arXiv:gr-qc/0607102v2 17 Jul 2007

ENERGY MOMENTUM LOCALIZATION IN MARDER SPACE TIME

S. AYGÜN† , M. AYGÜN‡, İ. TARHAN‡

†‡Department of Physics, Art and Science Faculty, Çanakkale Onsekiz Mart University, 17020 Çanakkale, Turkey saygun@comu.edu.tr

†‡Çanakkale Onsekiz Mart University, Astrophysics Research Center, 17020 Çanakkale, Turkey ismailtarhan@comu.edu.tr

Considering the Einstein, Møller, Bergmann-Thomson, Landau-Lifshitz (LL), Papapetrou, Qadir-Sharif and Weinberg’s definitions in general relativity, we find the momentum four-vector of the closed universe based on Marder space-time. The momentum four-vector (due to matter plus field) is found to be zero. These results supports the viewpoints of Banerjee-Sen, Xulu and Aydoġdu-Saltı. Another point is that our study agree with previous works of Cooperstock-Israelit, Rosen, Johri et al..

Keywords:Energy-momentum distribution; Marder Universe, Bergmann- Thomson, Einstein, Møller prescription.

PACS numbers: 04.20.-q, 04.20.Cv

1. Introduction

In both the general theory of relativity and the teleparallel gravity a large number of physicist have devoted considerable attentions to the problem of computing the conserved quantities, such as energy and/or momentum, associated with various space-times. Following Einstein’s original pseudotensor for energy-momentum many expressions have been introduced in the literature. Einstein’s energy-momentum complex, used for calculating the energy in general relativistic system, was followed by many prescriptions, e.g. Møller[1], Papapetrou[2], Landau-Liftshitz[3], Tolman[4], Bergmann-Thomson[5], Qadir-Sharif[6], Weinberg’s[7] and the teleparallel gravity versions of Einstein, Bergmann-Thomson, Landau-Liftshitz’s[8] and (1)

Møller’s[9] energy momentum complexes. The energy and momentum prescriptions give meaningful results when the line-element is transformed to the cartesian coordinates. However for the Møller’s prescriptions it is not necessary to use Cartesian coordinates. In the literature Virbhadra and his collaborators have considered many space-times and have shown that several energy-momentum complexes give the same and acceptable results[10]. Aguirregabiria et al.[11] showed that several energy-momentum complexes give the same result for any Kerr-Shild class metric. Recently, Chang et al.[12] showed that every energy-momentum complex can be associated with a particular Hamilton boundary term, therefore the energy-momentum complexes may also be considered as quasi-local.

Tryon[13] suggested that in our universe, all conserved quantities have to vanish. Tryon’s big bang model predicted a homogenous, isotropic and closed universe inclusive of matter and anti-matter equally. He also argues that any closed universe has zero energy. The notion of the energy and momentum distributions of the closed universes was opened by an interesting work of Rosen[14] and Cooperstock[15]. Rosen considered a closed homogenous isotropic universe described by a Friedmann-Robertson-Walker(FRW) line element. He used the Einstein energy-momentum complex and found that the total energy is vanishing. This interesting result attracted attention of some general relativists, for example: Johri et al.[16], Banerjee-Sen[17] and Xulu[18]. Johri et al. using the Landau-Liftshitz’s energy-momentum complex, found that the total energy of an FRW spatially closed universe is zero at all times. Banerjee-Sen who investigated the problem of an energy of the Bianchi-I type space-times using the Einstein complex, and Xulu who investigated the same problem using the Landau-Lifshitz, Papapetrou and Weinberg’s energy-momentum complexes, obtained that the total energy is zero. Aydoġdu and Saltı [19] have investigated energy of the universe in Bianchi-type I models in Moller’s tetrad theory of gravity and Saltı [20] who investigated energy momentum distribution in closed universe and they found zero energy and/or momentum density at all times. This result agrees with the studies of Johri et al. The basic purpose of this paper is to obtain the total energy and momentum of Marder metric by using the energy-momentum expression of Einstein, Bergmann-Thomson, Møller, Landau-Lifshitz, Papapetrou, Quadir-Sharif and Weinberg in general relativity. The layout of the paper is as follows. In section II, we introduce the Marder space-time. Then in section III, we give the momentum 4-vector definitions of the Bergmann-Thomson, Einstein, Møller, Landau-Lifshitz, Papapetrou, Quadir-Sharif and Weinberg in general theory of relativity and related calculations. Finally, we summarize and discuss our results. Throughout this paper, the Latin indices (i,j,...) represent the vector number and the Greek (μ, ν...) represent the vector components; all indices run

