arXiv:gr-qc/0607026 v2 8 Nov 2006

Covariant description of the black hole entropy in 3D gravity

M. Blagojević and B. Cvetković^∗ Institute of Physics, P.O.Box 57, 11001 Belgrade, Serbia

Abstract We study the entropy of the black hole with torsion using the covariant form of the partition function. The regularization of infinities appearing in the semiclassical calculation is shown to be consistent with the grand canonical boundary conditions. The correct value for the black hole entropy is obtained provided the black hole manifold has two boundaries, one at infinity and one at the horizon. However, one can construct special coordinate systems, in which the entropy is effectively associated with only one of these boundaries.

1 Introduction

Three-dimensional (3D) gravity is an attractive model for investigating basic features of both classical and quantum gravity. In the traditional approach based on general relativity (GR), gravitational dynamics is studied in spacetime with an underlying Riemannian structure [1, 2, 3, 4, 5, 6, 7, 8, 9]. On the other hand, it has been well known for nearly five decades that there exists a gauge-theoretic conception of gravity, based on Riemann-Cartan geometry of spacetime (see, e.g. [10, 11, 12]). In this approach, both the curvature and the torsion are used to characterize the gravitational dynamics. The application of these ideas to 3D gravity started in the early 1990s, leading to a deeper understanding of the dynamical role of torsion [13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23].

In 1991, Mielke and Baekler proposed a topological model for 3D gravity based on Riemann- Cartan geometry [13]. The related field equations have one particularly interesting solution—the black hole with torsion [15, 16, 17, 18, 19], which generalizes the BTZ black hole [4]. It is well known that quantum nature of gravity is reflected in thermodynamic properties of black holes [24, 25, 26, 27, 28]. In the standard field-theoretic approach, these properties can be described by the Euclidean functional integral [4, 6]: Z[β, Ω] = ∫ Db^iDω^j exp ( −Ĩ[b^i, ω^j , β, Ω] ) . (1.1)

Here, b^i and ω^j are the triad field and the connection, β and Ω are the Euclidean time period and the angular velocity of the black hole, and Ĩ is the Mielke-Baekler action, corrected by suitable boundary terms. The boundary conditions are chosen so that Z[β, Ω] is the grand canonical partition function. Using the Hamiltonian form of the action and assuming that the black hole manifold has two boundaries, one at infinity (B^∞) and one at the horizon (B^{r+} ), one can calculate the entropy of the black hole with torsion [22] (for a derivation based on the Cardy formula, see [23]). The result is found to be consistent with the first law of black hole thermodynamics.

One could expect that working with the Hamiltonian form of the action is not of particular importance, and that transition to the covariant, Lagrangian form represents only a technical step,

∗Electronic addresses: mb@phy.bg.ac.yu, cbranislav@phy.bg.ac.yu

which cannot change the final result for the entropy. However, here we have at least two issues that deserve a careful analysis. (a) In the semiclassical calculation of the partition function (1.1), one needs the value of the covariant action at the black hole configuration, which is a divergent expression. The existence of this divergence can be taken care of by a convenient regularization procedure, but one should verify that this procedure is consistent with the adopted boundary conditions [29]. (b) Although one expects a boundary at the horizon in the Hamiltonian formalism [4, 28], it seems that its presence in the covariant formalism of GR can be ignored [29]. This situation needs a consistent explanation.

The purpose of the present work is to clarify the role of the boundaries B^∞ and B^{r+} in the covariant description of the black hole entropy, based on the Mielke-Baekler action. In particular, we show that separate contributions stemming from B^∞ and B^{r+} do not have an invariant meaning— they depend on the coordinate system used in the calculations, while the invariant physical content can be ascribed only to the complete boundary B^∞ ∪ B^{r+} .

The layout of the paper is as follows. In Sect. II, we present basic aspects of the Euclidean 3D gravity with torsion, including the form of the black hole solution. In Sect. III, we demonstrate the consistency of the regularization procedure with the grand canonical boundary conditions. Using the standard, “rotating” coordinate system [6, 29], we calculate the covariant grand canonical partition function (1.1) and obtain the correct expression for the black hole entropy, provided the black hole manifold has two boundaries, one at infinity and one at the horizon. Both of these boundaries give nontrivial contributions to the black hole entropy. In Sect. IV, these considerations are extended to a more general class of coordinate systems. While the entropy remains unchanged, as one expects, we find that there exists a particular coordinate system in which the contribution stemming from B^{r+} vanishes, and consequently, B^{r+} becomes irrelevant and can be ignored. Similar construction is then carried out for B^∞. In these coordinate systems, the complete black hole entropy is effectively associated with a single boundary—either B^∞ or B^{r+} . Sect. V is devoted to concluding remarks, while appendices contain some technical details.

