arXiv:gr-qc/0606084v2 26 Feb 2007

Does the Big Rip survive quantization?

Edésio M. Barboza Jr.^∗ and Nivaldo A. Lemos^{†1} 1Departamento de Física, Universidade Federal Fluminense, Av. Litorânea s/n, Boa Viagem CEP 24210-340, Niterói - RJ, Brazil.

(Dated: February 26, 2007)

It is known that certain quantum cosmological models present quantum behavior for large scale factors. Since quantization can suppress past singularities, it is natural to inquire whether quantum effects can prevent future singularities. To this end, a Friedmann- Robertson-Walker quantum cosmological model dominated by a phantom energy fluid is investigated. The classical model displays accelerated expansion ending in a Big Rip. The quantization is performed in three different ways, which turn out to lead to the same result, namely there is a possibility that quantum gravitational effects could not remove the Big Rip.

PACS numbers: 04.40.Nr,04.60.Ds,98.80.Qc Keywords: quantum cosmology, Wheeler-DeWitt equation, phantom energy, Big Rip

I. INTRODUCTION

Ever since there appeared compelling evidence that the Universe is expanding at an increasing rate [1] many ideas have been put forward to make sense of this unexpected discovery. One of the most popular is the assumption that the Universe is homogeneously permeated with a mysterious dark energy which, although unseen, dominates the present energy content of the Universe (for an up-to-date review see [2]). Accelerated expansion driven by negative pressure is characteristic of a wide variety of proposals such as cosmological constant [3], quintessence [4], k-essence [5], braneworlds [6], Chaplygin gas [7], quintom [8], and holography [9]. The generalized Chaplygin gas, described in terms of a complex scalar field, has been first proposed to unify dark matter and dark energy in [10] and [11]. Quartessence [12], which also relies on exotic equations of state, and a dark fluid implemented by a complex scalar field with an exponential potential [13] are other attempts at unifying dark matter and dark energy. A striking candidate to dark energy is a so-called phantom field [14] whose equation of state is p = wρ with w < −1. A recent analysis

∗ E-mail: edesio@if.uff.br † E-mail: nivaldo@if.uff.br

[15] shows that the possibility that our Universe contains phantom energy cannot be ruled out by the present observational data. Instead of decreasing as the Universe expands, the phantom energy density grows without bound and eventually dominates any other form of energy. The scale factor, as well as the phantom energy density, becomes infinite a finite time from now. This hypothetical catastrophic end of the Universe, with everything torn apart by the infinite phantom energy density, has been christened a “Big Rip” [16].

Several suggestions have been made either to shun phantom energy or to retain it while avoiding the Big Rip. The most radical of such proposals do away with dark energy altogether either by ascribing the observed acceleration of the Universe to back-reaction of cosmological perturbations [17] or to a postulated modification of general relativity through the addition of inverse curvature terms to the Einstein-Hilbert action [18]. Other models without dark energy are based on such disparate schemes as taking the Universe to be an expanding spherical 3-brane [19] or imputing the origin of the cosmic acceleration to the short range interaction of fundamental particles [20]. Cosmological evolution in the presence of phantom energy without a Big Rip seems possible [21], as in the so-called “hessence” models [22], in which a non-canonical complex scalar field plays the role of dark energy and the equation-of-state parameter can cross the phantom divide w = −1 . It has also been claimed that avoidance of the Big Rip in phantom cosmology can be accomplished by gravitational back-reaction [23].

Phantom-like behavior can arise in a dilatonic brane-world scenario with induced gravity [24] or be caused by a non-Hermitian but CPT symmetric Hamiltonian [25]. At the phenomenological level, in which phantom energy is described as a perfect fluid, thermodynamical considerations [26] suggest that phantom energy has negative entropy, which appears to defy a sensible physical interpretation.

There have been studies not only of classical cosmological scenarios motivated by quantum effects and containing phantom energy [27] but also of the influence of quantized fields on the evolution of classical cosmological models containing a Big Rip [28], in addition to attempts at reformulating semiclassical effects in terms of an effective phantom fluid in loop quantum cosmology [29]. There are some examples of quantum cosmological models that present quantum behavior for large scale factors [30]. Since, in many cases, quantization has the power to suppress past singularities, it is reasonable to inquire whether quantum gravitational effects might prevent the Big Rip, which is a future singularity.

