arXiv:gr-qc/0606043 v1 9 Jun 2006

10-DIM EINSTEIN SPACES MADE UP ON BASIS OF 6-DIM RICCI- FLAT SPACES AND 4-DIM EINSTEIN SPACES

Valery Dryuma

Institute of Mathematics and Informatics AS Moldova, Kishinev

E-mail: valery@dryuma.com; cainar@mail.md

Abstract

Some examples of ten-dimensional vacuum Einstein spaces (^{10}R_{ij} = 0) made up on basis of fourdimensional Ricci-flat (^4R_{ij} = 0) Einstein spaces and six-dimensional Ricci-flat spaces (^6R_{ij} = 0) defined by solutions of the classical Sin − Gordon equation are constructed.

The properties of geodesics for such type of the spaces are discussed.

1 Introduction

The properties of classical four dimensional Einstein spaces are dependent on the energy-momentum tensor of matter T_{ik} R_{ij} = 8πκ c^4 ( T_{ik} − 1 2 g_{ik}T ) . (1)

Tensor T_{ik} is self-dependent object in the Einstein theory of gravitation and in general does not has geometric description.

The most popular approach to the geometric description of the matter tensor T_{ik} and their relation with a Ricci-flat tensor^4R_{ij} of Space-Time takes place within the bounds of the Kaluza-Klein theories using the string theory on Calaby-Yau manifolds.

At the same time both substance - Space-Time and the Matter are considered as a single whole. We present here a new possibilities for such type of considerations.

2 Three-dimensional space of constant negative curvature

We start from a three-dimensional space endowed with the metrics in form

ds^2 = dx^2 + 2 cos(u(x, y)dxdy + dy^2 + A(x, y)^2dz^2. (2)

The condition on the space to be the space of constant negative curvature R_{ijkl} − λ (g_{ik}g_{jl} − g_{il}g_{jk}) = 0 in the case λ = −1 lead to the compatible system of equations

∂^2 ∂x∂y u(x, y) − sin(u(x, y)) = 0, ∂^2 ∂x∂y A(x, y) − A(x, y) cos(u(x, y)) = 0,

2 THREE-DIMENSIONAL SPACE OF CONSTANT NEGATIVE CURVATURE 2

∂^2 ∂x^2 A(x, y) − cos(u(x, y)) (_∂ ∂x u(x, y) )_∂ ∂x A(x, y) sin(u(x, y)) − A(x, y) + (_∂ ∂x u(x, y) )_∂ ∂y A(x, y) sin(u(x, y)) = 0,

∂^2 ∂y^2 A(x, y) − cos(u(x, y)) (_∂ ∂y u(x, y) )_∂ ∂y A(x, y) sin(u(x, y)) − A(x, y) + (_∂ ∂x A(x, y) )_∂ ∂y u(x, y) sin(u(x, y)) = 0. (3)

As it follows that for any solution u(x, y) of the Sin − Gordon equation one possible to find the function A(x, y) by solving corresponding linear system of equations.

So the following theorem is valid ([1]).

Theorem 1 Three-dimensional spaces having the metric (2) with the functions A(x, y) and u(x, y) defined by a given system of equations are the spaces of constant negative curvature λ = −1 .

To take one example.

The simplest solution of the equation

∂^2 ∂x∂y u(x, y) − sin(u(x, y)) = 0 is given by u(x, y) = 4 arctan(exp(x + y)).

At this condition the linear system looks as

∂^2 ∂x∂y A(x, y) + ( 6 e^{2 x+2 y} − 1 − e^{4 x+4 y} ) A(x, y) (1 + e^{2 x+2 y})^2