Our conventions are the same as in Ref. [22]: the Latin indices (i, j, k, ...) refer to the local orthonormal frame, the Greek indices (μ, ν, ρ, ...) refer to the coordinate frame, and both run over 0, 1, 2; η_{ij} = (+, +, +) are metric components in the local frame; totally antisymmetric tensor ε^{ijk} and the related tensor density ε^{μνρ} are both normalized by ε^{012} = +1.

2 Euclidean 3D gravity with torsion

Euclidean 3D gravity with torsion can be formulated as a gauge theory of the Euclidean group ISO(3) [22]. In this approach, basic dynamical variables are the triad field b^i and the spin connection ω^i (1-forms), and the corresponding field strengths are the torsion and the curvature (2-forms): T^i := db^i + ε^i_{jk}ω^j ∧ b^k, R^i := dω^i +^1_2 ε^i_{jk}ω^j ∧ ω^k. The geometric structure of ISO(3) gauge theory corresponds to Riemann-Cartan geometry [10, 11, 12].

2.1 The action integral

Mielke and Baekler proposed a topological model for 3D gravity in Riemann-Cartan spacetime [13], which is a natural generalization of Riemannian GR with a cosmological constant (GR_Λ). Euclidean version of the model is defined by the action I_E, obtained from its Minkowskian counterpart I_M by the process of analytic continuation I_M → iI_E [22]. Omitting the subscript E for simplicity, the Euclidean Mielke-Baekler action reads

I = aI_1 + ΛI_2 + α_3I_3 + α_4I_4 + I_m , (2.1a) where

I_1 = 2 ∫ b^i ∧ R_i , I_2 = − 1 3 ∫ ε_{ijk}b^i ∧ b^j ∧ b^k , I_3 = ∫ ( ω^i ∧ dω_i + 1 3 ε_{ijk}ω^i ∧ ω^j ∧ ω^k ) , I_4 = ∫ b^i ∧ T_i , (2.1b)

and I_m is a matter contribution. The first two terms are of the same form as in GR_Λ, a = 1/16πG and Λ is the cosmological constant, I_3 is the Chern-Simons action for the connection, and I_4 is a torsion counterpart of I_1.

In the sector α_3α_4 − a^2 ≠ 0, the vacuum field equations are non-degenerate:

2T^i = pε^i_{jk} b^j ∧ b^k , 2R^i = qε^i_{jk} b^j ∧ b^k , (2.2a)

with p := α_3Λ + α_4a α_3α_4 − a^2 , q := − (α_4)^2 + aΛ α_3α_4 − a^2

. (2.2b)

Note that p and q satisfy the identities

aq + α_4p − Λ ≡ 0 , ap + α_3q + α_4 ≡ 0 . (2.3)

Introducing the Levi-Civita connection ω̃^i by db^i +ε^i_{jk}ω̃^jb^k = 0, one can use the field equations to find the Riemannian piece of the curvature R^i(ω̃) [22]:

2R^i(ω̃) = Λ_{eff} ε^i_{jk} b^j ∧ b^k , Λ_{eff} := q − 1 4 p^2 , (2.4)

where Λ_{eff} is the effective cosmological constant. Thus, our spacetime is maximally symmetric with isometry group SO(3, 1), and it is known as the hyperbolic 3D space H^3. In what follows, we restrict our attention to the Euclidean continuation of anti-de Sitter space, which is defined by positive Λ_{eff} : Λ_{eff} =: 1/ℓ^2 > 0.