A series of investigations of quantum effects in phantom cosmology based on one-loop effective action corrections or back-reaction of quantum fields indicate that the future singularity may be softened or even suppressed [33]. It has recently been found that modifications to Friedmann’s equation induced by loop quantum gravity lead to avoidance of certain future singularities, including the Big Rip [34]. Similarly, a quantum phantom cosmology based on the Wheeler-DeWitt equation and the representation of phantom energy by a scalar field has indicated that wave packets tend to disperse in the region that corresponds to the Big Rip, thus removing the future singularity [35].

Since there are several independent ways of doing quantum cosmology, and it is not at all clear how they are related, one should try to find out what these different formulations have to tell about future singularities. One widely explored approach to quantum cosmology consists in describing the matter content by means of fluids, making use of some action principle to describe gravity plus matter and then performing a canonical quantization. To our knowledge, within this formalism no analysis of quantum cosmological models containing phantom energy, with emphasis on the possible avoidance of the Big Rip by quantum gravitational effects, has appeared so far. As a preliminary step in this direction, here we investigate a quantum cosmological model dominated by phantom energy, the latter mimicked by a perfect fluid. As will be seen, this quantization scheme is worth pursuing since it is exactly soluble and produces interesting results. Of course it would be more realistic not to assume that the phantom fluid dominates the dynamics of the Universe throughout its history, as we do to make the model tractable. Nevertheless, this may be considered not too serious a weakness since we are interested in the possible influence of quantum effects on the very late time dynamics.

The quantization is performed in three different ways, in order to reach a more satisfactory level of generality and gain confidence that the results are not a mere artifact of a specious method of quantization. We find that for a certain class of quantum states a phantom fluid brings about a Big Rip, just as it does classically.

Here is a summary of the paper. In Section 2 the classical model is formulated on the basis of the canonical formalism of Schutz and the classical equations of motion are solved. In the case of a phantom fluid the model displays a Big Rip. In Section 3 a quantization is performed with a particular order of noncommuting operators in the Wheeler-DeWitt equation, which requires a special inner product. The expectation value of the scale factor grows without bound and becomes infinite at a finite value of cosmic time. In Section 4 the order of noncommuting operators is left arbitrary so that the quantization can be carried out with the standard inner product. In Section 5, after reduction of the classical Hamiltonian to that of a free particle with the help of a canonical transformation, a new quantization is achieved with the standard inner product. The results of

Sections 4 and 5 confirm those of Section 3: accelerated expansion and a Big Rip. Section 6 is devoted to our conclusions.

II. THE CLASSICAL MODEL

Our starting point is the canonical formalism developed by Schutz [31] to describe gravity plus a perfect fluid. The action is

S = ∫ M d^4x √ −g R + 2 ∫ ∂M d^3x √ h h_{ab}K^{ab} + ∫ M d^4x √ −g p , (1)

where K^{ab} is the extrinsic curvature and h_{ab} is the metric of the boundary ∂M of the fourdimensional domain M. Units are chosen such that 16πG = 1, c = 1, and h̄ = 1. The pressure p is related to the energy density ρ by the equation of state p = wρ where w is constant. The four-velocity of the fluid is expressed in terms of five velocity potentials ϵ, ζ, β, θ, S as

U_ν = 1 μ (ϵ_{,ν} + ζβ_{,ν} + θS_{,ν}) , (2)

where μ is the specific enthalpy, and the comma denotes partial derivative. In the case of Friedmann-Robertson-Walker (FRW) models the only nonvanishing potentials are ϵ, θ, and the specific entropy S. The normalization condition U_ν U^ν = −1 determines μ in terms of the potentials.

The FRW metric is

ds^2 = −N^2(t)dt^2 + a^2(t)σ_{ij} dx^idx^j (3)

where N is the lapse function, a is the scale factor, and σ_{ij} is the metric of the constant-curvature spatial sections. With the help of thermodynamical considerations, and taking the constraints into account, insertion of (3) into (1) yields the reduced action [32]

S = ∫ (ȧ p_a + Ṫ p_T − N H)dt , (4) with the super-Hamiltonian

H = − p^2_a 24a − 6k a + p_T a^{3w} . (5)

Here T is a new canonical variable [32] that describes the only remaining degree of freedom of

the fluid, while k = 0, 1 or −1 depending on whether the curvature of the spatial sections is zero,

positive or negative. From now on we shall discuss only the flat case (k = 0).

