arXiv:gr-qc/0606107 v1 24 Jun 2006

The effect of geometry on charge confinement in three dimensions

H. Mohseni Sadjadi^∗

School of Physics, College of Science, University of Tehran, North Karegar Ave., Tehran, Iran.

June 24, 2006

Abstract

We consider three dimensional BTZ black-hole (covering space) metric and show that in contrast to the flat case the Maxwell theory is not confining. We also study the effect of the curvature on screening behavior of Maxwell-Chern-Simons model in this space-time.

PACS numbers: 04.20.-q

1 Introduction

It has been proposed that the infrared behavior of quantum chromodynamics, QCD, may be responsible for the confinement of quarks and gluons. But the concept of quark confinement, i.e. the increase of potential between quarks with separation, could not be verified to be true using the perturbation methods (because of infrared singularities) and must be studied nonperturbatively. Because of computational difficulties, these kinds of calculations can be done in an equivalent lower dimensional model to obtain clues to the four dimensional space-time.

In two dimensional quantum electrodynamics (QED_2), known as Schwinger model [1], when dynamical fermions are massless, the system is in screening phase, i.e. external charges are screened by dynamical fermions. In the massive QED_2, depending on the charge of dynamical fermions, the system can be in confining or screening phase [2]. For QCD_2, in [3] it has been shown that a heavy probe charge is screened by dynamical massless fermions both in the case when the source and the dynamical fermions belong to the same representation of the gauge group and also in the case when the representation of the probe charge is smaller than the representation of the massless fermions.

The confining and screening aspects of gauge theories in three dimensions has been the subject of several studies, e.g., see [4]. In (2 + 1) dimensions, in the absence of vacuum polarization Maxwell theory is confining . In the presence of massive dynamical fermions (corresponding to the vacuum polarization), the behavior of the system becomes the same as Maxwell-Chern-Simons theory, which is screening [5].

∗mohseni@phymail.ut.ac.ir

A dielectric constant which is larger than unity results screening effect. If instead one considers an ideal case in which the dielectric constant of the vacuum vanishes then due to antiscreening effect the energy of the system becomes infinite unless we add another opposite test charge to the system. So models that can mimic the role of such a non-trivial dielectric medium, e.g. by inserting additional fields in the gauge theories, have been proposed to study quark confinement [6]. In the same way similarities between the behavior of the gauge fields in an effective non–uniform dielectric medium and in a static gravitational background [7] lead us to study the effects of geometry and topology of space -time on confining structure of gauge theories. In [8], a scenario for a possible correspondence between basic notions of gauge theory and gravity was discussed. There was claimed that confinement in gauge theory corresponds to black holes in gravity and one can try to describe hadrons as strongly curved universes or black holes. In this picture the horizon corresponds to the surface of the bag in a bag model. In this way one can relate the mystery of curvature singularities in classical general relativity with the mystery of quark confinement.

In this work, using a specific example, we try to elucidate how the confining structure of gauge theories can be affected by topology and geometry of a three dimensional space-time.

In (1 + 1) dimensions the same problem has been studied in [9],[10], and it has been shown that the curvature of the space-time, affects the confining and screening behavior of QED_2. In [11] the effect of nontrivial global properties of a three dimensional space-time with conical singularity, produced by a cosmic string or a point mass, on electromagnetic field of a point charge has been discussed.

In this paper we consider Maxwell and Maxwell- Chern-Simons theories in an anti de Sitter space-time: upper half space equipped with the Poincare metric in three dimensions. The interaction potential of charges is obtained by solving the classical equations of motion of the gauge fields. It is shown that the curvature of the space-time, destroys the confining aspect of Maxwell theory, encoded in the logarithmic behavior of charges interaction potential. We find that the Maxwell- Chern-Simons theory remains in screening phase like the flat case. Using Dirac determinant on curved space-time, we discuss the role of vacuum polarization in screening of test charges. Indeed, fermion modes in QED_3, will be integrated out to incorporate quantum (fermion loop) effects in our subsequent classical analysis.