2.2 The black hole with torsion For Λ_{eff} > 0, equation (2.4) has a well-known solution for the metric, the Euclidean BTZ black hole [4, 6]. In Schwarzschild coordinates x^μ = (t, r, φ), the metric has the form

ds^2 = N^2dt^2 + N^{−2}dr^2 + r^2(dφ + N_φdt)^2 ,

N^2 = ( −8Gm + r^2 ℓ^2 − 16G^2J^2 r^2 ) , N_φ = − 4GJ r^2

. (2.5)

The zeros of N^2, r_+ and r_− = −iρ_−, are related to the black hole parameters m and J by the relations r^2_+ − ρ^2_− = 8Gmℓ^2, r_+ρ_− = 4GJℓ, both φ and t are periodic: 0 ≤ φ < 2π , 0 ≤ t < β , β = 2πℓ^2r_+ r^2_+ + ρ^2_− , and the black hole manifold is topologically a solid torus [6, 27, 28].

Starting with the BTZ metric (2.5), one can find the pair (b^i, ω^i) which solves the field equations (2.2), and represents the Euclidean black hole with torsion [22]. Energy and angular momentum of the solution are

E = m + α_3 a ( pm 2 − J ℓ^2 ) , M = J + α_3 a ( pJ 2 + m ) . (2.6)

Instead of using the Schwarzschild coordinates, we shall go over to a new class of coordinate systems, which is suitable for exploring the geometric origin of the black hole entropy. Let us first introduce the “rotating” coordinate system, denoted by K_0, by t^′ := t/β , φ^′ := φ + Ωt , where Ω := N_φ(r_+) = −ρ_−/ℓr_+ is related to the angular velocity of the black hole, and φ^′ it the usual azimuthal angle [6, 29]. Our new class of coordinate systems K_w is defined as a simple generalization of K_0:

t^{′′} := t^′ + wφ^′ , φ^{′′} := φ^′ , (2.7) where w = w(β, Ω) is a parameter. Ignoring double primes for simplicity, the black hole solution (b^i, ω^j ) in K_w takes the form b^0 = βN(dt − wdφ) , b^1 = N^{−1}dr , b^2 = r [dφ + β(N_φ − Ω)(dt − wdφ)] , (2.8a) ω^i = ω̃^i + p 2 b^i , (2.8b)

where the Levi-Civita connection ω̃^i is: ω̃^0 = N[dφ − βΩ(dt − wdφ)] , ω̃^1 = −N^{−1}N_φdr , ω̃^2 = −β ( r ℓ^2

+ rN_φΩ ) (dt − wdφ) + rN_φdφ . (2.8c) 3 The black hole entropy in K_0

The purpose of the present work is to calculate the gravitational black hole entropy, and find a mechanism by which the entropy is associated to the boundary of the black hole manifold. In this section, we focus our attention to the “rotating” coordinate system K_0.

Thermodynamic properties of a black hole can be determined by the form of the partition function (1.1) [24, 25, 26, 27, 28, 29]. The calculation of Z[β, Ω] is based on the boundary conditions that define the set of allowed field configurations C_L, satisfying the following properties:

i) C_L contains black holes with (m, J) belonging to a small region around some (m, J)_0, ii) β and Ω are constant on the boundary, and iii) there exists a boundary term I_B , such that Ĩ = I + I_B is differentiable on C_L.

In the lowest-order semiclassical approximation around the black hole configuration, the logarithm of the partition function takes the form ln Z[β, Ω] = −Ĩ_{bh} , where Ĩ_{bh} is the improved Mielke-Baekler action Ĩ, evaluated at the black hole (2.8). On the other hand, using the general form of the partition function, we obtain the relation Ĩ_{bh} = β̄(E − μM) − S , (3.1)

where β̄ = 1/T is the inverse temperature, μ is the chemical potential corresponding to the angular momentum M, and S is the black hole entropy. Thus, the essential step in our calculation of the black hole entropy is to find Ĩ_{bh}.

3.1 Regularization

Before we start calculating Ĩ, let us observe that the value of the action (2.1) at the black hole configuration is divergent (Appendix A):

I_{bh} ≈ 4πaβ ℓ^2 ( r^2_∞ − r^2_+ ) , (3.2)

where r_∞ → ∞, and ≈ denotes an on-shell equality. Note that this result is of the same form as in GR_Λ [29]. One can define a natural regularization procedure by subtracting the value of I_{bh} at the black hole vacuum, where m = J = 0 (see also [30]). The regularized action reads

I_{reg} = I − 4πaβ ℓ^2 r^2_∞ , (3.3)

and its value at the black hole configuration is finite: I_{reg} ≈ −4πaβr^2_+/ℓ^2.

