arXiv:gr-qc/0607124 v3 30 Oct 2006

Interacting dark energy in f(R) gravity

Nikodem J. Popławski Department of Physics, Indiana University, 727 East Third Street, Bloomington, Indiana 47405, USA (Dated: October 30, 2006)

The field equations in f(R) gravity derived from the Palatini variational principle and formulated in the Einstein conformal frame yield a cosmological term which varies with time. Moreover, they break the conservation of the energy–momentum tensor for matter, generating the interaction between matter and dark energy. Unlike phenomenological models of interacting dark energy, f(R) gravity derives such an interaction from a covariant Lagrangian which is a function of a relativistically invariant quantity (the curvature scalar R). We derive the expressions for the quantities describing this interaction in terms of an arbitrary function f(R), and examine how the simplest phenomenological models of a variable cosmological constant are related to f(R) gravity. Particularly, we show that Λc^2 = H^2(1 − 2q) for a flat, homogeneous and isotropic, pressureless universe. For the Lagrangian of form R − 1/R, which is the simplest way of introducing current cosmic acceleration in f(R) gravity, the predicted matter–dark energy interaction rate changes significantly in time, and its current value is relatively weak (on the order of 1% of H0), in agreement with astronomical observations.

PACS numbers: 04.50.+h, 95.36.+x, 98.80.-k

I. INTRODUCTION

Einstein’s general relativity is based on the Lagrangian that is a linear function of the Riemann curvature scalar. The linearity of the gravitational action with respect to the curvature results in the Einstein equations of the gravitational field that are second-order differential equations for the metric tensor [1]. The Einstein equations applied to a homogeneous and isotropic spacetime lead to the Friedmann equations describing an expanding universe with a positive deceleration. The most accepted explanation of the observed cosmic acceleration [2] is that the universe is dominated by dark energy (quintessence) [3, 4]. The simplest way of introducing dark energy into general relativity is to add a cosmological constant Λ to the curvature scalar R in the Lagrangian (the ΛCDM model):

S_g = − 1 2κc ∫ d^4x √ −g[R + 2Λ]. (1)

However, it is also possible to modify the curvature dependence of the gravitational action to obtain the field equations that allow accelerated expansion. A particular class of alternative theories of gravity that has recently attracted a lot of interest is that of the f(R) gravity models, in which the gravitational Lagrangian is a nonlinear function of R [5]. It has been shown that current cosmic acceleration may originate from the addition of a term R^{−1} (or other negative powers of R) to the Einstein– Hilbert Lagrangian R [6]. As in general relativity, f(R) gravity theories obtain the field equations by varying the total action for both the field and matter.

In the literature, there are two approaches on how to perform the variation. We use the metric–affine (Palatini) variational principle, according to which the metric and connection are considered as geometrically independent quantities, and the action is varied with respect to both of them. The other one is the metric (Einstein– Hilbert) variational principle, according to which the action is varied with respect to the metric tensor g_{μν}, and the affine connection coefficients are the Christoffel symbols of g_{μν} . The field equations in the Palatini formalism are second-order differential equations, while for metric theories they are fourth-order. Both approaches give the same result only if we use the standard Einstein–Hilbert action [7].

An interaction between ordinary matter and dark energy has been introduced in the form of a time dependent cosmological constant Λ(t) [8]. A decreasing (decaying) Λ gives a positive rate of the entropy production and could explain the observed large entropy of the universe. The cosmological constant can depend on the cosmic time directly [9] or through other cosmological variables such as the scale factor a or the Hubble parameter H. Dimensional arguments lead to Λ ∝ a^{−2} [10, 11], Λ ∝ H^2 [12], or both [13]. A more general form Λ ∝ a^{−m}, where m = const [14], is predicted by holographic cosmology [15, 16, 17]. The cosmological term can also involve other quantities such as the deceleration parameter or temperature. Ref. [18] lists and reviews phenomenological models with a variable cosmological term, and examines evolution of the scale factor in these models.

The field equations in f(R) gravity formulated in the Einstein conformal frame not only yield an effective cosmological term, but also break the conservation of the energy–momentum tensor for matter [19], generating the interaction between matter and dark energy. Therefore, f(R) gravity provides a physical explanation for the exchange of energy between cosmological term and other forms of matter. Unlike phenomenological models of interacting dark energy, and like Brans–Dicke cosmologies with the cosmological term depending on the scalar field [20], it derives such an interaction from a covariant Lagrangian in which the cosmological constant is a function of a relativistically invariant quantity (R). Furthermore, f(R) gravity in the Einstein frame generates a variation of the gravitational constant with the cosmological time, as in the large number hypothesis of Dirac [21].