With k = 0 the equations of motion are

ȧ = ∂ ∂p_a (NH) = − Np_a 12a , ṗ_a = − ∂ ∂a (NH) = − Np^2_a 24a^2

+ 3w Np_T a^{3w+1}

, (6)

Ṫ = ∂ ∂p_T (NH) = N a^{3w} , ṗ_T = − ∂ ∂T (NH) = 0 , (7)

supplemented by the super-Hamiltonian constraint

H = − p^2_a 24a + p_T a^{3w} = 0 . (8)

Solving this constraint for p_a we get

p_a = − √ 24p_T a^{−(3w−1)/2} , (9)

where p_T is a positive constant, and the negative sign has been selected in order to produce an

expanding universe. In the cosmic-time gauge N = 1 the first of equations (6) becomes

ȧ = √ 24p_T 12 a^{−(3w+1)/2} , (10)

which is solved by

a^{3(w+1)/2} = a^{3(w+1)/2} 0 + √ p_T 24 3(w + 1) (t − t_0) , (11)

where a_0 is the present value of the scale factor. If w < −1 then w + 1 = −|w + 1| < 0 and a(t) = [ a^{3(w+1)/2} 0 − √ p_T 24 3|w + 1| (t − t_0) ]_{−2/3|w+1|} , (12)

which becomes infinite at the finite future time

t = t_0 + √ 24 p_T a^{3(w+1)/2} 0 3|w + 1| . (13)

This is the famous Big Rip [16].

III. QUANTIZATION WITH A SPECIAL INNER PRODUCT

The Wheeler-DeWitt equation results from making the correspondence p_a → p̂_a = −i∂/∂a,

p_T → p̂_T = i∂/∂τ and requiring Ĥ Ψ = 0, where Ĥ is the operator corresponding to the super-

Hamiltonian H. This means that the time has been chosen as τ = −T . With a particular choice

of operator ordering the Wheeler-DeWitt equation becomes

i a^{1−3w} ∂Ψ ∂τ = − 1 24 ∂^2Ψ ∂a^2 . (14)

As discussed in [32], this equation takes the form of a Schrödinger equation i∂Ψ/∂τ = ĤΨ with a

Hermitian Hamiltonian operator Ĥ if the inner product is

(Φ, Ψ) = ∫_∞ 0 a^{1−3w} Φ(a, τ)^∗Ψ(a, τ) da . (15) By superposing stationary states a solution to (14) can be found [32] in the form (γ is a positive

constant)

Ψ(a, τ) = a exp { − a^{3(1−w)} 4[γ − i3(1 − w)^2 τ/32] } . (16)

The expectation value of the scale factor is [32]

⟨a⟩(τ) ∝ (b^2 + τ^2)^{1/3(1−w)} , b =

3(1 − w)^2 32γ . (17)

Note, however, that τ is not cosmic time. Recall that τ = −T , where T is the only remaining degree of freedom of the fluid. It follows from the first of equations (7) that |N| = a^{3w}. Since ⟨a⟩ plays the role of the scale factor in the quantum theory, we write dt = ⟨a⟩^{3w} dτ. Therefore, choosing a common origin for both times,

t ∝ ∫_τ 0 (b^2 + λ^2)^{w/(1−w)} dλ . (18)

Near infinity the above integral behaves as ∫_τ λ^{2w/(1−w)}dλ ∝ τ^{(1+w)/(1−w)} . (19) If w < −1 the integral is convergent and t → t_{rip} for τ → ∞, where t_{rip} is finite. Thus the expectation value of the scale factor becomes infinite at the finite cosmic time t_{rip} which corresponds to τ = ∞. The quantum model displays a Big Rip just like the classical model.

One might suspect that this result lacks generality in view of: (i) the particular order of noncommuting operators employed in the construction of the Wheeler-DeWitt equation (14); (ii) the unusual inner product (15) that, oddly enough, depends on the equation of state through w. We proceed to address these issues.

