arXiv:gr-qc/0606130 v1 30 Jun 2006

Energy of general 4-dimensional stationary axisymmetric spacetime in the teleparallel geometry

Shanxian Xu and Jiliang Jing^∗ Institute of Physics and Department of Physics, Hunan Normal University, Changsha, Hunan 410081, P. R. China

The field equation with the cosmological constant term is derived and the energy of the general 4-dimensional stationary axisymmetric spacetime is studied in the context of the hamiltonian formulation of the teleparallel equivalent of general relativity (TEGR). We find that, by means of the integral form of the constraints equations of the formalism naturally without any restriction on the metric parameters, the energy for the asymptotically flat/de Sitter/Antide Sitter stationary spacetimes in the Boyer-Lindquist coordinate can be expressed as E = 1 8π ∫ S dθdϕ ( sinθ √ gθθ + √ gϕϕ − (1/ √ grr )(∂ √ gθθgϕϕ /∂r) ) . It is surprised to learn that the energy expression is relevant to the metric components grr , gθθ and gϕϕ only. As examples, by using this formula we calculate the energies of the Kerr-Newman (KN), Kerr-Newman Anti-de Sitter (KN-AdS), Kaluza-Klein, and Cvetič-Youm spacetimes.

PACS numbers: 04.20.Cv, 04.50.+h, 04.20.-q

I. INTRODUCTION

With the advent of the general relativity (GR), the definition for the gravitational energy continues to be one of the most active areas of research in gravitational physics. It is well known that the spacetime metric in general relativity describes both the background spacetime structure and the dynamical aspects of the gravitational field, but no natural way is known to decompose it into its “background” and “dynamical” components [1]. Thus, the notion of energy can not be obtained without a corresponding decomposition of the spacetime metric. Although a definition of the energy cannot be found locally, some authors defined the pseudo-tensor of energy-momentum density ([2]- [5]), and the quasilocal energy ([6]- [7]) for the gravitational field. However, these definitions have some defects. Say, if we consider the rotating spacetime, the quasilocal energy can only be applied to the case of the slow rotation spacetimes.

Recently, in the context of the teleparallel gravity ([8]- [13]), some authors re-examined the gravitational energy problem and attempted to obtain the expression for the gravitational energy in the form of a true spacetime and gauge tensor ([14]- [20]). Teleparallel gravity is not a new theory for the gravitational field because Möller [8] revived Einstein’s GR by constructing a field theory and reconsidered a Lagrangian formulation for absolute parallism in 1962. Teleparallel gravity is just an alternative geometrical formulation of GR, which is formulated on the Weitzenböck spacetime [21]. This gravitational theory is characterized by the vanishing curvature tensor (absolute parallism) and the nonvanishing torsion tensor. In this theory, the dynamical field quantities are correspond to orthogonal tetrad field e_{aμ} (a and μ are SO (3, 1) and spacetime indices, respectively) and the

affine connection^∗Γ^λ_{μν} = e^{aλ}∂_μe_{aν} .

Teleparallel gravity is commonly used to denote the general three-parameter theory [10]. We consider only the teleparallel equivalent of general relativity (TEGR), a theory obtained for a specific choice of these parameters. In Refs. ([22]- [29]), the authors have established a definition for the energy of the gravitational fields in the framework of Schwinger’s time gauge condition [30] in terms of TEGR. Recently, in Ref. [32], by using this definition, José and Karlucio have calculated the gravitational energy of Kerr and Kerr Anti-de Sitter spacetime. However, we should note that the Lagrangian density (Eq. (2.1) in Ref. ([32])) does not include the cosmological constant term. Thus, it seems that the definition of the energy educed from the Lagrangian density can not be applied to the Kerr anti-de Sitter spacetime directly.

In this paper we first derive the field equation with the cosmological constant. Then, we will generalize the definition of the gravitational energy into the case with the cosmological constant and the matter fields and obtain the general energy expression for stationary axisymmetric spacetime. Then, as examples, we calculate the energy of the KN and KN-AdS spacetimes, stationary Kaluza-Klein and rotating Cvetič-Youm spacetimes

∗Corresponding author, Email: jljing@hunnu.edu.cn

enclosed by a arbitrary two-sphere. Furthermore, for comparing with known results obtained by using other method, we discuss the gravitational energy in some special cases, such as r → ∞, r = r_+, a → 0 and slow rotation approximation.

Notation: spacetime indices μ, ν, ... and SO (3, 1) indices a, b, ... run from 0 to 3. Time and space indices are indicated according to μ = 0, i, a = (0), (i). The tetrad field e^a_μ yields the definition of the torsion tensor: ∗ T^a μν = ∂μe^a ν − ∂ν e^a μ. The flat Minkowski spacetime metric is fixed by ηab = eaμebν g^{μν} = (−, +, +, +). The tangent space indices are raised and lowered with the Lorentzian metric η_{ab}, while the spacetime indices are raised and lowered with the Riemannian metric g^{μν} . All magnitudes related with GR will be denoted with an over “∘”, whereas magnitudes related with TEGR will be denoted with an over “∗”.

The organization of this paper is as follows. In Sec. II a general energy expression for general stationary axisymmetric spacetime is obtained. In Sections III, IV, V and VI the energy of the KN, KN-AdS, Kaluza-Klein and Cvetič-Youm spacetimes are studied. The last section is devoted to a summary.

