20 Mpc).

The visual comparison, in Fig. 4, between the characteristic amplitude of the signal and the rms strain noise in the detector gives us a qualitative measure of the signalto-noise ratio for matched filtering. A quantitative determination of the signal-to-noise ratio is obtained from ( S N )_2 = 2 f_{max}∫

f_{min} df f ( h_c h_{rms} )_2

, (29)

FIG. 4: The dotted lines correspond to the rms strain noises in the initial LIGO, VIRGO and advanced LIGO detectors. The solid lines correspond to the characteristic amplitude for different values of K. The distance to the source is taken here to be D = 20 Mpc.

which, for f_{min} = (77 − 80) Hz and f_{max} = 1191 Hz, yields S N ≈ 1 √ K + 2

20 Mpc D × 0.9 (initial LIGO) 0.7 (Virgo) 12.9 (advanced LIGO)

.(30)

For the initial LIGO and Virgo detectors, even for small initial differential rotation (K ≈ 0), the signalto-noise ratio is not significant for D = 20 Mpc. Of course, this ratio can be increased if we consider sources located at smaller distances, but at the cost of decreasing the number of expected supernova events per year and, hence, the probability of a detection.

For the advanced LIGO detector the situation improves: for small values of K, the signal-to-noise ratio is significant even for D = 20 Mpc. Therefore, and since within such a distance several supernovae per year are expected, one could hope that advanced LIGO detectors would see gravitational radiation from the r-mode instability of young neutron stars. However, such hope is based on the assumption that neutron stars are born with small initial differential rotation associated with rmodes. But this may not be the case. And if a neutron star is born with substantial differential rotation associated with r-modes (say K ≳ 100), then the emitted gravitational waves will not be seen even by advanced LIGO. Of course, as already mentioned above, one could consider smaller distances to the source, but then the number of events per year would decrease, decreasing the probability of a detection. In Fig. 5 the characteristic amplitude for high values of K is compared with the rms strain noise in the advanced LIGO detector for a distance to the source of 30 kpc, i.e., within our Galaxy, in which about 2 supernovae are expected every hundred years [22].

FIG. 5: The dotted line corresponds to the rms strain noise in the advanced LIGO detector. The solid lines correspond to the characteristic amplitude for different values of K. The distance to the source is taken here to be D = 30 kpc.

The fact that an increase of the initial amount of differential rotation associated with r-modes makes it more difficult to detect gravitational waves from these modes (for a given distance to the source ) can be easily understood from angular momentum considerations. Indeed, it was shown in Ref. [23], based on an unpublished general argument of Blandford, that the signal-to-noise ratio given by Eq. (29) is well approximated by ( S N )_2 ≈ 2G 5πc^3D^2 ΔJ h^2_{rms} , (31)

where ΔJ ≡ J_0 − J(t_b) is the total amount of angular momentum carried away by gravitational waves, J(t) is the total angular momentum of the star and J_0 ≈ IΩ_0 is the initial angular momentum of the star. Using Eqs. (1) and (2), the total amount of angular momentum carried away by gravitational waves can be written as ΔJ J_0 ≈ 1 − Ω(t_b) Ω_0 − 1 3 (4K + 5)Q

Ω(t_b) Ω_0 α^2(t_b), (32)

or, since Ω ≈ Ω_0[1 +^4_3 (K + 2)Qα^2]^{−1}, as ΔJ J_0 ≈ 3 4(K + 2) ( 1 − Ω(t_b) Ω_0 ) , (33)

where Ω(t_b) = (0.065 − 0.067)Ω_0. Thus, for K ≫ 1, only a small part of the initial angular momentum of the star is carried away by gravitational waves^2 (see Fig. 6) and,

2 As shown in Ref. [13], for K ≫ 1, most of the angular momentum of the unperturbed star is transferred to the r -mode perturbation, due to the fact that the fluid develops a strong differential rotation. Indeed, after a few hundred seconds of evolution of the r -mode instability, the average differential rotation increases rapidly, saturating at high values relatively to the initial angular velocity of the star.

consequently, detection of these waves becomes a more difficult task.

FIG. 6: Angular momentum carried away by gravitational waves, ΔJ, as a function of time for different values of K. For K ≫ 1, only a small part of the initial angular momentum of the star is carried away by gravitational waves.

IV. CONCLUSIONS

In this paper we have investigated the influence of differential rotation on the detectability of gravitational radiation emitted by a newly born, hot, rapidly-rotating neutron star, as it spins down due to the r-mode instability.

A model of evolution of the r-mode instability that takes into account differential rotation [13] has been used to derive the gravitational wave amplitude |h(t)| and its Fourier transform |h̃(f)|. We have shown that the maximum value of the gravitational wave amplitude, h_{max}, depends on the amount of differential rotation at the time the r-mode instability becomes active, namely, h_{max} ∝ (K + 2)^{−1/2}. We have also shown that the frequency-domain gravitational wave amplitude, |h̃(f)|, has no spike at high frequencies, as opposed to the results of Ref. [7]. There, the spike of |h̃(f)| is due to the fact that during the first stage of evolution of the rmode instability the angular velocity of the star evolves very slowly on the viscous timescale, leading to a quasimonochromatic gravitational wave emission during the first few hundred seconds of evolution. However, as we have seen, if one takes into account the influence of differential rotation, then the angular velocity of the star evolves in the gravitational-radiation timescale already in the first stage of evolution and, as a consequence, during this stage of evolution the gravitational wave is not monochromatic and |h̃(f)| has no spike.