= 0, ( 1−e^{4 x+4 y} ) A(x, y)+ ( −2 e^{2 x+2 y} − e^{4 x+4 y} − 1 ) ∂ ∂y A(x, y)+ ( −6 e^{2 x+2 y} +1+e^{4 x+4 y} ) ∂ ∂x A(x, y)+ + ( −1 + e^{4 x+4 y} ) ∂^2 ∂x^2 A(x, y) = 0, ( 1−e^{4 x+4 y} ) A(x, y)+ ( −6 e^{2 x+2 y} + 1 + e^{4 x+4 y} ) ∂ ∂y A(x, y) + ( −2 e^{2 x+2 y} − e^{4 x+4 y} − 1 ) ∂ ∂x A(x, y)+ + ( −1 + e^{4 x+4 y} ) ∂^2 ∂y^2 A(x, y) = 0 The simplest solution of this system is A(x, y) = e^{x+y} 1 + e^{2 x+2 y} . In result we get the example of the metric of constant negative curvature

ds^2 = dx^2 + 2 cos(4 arctan(exp(x + y)))dxdy + dy^2 + ( exp(x + y) 1 + exp(2x + 2y)

)_2 dz^2. (4)

Remark 1 In 3-dimensional geometry the density of Chern-Simons invariant defined by

CS(Γ) = ϵ^{ijk}(Γ^p_{iq}Γ^q_{kp;j} + 2 3 Γ^p_{iq}Γ^q_{jr}Γ^r_{kp}) (5)

has an important role.

For the metric (2) one get CS(Γ) = 0.

Our construction of ten dimensional Einstein space be composed from a few steps. The first one is the creation of the six dimensional basic space with a necessary properties. With this aim we use the notion of the Riemann extension of a given three-dimensional space.

3 SIX DIMENSIONAL RIEMANN EXTENSIONS OF THE METRICS OF CONSTANT NEGATIVE CURVATURE3

3 Six dimensional Riemann extensions of the metrics of constant negative curvature

The Riemann extension of riemannian or nonriemannian spaces can be constructed with the help of the Chistoffel coefficients Γ^i_{jk} of corresponding Riemann space or with the help of connection coefficients Π^i_{jk} of affinely connected space.

The metrics of the Riemann extension of a given n-dimensional riemannian space looks as

2nds^2 = −2Γ^i_{jk}dx^jdx^kψ_i + 2dx^idψ_i, (6)

where ψ_i are some additional coordinates.

To give an examples of the properties of Riemann extensions.

Theorem 2 The Riemann extension of 3-dimensional space of constant curvature is a six-dimensional symmetrical space_6 R_{ijkl;m} = 0. Theorem 3 The Riemann extension of Ricci-flat^nR_{ik} = 0 space is a Ricci-flat^{2n}R_{ik} = 0 space.

Theorem 4 The spaces with conditions R_{ij;k} + R_{ki;j} + R_{jk;i} = 0. on the Ricci-tensor conserve such conditions after the Riemann extension.

After the Riemann extension of three-dimensional space one get a six-dimensional space having the signature [+ + + − −−]

In case of the metric (2) we have a following components of the Christoffel symbols

Γ^2_{33} = A(x, y) cos(u(x, y))^∂_{∂x} A(x, y) (sin(u(x, y)))^2 − A(x, y)^∂_{∂y} A(x, y) (sin(u(x, y)))^2 ,

Γ^1_{33} = − A(x, y)^∂_{∂x} A(x, y) (sin(u(x, y)))^2 + A(x, y) cos(u(x, y))^∂_{∂y} A(x, y) (sin(u(x, y)))^2 ,

Γ^3_{23} = ∂ ∂y A(x, y) A(x, y) , Γ^2_2 = cos(u(x, y))^∂_{∂y} u(x, y) sin(u(x, y)) , Γ^1_{22} = − ∂ ∂y u(x, y) sin(u(x, y)) ,

Γ^3_{13} = ∂ ∂x A(x, y) A(x, y) , Γ^2_{11} = − ∂ ∂x u(x, y) sin(u(x, y)) , Γ^1_1 = cos(u(x, y))^∂_{∂x} u(x, y) sin(u(x, y)) . So using these values we get from the (6) the metrics of six-dimensional extension

6ds^2 = ( 2 (_∂ ∂x u(x, y) ) V sin(u(x, y)) − 2 cos(u(x, y)) (_∂ ∂x u(x, y) ) U sin(u(x, y)) ) dx^2 − 4 (_∂ ∂x A(x, y) ) W dx dz A(x, y) +