II. GENERAL ENERGY EXPRESSION FOR GENERAL STATIONARY AXISYMMETRIC SPACETIME

It is well known that, from the Riemann-Cartan type spacetime U4 [9] [10] follows two models of space-time, one is the Riemann spacetime V4 of GR, another is the Weitzenböck spacetime W4 of torsion gravity. The Riemann-Cartan geometry is the basis of Poincaré gauge theory (PGT) [13] [22] [33]. In this gauge fields, the definitions of the curvature and torsion tensors are yielded by the tetrad field e_{aμ} and the arbitrary spin affine connection ω^a_{bμ}, R^a_{bμν} = ∂_μω^a_{bν} − ∂_ν ω^a_{bμ} + ω^a_{cμ}ω^c_{bν} − ω^a_{cν} ω^c_{bμ}, (2.1) T^a_{μν} = ∂_μe^a_ν − ∂_ν e^a_μ + ω^a_{bμ}e^b_ν − ω^a_{bν}e^b_μ. (2.2)

The general spacetime connection Γ^λ_{μν} is defined by

Γ^λ_{μν} = e^λ_a ∂_μe^a_ν + e^λ_a ω^a_{bμ}e^b_ν . (2.3)

The spacetime and the tangent-space metrics are related by g_{μν} = e^a_μe^b_ν η_{ab}. For the arbitrary spin connection, there exists an identity

ω^a_{bρ} =^∘ω^a_{bρ} + K^a_{bρ} = −ω^a_{b ρ}, (2.4)

where^∘ω^a_{bρ} is the Levi-Civita connection (the Ricci coefficient of rotation, the spin connection of GR) which is metric compatible and torsion free. It is related with the Christoffel connection {_λ μν } of GR by ∘ ω^a_{bμ} = e^a_λ {_λ μν } − e^λ_b ∂_μe^a_λ, (2.5) {_λ μν } = 1 2 g^{λρ}(∂_μg_{νρ} + ∂_ν g_{μρ} − ∂_ρg_{μν}). (2.6)

The contortion tensor K_{abρ} is given by K_{abρ} = 1 2 e^μ_a e^ν_b K_{μνρ} = 1 2 e^μ_a e^ν_b (T_{μνρ} − T_{νμρ} − T_{ρμν} ), (2.7) with the torsion tensor

T^λ_{μν} = Γ^λ_{μν} − Γ^λ_{νμ} = −T^λ_{νμ}. (2.8)

It is convenient to define a useful tensor Λ^{abc} by

Λ^{abc} = 1 4 (T^{abc} + T^{bac} − T^{cab}) + 1 2 (η^{ac}T^b − η^{ab}T^c). (2.9)

Then, we have Λ^{abc}T_{abc} = 1 4 T^{abc}T_{abc} + 1 2 T^{abc}T_{bac} − T^aT_a, (2.10) where T_b = T^a_{ab}, T_{abc} = e^μ_b e^ν_c T_{aμν} . Denoting the scalar curvature R(e, ω) = e^{aμ}e^{bν}R_{abμν} and substituting the arbitrary spin connection ω_{ρab} into the scalar curvature tensor, we get an identity [20] [22] eR(e, ω) = e^∘R + eΛ^{abc}T_{abc} − 2∂_μ(eT^μ). (2.11) This identity is the one of bases of the equivalence of TEGR with Einstein’s GR. The Einstein-Hibert Lagrangian without the cosmological constant term is L_{GR} = ke^∘R = keR(e, ω) − keΛ^{abc}T_{abc}, (2.12) where 2∂_μ(eT^μ) is a total derivative term and is neglected, and k =^{c4}_{16πG} (c is light speed and G is the Newton’s gravitational constant). Hereafter we will take G = c = 1.

In what following, we will study the case of the Lagrangian density with the cosmological constant term. Then, the Lagrangian density in the torsion is given by [20] [33] L = e(L_∘ + aR^{abμν}R_{abμν} − L_M ), (2.13) with L_∘ = kR(e, ω) − kΛ^{abc}T_{abc} + 2kλ, (2.14) where λ is the cosmological constant, aR^{abμν} are Lagrange multipliers introduced to ensure the teleparallelism condition in the variational formalism and L_M is the Lagrangian of matter fields. The lagrangian L_∘ is then an alternate “more geometric” interpretation of L_M .

Define the canonical stress-energy tensor and spin density in the forms of [33]

T^a_μ = 1 2e δL_M δe^μ_a , S^ρ_{ab} = 1 e δL_M δω^{ab}_ρ , where L_M = eL_M . Then, the field equation can be expressed as ∘ Gμν + λgμν = τμν + Tμν , (2.15) D_λR^{abρλ} = S^{abρ}, (2.16) where τ_{μν} = −2a(R^{ab}_{ρμ}R^ρ_{ab ν} −^1_4 g_{μν} R^{ab}_{ρλ}R^{ρλ}_{ab} ) and D_λ is the covariant derivative that acts with ω^ρ_{ab} on the tangent space indices and with {^λ_{μν}} on the spacetime indices. We can refer to other forms of the field equation [9] [10] [19] [22].