IV. OPERATOR ORDERING AND QUANTIZATION WITH THE STANDARD INNER PRODUCT

The classical Hamiltonian corresponding to the Wheeler-DeWitt equation (14) is

H = a^{3w−1} 24 p^2_a , (20)

to which we associate the Hamiltonian operator

Ĥ_{λμν} = 1 24 1 2 ( a^λ p̂_a a^μp̂_a a^ν + a^ν p̂_a a^μp̂_aa^λ ) , λ + μ + ν = 3w − 1 . (21)

This operator is formally self-adjoint for any choice of the ordering parameters λ, μ, ν with the standard inner product

(Φ, Ψ) = ∫_∞ 0 Φ(a, τ)^∗Ψ(a, τ) da . (22)

Now the Wheeler-DeWitt equation takes the form

i ∂Ψ ∂τ = Ĥ_{λμν} Ψ , (23)

whose stationary solutions Ψ(a, τ) = ψ(a)e^{−iEτ} satisfy

Ĥ_{λμν} ψ − Eψ = 0 . (24) After some algebraic labor this equation can be put in the form

a^2 d^2ψ da^2 + 2ra dψ da + [ϵ + 24Ea^{2(1−r)}]ψ = 0 (25)

where ϵ = [ν(2r − λ − 1) + λ(2r − ν − 1)] and r = (3w − 1)/2. The solutions of this equation are

[36]

ψ(a) = a^{(1−2r)/2}Z_p ( √ 24E 1 − r a^{1−r} ) , r ≠ 1 (26)

where

p = 1 1 − r √( 1 − 2r 2 )_2

− ϵ (27)

and Z_p is a Bessel function either of the first or of the second kind of order p. We shall consider

only Z_p = J_p , the Bessel function of the first kind, in which case a complete solution to equation

(23) is given by

Ψ_E(a, τ) = A e^{−iEτ} a^{(1−2r)/2} J_p ( √ 24E 1 − r a^{1−r} ) . (28)

Our next step is to generate a normalizable wave packet by superposition of the solutions (28) in

the form

Ψ(a, τ) = ∫_∞ 0 dEA(E)e^{−iEτ} a^{(1−2r)}J_p ( √ 24E 1 − r a^{1−r} ) . (29)

Setting λ = √ 24E/(1 − r) this takes the more convenient form

Ψ(a, τ) = ∫_∞ 0 dλC(λ)e^{−i(1−r)2 λ2τ /24}a^{(1−2r)}J_p(λa^{1−r}) . (30) The choice

C(λ) = λ^{p+1}e^{−γλ2} , γ > 0 (31)

allows the integration to be performed in closed form and we obtain [37]

Ψ(a, τ) = a^{−1/2} [ a^{1−r} 2γ +^{i(1−r)2 τ}_{12} ]_{1+p} exp [ − a^{2(1−r)} 4γ +^{i(1−r)2τ}_6 ] . (32)

The expectation value of the scale factor is defined by

⟨a⟩(τ) = ∫_∞ 0 a |Ψ(a, τ)|^2 da ∫_∞ 0 |Ψ(a, τ)|^2 da (33)

and a straightforward computation furnishes

⟨a⟩(τ) = Γ [_{2(1−r)(1+p)+1} 2(1−r) ]

Γ(p + 1) { 1 2γ [ γ^2 +

(1 − r)^4 576 τ^2 ]}_{1/2(1−r)} . (34)

Recalling that r = (3w − 1)/2, equation (34) yields

⟨a⟩(τ) ∝ (b^2 + τ^2)^{1/3(1−w)} , (35)

the same as (17). Thus, an arbitrary operator order with the standard inner product leads to the same result as the one obtained when a special operator order is adopted which requires the strange inner product (15). This lends support to our previous claim that there exist evolving quantum states such that the phantom energy gives rise to accelerated expansion and a Big Rip.

It should be stressed that we are trying to find out whether quantum effects necessarily remove the future singularity. If this were the case, for any quantum state the expectation value of the scale factor would have to remain finite for any value of the cosmic time. We have just presented an example of a quantum state such that the expectation value of the scale factor becomes infinite in a finite cosmic time. This shows that, at least in this model, and for the above quantization procedure, it is not generally the case that quantum effects prevent the Big Rip. This reasoning also justifies our particular choices (28) and (31), which allow the integration to be performed and the wave packet to be expressed in terms of elementary functions, which, in turn, makes easy the computation of the expectation value of the scale factor.