+2 dx dU + −2 cos(u(x, y)) (_∂ ∂y u(x, y) ) V sin(u(x, y)) + 2 (_∂ ∂y u(x, y) ) U sin(u(x, y)) dy^2−4 (_∂ ∂y A(x, y) ) W dy dz A(x, y) +2 dy dV +

+A(x, y) ( −2 V cos(u(x, y))^∂_{∂x} A(x, y) (sin(u(x, y)))^2 +2 V^∂_{∂y} A(x, y) (sin(u(x, y)))^2 +2 U^∂_{∂x} A(x, y) (sin(u(x, y)))^2 −2 U cos(u(x, y))^∂_{∂y} A(x, y) (sin(u(x, y)))^2 ) dz^2+

+2 dz dW , (7) where U, V, W are the set of additional coordinates.

Remark that we have the relations between the set of solutions of the system (3) and corresponding six-dimensional spaces endowed with the metrics (7). In particular we get the set of such type of the spaces corresponded the soliton solutions of the Sin − Gordon-equation.

Ricci-tensor of the metric (7) has non zero components^6R_{ik} ≠ 0 and the next problem is transformation of the space (7) into the Ricci flat^6R_{ij} = 0 space defined by the solutions of the system (3).

4 Six-dimensional Ricci-flat space

For construction of the Ricci-flat six-dimensional space we consider the metrics which are conformal to the metrics (7)

6ds̃^2 = 6ds^2 A(x, y)^2 , (8)

with the function A(x, y) defined by the solutions of the system (3).

The calculation with a GRTensorII ([12]) show that the Ricci-tensor of the metrics (8) has only one non zero component R_{zz} ≠ 0. In explicit form it looks as

R_{zz} = − (cos(u(x, y)))^2 (A(x, y))^2 + 2 cos(u(x, y)) ( ∂ ∂y A(x, y) ) ∂ ∂x A(x, y)+

+ (A(x, y))^2 − ( ∂ ∂x A(x, y) )_2 − ( ∂ ∂y A(x, y) )_2 (9) It is interested to note that this quantity is an integral of the system (3).

In fact after differentiation the quantity (9) on the variables x or y we get the expressions containing the second order derivatives of the functions A_{xx}, A_{xy}, A_{yy}. The substitution of the corresponding values from the system (3) make these expressions vanish.

Remark 2 The meaning of the value R_{zz} is dependent from the choice of the solutions of the system (3).

For example on the solution

u(x, y) = 4 arctan(exp(x + y)), A(x, y) = exp(x + y) 1 + exp(2x + 2y)

we get R_{zz} = 0. At the same time on the singular solution of the system (3) u(x, y) = 4 arctan(e^{i(x−y)}), A(x, y) = e^{i(x−y)} 1 + e^{2 i(x−y)} we get R_{zz} = −4 e^{2 i(3 y+x)} − 2 e^{4 i(y+x)} + e^{2 i(y+3 x)} (e^{2 iy} + e^{2 ix})^4 .

So we get the family of six-dimensional metrics (8) depending from the solutions of the Sin−Gordonequation and having only one non zero component of the Ricci-tensor.

Now for achievement of our aim we must add some additional terms into the expressions for the metrics (8) in such a way that the Ricci-flat six-dimensional manifold defined by the solutions of the Sin − Gordon-equation will be obtained.

Remark that there are a lot possibilities to make that.

All of them are connected with the freedom in choice of connections coefficients at the construction of our six-dimensional manifold in result of the extensions of concrete three-dimensional space( there are only eight components of the connections in the expression (8)).

For example adding the term F (x, y) A(x, y)^2 U into the component g_{zz} of metric tensor g_{ij} give rise to the metric

6 ds^2 = ( 2 (_∂ ∂x u(x, y) ) V (A(x, y))^2 sin(u(x, y)) − 2 cos(u(x, y)) (_∂ ∂x u(x, y) ) U (A(x, y))^2 sin(u(x, y)) ) dx^2 − 4 (_∂ ∂x A(x, y) ) W dx dz (A(x, y))^3 +

+2 dx dU (A(x, y))^2 + −2 cos(u(x, y)) (_∂ ∂y u(x, y) ) V (A(x, y))^2 sin(u(x, y)) + 2 (_∂ ∂y u(x, y) ) U (A(x, y))^2 sin(u(x, y)) dy^2−4 (_∂ ∂y A(x, y) ) W dy dz (A(x, y))^3 +