In TEGR, the fundamental field variable describing gravity is a quadruple of parallel tetrad field e_{aμ} which is on the Weitzenböck spacetime. In this geometrical structure, define the so called the Weitzenböck connection ∗ Γ^λμν = e^λ_a ∂μe^a_ν , (2.17)

as a consequence of the absolute parallelism condition (i. e., the Weitzenböck covariant derivative of the tetrad field vanishes identically:^∗▽_ν e^a_μ ≡ ∂_ν e^a_μ −^∗Γ^λ_{μν} e^a_λ = 0 ). Then, we know that Weitzenböck spin connection vanishes^∗ω^a_{bρ} = 0, the curvature of the Weitzenböck connection also vanishes^∗R^a_{bμν} = ∂_μ^∗ω^a_{bν} −∂_ν^∗ω^a_{bμ}+^∗ω^a_{cμ}^∗ω^c_{bν} − ∗ ω^a_{cν}^∗ω^c_{bμ} = 0, and the torsion of TEGR reduce to ∗ T^aμν ≡ ∂μe^a_ν − ∂νe^a_μ. (2.18) In the absence of spinning sources (i.e., S^{abρ} = 0), the classical matter couples to the metric alone. Thus, in the framework of the teleparallel geometry in PGT, we get^∗R^{ρλ}_{ab} = 0 (namely, fix the Poincaré gauge in terms of^∗ω^{ab}_ρ = 0) as ground state solution and can obtain τ_{μν} = 0, and above field equation (2.15) can reduce to the Einstein equation of GR, L_∘ reduce to L_∘ = −k(^∗Λ^{abc ∗}T_{abc} − 2λ), and L simplifies to L(e_{aμ}) = −ke(^∗Λ^{abc ∗}T_{abc} − 2λ) − eL_M . Namely, the equivalence with general relativity holds certainly. However, we should note that the gravitational couplings to spinning matter field in the Riemann spacetime (in GR) and in the Weitzenböck spacetime (in TEGR) are in general different.

The Lagrangian density (2.13) can be expressed as

L(e_{aμ}) = −4ke^∗Λ^{a0k ·}e_{ak} + 4ke^∗Λ^{a0k}∂_ke_{a0} − ke^∗Λ^{aij} T_{aij} + 2λke − eL_M , (2.19)

where the dot indicates a time derivative, and^∗Λ^{a0k} =^∗Λ^{abc}e^0_b e^k_c ,^∗Λ^{aij} =^∗Λ^{abc}e^i_b e^j_c . The momentum canonically conjugated to e_{aμ} is given by [26] [27]

Π^{ak} = −4ke^∗Λ^{a0k}, (2.20)

and the full expression of Π^{ak} can be expressed as

Π^{ak} = ke[g^{00}(−g^{kj ∗}T^a_{0j} − e^{aj ∗}T^k_{0j} + 2e^{ak ∗}T^j_{0j}) + g^{0k}(g^{0j ∗}T^a_{0j} + e^{aj ∗}T^0_{0j})

+ e^{a0}(g^{0j ∗}T^k_{0j} + g^{ki ∗}T^0_{0j} − 2(e^{a0}g^{0k ∗}T^j_{0j} + e^{ak}g^{0j ∗}T^0_{0j}) − g^{0i}g^{kj ∗}T^a_{ij}

+ e^{ai}(g^{0j ∗}T^k_{ij} − g^{kj ∗}T^0_{ij}) − 2(g^{0i}e^{ak} − g^{ik}e^{a0})^∗T^j_{ji}]. (2.21)

In terms of the quantities on the spacelike hypersurface in the time gauge condition, we have

Π^{(0)k} = 2keg^{ik}g^{jm}e^{(l)}_m^∗T_{(l)ij}

= −2ke^∗T^k. (2.22)

Therefore, the energy is given by [26] [27]

E = P^{(0)} = − ∫ V d^3x∂_iΠ^{(0)i} = 1 8π ∫ V d^3x∂_j (e^∗T^j ). (2.23)

In the macrophysical limit [9], the dynamical characterization of a continuous distribution of macroscopic matter can be successfully achieved by energy-momentum (“momentum current”) alone because spin averages out in this case (Indeed the spin and the gradients of spin may cancel out when such an average is performed). Thus, when we want to apply the field equations in the macro-scopic domain, TEGR and GR is equivalent. The energy-momentum tensor of matter is the source of the metric tensor g_{μν} of a Riemannian spacetime. Then, we can pick out a set of tetrad e_{aμ} corresponding to spacetime metric g_{μν} and understand (2.23) as the total energy [28] [29].

In the following we will try to apply the expression (2.23) to general 4-dimensional stationary axisymmetric spacetime and to find a concisely formula of the energy. In Boyer-Lindquist coordinates the general stationary axisymmetric spacetime can be written as [31]

ds^2 = g_{tt}dt^2 + 2g_{tϕ}dtdϕ + g_{rr} dr^2 + g_{θθ}dθ^2 + g_{ϕϕ}dϕ^2, (2.24)

where g_{μν} are functions of the coordinates r and θ only. It is well known, for a given spacetime metric tensor g_{μν}, that there exists an infinite set of tetrad fields that yield g_{μν} . Considering the Schwinger’s time gauge condition [27] [32] [36] [39], a set of tetrads associated to the spacetime (2.24) can be expressed as

e_{aμ} = −A 0 0 0 B sin θ sin ϕ C sin θ cos ϕ Dr cos θ cos ϕ −F r sin θ sin ϕ −B sin θ cos ϕ C sin θ sin ϕ Dr cos θ sin ϕ F r sin θ cos ϕ 0 C cos θ −Dr sin θ 0

, (2.25)

where

A = − ( g_{tt} − g^2_{tϕ} g_{ϕϕ} ) , B = − g_{tϕ} √g_{ϕϕ}sinθ , C = √ g_{rr} , D = √ g_{θθ} r , F = √g_{ϕϕ} rsinθ . (2.26)

The components of the torsion tensor obtained out of the tetrads (2.25) are presented in the appendix. Thus, for an arbitrary spacelike two-spheres, we know from Eq. (2.23) that the general energy expression of the asymptotically flat/de Sitter/Anti-de Sitter stationary spacetimes (2.24) is given by E = 1 8π ∫ S dθdϕ ( sinθ √ g_{θθ} + √ g_{ϕϕ} − 1 √ g_{rr} ∂√g_{θθ}g_{ϕϕ} ∂r ) . (2.27)

It is interesting to note that the energy expression is very simple and is only relevant to the metric components g_{rr}, g_{θθ} and g_{ϕϕ}.