V. CANONICAL TRANSFORMATION AND ANOTHER QUANTIZATION WITH THE STANDARD INNER PRODUCT

The phase-space transformation (a, p_a) → (x, p) defined by

x = 2 √ 12 3(1 − w) a^{3(1−w)/2} , p = a^{(3w−1)/2} √ 12 p_a (36)

is canonical inasmuch as the Poisson bracket {x, p}_{(a,pa)} = 1. In terms of these new canonical variables the classical Hamiltonian (20) reduces to the free-particle Hamiltonian

H = p^2 2 , (37)

and the corresponding Wheeler-DeWitt equation takes the form

i ∂Ψ ∂τ = − 1 2 ∂^2Ψ ∂x^2 . (38)

This is the Schrödinger wave equation for a free particle on the half-line [0, ∞). Self-adjointness of the Hamiltonian operator requires [38] that the the domain of Ĥ be restricted to those wave functions that satisfy the boundary condition

Ψ(0, τ) = ξ Ψ^′(0, τ) (39)

where Ψ^′ = ∂Ψ/∂x and ξ ∈ [0, ∞]. For the sake of simplicity we shall consider only the cases ξ = 0 and ξ = ∞, that is, either the wave function or its derivative vanishes at x = 0. The propagator for arbitrary ξ is known [39], but it is sufficiently complicated to prevent us from constructing manageable wave packets. However, inasmuch as we are searching for examples of quantum states that lead to a future singularity, if we are successful our particular choices of ξ will still allow us to conclude that it is not true that the Big Rip is suppressed in general, that is, for arbitrary ξ.

In short, our special choices for ξ are technically convenient and do not impair the logic of our

reasoning.

The propagators for the cases ξ = 0 and ξ = ∞ are given by [39]

G_0(x, x^′, τ) = G(x, x^′, τ) − G(x, −x^′, τ) , G_∞(x, x^′, τ) = G(x, x^′, τ) + G(x, −x^′, τ) , (40) where G(x, x^′, τ) is the usual free-particle propagator, which in our case (m = 1, h̄ = 1) takes the

form [40]

G(x, x^′, τ) = ( 1 2πiτ )_{1/2} exp [ i (x − x^′)^2 2τ ] . (41)

Let us first consider the initial normalized wave function

Ψ_e(x, 0) = ( 8σ π )_{1/4} e^{−βx2} , β = σ + iγ , σ > 0 . (42) Since its derivative vanishes at x = 0, it satisfies the boundary condition (39) with ξ = ∞.

Therefore

Ψ_e(x, τ) = ∫_∞ 0 G_∞(x, y, τ)Ψ_e(y, 0) dy = ∫_∞ −∞ G(x, y, τ)Ψ(y, 0) dy , (43) where we have taken advantage of the fact that Ψ_e(x, 0) is an even function to extend the integration

to the whole real line. A simple computation yields

Ψ_e(x, τ) = ( 8σ π )_{1/4} (1 + 2iβτ)^{−1/2} exp [ − β x^2 1 + 2iβτ ] . (44)

In accordance with (36) the expectation value of the scale factor is defined by

⟨a⟩_e(τ) = [ 3(1 − w) 2 √ 12 ]_{2/3(1−w)} ∫_∞ 0 x^{2/3(1−w)} |Ψ_e(x, τ)|^2 dx , (45)

and a simple calculation gives

⟨a⟩_e(τ) = 1 √ π [ 3(1 − w) 2 √ 12 ]_{2/3(1−w)} Γ [ 5 − 3w 3(1 − w) ][ 4σ^2τ^2 + (1 − 2γτ)^2 2σ ]_{1/3(1−w)} , (46) whose asymptotic behavior coincides with that of (17).