Our approach to the black hole thermodynamics relies on the construction of the improved action Ĩ = I + I_B , in accordance with the adopted boundary conditions i)–iii). This construction is now modified by a new element—the regularization procedure. In order to be sure that the regularization does not spoil the essence of our approach, we have to verify its consistency with the structure of boundary terms.

3.2 Boundary terms

Now, we wish to improve the form of I on the set of allowed field configurations C_L, so that the improved action corresponds to the grand canonical ensemble. The boundary terms in Ĩ = I + I_B are constructed to cancel the unwanted surface terms in δI, arising from integrations by parts. In other words, I_B is defined by the requirement δ(I + I_B) ≈ 0.

The general variation of the action (2.1) at fixed r has the following form: δI | |^r = − [ 2a ∫ b^i ∧ δω_i + α_3 ∫ ω^i ∧ δω_i + α_4 ∫ b^i ∧ δb_i ]_r . (3.4)

The black hole manifold is taken to be a solid torus with two boundaries: one at infinity, and one at the horizon. After completing the calculation, we find out, in contrast to the Riemannian GR_Λ[29], that the boundary at the horizon B^{r+} is absolutely necessary, otherwise the result for the black hole entropy would be incorrect.

Spatial infinity. On the boundary B^∞ located at spatial infinity, the fields b^i and ω^i are restricted to the family of black hole configurations (2.8) with w = 0, β and Ω are treated as independent parameters, but their “on-shell” values β = 2πℓ^2r_+/(r^2_+ + ρ^2_−) and Ω = N_φ(r_+) are used at the end of calculation, in order to avoid conical singularities [6, 29]. The variation of the action I at infinity is calculated in Appendix B. The first term in (B.1) is just the term needed in the regularization procedure, so that the complete result can be rewritten as

δI_{reg} | |^{r→∞} = −δ(βm) + Eδβ − Mδ(βΩ) . (3.5) Consequently,

(a) the regularization procedure is consistent with the structure of boundary terms at infinity.

The horizon. Looking at the black hole solution at r = r_+, we find

b^0 = 0 , b^2 = r_+dφ , ω̃^0 = 0 , ω̃^2 = −2πdt + r_+N_φ(r_+)dφ . (3.6a)

where we used β(r_+/ℓ^2 + r_+ΩN_φ(r_+)) = 2π. These relations imply

b^a_0 = 0 , ω^a_0 = −2πδ^a_2 (a = 0, 2) . (3.6b)

After going back to the Schwarzschild coordinates, one finds that the above conditions coincide with those given in Eq. (5.5) of Ref. [22].

By using the relations (3.6) as the boundary conditions at the horizon, the variation of the regularized action at the horizon has the form (B.2):

δI_{reg} | |^{r+} = −2π^2α3δ ( pr_+ − 2 ρ_− ℓ ) . (3.7)

Thus, the total variation of the regularized action is:

δI_{reg} = δI_{reg} | |^{r→∞} − δIreg | |^{r+} = −δ(βm) + Eδβ − Mδ(βΩ) + 2π^2α_3δ ( pr_+ − 2 ρ_− ℓ ) . (3.8)

We see that I_{reg} is not differentiable, but this can be easily corrected.

Grand canonical action. Consider the improved action

Ĩ = I_{reg} + βm − 2π^2α_3 ( pr_+ − 2 ρ_− ℓ ) , (3.9)

the variation of which has the form δĨ = Eδβ − Mδ(βΩ) . (3.10) Since δĨ vanishes when β and Ω are fixed, Ĩ is differentiable, and moreover, it represents the grand canonical action.

3.3 Entropy Once the grand canonical action is constructed, we can easily find the black hole entropy. The value of the action (3.9) at the black hole is

Ĩ_{bh} = −πr^+ 4G − 2π^2α_3 ( pr_+ − 2 ρ_− ℓ ) . (3.11)

The last term in this expression represents the contribution from the boundary at the horizon. Using the generalized Smarr formula in Riemann-Cartan spacetime β(E − ΩM) ≈ πr_+ 4G + 2π^2α_3 ( pr_+ − 2 ρ_− ℓ ) , we easily find that the above result can be rewritten in the form

Ĩ_{bh} = β(E − ΩM) − S , (3.12) where β and Ω take their “on-shell” values, and S = 2πr_+ 4G + 4π^2α_3 ( pr_+ − 2 ρ_− ℓ ) . (3.13)

Comparing this result with the expected form of Ĩ_{bh}, given by Eq. (3.1), we come to the following thermodynamic interpretation: β is the inverse temperature, Ω is the thermodynamic potential corresponding to M, and S is the black hole entropy. The above formula for the black hole entropy coincides with the results obtained in Refs. [22, 23]; in particular, it is in perfect agreement with the first law of black hole thermodynamics.