+2 dy dV (A(x, y))^2 +

+ ( −2 cos(u(x, y))V^∂_{∂x} A(x, y) A(x, y) (sin(u(x, y)))^2 + 2 V^∂_{∂y} A(x, y) A(x, y) (sin(u(x, y)))^2 + F (x, y)U (A(x, y))^2 + 2 U^∂_{∂x} A(x, y) A(x, y) (sin(u(x, y)))^2 ) dz^2− ( −2 cos(u(x, y))U^∂_{∂y} A(x, y) A(x, y) (sin(u(x, y)))^2 ) dz^2 + 2 dz dW (A(x, y))^2 . (10)

This metric is a Ricci-flat_6 R_{ij} = 0

but non a flat! R_{ijkl} ≠ 0 if the function F (x, y) is satisfied the equation ∂ ∂x F (x, y) − − (_∂ ∂x u(x, y) ) A(x, y) cos(u(x, y)) + 3 (_∂ ∂x A(x, y) ) sin(u(x, y)) A(x, y) sin(u(x, y)) +

+4 (A(x, y))^2 (cos(u(x, y)))^2 − 2 cos(u(x, y)) (_∂ ∂y A(x, y) )_∂ ∂x A(x, y) − (A(x, y))^2 + (_∂ ∂y A(x, y) )_2 + (_∂ ∂x A(x, y) )_2

−1 + (cos(u(x, y)))^2 = = 0. (11)

In result we get the set of Ricci-flat six-dimensional manifolds defined by the solutions of the Sin − Gordon-equation. According the geometric approach such type of manifold may be suitable arena for the string theory.

5 3 × 2+4=10 6

5 3 × 2+4=10

Now we present the construction of ten-dimensional Ricci-flat space

10R_{ik} = 0

made up on six-dimensional Ricci-flat manifold and four-dimensional Ricci-flat Einstein space.

By way as example of four-dim Einstein space will be considered the Schwarzschild Space-Time with the metric ds^2 = (1 − M/r)c^2dt^2 − r^2(sin(θ)^2dϕ^2 + dθ^2) − dr^2/(1 − M/r).

As the six-dimensional Ricci-flat space will be used the space with the metric (8) with a suitable additional term.

10 ds^2 = ( 2 (_∂ ∂x u(x, y) ) V (A(x, y))^2 sin(u(x, y)) − 2 cos(u(x, y)) (_∂ ∂x u(x, y) ) U (A(x, y))^2 sin(u(x, y)) ) dx^2−4 (_∂ ∂x A(x, y) ) W dx dz (A(x, y))^3 +2 dx dU (A(x, y))^2 +

+ −2 cos(u(x, y)) (_∂ ∂y u(x, y) ) V (A(x, y))^2 sin(u(x, y)) + 2 (_∂ ∂y u(x, y) ) U (A(x, y))^2 sin(u(x, y)) dy^2−4 (_∂ ∂y A(x, y) ) W dy dz (A(x, y))^3 +2 dy dV (A(x, y))^2 +

+ ( −2 cos(u(x, y))V^∂_{∂x} A(x, y) A(x, y) (sin(u(x, y)))^2 +2 V^∂_{∂y} A(x, y) A(x, y) (sin(u(x, y)))^2 + 2 U^∂_{∂x} A(x, y) A(x, y) (sin(u(x, y)))^2 −2 cos(u(x, y))U^∂_{∂y} A(x, y) A(x, y) (sin(u(x, y)))^2 ) dz^2+

+2 dz dW (A(x, y))^2 − dr^2 ( 1 − M r )_{−1} − r^2 (sin(θ))^2 (d(ϕ))^2 − r^2 (d(θ))^2 + ( c^2 − c^2M r ) dt^2+

+ F (x, y)U (A(x, y))^2 dz^2. (12)

In result we have the metric of the union space which is composed from two independent spaces. In particular the geodesic equations of full 10D-space are dissolved on two independent subsystems of equations - for the coordinates (x, y, z, U, V, W ) and (r, θ, ϕ, t).