As examples, we now study the energies of the well-known spacetimes, such as the KN, KN-AdS, Kaluza-Klein and Cvetič-Youm spacetimes by using the formula (2.27).

III. ENERGY OF THE KN SPACETIME

The line element of the KN spacetime can be expressed as

ds^2 = −

Δ − a^2 sin^2 θ ρ^2 dt^2 + a(Q^2 − 2mr) sin^2 θ

ρ^2 dtdϕ + ρ^2 Δ dr^2 + ρ^2dθ^2 +

Σ^2 sin^2 θ ρ^2 dϕ^2, (3.1)

with

Δ = r^2 + a^2 + Q^2 − 2mr, Σ = √ (r^2 + a^2)^2 − Δa^2 sin^2 θ,

where m, Q and a represent the mass, electric and rotation parameter of the spacetime , respectively. By using the Eq (2.27) we find that the energy of the KN spacetime is given by E_{KN} = 1 4 ( √ r^2 + a^2 + r^2 2a ln √ r^2 + a^2 + a √ r^2 + a^2 − a )

+ 1 4 ( 2 √ α ia − √ α∂_rΔ ia √ Δ ) E ( ia r , r √ Δ √ α )

+ 1 4 ( √ α∂_r Δ ia √ Δ − √ Δ∂_r α ia √ α ) F ( ia r , r √ Δ √ α ) , (3.2)

where α = (r^2 + a^2)^2 − Δa^2 and the elliptic functions E(x, y) and F (x, y) are defined by E(x, y) = ∫_x 0 du √ 1 − y^2u^2 √ 1 − u^2 , F (x, y) = ∫_x 0 du 1 √ 1 − u^2 √ 1 − y^2u^2 . Now, let us consider some special cases:

(1) In the asymptotic limit r → ∞, from Eq. (3.2) we obtain E_{KN} = m. This is just the Amowitt-Deser-Misner (ADM) energy of the KN spacetime.

(2) The energy of the static (a = 0) Reissner-Nordström spacetime can be easily found using Eq. (3.2) E_{RN} = r ( 1 − √ 1 − 2m r + Q^2 r^2 ) .

When Q = 0, the energy R_{RN} reduces to E_{SH} = r ( 1 − √ 1 −^{2m}_r ) , which is the energy within an arbitrary spacelike surface of fixed radius r in the Schwarzschild spacetime [36].

(3) If the surface is located at the event horizon of the KN spacetime, noting Δ = 0 we find

E_{KN} (r_+) = M_{irr} 2 + 12M^2_{irr} − a^2 8a ln 2M_{irr} + a 2M_{irr} − a , (3.3)

where r = r_+ = m + √ m^2 − a^2 − Q^2 and M_{irr} = √ r^2_+ + a^2/2. If we take Q = 0 Eq. (3.3) reduces to the result of the Kerr spacetime obtained in Ref. [27].

(4) If we consider the slow rotation approximation (namely,^a_r << 1), we get

E_1 = 1 4 ∫_π 0 (ρ + Σ ρ ) sin θdθ = r + a^2 6r (2 + 2m r − Q^2 r^2

) + O( a^4 r^4 ), E_2 = 1 4 ∫_π 0 − √ Δ∂_r Σ ρ sin θdθ = − √ r^2 − 2M r + a^2 + Q^2 + a^2 6r √ 1 − 2m r + a^2 + Q^2 r^2

(1 + 2m r − 2Q^2 r^2

) + O( a^4 r^4 ). Then, the energy of the slow rotating KN spacetime is shown by

E_{KN} = E_1 + E_2 = r ( 1 − √ 1 − 2m r + a^2 + Q^2

r^2 )

+ a^2 6r [ 2 + 2m r − Q^2 r^2

+ (1 + 2m r − 2Q^2 r^2 ) √ 1 − 2m r + a^2 + Q^2 r^2 ] + O( a^4 r^4

), (3.4)

which is just the Brown-York quasilocal energy of the KN spacetime [37]. It is interesting to note that the term −E_1 corresponds exactly to ε_0 in Ref. [37] which is a reference term proposed in Ref. [38] for the normalization of the energy with respect to a reference spacetime, and the term E_2 yields ε in Ref. [37] .

IV. THE ENERGY OF KN-ADS SPACETIME

In Boyer-Lindquist coordinates the KN-AdS spacetime can be written as [34] [35]

ds^2 = −

Δ − Λ_θa^2 sin^2 θ

ρ^2 dt^2 − 2a[Λ_θ(r^2 + a^2) − Δ] sin^2 θ χρ^2 dtdϕ + ρ^2 Δ dr^2 + ρ^2 Λ_θ dθ^2 +

Σ^2 sin^2 θ

χ^2ρ^2 dϕ^2, (4.1)

with

Λ_r = 1 + r^2 l^2

, Λ_θ = 1 − a^2 l^2 cos^2 θ, χ = 1 − a^2 l^2 , Δ = Λ_r(r^2 + a^2) + Q^2 − 2mr, ρ = √ r^2 + a^2 cos^2 θ, Σ = √ Λ_θ(r^2 + a^2)^2 − Δa^2 sin^2 θ,

where m, Q and a are respectively mass, electric and rotation parameters, and l is the AdS radius which relates to the cosmological constant by λ = −3/l^2.