(b) The boundary at the horizon produces the last term in (3.11), and consequently, its contribution to the black hole entropy is essential.

In GR_Λ, where α_3 = 0, the last term in (3.11) vanishes and the boundary at the horizon can be safely ignored, as has been observed in [29]. More generally, this is true whenever the Chern-Simons term in the action is absent (α_3 = 0). On the other hand, whenever α_3 ≠ 0, even in Riemannian theory (p = 0) [31], the boundary at the horizon yields a nontrivial contribution, and its presence cannot be disregarded.

Let us stress that these results hold in the “rotating” coordinate system K_0. In the next section, we will extend our discussion to K_w.

4 The black hole entropy in K_w

In this section, we show that the black hole entropy remains unchanged when we generalize our considerations to an arbitrary coordinate system of the type K_w. In order to clarify the dynamical role of boundaries, we construct two specific coordinate systems, in which the complete contribution to the black hole entropy comes from a single boundary, B^∞ or B^{r+} .

4.1 Boundary terms and entropy

Spatial infinity. Using the general result (3.4), the variation of I_{reg} at infinity around the black hole solution (2.8) has the form

δI_{reg} | |^{r→∞} = −δ(βm) + Eδβ − Mδ(βΩ) − β_2 [ M ( 1 ℓ^2

− Ω^2 ) + 2ΩE ] δw . The last term can be simplified by using the “on-shell” equality

β^2 [ M ( 1 ℓ^2

− Ω^2 ) + 2ΩE ] = 8π^3α_3 ,

which leads to δI_{reg} | |^{r→∞} ≈ −δ(βm) + Eδβ − Mδ(βΩ) − 8π^3α3δw . (4.1) Comparing this expression with the result (3.5) valid in K_0, we see that the only difference comes from the last term in (4.1).

The horizon The black hole solution (3.8) at the horizon r = r_+ is given by

b^0 = 0 , b^2 = r_+dφ , ω̃^0 = 0 , ω̃^2 = −2πdt + [r_+N_φ(r_+) + 2πw]dφ .

As a consequence, we find that the relations (3.6b) hold for every w. The variation of I_{reg} at the horizon yields δI_{reg} | |^{r+} = −2π^2α3δ ( pr_+ − 2 ρ_− ℓ ) − 8π^3α_3δw . (4.2)

Since the last, w-dependent terms in (4.1) and (4.2) are equal, their contribution to δI_{reg} is canceled. Consequently, δI_{reg} is the same as in (3.8), the improved (grand canonical) action is of the form (3.9), and we end up with the same formula (3.13) for the black hole entropy, as expected.

(c) The black hole entropy remains the same in every coordinate system in K_w.

4.2 The analysis of two particular cases

Now, we wish to analyze the isolated contributions coming from the boundaries B^∞ and B^{r+} , in two particular coordinate systems.

1. If we chose the parameter w so that ( pr_+ − 2 ρ_− ℓ ) + 4πw = 0 , (4.3)

the variation of I_{reg} at the horizon vanishes, and the complete variation is determined by the boundary at infinity. This implies that both the improved action and the entropy are completely determined by the contributions from B^∞.

(d) In the coordinate system defined by the condition (4.3), the complete contribution to the black hole entropy is determined by the boundary at infinity.

In this sense, the boundary B^{r+} is superfluous and can be ignored.

This result explains the mechanism used in [29] for GR_Λ (in the “rotating” coordinate system), and extends it to the more general Mielke-Baekler model. It tells us that the contribution of the complete boundary can be effectively reduced just to B^∞, which is an effect inseparably connected with the specific coordinate system.