0 to 3. We use geometrized units where G = 1 and c = 1.

2. The Marder Type Space-Time

Cosmological models which are anisotropic and homogeneous have a significant role in the description of the universe in the early stages of its evolution[?]. In this paper we consider Marder’s cylindrically-symmetric metric in the form [21]

ds^2 = A^2(dx^2 − dt^2) + B^2dy^2 + C^2dz^2. (1)

where, A,B,C are functions of t only. This metric represents the anisotropic homogeneous universe. The model becomes conformal to flat space time in particular cases. Cylindrically-symmetric space-time plays an important role in the study of the universe on a scale in which anisotropy and inhomogeneity are not ignored[?]. Cylindrically-symmetric cosmological models have made a significant contribution in under standing some essential features of the universe such as the formation of galaxies during the early stages of their evolution [?]. The cylindrically-symmetric space-times representing material distribution were obtained by Marder [21]. The metric can be transformed to the Bianchi type-I form by the coordinate transformation t → ∫ A(t)dt. The Bianchi cosmologies play an important role in theoretical cosmology and have been much studied since the 1960s. A Bianchi cosmology represents a spatially homogeneous universe, since by definition the space-time admits a three-parameter group of isometries whose orbits are spacelike hyper-surfaces. These model can be used to analyze aspects of the physical Universe which pertain to or which may be affected by anisotropy in the rate of expansion, for example, the cosmic microwave background radiation, nucleosynthesis in the early universe, and the question of the isotropization of the universe itself [22]. Spatially homogeneous cosmologies also play an important role in attempts to understand the structure and properties of the space of all cosmological solutions of Einstein field equations.

3. Energy-Momentum in General Relativity

In this section, we introduce Bergmann-Thomson, Einstein, Møller, Landau- Lifshitz, Papapetrou, Qadir-Sharif and Weinberg energy-momentum definitions, respectively.

3.1. Bergmann-Thomson’s Energy-momentum Formulation

The energy-momentum prescription of Bergmann-Thomson is given by

Ξ^{μν} = 1 16π Π^{μνα}_{,α} (2)

where

Π^{μνα} = g^{μβ} V^{να}_β (3) with

V^{να}_β = −V^{αν}_β = g_{βξ} √ −g [−g(g^{νξ} g^{αρ} − g^{αξ} g^{νρ})]_{,ρ} (4) Ξ^0 is the energy density, Ξ^0_μ are the momentum density components, and Ξ^μ_0 are the components of the energy current density. The Bergmann-Thomson energy-momentum definition satisfies the following local conservation laws ∂Ξ^{μν} ∂x^ν = 0 (5)

in any coordinate system. The energy and momentum components are given by P^μ = ∫ ∫ ∫ Ξ^{μ0}dxdydz. (6) Further Gauss’s theorem furnishes

P^μ = 1 16π ∫ ∫ Π^{μ0α}κ_αdS. (7) κ_α stands for the 3-components of unit vector over an infinitesimal surface element dS. The quantities P^i for i=1,2,3 are the momentum components, while P^0 is the energy. Using the metric in Eq.(1), we found the required components of Π^{μνα} to be zero. From this point of view, by using Eq.(7), we obtain P_μ = 0. (8)

3.2. Einstein’s Energy-momentum Formulation The energy-momentum complex as defined by Einstein is given by

Θ^ν_μ = 1 16π H^{να}_{μ,α} (9) where H^{να}_μ = g_{μβ} √ −g [−g(g^{νβ} g^{αξ} − g^{αβ} g^{νξ})]_{,ξ} (10)