By using the Eq (2.27), we find that the energy of the KN-AdS spacetime can be described by E_{AdS} = lr 2a E ( a l , il r ) + √ α 2iaχ E ( ia r , r √ β √ α ) + il 4aχ √ l^2 − a^2 ∂_rα r F ( ia √ Δ √ α , √ α(l^2 + r^2) r √ Δ(l^2 − a^2) )

+ il(χr − m) 2aχ √ l^2 − a^2 { r [ F ( r √ χ(r^2 + a^2) √ α , √ α(r^2 + l^2) r √ Δ(l^2 − a^2) ) − F ( 1, √ α(r^2 + l^2) r √ Δ(l^2 − a^2) )]

+ (α − r^2β) rβ [ Π ( α r^2β | r √ χ(l^2 + a^2) √ α , √ α(r^2 + l^2) r √ Δ(l^2 − a^2) ) − Π ( α r^2β |1, √ α(r^2 + l^2) r √ Δ(l^2 − a^2) )]} , (4.2) where β = Δ −^{(r2 +a2 )2}_{l2} , and the elliptic function Π(n|x, y) is defined by Π(n|x, y) = ∫_x 0 du 1 (1 − nu^2) √ 1 − u^2 √ 1 − y^2u^2 . In the limit a → 0, we can find that Eq. (4.2) leads to the energy of the Reissner-Norström AdS spacetime, E_{RNAdS} = r(1 − √ 1 −^{2m}_r +^{Q2}_{r2} +^{r2}_{l2} ).

If we consider the slow rotation approximation, we get

E_1 = 1 4 ∫_π 0 ( ρ √ Λ_θ + Σ χρ ) sin θdθ = r(1 + a^2 3l^2 ) + a^2 6r (2 + 2m r − Q^2 r^2

) + O( a^4 r^4 ), E_2 = 1 4 ∫_π 0 − √ Δ∂_rΣ χρ √ Λ_θ sin θdθ = − √ Δ + a^2 6r √ 1 − 2m r + a^2 + Q^2

r^2 + r^2 + a^2

l^2

(1 + 2m r − 2Q^2 r^2 ) − 2 3 a^2 l^2 √ Δ + O( a^4 r^4 ). Then, the energy of the slow rotating KN-AdS spacetime is shown by

E_{AdS} = E_1 + E_2 = r − r √ 1 − 2m r + a^2 + Q^2

r^2 + r^2 + a^2

l^2 + ra^2 3l^2 ( 1 − 2 √ 1 − 2m r + a^2 + Q^2 r^2 + r^2 + a^2 l^2 )

+ a^2 6r [ 2 + 2m r − Q^2 r^2 + ( 1 + 2m r − 2Q^2 r^2 ) √ 1 − 2m r + a^2 + Q^2

r^2 + r^2 + a^2 l^2 ] , (4.3)

where the terms of order O(^{a4}_{r4} ) and higher are neglected.

V. THE ENERGY OF STATIONARY KALUZA-KLEIN SPACETIME

The Kaluza-Klein spacetime is described by [31] [40]

ds^2 = − 1 − Z N dt^2 − 2aZ sin^2 θ N √ 1 − v^2 dtdϕ + N ρ^2 Δ dr^2 + N ρ^2dθ^2 + [ N (r^2 + a^2) + Z N a^2 sin^2 θ ] sin^2 θdϕ^2,

where ρ = √ r^2 + a^2 cos^2 θ, Δ = r^2 + a^2 − 2mr, Z = 2mr ρ^2 , N = √ 1 + v^2Z 1 − v^2 , and a and v are the rotation parameter and the velocity of the boost. The horizons, ADM mass, charge Q and angular momentum J of the spacetime are given by r_± = m ± √ m^2 − a^2, M = m [ 1 + v^2 2(1 − v^2) ] , Q = mv 1 − v^2 , J = ma √ 1 − v^2 . Considering γ = v^2 1 − v^2 , σ = √ r^2 + 2γmr + a^2 cos^2 θ,

α = (r^2 + a^2)(r^2 + 2γmr + a^2) − Δa^2 = (r^2 + a^2)(r^2 + 2γmr) + 2mra^2, Σ = √ (r^2 + a^2)(r^2 + 2γmr + a^2) − Δa^2 sin^2 θ = √ Δa^2 cos^2 θ + α, we obtain g_{rr} = ρσ Δ , g_{θθ} = ρσ, g_{ϕϕ} = Σ^2 sin^2 θ ρσ . (5.1)

By using the Eq (2.27) we find that the energy of the stationary Kaluza-Klein spacetime can be expressed as E_{KK} = 1 4 ∫_π 0 ( √ ρ √ σ + Σ √ ρ √ σ − √ Δ ∂_r Σ √ ρ √ σ ) sin θdθ. (5.2)

Unfortunately, the integral cannot be expressed in simple functions. But we can discuss some spacial cases.

(1) While in the asymptotic limit r → ∞, we have E_{KK}(r → ∞) = m ( 1 + γ 2 ) , (5.3)

which equals the ADM mass of the stationary Kaluza-Klein spacetime .