Note that the Poisson equation in a general curved space-time can not be solved exactly, then we have restricted ourselves to a specific curved space-time, in which the destruction of (logarithmic) confining behavior of the potential, due to geometrical effects, may be shown exactly.

Through the paper we use ℏ = c = G = 1 units.

2 Confining aspects of Maxwell theory on upper half space

Consider the upper half-space H^3 = {(t, x, y); y > 0}, equipped with the metric

ds^2 = l^2 y^2

(dt^2 − dx^2 − dy^2). (1)

In terms of l, the scalar curvature is given by R = −6/l^2. This space-time can be considered as the covering space of BTZ black hole in the ground state [12]. The electrodynamics (Maxwell) action in the presence of the current J^μ is S_{Max.} = ∫ H^3 ( − 1 4 √ gg^{μν} g^{λβ}F_{μλ}F_{νβ} + √ gJ^μA_μ ) d^3x. (2)

F_{μν} = ∂_μA_ν − ∂_ν A_μ is the field strength tensor, g_{μν} are the metric tensor components: g_{00} = −g_{11} = −g_{22} = l^2/y^2 and √ g = l^3/y^3 where g is determinant of the metric. The classical equation of motion of the gauge fields is 1 √ g ∂_ν √ gF^{νσ} = −J^σ . (3)

We assume that the covariantly conserved current J^μ is formed of two static opposite charges e_1 = e and e_2 = −e, located at X_1 = (t, x_1, y_1) and X_2 = (t, x_2, y_2) respectively [13]:

J^μ = 1 √ g 2∑ n=1 e_n ∫ δ^2(X − X_n)dt_n (4) = e √ g [δ(x − x_1)δ(y − y_1) − δ(x − x_2)δ(y − y_2)]δ^{μ0}.

The poisson equation for the field A_0, is then

∂_yy∂_y A_0 + y∂^2_xA_0 = le[δ(x − x_1)δ(y − y_1) − δ(x − x_2)δ(y − y_2)]. (5)

The solution of this equation may be found by constructing the Green’s function ∂_yy∂_y G(x, y; x^′, y^′) + y∂^2_xG(x, y; x^′, y^′) = lδ(x, x^′)δ(y, y^′ ) (6) If we insert the Fourier expansion G(x, y; x^′, y^′) = 1 2π ∫_∞ −∞ G_k(y, y^′)e^{ik(x−x′)}dk, (7) in the eq.(6), we obtain ∂_yy∂_y G_k(y, y^′) − yk^2G_k(y, y^′) = lδ(y, y^′ ). (8) In terms of the modified Bessel functions the solution of the above equation is

G_k(y, y^′) = −lI_0(ky_<)K_0(ky_>), (9)

where y_>(y_<) is the larger (smaller) value of y and y^′. This solution leads to well defined A_0 for both y → 0 and y → ∞ limits. Inserting (9) in (7) results G(x, y; x^′, y^′) = −l π ∫_∞ 0 I_0(ky_<)K_0(ky_>) cos (k(x − x^′)) dk. (10)

Using eq.(6.672.4) of [14], we obtain G(x, y; x^′, y^′) = − 1 2π l √ y_>y_< Q_− 1_2 [ y^2_> + y^2_< + (x − x^′)^2 2y_>y_< ] . (11)

Q is the associated Legendre function. In the surface t = constant, the geodesic distance of the points (t, x, y) and (t, x^′, y^′) is

L = l cosh^{−1} [ 1 + (y − y^′)^2 + (x − x^′)^2 2yy^′ ] . (12)

Eq.(11) can be rewritten as G(x, y; x^′, y^′) = −1 2π √ l y √ l y^′ Q_− 1_2 ( cosh( L l ) ) . (13)

Note that eq.(6) is not invariant under scale transformation (x → λx, y → λy) which leaves the distance L invariant, hence the potential, in contrast to the flat case, depends on both the distance L and the position of the charges.