Under such condition on the metric the influence of 6D-space which is the medium of the Matter ( analogue of Calaby-Yau space!) on the properties of 4D-Space-Time is absent.

For description of interaction between both structures it is necessary to introduce additional terms into the expression for the metric.

As example we consider a following metric of 10D-space

10ds^2 = ( 2 (_∂ ∂x u(x, y) ) V (A(x, y))^2 sin(u(x, y)) − 2 cos(u(x, y)) (_∂ ∂x u(x, y) ) U (A(x, y))^2 sin(u(x, y)) ) dx^2−4 (_∂ ∂x A(x, y) ) W dx dz (A(x, y))^3 +2 dx dU (A(x, y))^2 +

+ −2 cos(u(x, y)) (_∂ ∂y u(x, y) ) V (A(x, y))^2 sin(u(x, y)) + 2 (_∂ ∂y u(x, y) ) U (A(x, y))^2 sin(u(x, y)) dy^2−4 (_∂ ∂y A(x, y) ) W dy dz (A(x, y))^3 +2 dy dV (A(x, y))^2 +

+ ( −2 cos(u(x, y))V^∂_{∂x} A(x, y) A(x, y) (sin(u(x, y)))^2 +2 V^∂_{∂y} A(x, y) A(x, y) (sin(u(x, y)))^2 +2 U^∂_{∂x} A(x, y) A(x, y) (sin(u(x, y)))^2 −2 cos(u(x, y))U^∂_{∂y} A(x, y) A(x, y) (sin(u(x, y)))^2 ) dz^2+

+2 dz dW (A(x, y))^2 − dr^2 ( 1 − M r )_{−1} − r^2 (sin(θ))^2 (d(ϕ))^2 − r^2 (d(θ))^2 + ( c^2 − c^2M r ) dt^2+

+ H(r, t) (A(x, y))^2 + F (x, y)U (A(x, y))^2 , (13)

6 ON GEODESIC EQUATIONS 7

where the new additional term^{H(r,t)}_{(A(x,y))2} was added into the expression for the metric (12).

Taking into consideration the relation (11) the conditions on the metric (13) to be a Ricci-flat lead to the following equation for determination of the function H(r, t) −r^3 ∂^2 ∂t^2 H(r, t) + rc^2 (r − M )^2

∂^2 ∂r^2 H(r, t) + c^2 (2 r − M ) (r − M ) ∂ ∂r H(r, t) = 0. (14)

Remark 3 The solutions of the equation (14) can be presented in form

H(r, t) = F_2(t)F_1(r)

where the functions F_2(t) and F_1(r) satisfy the equations

d^2 dt^2 F_2 (t) = c_1F_2 (t)c^2, and d^2 dr^2 F_1 (r) = r^2F_1 (r) c_1 (r − M )^2 − (_d dr F_1 (r) ) (2 r − M ) (r − M ) r . where c_1 is arbitrary parameter.

The first equation is elementary and the second equation is more complicated and equivalent the equation without the first derivative

d^2 dr^2 F_3 (r) − 1/4

F_3 (r) ( 4 r^4 c_1 − M^2 ) r^2 (r − M )^2 = 0 where F_1 (r) =

F_3 (r) √ (r − M ) r . So the metric of ten-dimensional Ricci-flat spaces dependent from the solutions of Sin − Gordonequation has been constructed and our problem is solved.

Let us discuss the properties of geodesic equations in this case.

6 On geodesic equations

For simplicity’s sake we consider a following equations for geodesic of the metric (13)

d^2 ds^2 r(s) = (r − M ) (sin(θ))^2 ( d ds ϕ(s) )_2

+ (r − M ) ( d ds θ(s) )_2 − 1/2 (r − M ) c^2M (_d ds t(s) )_2

r^3 +

+1/2 M (_d ds r(s) )_2 (r − M ) r − 1/2 (r − M ) (_∂ ∂r H(r, t) ) (_d ds z(s) )_2 r (A(x, y))^2 , and d^2 ds^2 t(s) = − M (_d ds r(s) )_d ds t(s) (r − M ) r + 1/2 r (_∂ ∂t H(r, t) ) (_d ds z(s) )_2

(r − M ) c^2 (A(x, y))^2 . Comparison of these expressions with standard equations for geodesics of the Schwarzshild Space- Time show us essential distinctions between them.