(2) At the event horizon r = r_+, the energy of the stationary Kaluza-Klein spacetime becomes

E_{KK} (r_+) = √ 1 + γ(r^2_+ + a^2)

2r^{1/2}_+ A^14

F_1 ( 1 2 , 1 4 , 1 4 , 3 2 , − a^2 r^2_+ , − a^2 A )

+ a^2 24r^2_+ √ r_+(2r^2_+ + γr^2_+ + γa^2) A^{34}

F_1 ( 3 2 , 3 4 , 3 4 , 5 2 , − a^2 r^2_+ , − a^2 A )

+ 1 4 √ r^2_+ + a^2(1 + γ)^{14} + √ r_+A^{34} √ (1 + γ)(r^2_+ + a^2) 2 F_1 ( 1 2 , 3 4 , 3 2 , −γa^2 (1 + γ)r^2_+ ) , (5.4)

where A = (r^2_++a^2)(1+γ)−a^2 and the Appell hypergeometric function F_1(a, b_1, b_2, c, x, y) and the hypergeometric function_2F_1(a, b, c, z) are defined by

F_1(a, b_1, b_2, c, x, y) = Σ^∞_{m=0}Σ^∞_{m=0}

(a)_{m+n}(b_1)_m(b_2)_n (c)_{m+n} x^my^n m!n! , 2F_1(a, b, c, z) = Σ^∞_{k=0}

(a)_k(b)_k (c)_k z^k k! . As γ → 0, Eq. (5.4) shows that E_{KK} (r_+) →^a √_{r2+ +a2+(2a2+3r2 )ArcSinh[ ar} + ] 4a , which is just the energy of the Kerr spacetime at the horizon.

(3) If we consider the slow rotation approximation, we get

E_1 = 1 4 ∫_π 0 √ ρ √ σ sin θdθ = [ r(1 − v^2) 2mv^2 + r(1 − v^2)

]^3_4

6r^2[2mv^2 + r(1 − v^2)] + a^2[m(2 + v^2) + 2r(1 − v^2)] 6r^2(1 − v^2) + O ( a^4 r^4 ) , E_2 = − 1 4 ∫_π 0 √ Δ ∂_rΣ √ ρ √ σ sin θdθ

= − √ r^2 − 2mr + a^2 12r^4(1 − v^2)^2 [ r(1 − v^2) 2mv^2 + r(1 − v^2)

]^7_4 { 6r^2 [ 2mv^2 + r(1 − v^2) ] [ 3mv^2 + 2r(1 − v^2) ]

−a^2 [ m^2v^2(4 + 5v^2) + mr(4 + 7v^2)(1 − v^2) + 2r^2(1 − v^2)^2 ] } + O ( a^4 r^4 ) . Then, the energy of the slow rotating Kaluza-Klein spacetime is shown by

E_{KK} = E_1 + E_2 = [ r(1 − v^2) 2mv^2 + r(1 − v^2)

] 3_4 {

6r^2[2mv^2 + r(1 − v^2)] + a^2[m(2 + v^2) + 2r(1 − v^2)] 6r^2(1 − v^2) }

− √ r^2 − 2mr + a^2 12r^4(1 − v^2)^2 [ r(1 − v^2) 2mv^2 + r(1 − v^2)

] 7_4 { 6r^2 [ 2mv^2 + r(1 − v^2) ] [ 3mv^2 + 2r(1 − v^2) ]

−a^2 [ m^2v^2(4 + 5v^2) + mr(4 + 7v^2)(1 − v^2) + 2r^2(1 − v^2)^2 ] } + O ( a^4 r^4 ) , (5.5) which is just the Brown-York quasilocal energy of the Kaluza-Klein spacetime [31]. It is interesting to note that the term −E_1 corresponds exactly to Eq.(2.13) in Ref. [31] which is a reference term proposed in Ref. [38] for the normalization of the energy with respect to a reference spacetime, and the term E_2 is Eq. (2.7) in Ref. [31].

VI. THE ENERGY OF ROTATING CVETIČ-YOUM SPACETIME

The metric of the non-extreme dyonic rotating spacetime in terms of the four-dimensional bosonic fields is [31] [41]

ds^2 = −

Δ − a^2 sin^2 θ √ X dt^2 − 4ma √ X [(cosh δ_{p1} cosh δ_{p2} cosh δ_{e1} cosh δ_{e2}

− sinh δ_{p1} sinh δ_{p2} sinh δ_{e1} sinh δ_{e2})r + 2m sinh δ_{p1} sinh δ_{p2} sinh δ_{e1} sinh δ_{e2}] sin^2 θdtdϕ + √ X Δ dr^2 + √ Xdθ^2 +

Y^2 √ X sin^2 θdϕ^2, (6.1)

with

Δ = r^2 − 2mr + a^2, f(r) = (r + 2m sinh^2 δ_{p1})(r + 2m sinh^2 δ_{p2})(r + 2m sinh^2 δ_{e1})(r + 2m sinh^2 δ_{e2}), q_1 = sinh^2 δ_{p1} + sinh^2 δ_{p2} + sinh^2 δ_{e1} + sinh^2 δ_{e2}, q_2 = 2 cosh δ_{p1} cosh δ_{p2} cosh δ_{e1} cosh δ_{e2} sinh δ_{p1} sinh δ_{p2} sinh δ_{e1} sinh δ_{e2} − 2 sinh^2 δ_{p1} sinh^2 δ_{p2} sinh^2 δ_{e1} sinh^2 δ_{e2} − sinh^2 δ_{p2} sinh^2 δ_{e1} sinh^2 δ_{e2} − sinh^2 δ_{p1} sinh^2 δ_{e1} sinh^2 δ_{e2} − sinh^2 δ_{p1} sinh^2 δ_{p2} sinh^2 δ_{e2} − sinh^2 δ_{p1} sinh^2 δ_{p2} sinh^2 δ_{e1}, W = 2q_1mr + 4q_2m^2 + a^2 cos^2 θ, X = f(r) + (2a^2r^2 + W a^2) cos^2 θ

= f(r) + (2r^2 + 2q_1mr + 4q_2m^2)a^2 cos^2 θ + (a^2 cos^2 θ)^2, Y^2 = f(r) + W a^2 + a^2(1 + cos^2 θ)r^2 + 2ma^2r sin^2 θ

= f(r) + (r^2 + 2mr + 2q_1mr + 4q_2m^2)a^2 + Δa^2 cos^2 θ,

where δ_{p1}, δ_{p2}, δ_{e1}, and δ_{e2} are four boosts, and a and m represent the rotational and mass parameters, respectively.