Θ^0 is the energy density, Θ^0_α are the momentum density components, and Θ^α_0 are the components of energy current density. The Einstein energy and momentum density satisfies the local conservation laws ∂Θ^ν_μ ∂x^ν = 0 (11)

and energy and momentum components are given by

P^μ = ∫ ∫ ∫ Θ^0_μdxdydz. (12) Further Gauss’s theorem furnishes

P^μ = 1 16π ∫ ∫ H^{0α}_μ η_αdS. (13)

η_α stands for the 3-components of unit vector over an infinitesimal surface element dS. The quantities P^i for i=1,2,3 are the momentum components, while P^0 is the energy. Using the line element Eq (1) with Eqs.(9), (10) and (12) then we can easily see that the Einstein momentum four-vector is obtained as P^μ = 0. (14)

3.3. Møller’s Energy-momentum Formulation The energy-momentum complex of Møller is given by

M^ν_μ = 1 8π χ^{να}_{μ,α} (15) satisfying the local conservation laws: ∂M^ν_μ ∂x^ν = 0 (16)

where the antisymmetric super-potential χ^{να}_μ is χ^{να}_μ = √ −g[g_{μβ,γ} − g_{μγ,β} ]g^{νγ} g^{αβ} (17) The locally conserved energy-momentum complex M^ν_μ contains contributions from the matter, non-gravitational fields. M^0_0 is the energy density and M^0_α are the momentum density components. The momentum fourvector of Møller is given by

P_μ = ∫ ∫ ∫ M^0_μ dxdydz. (18) Use Gauss’s theorem, this definition transforms into

P_μ = 1 8π ∫ ∫ χ^{να}_μ μ_αdS. (19) where μ_α is the outward unit normal vector over the infinitesimal surface element dS. P_i give momentum components P_1, P_2, P_3 and P_0 gives the energy. Using the metric in Eq.(1), we found the required components of χ^{να}_μ to be zero. From this point of view, by using Eq.(19), we obtain

P_μ = 0. (20)

3.4. Landau-Lifshitz’s Energy-momentum Formulation Energy-momentum prescription of Landau-Lifshitz is given by

Ω^{μα} = 1 16π S^{μναβ}_{,νβ} (21) where S^{μναβ} = −g(g^{μα}g^{νβ} − g^{μβ} g^{να}) (22) Ω^0 is the energy density, Ω^0_μ are the momentum density components, and Ω^μ_0 are the components of energy current density. The Landau-Lifshitz energy-momentum complex satisfies the local conservation laws ∂Ω^{μν} ∂x^ν = 0 (23)

in any coordinate system. The energy and momentum components are given by P^μ = ∫ ∫ ∫ Ω^{μ0}dxdydz. (24) Further Gauss’s theorem furnishes

P^μ = 1 16π ∫ ∫ S^{μα0ν}_{,ν} η_αdS. (25) where η_α stands for the 3-components of unit vector over an infinitesimal surface element dS. The quantities P^i for i=1,2,3 are the momentum components, while P^0 is the energy. Using the line element in Eq.(1), we found the required components of S^{μναβ} to be zero. From this point of view, by using Eq.(24), we obtain P^μ = 0. (26)

3.5. Papapetrou’s Energy-momentum Formulation The energy-momentum complex of Papapetrou is given by

Σ^{μν} = 1 16π N^{μναβ}_{,αβ} (27) where N^{μναβ} = √ −g(g^{μν} η^{αβ} − g^{μα}η^{νβ} + g^{αβ} η^{μν} − g^{νβ} η^{μα}) (28) Σ^0 is the energy density, Σ^0_μ are the momentum density components, and Σ^μ_0 are the components of energy current density. The Papapetrou energymomentum complex satisfies the local conservation laws ∂Σ^{μν} ∂x^ν = 0 (29)

in any coordinate system. The energy and momentum components are given by

P^μ = ∫ ∫ ∫ Σ^{μ0}dxdydz. (30) here P^μ give momentum components P^1, P^2, P^3 and P^0 gives the energy distribution. Using the line element Eq.(1), we found the required components of N^{μναβ} to be zero. From this point of view, by using Eq.(30), we obtain P^μ = 0. (31)