In fact we observe that the expressions for geodesics of general ten-dimensional Ricci-flat space are contained additional terms depending from the function A(x, y) which in turn is dependent from solutions of the Sin−Gordon-equation arising in context of the theory of the spaces of constant negative curvature and corresponding Ricci-flat six-dimensional space (see (3)).

REFERENCES 8

From a given point of view the reason of appearance of new terms in geodesic equations is pure geometric and is motivated by consideration of the problem in the spirit of the Kaluza-Klein theories.

At the same time six-dimensional Ricci-flat space defined by solutions of the Sin − Gordon equation stands in the role of Calaby -Yau variety.

This fact offer the new challenge for the problem of geometrical description of joint properties of Space-Time and Matter.

Remark 4 In the articles of author ([9]-[10]) analogous approache to the problem of description of joint properties of Space-Time and Matter was considered on the basis of the Korteveg-de Vrize (KdV) equations (Cylindrical KdV, mKdV) which are described some classes of three - dimensional metrics of zero curvature ([1]).

Six-dimensional Ricci-flat Riemann extensions of 3-dimensional metrics depending from solutions of KdF-equations were constructed.

The properties of geodesics of ten-dimensional Ricci-flat spaces combined on basis of interactive six-dimensional Ricci-flat spaces and Schwarzschild or E.Kasner Space-Time were investigated.

References

[1] V.S. Dryuma, Toward a theory of spaces of constant curvature, Theoretical and Mathematical Physics, v.146(1): 2006, p. 35-45, ArXiv: math.DG/0505376, 18 May 2005, p.1-12.

[2] V.S. Dryuma, The Riemann and Einstein-Weyl geometries in the theory of ODE’s , their applications and all that, New Trends in Integrability and Partial Solvability, p.115-156, (eds.A.B.Shabat et al.) Kluwer Academic Publishers, ArXiv: nlin: SI/0303023, 11 March, 2003, 1–37.

[3] V.S. Dryuma, The Riemann Extension in theory of differential equations and their applications, Matematicheskaya fizika, analiz, geometriya, Kharkov, 2003, v.10, No.3,1–19.

[4] V.S.Dryuma, The Riemann Extension of the Schwarzschild space-time, Buletinul A.Ş. M. Matematica, Nr.3(43), 2003, p.92-103.

[5] V.S. Dryuma, On geodesical extension of the Schwarzshild space-time, Proceedings of Institute of Mathematics of NAS of Ukraine, Kiev, v.50, 2004, p.1294-1300.

[6] V.S.Dryuma, On the Riemann extension of the space-time with vanishing curvature invariants, http://www.math.kth.se/4ecm/abstract/14.27.pdf, Sweden, Stockholm, June 27-July 2, ECM’2004.

[7] V.S.Dryuma, The Riemann Extension of the Minkowsky space-time in rotating coordinate system, ArXiv: gr-qc/0505122, v.1, 24 May 2005, p.1-10.

[8] V.S.Dryuma, On the Riemann extension of the Gödel space-time metric, Buletinul A.Ş. M. Matematica, Nr.3(49), 2005, p.1-20. ArXiv:gr-qc/0511165, 30 Nov 2005, p.1-12.

[9] V.S.Dryuma, Four-dimensional Einstein spaces on a six-dimensional Ricci-flat base space, ArXiv:

gr-qc/0601051, v.1, 12 Jan 2006, p.1-9.

[10] V.S.Dryuma, Riemann geometry in theory of differential equations , Nonlinear Physics and Mathematics , Internationa Workshop, Kiev, May 25-27, 2006, Book of Abstracts , p.51-52, 2006.

[11] V.S.Dryuma, Riemann extensions in theory of the first order systems of differential equations, Barcelona Conference in Planar Vector Fields, CRM, Spain, February 13-17, Abstracts, p.7-8, 2006, ArXiv:math.DG/0510526, 25 October 2005, p.1-21.

[12] P.Musgrave, D. Pollney, K. Lake, GRTensorII, http://grtensor.org