The effect just described may help us to better understand the relation between (i) the present approach based on the gravitational partition function, and (ii) the approach based on the Cardy formula [8, 23]. Namely, it seems that the latter approach needs only one boundary, the boundary at infinity, where all elements of the Cardy formula are calculated. However, such an assumption would lead to problems with physical interpretation (see, for instance, the last reference in [1]). It is not clear that the existence of one boundary in (ii) is a genuine geometric fact. It might be the result of an effective description, related, for instance, to the specific choice of coordinates. Without having a deeper geometric and physical understanding of the Cardy formula, we cannot properly compare the geometric content of (i) and (ii).

2. Alternatively, we can choose w so that the variation of I_{reg} vanishes at infinity, for fixed β and Ω:

βm + 8π^3α_3w = 0 . (4.4) The complete variation of I_{reg} is now determined by the boundary at the horizon, while B^∞ can be effectively ignored.

(e) In the coordinate system defined by the condition (4.4), the complete contribution to the black hole entropy is determined by the boundary at the horizon.

It should be noted that the condition (4.4) cannot be realized in GR_Λ, where α_3 = 0.

There are arguments that the most natural location for the dynamical degrees of freedom of the black hole is the horizon [32]. Clearly, one should ensure that any realization of such an idea is based on genuine geometric considerations.

5 Concluding remarks

We investigated thermodynamic properties of the black hole with torsion using the covariant form of the action in the grand canonical partition function.

(1) The regularization procedure, needed for a consistent treatment of the divergent value of action at the black hole configuration, is shown to be consistent with the boundary conditions corresponding to the grand canonical partition function.

(2) According to the calculations in the standard coordinate system K_0, the expression for the black hole entropy has the correct value provided the black hole manifold has not only the boundary at infinity, but also the boundary at the horizon. The value of the black hole entropy remains the same in every coordinate system K_w.

(3) In the specific coordinate system (4.3), the complete contribution to the black hole entropy stems from the boundary at infinity. This mechanism explains the nature of the corresponding result in GR_Λ [29]. Moreover, it suggest that a similar analysis of the Cardy formula could help us to properly understand the underlying boundary geometry, and verify its consistency with the present approach.

(4) Similarly, the complete contribution in the coordinate system (4.4) stems from the boundary at the horizon. Such a coordinate system cannot be realized in GR_Λ, where α_3 = 0.

Acknowledgments

This work was supported in part by the Serbian Science Foundation, Serbia.

A The value of the action

Using the field equations (2.2), the values of the four pieces of the action (2.1) at the black hole configuration (2.8) are given as follows: I_1 = qε_{ijk} ∫ b^i ∧ b^j ∧ b^k = 6qπβr^2 | |^{r∞} r_+ , I_2 = − 1 3 ε_{ijk} ∫ b^i ∧ b^j ∧ b^k = −2πβr^2 | |^{r∞} r_+ , I_3 = 1 2 qε_{ijk} ∫ ω^i ∧ b^j ∧ b^k − 1 6 ε_{ijk} ∫ ω^i ∧ ω^j ∧ ω^k = pqπβr^2 | |^{r∞} r_+ , I_4 = 1 2 pε_{ijk} ∫ b^i ∧ b^j ∧ b^k = 3pπβr^2 | |^{r∞} r_+ . The value of the complete action reads:

I_{bh} = (6aq − 2Λ + α_3pq + 3α_4p)πβr^2 | |^{r∞} r_+ = 4aπβ ℓ^2 ( r^2_∞ − r^2_+ ) , (A.1)

where we used the identities (2.3) and the relation q − p^2/4 = 1/ℓ^2. The result is the same for every coordinate system in K_w.

B Variation of the action

The variation of the action (2.1) around the black hole configuration (2.8) produces two boundary terms, one at infinity and one at the horizon. The calculation is carried out in the “rotating” coordinate system K_0.

The contribution from the boundary at infinity is determined by the relations −2a ∫ b^i ∧ δω_i | |^{r→∞} = 4πa ℓ^2 r^2_∞δβ − βδm − Jδ(βΩ) + apY , −α_3 ∫ ω^i ∧ δω_i | |^{r→∞} = (E − m)δβ − (M − J)δ(βΩ) + α_3qY , −α_4 ∫ b^i ∧ δb_i | | |^{r→∞} = α4Y , where Y = 2πr^2_∞δ(βΩ) + δ(βJ)/2a. Using the second identity in (2.3), the sum of these contributions yields δI | |^{r→∞} = 4πa ℓ^2 r^2_∞δβ − δ(βm) + Eδβ − Mδ(βΩ) , (B.1) which is equivalent to (3.5).