3.6. Qadir-Sharif’s Energy-momentum Formulation The Momentum four-vector of Qadir-Sharif is given by:

P_μ = ∫ F_μdxdydz. (32) where

F_0 = m { ln ( A √ g_{00} )} ,0 − g_{μν,0}g^{μν}_{,0} 4A , F_a = m (ln √g_{00})_{,μ} (33)

and A = ( ln √ −g ) ,0 . (34)

This force definition depends on the choice of frame, which is not uniquely fixed. The quantity, whose proper time derivative is F_μ, is called the momentum four-vector for the test particle. Using the line element (1), with Eqs. (33), (34) then we get F_μ = 0 (35) Using this result, we can easily see that the Qadir-Sharif momentum fourvector is obtained as P_μ = 0 (36)

3.7. Weinberg’s Energy-momentum Formulation The energy-momentum complex of Weinberg[7] is given by:

W^{μν} = 1 16π K^{μνα}_{,α} (37) where K^{μνα} = ∂h^β ∂x_μ η^{να} − ∂h^β ∂x_ν η^{μα} − ∂h^{βμ} ∂x^β η^{να} + ∂h^{βν} ∂x^β η^{μα} + ∂h^{μα} ∂x_ν − ∂h^{να} ∂x_μ (38) and h_{μν} = g_{μν} − η_{μν} . (39)

The indices on h_{μν} or^∂_{∂xμ} are raised or lowered with the help of η’s. It is clear that K^{μνα} = −K^{νμα} (40) W^{00} and W^{a0} are the energy and momentum density components respectively. The Weinberg energy and momentum complex W^{μν} contains contributions from the matter, non-gravitational and gravitational fields, and satisfies the local conservation laws ∂W^{μν} ∂x^ν = 0 (41)

The Momentum four-vector is given by

P^μ = ∫ ∫ ∫ W^{μ0}dxdydz. (42) and the angular momentum is given by

J^{μν} = ∫ ∫ ∫ (x^μW^{0ν} − x^ν W^{0μ})dxdydz. (43)

Further Gauss’s theorem furnishes

P^μ = 1 16π ∫ ∫ K^{μνα}κ_αdS. (44) and the physically interesting components of the angular momentum are

J^{μν} = 1 16π ∫ ∫ (x^μK^{α0ν} − x^ν K^{α0μ} + η^{αμ}h^{0ν} − η^{αν} h^{0μ})κ_αdS. (45)

κ_α stands for the 3-components of unit vector over an infinitesimal surface element dS. P_i give momentum(energy current) components P_1, P_2, P_3 and P_0 gives the energy. We are interested in determining the momentum fourvector. Now using the line element (1) in Eqs. (38) and (39) then we find all components of K^{μνα} vanish. Thus, from Eq.(44) we have

P^μ = 0. (46)

4. Summary and Discussion

The subject of energy-momentum localization in the general theory of relativity has been very exciting and interesting; however it has been associated with some debate. Recently, some researchers have been interested in studying the energy content of the universe in various models. Rosen and Johri et al. considered Einstein and Landau-Lifshitz complexes respectively, studied the total energy of a closed universe described by FRW line-element and found that to be zero. Furthermore, Banerjee-Sen, Xulu and Aydoġdu- Saltı investigated the problem of the Bianchi type I universes, using the general relativity and teleparallel versions of Einstein and Landau-Lifshitz complexes found that the total energy of this model is vanishing. Tryon suggested that in our universe, all conserved quantities have to vanish. Tryon’s big bang model predicted a homogeneous, isotropic and closed universe inclusive of matter and anti-matter equally [13].