Finally, consider the initial normalized wave function

Ψ_o(x, 0) = ( 128σ^3 π )_{1/4} x e^{−βx2} , β = σ + iγ , σ > 0 , (47) which satisfies the boundary condition (39) with ξ = 0. As in the previous case, the fact that

Ψ_o(x, 0) is an odd function allows us to write

Ψ_o(x, τ) = ∫_∞ 0 G_0(x, y, τ)Ψ_o(y, 0) dy = ∫_∞ −∞ G(x, y, τ)Ψ_o(y, 0) dy , (48) which gives

Ψ_o(x, τ) = ( 128σ^3 π )_{1/4} (1 + 2iβτ)^{−3/2} x exp [ − β x^2 1 + 2iβτ ] . (49)

The expectation value of the scale factor is now given by

⟨a⟩_o(τ) = 5 − 3w 3(1 − w) √ π [ 3(1 − w) 2 √ 12 ]_{2/3(1−w)} Γ [ 5 − 3w 3(1 − w) ][ 4σ^2τ^2 + (1 − 2γτ)^2 2σ ]_{1/3(1−w)} , (50)

or, equivalently,

⟨a⟩_o(τ) = 5 − 3w 3(1 − w) ⟨a⟩_e(τ) . (51) Thus, we recover the same asymptotic behavior of the previous case, which entails accelerated

expansion and a Big Rip.

VI. CONCLUSIONS

We have investigated the quantum features of a FRW cosmological model dominated by a

phantom energy fluid. The classical model was formulated on the basis of the canonical formalism

of Schutz, which takes into account the degrees of freedom of the fluid. In the case of a phantom fluid

(equation of state p = wρ with w < −1) the classical equations of motion predict an accelerated

expansion for the Universe ending in a catastrophic Big Rip a finite time from now. Then the model

was quantized in three different ways. Firstly, the Wheeler-DeWitt equation was set up with a special choice of the order of noncommuting operators, which requires an unusual inner product that depends on the equation of state for the fluid. It was found that the expectation value of the scale factor becomes infinite at a finite cosmic time, and the Universe winds up in a Big Rip. Next, an arbitrary order of noncommuting operators was allowed for the purpose of quantizing the model with the standard inner product. A particular wave packet was constructed, and it was found that the expectation value of the scale factor reproduces the previous behavior. Finally, a third method of quantization was explored based on the previous reduction of the classical Hamiltonian to that of a free particle by means of a canonical transformation. Since the propagator of the Schrödinger equation for a free particle on the half-line is known, it is possible, in principle, to find explicitly the wave function at any time once its form is given at an initial time. It turns out that two initial wave functions obeying different boundary conditions give rise to essentially the same expectation value of the scale factor with exactly the same behavior predicted by the two other quantization schemes. This indicates that our results are not merely an artifact of a spurious quantization procedure. The quantum behavior of the scale factor appears to be robust, and supports our conclusion that, at least in our model, quantum effects do not, in general, prevent a Big Rip.

We do not claim that our result is conclusive. In order to check its generality, the matter content should be enriched to describe the early universe more realistically, which we intend to do in a future work. Since the phantom energy dominates the late time dynamics, we suspect that the enrichment of the matter content will not change our result, but this conjecture must be checked. We anticipate that this will not be an easy task because it will surely be much more difficult to obtain exact normalizable solutions to the Wheeler-DeWitt equation. We do not expect that approximate solutions, such as those furnished by the WKB method, are suitable to discuss the existence of quantum singularities, that is, we believe that only a fully quantum treatment can give us a solid clue as to the persistence of future singularities in the quantum regime of phantom cosmological models. We also feel that a study of the Bohmian trajectories of the scale factor is likely to be helpful in clarifying whether quantum gravitational effects can suppress the Big Rip. This is an investigation we expect to undertake in the near future.

Our result differs from those obtained by means of other formalisms [33, 34, 35], namely that the Big Rip is softened or avoided by quantum effects. On the one hand, since it is not known how these different formulations of quantum cosmology are related, we confess to our ignorance about the reason for the discrepancy. On the other hand, it is hard to make clear-cut statements on presence or absence of cosmological singularities in the quantum regime because there is no general agreement on what constitutes a quantum singularity. These issues certainly deserve a deeper investigation.

Acknowledgments

The work of Edésio M. Barboza Jr. was partially supported by Coordenação de Aperfeiçoamento de Pessoal de Nível Superior (CAPES), Brazil.