The gauge field A_0, is then

A_0(x, y) = e[G(x, y; x_1, y_1) − G(x, y; x_2, y_2)]. (14)

Putting back eq.(14) into eq.(2) we obtain the energy of the charges as U = − ∫ L √ gdxdy = − 1 2 ∫ J^0A_0 √ gdxdy (15) = − e^2 2 [G(x_1, y_1; x_1, y_1) + G(x_2, y_2; x_2, y_2) − 2G(x_1, y_1; x_2, y_2)].

L is Lagrangian density and the energy is measured by an observer whose velocity is parallel to the global timelike Killing vector of the space-time. −e^2_i /2[G(x_i, y_i; x_i, y_i)] is the self-energy of the charge i, and

U_{int.} = e^2[G(x_1, y_1; x_2, y_2)] (16) = − e^2 2π √ l y √ l y^′ Q_− 1_2 ( cosh( L l ) ) , is the interaction energy of the charges. To find the same computation in the background of Schwarzschild black hole, based on the total mass variation law of Carter [15], see [16].

For widely separated charges L → ∞, using [14]

Q_{n−} 1_2 (cosh(z)) =

Γ(n +^1_2 ) Γ(n + 1) √ πe^{−(n+ 12 )z}F ( 1 2 , n + 1 2 , n + 1, e^{−2z}), (17)

one can show that Q_{−1/2} (cosh(L/l)) decays as cosh^{−1/2} (L/l) and the interaction energy tends to −0 which shows that the system is not in confining phase. In the limit l → ∞, and g_{μν} = η_{μν}, the Green function (13), by ignoring some coordinates independent parameters (which is allowed due to the form of the equation (6), i.e. adding a constant to G does not change the eq.(6)), becomes G_{flat} = 1 2π ln(L). (18) We have used lim_{x→1} Q_{−1/2}(x) = 1/2 (ln(2) − ln(x − 1)) − ψ (1/2) − γ. Note that in the flat case the interaction potential, e^2/(2π) ln(L), tends to ∞, when

L → ∞, and the system is in confining phase. Therefore one can conclude that the geometry of the Poincare upper half space which is characterized by a constant curvature, gives rise to the screening effect in three dimensional QED. In the flat case and when the dielectric constant of vacuum is larger than unity the screening effect (due to vacuum polarization) may be occurred. So we can assume that the role of dielectric medium in the flat case is played by the geometry in our model. To find some relations between geometry and permittivity see [7].

3 Screening aspects of Maxwell-Chern-Simons theory on upper half space

In this part we study the charges potential, when the action (2) is modified by the presence of the Chern-Simons term [17] S = S_{Max} +S_{SC} = ∫ H^3 ( − 1 4 g^{μν} g^{λβ}F_{μλ}F_{λβ} − s^2 8π ϵ̂^{μνρ}A_μ∂_νA_ρ + J^μA_μ ) √ gd^3x, (19) where ϵ̂^{μνρ} = 1/ √ gϵ^{μνρ}, is the totally antisymmetric Levi-Cevita tensor in the curved space-time, and s is a numerical constant. The classical equation of motion of the gauge fields in H^3 is − s^2 4π ϵ^{μνρ}∂_ν A_ρ + η^{αγ} η^{μλ}∂_α y l F_{γλ} + √ gJ^μ = 0, (20)

where η^{00} = −η^{11} = 1 and η^{ij} = 0 for i ≠ j. For static fields, and for the current (4), the equations of motion become − s^2 4π F_{xy} − ( ∂_x y l ∂_x + ∂_y y l ∂_y ) A_0 = − √ gJ^0 (21) − s^2 4π ∂_yA_0 + ∂_y y l F_{yx} = 0

s^2 4π ∂_xA_0 + ∂_x y l F_{xy} = 0. From the second and the third equations of (21), we obtain F_{xy} = −ls^2/(4πy)A_0. Putting this expression in the first equation of (21), gives − ( s^2 4π )_2 l y A_0 + ( ∂_x y l ∂_x + ∂_y y l ∂_y ) A_0 = √ gJ^0. (22)

This equation can be solved by construction the Green function [ − ( ls^2 4π )_2 + y(∂_xy∂_x + ∂_yy∂_y ) ] G(x, y, x^′, y^′) = lyδ(x, x^′)δ(y, y^′). (23) Inserting the Fourier expansion (7), in (23) we obtain