The ADM mass and angular momentum J of the solution can be expressed as M = m 2 (cosh^2 δ_{p1} + cosh^2 δ_{p2} + cosh^2 δ_{e1} + cosh^2 δ_{e2}) − m, J = ma(cosh δ_{p1} cosh δ_{p2} cosh δ_{e1} cosh δ_{e2} − sinh δ_{p1} sinh δ_{p2} sinh δ_{e1} sinh δ_{e2}). (6.2)

The spacetime has the inner r_− and outer r_+ horizons at r_± = m ± √ m^2 − a^2, (6.3)

provided m ≥ a. By using the Eq. (2.27), the energy of the rotating Cvetič-Youm spacetime is given by E_{CY} = 1 4 ∫_π 0 ( X^{14} + Y X^14 − √ Δ ∂_r Y X^14 ) sin θdθ. (6.4)

The integral (6.4) cannot be expressed in simple functions. However, we can get the integral for some spacial cases:

(1) Taking the asymptotic limit r → ∞, we obtain E_{CY} (r → ∞) = 1 2 (cosh^2 δ_{p1} + cosh^2 δ_{p2} + cosh^2 δ_{e1} + cosh^2 δ_{e2}) − m, (6.5)

which is just the ADM mass of the rotating Cvetič-Youm spacetime.

(2) At the event horizon r = r_+, the energy of the rotating Cvetič-Youm black hole becomes

E_{CY} (r_+) = √ V + Γ 2Γ^{14}

F_1 ( 1 2 , 1 4 , 1 4 , 3 2 , − 2a^2 U + √ U^2 − 4Γ , − 2a^2 U − √ U^2 − 4Γ )

+ a^2U 24Γ^{34}

F_1 ( 3 2 , 3 4 , 3 4 , 5 2 , − 2a^2 U + √ U^2 − 4Γ , − 2a^2 U − √ U^2 − 4Γ )

+ 1 8 [ 2(a^4 + a^2U + Γ)^{14} + √ 2Γ^{14} √ a^2U − a^2 √ U^2 − 4Γ + 2Γ √ a^4 + a^2U + Γ ]

2F_1 ( 1 2 , 3 4 , 3 2 , 2a^2 √ U^2 − 4Γ a^2U + a^2 √ U^2 − 4Γ + 2Γ ) , (6.6)

where Γ = f(r_+ ), U = 2r^2_+ + 2q_1mr_+ + 4q_2m^2 and V = (r^2_+ + 2mr + 2q_1mr_+ + 4q_2m^2)a^2.

While δ_{p1} = δ_{p2} = δ_{e1} = δ_{e2} = 0, E_{CY} (r_+) =^a √_{r2+ +a2 +(2a2+3r2)ArcSinh[ ar} + ] 4a , which is just the energy of the Kerr black hole at the horizon.

(3) In the slowly rotating approximation, we find the energy of the Cvetič-Youm spacetime is E = E_1 + E_2, in which

E_1 = 1 4 ∫_π 0 (X^{14} + Y X^{14} ) sin θdθ = 1 6f(r) [6f(r) + a^2(2r^2 + 2mr + 3q_1mr + 6q_2m^2)] + O( a^4 r^4

), (6.7)

E_2 = − 1 4 ∫_π 0 √ Δ∂_r Y X^14 sin θdθ = − 1 8 ∫_π 0 √ r^2 − 2mr + a^2[∂_rf(r) + 2(r + m + q_1m) + 2(r − m)a^2 cos^2 θ] X^{14} √ f(r) + a^2(r^2 + 2mr + 2q_1mr + 4q_2m^2) + (r^2 − 2mr + a^2)a^2 cos^2 θ sin θdθ. (6.8)

It is interesting to note that Eq. (6.7) corresponds to Eq. (3.13) in Ref. [31] and Eq. (6.8) corresponds to Eq. (3.8) in Ref. [31].

VII. CONCLUSION

In this paper, the field equation with the cosmological constant is derived and the energy of the general 4- dimensional stationary axisymmetric spacetime is studied in the context of the hamiltonian formulation of the teleparallel equivalent of general relativity (TEGR). The main result is that a general energy expression for the asymptotically flat/de Sitter/Anti-de Sitter stationary spacetimes in the Boyer-Lindquist coordinate is obtained by means of the integral form of the constraints equations of the formalism naturally without any restriction on the metric parameters. It is surprised to learn that the energy expression for this spacetime is very simple and relevant to the metric components g_{rr}, g_{θθ} and g_{ϕϕ} only. As examples, by using this formula we calculate the energies of the KN, KN-AdS, Kaluza-Klein, and Cvetič-Youm spacetimes. By comparing the results with known results, we find that our results are exactly agree with the values obtained by using other methods for some special cases.

Acknowledgments

This work was supported by the National Natural Science Foundation of China under Grant No. 10473004; the FANEDD under Grant No. 200317; and the SRFDP under Grant No. 20040542003; the Hunan Provincial Natural Science Foundation of China under Grant No. 05JJ20001.