[1] A. G. Riess et al., Astron. J. 116, 1009 (1998); S. Perlmutter et al., Astrophys. J. 517, 565 (1999). [2] E. J. Copeland, M. Sami and S. Tsujikawa, hep-th/0603057.

[3] S. Weinberg, Rev. Mod. Phys. 61, 1 (1989); P. J. E. Peebles and B. Ratra, Rev. Mod. Phys. 75, 559 (2003); T. Padmanabhan, Phys. Rept. 380, 235 (2003).

[4] C. Wetterich, Nucl. Phys. B 302, 668 (1988); B. Ratra and P. J. E. Peebles, Phys. Rev. D 37, 3406 (1988); R. R. Caldwell, R. Dave and P. J. Steinhardt, Phys. Rev. Lett. 80, 1582 (1998).

[5] T. Chiba, T. Okabe and M. Yamaguchi, Phys. Rev. D 62, 023511 (2000); T. Chiba, Phys. Rev. D 66, 063514 (2002); C. Armendariz-Picon, V. Mukhanov and P. J. Steinhardt, Phys. Rev. Lett. 85, 4438 (2000); C. Armendariz-Picon, V. Mukhanov and P. J. Steinhardt, Phys. Rev. D 63, 103510 (2001).

[6] G. R. Dvali, G. Gabadadze and M. Porrati, Phys. Lett. B 485, 208 (2000); V. Sahni and Y. Shtanov, IJMP D 11, 1515 (2002); C. Deffayet, S. J. Landau, J. Raux, M. Zaldarriaga and P. Astier, Phys. Rev. D 66, 024019 (2002); J. S. Alcaniz and Z. H. Zhu, Phys. Rev. D 71, 083513 (2005); R. Cai, H. Zhang and A. Wang, Commun. Theor. Phys. 44, 948 (2005).

[7] A. Kamenshchik, U. Moschella and V. Pasquier, Phys. Lett. B 511, 265 (2001); V. Gorini, A. Kamenshchik, U. Moschella and V. Pasquier, gr-qc/0403062; V. Gorini, A. Kamenshchik, and U. Moschella, Phys. Rev. D 67, 063509 (2003); U. Alam et al., Mon. Not. Roy. Astron. Soc. 344, 1057 (2003); O. Bertolami, A. A. Sen, S. Sen and P. T. Silva, Mon. Not. Roy. Astron. Soc. 353, 329 (2004); M. C. Bento, O. Bertolami and A. A. Sen, Phys. Rev. D 70, 083519 (2004); Z. Zhu, Astron. Astrophys. 423, 421 (2004).

[8] B. Feng, X. Wang and X. Zhang, Phys. Lett. B 607, 35 (2005); B. Feng, M. Li, Y. Piao and X. Zhang, astro-ph/0407432; Z. Guo, Y. Piao, X. Zhang and Y. Zhang, Phys. Lett. B 608, 177 (2005); J. Xia, B. Feng and X. Zhang, astro-ph/0411501.

[9] A. G. Cohen, D. B. Kaplan and A. E. Nelson, Phys. Rev. Lett. 82, 4971 (1999); S. D. H. Hsu, Phys.

Lett. B 594, 13 (2004); M. Li, Phys. Lett. B 603, 1 (2004); Y. Gong, Phys. Rev. D 70, 064029 (2004); B. Wang, E. Abdalla and R. Su, Phys. Lett. B 611, 21 (2005); S. Nojiri and S. D. Odintsov, hep-th/0506212.

[10] N. Bilić, G. B. Tupper and R. D. Viollier, Phys. Lett. B 535, 17 (2002). [11] M. C. Bento, O. Bertolami and A. A. Sen, Phys. Rev. D 66, 043507 (2002).

[12] M. Makler, S. Q. Oliveira and I. Waga, Phys. Lett. B 555, 1 (2003); R.R.R. Reis, M. Makler and I.

Waga, Phys. Rev. D 69, 101301 (R) (2004); L. Amendola, I. Waga and F. Finelli, JCAP 0511, 009 (2005); R. R. R. Reis, M. Makler and I. Waga, Class. Quant. Grav. 22, 353 (2005); Erratum - ibid., 22, 1191 (2005) [13] A. Arbey, astro-ph/0601274.