The contribution from the boundary at the horizon has the form (3.7): δI | |^{r+} = −α_3 ∫ ω^i ∧ δω_i | |^{r+} = −2π_2α_3δ (pr_+ − 2ρ− ℓ ) . (B.2)

References

[1] For a review of the subject and an extensive list of references, see: S. Carlip, Lectures on (2+1)- Dimensional Gravity, J. Korean Phys. Soc. 28, 447 (1995) (preprint gr-qc/9503024); Quantum Gravity in 2+1 Dimensions (Cambridge University Press, Cambridge, 1998); Conformal Field Theory, (2+1)-dimensional Gravity, and the BTZ Black Hole, Class. Quantum Grav. 22, R85- R124 (2005).

[2] J. D. Brown and M. Henneaux, Central Charges in the Canonical Realization of Asymptotic Symmetries: An Example from Three Dimensional Gravity, Comm. Math. Phys. 104, 207 (1986); see also M. Henneaux, Energy-momentum, angular momentum, and supercharge in 2+1 dimensions, Phys. Rev. D 29, 2766 (1984).

[3] A. Achucarro and P. Townsend, A Chern-Simons Action For Three-Dimensional Anti-De Sitter Supergravity Theories, Phys. Lett. B 180, 89 (1986); E. Witten, 2+1 dimensional gravity as an exactly soluble system, Nucl. Phys. B 311, 46 (1988/89).

[4] M. Bañados, C. Teitelboim and J. Zanelli, The Black Hole in Three-Dimensional Spacetime, Phys. Rev. Lett. 16, 1849 (1993); M. Bañados, M. Henneaux, C. Teitelboim and J. Zanelli, Geometry of 2+1 Black Hole, Phys. Rev. D 48, 1506 (1993).

[5] O. Coussaert, M. Henneaux and P. van Driel, The asymptotic dynamics of three-dimensional Einstein gravity with negative cosmological constant, Class. Quantum Grav. 12, 2961 (1995).

[6] M. Bañados, T. Brotz and M. Ortiz, Boundary dynamics and the statistical mechanics of the 2+1 dimensional black hole, Nucl. Phys. B 545, 340 (1999).

[7] S. Carlip and C. Teitelboim, Aspects of Black Hole Quantum Mechanics and Thermodynamics in 2+1 Dimensions, Phys. Rev. D 51, 622 (1995); S. Carlip, The Statistical Mechanics of the Three-Dimensional Euclidean Black Hole, Phys. Rev. D 55, 878 (1997).

[8] A. Strominger, Black hole entropy from Near-Horizon Microstates, JHEP 02 (1998) 009.

[9] Mu-In Park, Statistical Entropy of Three-Dimensional Kerr-de Sitter Space, Phys. Lett. B 440, 275 (1998); Statistical Mechanics of the Three-Dimensional Kerr-de Sitter Space, preprint hep-th/0306152; Fate of Three-Dimensional Black Holes Coupled to a Scalar Field and the Bekenstein-Hawking Entropy, Phys. Lett B 597, 2607 (2004).

[10] F. W. Hehl, Four lectures on Poincaré gauge theory, Proceedings of the 6th Course of the School of Cosmology and Gravitation, on Spin, Torsion, Rotation and Supergravity, held in Ericce, Italy, 1979, eds. P. G. Bergmann, V. de Sabbata (Plenum, New York, 1980), p. 5; E. W. Mielke, Geometrodynamics of Gauge Fields – On the geometry of Yang-Mills and gravitational gauge theories (Akademie-Verlag, Berlin, 1987).

[11] M. Blagojević, Gravitation and gauge symmetries (Bristol, Institute of Physics Publishing, 2002); Three lectures on Poincaré gauge theory, SFIN A 1, 147 (2003) (preprint grqc/0302040).

[12] Y. N. Obukhov, Poincaré gauge gravity: selected topics, Int. J. Geom. Meth. Mod. Phys. 3, 95 (2006).

[13] E. W. Mielke, P. Baekler, Topological gauge model of gravity with torsion, Phys. Lett. A 156, 399 (1991). P. Baekler, E. W. Mielke, F. W. Hehl, Dynamical symmetries in topological 3D gravity with torsion, Nuovo Cim. B 107, 91 (1992).