G_k(y, y^′) = −lK_M (ky_>)I_M (ky_<), (24) where M := ls^2/(4π). Therefore the Green function is G(x, y; x^′, y^′) = −1 2π √ l y √ l y^′ Q_{M−} 1_2 ( cosh( L l ) ) . (25)

The electrostatic potential of charges is then U_{int.} = −e^2 2π √ l y √ l y^′ Q_{M−} 1_2 ( cosh( L l ) ) . (26)

In the flat space-time limit, g_{μν} = η_{μν} , l → ∞, the above equation becomes U_{int.} = − e^2 2π K_0 ( s^2L 4π ) , (27)

which is the same as what was obtained in [5].

By considering (17), one can show that by increasing L, the interaction potential (26), tends faster than (16) toward zero. For larger value of s, this rate become faster. This shows that the charges are screened in the presence of the Chern-Simons term. To see how this effect has been occurred, let us consider the partition function of QED_3 on curved space -time Z = ∫ Dψ̄DψDA_μ δ(∂_μA^μ)exp(iS_{Max.}) (28) exp [ i ∫ (ψ̄γ^μ(i∇_μ − qA_μ)ψ − mψ̄ψ) √ gd^3x ] , where q (not to be confused with e, which is the charge of external test charges) and m is the charge and the mass of dynamical fermions repectively, ∇ is the covariant derivative including the spin-connections and γ^μ are Dirac matrices in curved space-time.

Under the conformal transformation

ψ → λ = Ω^{−1}ψ (29) ψ̄ → λ̄ = Ω^{−1}ψ̄ g_{μν} → ḡ_{μν} = Ω^2g_{μν} ,

the massless part of the fermionic action remains unchanged [18]. Therefore by choosing Ω = y/l, in the absence of conformal anomaly in three dimensions, the partition function reduces to [9] Z = ∫ Dψ̄DψDA_μ δ(∂_μA^μ)exp(iS_{Max.}) (30) exp [ i ∫ (ψ̄γ^a(i∂_a − qA_a)ψ − ml y ψ̄ψ)d^3x ] . The fermionic part of the action is the same as the flat case with a position dependent mass term. By integrating out the fermionic degrees of freedom, up to the order O(1/m) [19], we obtain a quadratic effective action for the gauge fields containing the effects of fermionic loop, in the same way as in the flat case [9],[5]: S = S_{Max.} + S_{eff.} = S_{Max.} + ∫ H^3 ( − q^2 8π ϵ^{μνρ}A_μ∂_ν A_ρ + O( 1 m ) ) d^3x. (31)

So the quantum effects, due to vacuum polarization, can be seen only through the charge of dynamical fermions q in (31). Therefore to reobtain classical results, i.e. ignoring the vacuum polarization, it is enough to set q = 0, in (31). By taking s = q, (31) reduces to (19). Therefore the screening effect of the model (19) is due to the presence of dynamical fermions. Setting q = s = 0 results M = 0, and the QED potential (26), reduces to the potential of test charges in the absence of vacuum polarization, i.e. (16). The difference with respect to the flat case is that, in H^3 and in the absence of vacuum polarization, the system is not in confining phase and dynamical fermions only reduce the absolute value of the potential.

The effect of geometry on interaction potential of charges can be extracted from the solutions of the eqs.(6) and (23), which contain the metric tensor components as well as their derivatives. This is due to the presence of the metric dependent coefficient in Maxwell kinetic term, which has the same role as an inhomogeneous dielectric function. Therefore the general discussion about confinement in the introduction which was based only on the value of dielectric constant, is not applicable. Besides local geometrical effects, boundary conditions considered for the gauge fields has also direct influence on the charges interaction potential [10], [11]. For a general metric, Green functions corresponding to eqs.(6) and (23), cannot be obtained exactly. So approximative methods such as WKB approximation for slowly varying metrics, or adiabatic expansion of Green function, Taylor expansion of the metric and so on may be used [10]. Note that for a metric which is not conformally flat, the method used in this paper to obtain the determinant of Dirac operator, is no more valid.