APPENDIX A: CALCULATION OF TORSION AND MOMENTA

We present the nonvanishing components of the torsion tensor related to the set of tetrads given in Eq. ( 2.25) as following: ∗ T (0)01 = ∂r A, ∗ T (0)02 = ∂θ A, ∗ T (1)01 = − sin θ sin ϕ ∂r B, ∗ T (1)02 = − sin ϕ ∂θ (B sin θ), ∗ T (1)03 = −B sin θ cos ϕ, ∗ T (1)12 = cos θ cos ϕ ∂r (Dr) − cosϕ ∂θ (C sin θ), ∗ T (1)13 = sin θ sin ϕ[C − ∂r(F r)], ∗ T (1)23 = Dr cos θ sin ϕ − sin ϕ ∂θ (F r sin θ), ∗ T (2)01 = sin θ cos ϕ ∂r B, ∗ T (2)02 = cos ϕ ∂θ (B sin θ), ∗ T (2)03 = −B sin θ sin ϕ, ∗ T (2)12 = cos θ sin ϕ ∂r (Dr) − sin ϕ ∂θ (C sin θ)), ∗ T (2)13 = − sin θ cos ϕ[C − ∂r(F r)], ∗ T (2)23 = cos ϕ ∂θ (F r sin θ) − Dr cos θ cos ϕ, ∗ T (3)12 = − sin θ ∂r (Dr) − ∂θ (C cos θ). (A1)

Then, using Eq. ( 2.22) we find that the component Π^{(0)1} of the canonical momentum for the stationary axisymmetric spacetime can be expressed as

Π^{(0)1} = −2k[sinθ √ g_{θθ} + √ g_{ϕϕ} − ∂_r( √ g_{θθ}√g_{ϕϕ}) √ g_{rr} ]. (A2)

[1] C. W. Misner, K. S. Thorne and J. A. Wheeler, Gravitation (Freeman, Newyork, 1973). [2] A. Papapetron, Proc. Roy. Irish Acad. A 52, (1948) 11. [3] P. G. Bergmann and R. Thompson, Phys. Rev. 89, (1953) 400. [4] C. Møller, Ann. Phys. 4, (1958) 347.

[5] L. D. Landau and E. M. Lifshitz, The Classical Theory of Fields (Pergamon Press, Oxford, 1975). [6] J. D. Brown and J. W. York, Phys. Rev. D 47, (1993) 1407. [7] S. Bose and D. Lohiya, Phys. Rev. D 59, (1999) 044019.

[8] C. Møller Tetrad Fields and Conservation Laws in General Relativity, Proceedings of the International School of Physics “Enrico Fermi”, edited by C. Møller (Academic Press, London, 1962.

[9] H. W. Friedrich, Paul von der Heyde and G. David Kerlick, Rev. Mod. Phys 48 (1976) 393. [10] K. Hayashi and T. Shirafuji, Phys. Rev. D 19 (1979) 3524. [11] K. Hayashi and T. Shirafuji, Phys. Rev. D 24, (1981) 3312. [12] V. C. de Andrade, L. C. T. Guillen and J. G. Pereira, gr-qc/0011087. [13] H. I. Arcos and J. G. Pereinra, Int. J. Mod. Phys. D 13, (2004) 2193. [14] J. M. Nester, Int. J. Mod. Phys. A 4, (1989) 1755. [15] J. M. Nester, J. Math. Phys. 33, (1992) 910.

[16] V. C. de Andrade and J. G. Pereira, Phys. Rev. D 56, (1997) 4689. [17] V. C. de Andrade, L. C. T. Guillen and J. G. Pereira, Phys. Rev. Lett. 84, (2000) 4533. [18] V. C. de Andrade, L. C. T. Guillen and J. G. Pereira, Phys. Rev. D 61, (2000) 084031. [19] M. Blagojević and M. Vasilić, Phys. Rev. D 64, (20001) 044010. [20] M. Blagojević and I. A. Nikolić Phys. Rev. D 62, (2000) 024021.

[21] R. Weitzenböck, Invarianten Theorie (Nordhoff, Groningen, 1923). [22] J. W. Maluf, J. Math. Phys. 35, (1994) 335.

[23] J. W. Maluf and J. F. da Rocha-Neto, Gen. Rel. Grav. 31, (1999) 173. [24] J. W. Maluf and A. A. Sousa, gr-qc/0002060. [25] J. W. Maluf and J. F. da Rocha-Neto, gr-qc/0008073. [26] J. W. Maluf and J. F. da Rocha-Neto, Phys. Rev. D 64, (2001) 084014.

[27] J. W. Maluf and J. F. da Rocha-Neto, T. M. L. Toríbio and K. H. Castello-Branco, Phys. Rev. D 65, (2002) 124001. [28] J. W. Maluf, gr-qc/0412055. [29] J. W. Maluf, gr-qc/0504077.

[30] J. Schwinger, Phys. Rev. 130, (1963) 800.

[31] J. L. Jing and S. L. Wang, Phys. Rev. D 65, (2002) 064001. [32] F. da Rocha-Neto José and H. Castello-Branco Karlucio, JHEP 11 (2003) 002. [33] M. Leclerc, Phys. Rev. D 71, (2005) 027503. [34] B. Carter, Commun. Math. Phys. 10, (1968) 280. [35] J. F. Plebanski and M. Demianski, Ann. Phys. 98, (1976) 98. [36] J. W. Maluf, J. Math. Phys. 36, (1995) 4242. [37] S. Bose and T. Z. Naing, Phys. Rev. D 60, (1999) 104027. [38] A. Gibbons and S. W. Hawking, Phys. Rev. D 15, (1977) 2752. [39] J. W. Maluf, E. F. Martins and A. Kneip, J. Math. Phys. 37, (1996) 6302. [40] V. Frolov, A. Zelnikov, and U. Bleyer, Ann. Phys. (Leipzig) 44, (1987) 371. [41] M. Cvetič and D. Youm, Phys. Rev. D 54, (1996) 2612.