[14] T. Kawai, Teleparallel theory of (2+1)-dimensional gravity, Phys. Rev. D48, 5668 (1993);

Poincaré gauge theory of (2+1)-dimensional gravity, Phys. Rev. D49, 2862 (1994); Exotic black hole solution in teleparallel theory of (2+1)-dimensional gravity, Prog. Theor. Phys. 94, 1169 (1995); A. A. Sousa, J. W. Maluf, Canonical Formulation of Gravitational Teleparallelism in 2+1 Dimensions in Schwinger’s Time Gauge, Prog. Theor. Phys. 104), 531 (2000).

[15] A. García, F. W. Hehl, C. Heinecke and A. Macías, Exact vacuum solutions of (1+2)- dimensional Poincaré gauge theory: BTZ solution with torsion, Phys. Rev. D67, 124016 (2003).

[16] M. Blagojević and M. Vasilić, Asymptotic symmetries in 3D gravity with torsion, Phys. Rev.

D67, 084032 (2003); Asymptotic dynamics in 3D gravity with torsion, Phys. Rev. D68, 124007 (2003).

[17] M. Blagojević and M. Vasilić, 3D gravity with torsion as a Chern-Simons gauge theory, Phys.

Rev. D68, 104023 (2003).

[18] E. W. Mielke and A. A. R. Maggiolo, Rotating black hole solution in a generalized topological 3D gravity with torsion, Phys. Rev. D 68, 104026 (2003).

[19] M. Blagojević and B. Cvetković, Canonical structure of 3D gravity with torsion, in: Trends in General Relativity and Quantum Cosmology, vol. 2, ed. Ch. V. Benton (Nova Science Publishers, New York, 2006), p. 103 (preprint gr-qc/0412134).

[20] Y. Obukhov, New solutions in 3D gravity, Phys. Rev. D 68, 124015 (2003).

[21] S. Cacciatori, M. Caldarelli, A. Giacomini, D. Klemm and D. Mansi, Chern-Simons formulation of three-dimensional gravity with torsion and nonmetricity, J. Geom. Phys. 56, 2523 (2006).

[22] M. Blagojević and B. Cvetković, Black hole entropy in 3D gravity with torsion, Class. Quantum Grav. 23, 4781 (2006).

[23] M. Blagojević and B. Cvetković, Black hole entropy from the boundary conformal structure in 3D gravity with torsion, JHEP 10 (2006) 005.

[24] J. D. Bekenstein, Black holes and entropy, Phys. Rev. D 5, 2333 (1973).

[25] S. W. Hawking, Black hole explosions, Nature 228, 30 (1974); Particle creation by black holes, Commun. Math. Phys. 43, 199 (1975).

[26] J. D. Brown, G. L. Comer, E. A. Martinez, J. Melmed, B. F. Whiting and Y. W. York Jr, Thermodynamic ensembles and gravitation, Class. Quantum Grav. 7, 1433 (1990); J. D. Brown, E. A. Martinez, and J. W. Jork Jr, Complex Kerr-Newman Geometry and Black-Hole Thermodynamics, Phys. Rev. Lett. 66, 2281 (1991).

[27] C. Teitelboim, Statistical Thermodynamics of a Black Hole in Terms of Surface Fields, Phys.

Rev. D 53, 2870 (1996).

[28] S. F. Ross, Black hole thermodynamics, preprint hep-th/0502195.

[29] M. Bañados, F. Méndez, A note on covariant action integrals in three dimensions, Phys. Rev.

D 58, 104014 (1998).

[30] An alternative regularization procedure was discussed in: O. Mišković and R. Olea, On boundary conditions in three-dimensional AdS gravity, Phys. Lett. B 640, 101 (2006).

[31] S. N. Solodukhin, Holography with Gravitational Chern-Simons Term, Phys. Rev. D 74, 024015 (2006); Mu-In Park, BTZ Black Hole with Gravitational Chern-Simons: Thermodynamics and Statistical Entropy, preprint hep-th/0608165.

[32] See, for instance: S. Carlip, Black hole entropy, universality, and horizon constraints, Journal of Physics: Conference Series 33, 73 (2006); Horizon constraints and black hole entropy, preprint gr-qc/0508071.