[14] R. R. Caldwell, Phys. Lett. B 545, 23 (2002). [15] A. G. Riess et al., Astrophys. J. 607, 665 (2004).

[16] R. R. Caldwell, M. Kamionkowski and N. Weinberg, Phys. Rev. Lett. 91, 071301 (2003). [17] E. W. Kolb, S. Matarrese and A. Riotto, astro-ph/0506534; astro-ph/0511073; astro-ph/0511124; P.

Martineau and R. Brandenberger, astro-ph/0510253.

[18] S. M. Carroll, V. Duvvuri, M. Trodden and M. S. Turner, Phys. Rev. D 70, 043528 (2004) ; S. M.

Carroll et al. , Phys. Rev. D 71, 063513 (2005); C.-G. Shao, R.-G. Cai, B. Wang and R.-K Su, Phys. Lett. B 633, 164 (2006); S. Nojiri and S. D. Odintsov, hep-th/0601213.

[19] M. Gogberashvili, gr-qc/0511039 [20] A. Diez-Tejedor and A Feinstein, astro-ph/0505105; R. Aldrovandi, R. R. Cuzinatto and L. G. Medeiros, gr-qc/0512135 [21] Y. S. Piao and Y. Z. Zhang, Phys. Rev. D 70, 063513 (2004). [22] H. Wei, R.-G. Cai, Phys. Rev. D 72, 123507 (2005) [23] P. Wu and H. Yu, astro-ph/0407424 [24] M. Bouhmadi-Lopez, astro-ph/0512124 [25] A. A. Andrianov, F. Cannata, A. Y. Kamenshchik, gr-qc/0512038 [26] J. A. S. Lima and J. S. Alcaniz, Phys. Lett. B 600, 191 (2004).

[27] S. Nojiri and S. D. Odintsov, Phys. Lett. B 562, 147 (2003); S. Nojiri and S. D. Odintsov, ibid. 571, 1 (2003).

[28] H. Calderón and W. Hiscock, gr-qc/0411134.

[29] J. E. Lidsey, D. J. Mulryne, N. J. Nunes and R. Tavakol, Phys. Rev. D 70, 063521 (2004). [30] J. Kowalski-Glikman and J. C. Vink, Class. Quantum Grav. 7, 901 (1990); R. Colistete, Jr., J. C.

Fabris and N. Pinto-Neto, Phys. Rev. D 57, 4707 (1998); N. A. Lemos and F. G. Alvarenga, Gen. Rel. Grav. 31, 1743 (1999).

[31] B. F. Schutz, Phys. Rev. D 2, 2762 (1970); Phys. Rev. D 4, 3559 (1971). [32] F. G. Alvarenga, J. C. Fabris, N. A. Lemos and G. A. Monerat, Gen. Rel. Grav. 34, 651 (2002). [33] E. Elizalde, S. Nojiri and S. D. Odintsov, Phys. Rev. D 70, 043539 (2004); S. Nojiri and S. D. Odintsov, Phys. Lett. B 595, 1 (2004); S. Nojiri and S. D. Odintsov, Phys. Rev. D 70, 103522 (2004); S. Nojiri, S. D. Odintsov and S. Tsujikawa, ibid. 71, 063004 (2005).

[34] M. Sami, P. Singh and S. Tsujikawa, gr-qc/0605113. [35] M. P. Da̧browski, C. Kiefer and B. Sandhöfer, hep-th/0605229.

[36] F. B. Hildebrand, Advanced Calculus for Applications (Prentice-Hall, Englewood Cliffs, NJ, 1962),

Section 4.10.

[37] I. S. Gradshteyn and I. M. Ryzhik, Table of Integrals, Series and Products (Academic, New York, 1980), formula 6.631-4.

[38] M. Reed and B. Simon, Methods of Modern Mathematical Physics Vol. II: Fourier Analysis, Self- Adjointness (Academic, NY, 1975), Section X.1, Example 2.

[39] T. E. Clark, R. Menikoff and D. H. Sharp, Phys. Rev. D 22, 3012 (1980); E. Farhi and S. Gutmann, Int. J. Mod. Phys. A 5, 3029 (1990).

[40] L . I. Schiff, Quantum Mechanics, 3rd ed. (McGraw-Hill, New York, 1968), p. 65.