Acknowledgement: The author would like to thank University of Tehran for supporting him under the grant provided by its Research Council.

References

[1] J. Schwinger, Phys. Rev., 125 (1962) 397.

[2] S. Coleman, R. Jackiw and L. Susskind, Ann. Phys., 93 (1975) 267.

[3] D. J. Gross, I. R. Klebanov, A. V. Matytsin and A. V. Smilga, Nucl. Phys.

B, 461 (1996) 109.

[4] A.M. Polyakov, Nucl. Phys. B, 120 (1977) 429; P. Gaete and C.Wotsazek, Eur. Phys. Lett., 69 (2005) 341; D. Dalmazi, Phys. Rev. D, 70 (2004) 065021; E. Abdalla, B. Banerjee, C. Molina, Eur. Phys. J. C, 17 (2000) 467; G. Grignani, G. Semenoff, P. Sodano, O. Tirkkonen, Nucl. Phys. B, 473 (1996) 143.

[5] E. Abdalla and R. Banerjee, Phys. Rev. Lett., 80 (1998) 238.

[6] M. Slusarczyk and A. Wereszczynski, Eur. Phys. J. C, 23 (2002) 145; A.

Wereszczynski, Phys. Lett. B, 570 (2003) 260; R. Dick, Phys. Lett. B, 409 (1997) 321; R. Friedberg and T. D. Lee, Phys. Rev. D, 18 (1978) 2623.

[7] C. Møller, The theory of relativity , second edition (Oxford University Press) 1972; R. Schutzhold, G. Plunien, G. Soff, Phys. Rev. Lett., 88 (2002) 061101; L. M. Burko, Phys. Rev. E, 65 (2002) 46618; P. Piwnicki, Int. J. Mod. Phys. A, 17 (2002) 1543.

[8] I. V. Volovich, Large N Gauge Theories and Anti-de Sitter Bag Model, hep-th/9803174.

[9] O. J. P. Eboli, Phys. Rev. D, 36 (1987) 2408.

[10] M. Alimohammadi and H. Mohseni Sadjadi, Phys. Rev. D, 63 (2001) 105018; H. Mohseni Sadjadi and K. Saaidi, Phys. Rev. D, 63 (2001) 065009; Erratum-ibid., 64 (2001) 049901; H. Mohseni Sadjadi, Gen. Rel. Grav., 36 (2004) 199.

[11] T. Souradeep and V. Sahni, Phys.Rev. D, 46 (1992) 1616; C. Furtado and F. Moraes, Class. Quant. Grav., 14 (1997) 3425; A. M. de M. Carvalho, F. Moraes and C. Furtado, Int. J. Mod. Phys. A, 19 (2004) 2113.

[12] D. Binosi, V. Moretti, L. Vanzo and S. Zerbini, Phys. Rev. D, 59 (1999) 104017.

[13] S. Weinberg, Gravitation and Cosmology: Principles and Applications of the General Theory of Relativity (John Wiley & Sons, Inc.) 1972.

[14] I. S. Gradshteyn, I. M. Ryzhik, Table of Integrals, Series, and Products (Academic Press) 1994.

[15] B. Carter, in General Relativity: An Einstein Centenary Survey, edited by S. W. Hawking and W. Israel (Cambridge University Press, New York) 1979, page 359.

[16] A. G. Smith and C. M. Will, Phys. Rev. D, 22 (1980) 1276; A. G. Wiseman, Phys. Rev. D, 61 (2000) 084014; P. G. Molnar, Class. Quant. Grav., 18 (2001) 1853.

[17] S. Deser, R. Jackiw and S. Templeton, Ann. Phys., 140 (1982) 372.

[18] N. D. Birrell and P. C. W. Davies, Quantum fields in curved space (Cambridge University Press) 1982.

[19] A. N. Redlich, Phys. Rev. Lett., 52, 18 (1984); Phys. Rev. D, 29 (1984) 2366.