The object of present paper is to show that it is possible to solve the problem of localization of energy and momentum in general relativity by using the energy and momentum complexes. In this paper, to compute the energy distribution of the Marder space-time, we have considered seven different energy and momentum complexes in general relativity: e.g. Bergmann- Thomson, Einstein, Møller, Landau-Lifshitz, Papapetrou, Qadir-Sharif and Weinberg. We found that; the total energy and momentum components have zero net value all investigated energy momentum densities, because the energy contributions from the matter and gravitational field inside an arbitrary two-surface in the case of anisotropic model of the universe based on cylindrically-symmetric Marder metric, cancel each other. Therefore the total energy and momentum components have zero value and different energy-momentum complexes give same results in Marder space-time.

When we apply coordinate transformation t → ∫ A(t)dt, our energymomentum results agree with for Bianchi I type solutions. E_{Marder} = E_{BianchiI} = 0, M_{Marder} = M_{BianchiI} = 0. The results advocate the importance of energy-momentum complexes.

5. Acknowledgements The Authors are indebted to Dr. İ. Yılmaz and Dr. H. Baysal for discussions and useful suggestions. They, also, thank the Editors and referees for their suggestions which helped correcting and improving the final form of the manuscript.

REFERENCES

[1] C. Møller, Ann. Phys. (NY) 4, 347 (1958); C. Møller, Ann. Phys. (NY) 12, 118 (1961) [2] A. Papapetrou, Proc. R. Irish. Acad. A11, 11 (1948) [3] L.D. Landau and E.M. Lifshitz, The Classical theory of fields (Pergamon Press, 4th Edition, Oxford) (Reprinted in 2002) [4] R.C. Tolman, Relativity, Thermodinamics and Cosmology (Oxford Univ. Pres.

London) (1934) [5] P.G. Bergmann and R. Thomson, Phys. Rev. 89, 400 (1953) [6] A. Qadir and M. Sharif, Phys. Lett. A 167, 331 (1992) [7] S. Weinberg, Gravitation and Cosmology: Principle and Applications of General Theory of Relativity (John Wiley and Sons, Inc., New York) (1972) [8] T. Vargas, Gen. Rel. and Grav. 36, 1255 (2004) [9] F.I. Mikhail, M.I. Wanas, A. Hindawi and E.I. Lashin, Int. J. Theor. Phys. 32, 1627 (1993) [10] K.S. Virbhadra, Phys. Rev. D 41, 1086 (1990); K.S. Virbhadra, Phys. Rev.

D 42, 2919 (1990); K.S. Virbhadra, Phys. Rev. D 60, 104041 (1999); N. Rosen and K.S. Virbhadra, Gen. Rel. Grav. 25, 429 (1993); K.S. Virbhadra, Pramana J. Phys. 45, 215 (1995); A. Chamorro and K.S. Virbhadra, Pramana J. Phys. 45, 181(1995) [11] J. M. Aguirregabiria, A. Chamorro and K.S. Virbhadra, Gen. Rel. Grav. 28, 1393 (1996) [12] C.C. Chang, J. M. Nester and C. Chen, Phys. Rev. Lett. 83, 1897 (1999) [13] E.P. Tryon, Nature 246, 396 (1973)

[14] N. Rosen, Gen. Rel. Grav. 26, 319 (1994) [15] F. I. Cooperstock, Gen. Rel. Grav. 26, 323 (1994) [16] V.B. Johri, D. Kalligas, G.P. Singh and C.W.F. Everitt, Gen. Rel. Grav. 27, 323 (1995) [17] N. Banerjee and S. Sen, Pramana J. Phys. 49, 609 (1997) [18] S.S. Xulu, Int. J. Mod. Phys. A 15, 4849-4856 (2000) [19] O. Aydogdu, M. Saltı Astrophys.Space Sci. A 299, 227-232 (2005) [20] M. Saltı, Czech.J.Phys. A 56, 177-189 (2006) [21] L. Marder, Proc. Roy. Soc. Lon. A 246, 133 (1958) [22] M.A.H. MacCallum, Einstein Centenary Survey, Cambridge Univ. Press.

(1979).