We have assumed matched filtering in order to investigate the detectability of the gravitational wave signal. However, our knowledge of the evolution of the r-mode instability is insufficient to predict the gravitational waveform with such an accuracy that an optimal matched filtering signal-processing technique would be feasible. But non-optimal signal-processing strategies could be developed such that they would yield results not much different from the ones obtained with matched filtering (see, for instance, the hierarchical search strategies proposed in [24]). Therefore, our results concerning the detectability of gravitational waves from r-modes can be considered to be a good approximation.

Assuming matched filtering, the characteristic amplitude of the signal h_c(f) is compared with the rms strain noise in the initial LIGO and Virgo detectors, as well as with the expected rms strain noise in the advanced LIGO detector [see Figs. 4 and 5 and Eq. (30)]. We conclude that the detectability of gravitational waves from the rmode instability of newly born neutron stars is drastically reduced as the initial value of differential rotation associated with r-modes increases. For the initial LIGO and Virgo detectors, the signal-to-noise ratio obtained with matched filtering for sources located at 20 Mpc is smaller than unity even for K ≈ 0. For advanced LIGO, if neutron stars are born with significant differential rotation associated with r-modes, then detection of gravitational waves would be possible only if the distance to these neutron stars is considerably smaller than 20 Mpc. For instance, if K = 10^5, a signal-to-noise ratio greater than 10 requires a source located no more than about 80 kpc away [see Eq. (30)], i.e., within a sphere containing the Milky Way, the Magellanic Clouds and a few more small galaxies, in which just a few supernovae per century are expected. However, if the initial value of differential rotation associated with r-modes is small (K ≈ 0), then S/N ≳ 10 can be obtained for D = 20 Mpc. Since within a volume of radius 20 Mpc several supernovae per year are expected, it is quite possible that advanced LIGO will detect gravitational radiation from the r-mode instability of young neutron stars.

Acknowledgments

This work was supported in part by the Fundação para a Ciência e a Tecnologia (FCT), Portugal.

[1] K. D. Kokkotas and N. Stergioulas, in Proceedings of the Fifth International Workshop on New Worlds in Astroparticle Physics, Faro, Portugal, 2005, edited by A. M. Mourão et al. (World Scientific, Singapore, 2006), p.

25. [2] J. Papaloizou and J. E. Pringle, Mon. Not. R. Astron.

Soc. 182, 423 (1978).

[3] N. Andersson, Astrophys. J. 502, 708 (1998).

[4] J. L. Friedman and S. M. Morsink, Astrophys. J. 502, 714 (1998).

[5] L. Lindblom, B. J. Owen, and S. M. Morsink, Phys. Rev.

Lett. 80, 4843 (1998).

[6] N. Andersson, K. D. Kokkotas, and B. F. Schutz, Astrophys. J. 510, 846 (1999).

[7] B. J. Owen, L. Lindblom, C. Cutler, B. F. Schutz, A.

Vecchio, and N. Andersson, Phys. Rev. D 58, 084020 (1998).

[8] P. Arras, E. E. Flanagan, S. M. Morsink, A. K. Schenk, S. A. Teukolsky, and I. Wassermann, Astrophys. J. 591, 1129 (2003).

[9] L. Rezzolla, F. K. Lamb, and S. L. Shapiro, Astrophys.

J. Lett. 531, L139 (2000); L. Rezzolla, F. K. Lamb, D. Markovic, and S. L. Shapiro, Phys. Rev. D 64, 104013 (2001).

[10] N. Stergioulas and J. A. Font, Phys. Rev. Lett. 86, 1148 (2001).

[11] L. Lindblom, J. E. Tohline, and M. Vallisneri, Phys. Rev.

Lett. 86, 1152 (2001); Phys. Rev. D 65, 084039 (2002). [12] P. M. Sá, Phys. Rev. D 69, 084001 (2004). [13] P. M. Sá and B. Tomé, Phys. Rev. D 71, 044007 (2005).

[14] Ó. J. C. Dias and P. M. Sá, Phys. Rev. D 72, 024020 (2005).

[15] L. Lindblom, G. Mendell, and B. J. Owen, Phys. Rev. D 60, 064006 (1999).

[16] L. Bildsten and G. Ushomirsky, Astrophys. J. Lett. 529, L33 (2000).

[17] L. Lindblom and B. J. Owen, Phys. Rev. D 65, 063006 (2002); M. Nayyar and B. J. Owen, Phys. Rev. D 73, 084001 (2006).

[18] L. Lindblom and G. Mendell, Astrophys. J. 444, 804 (1995);

[19] A. Abramovici et al., Science 256, 325 (1992). [20] http://www.virgo.infn.it/senscurve/ [21] http://www.ligo.caltech.edu/advLIGO/scripts /ref des.shtml [22] R. Diehl et al., Nature 439, 45 (2006).

[23] B. J. Owen and L. Lindblom Class. Quantum Grav. D 19, 1247 (2002).

[24] P. R. Brady and T. Creighton, Phys. Rev. D 61, 082001 (2000); C. Cutler, I. Gholami, and B. Krishnan, Phys. Rev. D 72, 042004 (2005).