The aim of this paper is to find how this interaction depends on the function f(R). In Sec. II we derive the equations of field in f(R) gravity using the Palatini variational principle. In Sec. III we apply these equations to a homogeneous and isotropic, flat universe filled with dust, and obtain the expressions describing the interaction between matter and dark energy. We also examine how the simplest phenomenological models of a variable cosmological constant are related to f(R) gravity. In Sec. IV we give numerical predictions for the case f(R) = R+const. ×R^{−1}, which is the simplest way of introducing current cosmic acceleration in f(R) gravity [6], and compare them with other models of interacting dark energy. The results are summarized in Sec. V.

II. THE FIELD EQUATIONS

The action for an f(R) gravity is given by [19, 22]

S_J = − 1 2κc ∫ d^4x [√ −g̃f(R̃) ] + S_m(g̃_{μν} , ψ). (2)

Here, √ −g̃f(R̃) is a Lagrangian density that depends on the curvature scalar R̃ = R_{μν}(Γ^λ_{ρ σ} )g̃^{μν} , S_m is the action for matter represented symbolically by ψ and assumed to be independent of the connection Γ^λ_{ρ σ}), and the connection is assumed to be symmetric (no torsion). The variables describing an f(R) Lagrangian are said to form the Jordan conformal frame (JCF) [23]. Tildes indicate quantities calculated in this frame, e.g., g̃_{μν} is the JCF metric tensor.

Variation of the action S_J with respect to g̃_{μν} yields the field equations f^′(R̃)R_{μν} − 1 2 f(R̃)g̃_{μν} = κT_{μν} , (3) where the dynamical energy–momentum tensor of matter T_{μν} is generated by the JCF metric tensor: δS_m = 1 2c ∫ d^4x √ −g̃ T_{μν} δg̃^{μν} . (4) The prime denotes the derivative of the function f(R̃) with respect to R̃. From variation of S_J with respect to the connection Γ^ρ_{μ ν} it follows that this connection is given by the Christoffel symbols of the conformally transformed metric [5]

g_{μν} = f^′(R̃)g̃_{μν}. (5)

The metric g_{μν} defines the Einstein conformal frame (ECF), in which the connection is metric compatible [23].

A transition from the JCF (modified gravity) to the ECF (general relativity) in f(R) gravity is possible if S_m does not contain torsion [22]. Such a transition is also possible for more general theories in which the gravitational Lagrangian depends on the Ricci tensor, but not on the Weyl tensor [24]. In the Jordan frame, the connection is metric incompatible unless f(R) = R. We regard the ECF metric tensor as physical, although whether it is true or not should be ultimately decided by experiment or observation. Since the physical equivalence between both frames is an open problem as well [25], so is the answer to the question whether and how the results of this paper would change if the JCF was physical.

In the Einstein frame, the action (2) becomes the standard general-relativistic action of the gravitational field interacting with an additional nondynamical scalar field [19, 26]:

S_E = − 1 2κc ∫ d^4x √ −g [ R − 2V (R̃) ] +S_m([f^′(R̃)]^{−1}g_{μν}, ψ), (6)

where R = R_{μν}(Γ^λ_{ρ σ} )g^{μν} is the Riemannian curvature scalar of the metric g_{μν}, and V (R̃) is the effective potential,

V (R̃) = R̃f^′(R̃) − f(R̃) 2[f^′(R̃)]^2

. (7)

The curvature scalars in both frames are related by

R = f^′(R̃)R̃, (8)

which follows from (5).

Variation of the action (6) with respect to g_{μν} gives the equation of the gravitational field in the Einstein frame [19, 27]: R_{μν} − 1 2 Rg_{μν} = κT_{μν} f^′(R̃) − V (R̃)g_{μν} . (9) Eqs. (8) and (9) yield an algebraic relation

R̃f^′(R̃) − 2f(R̃) = κT f^′(R̃), (10)

from which we obtain R̃ as a function of T = T_{μν} g^{μν} for a given f(R̃) [53]. If T = 0 (vacuum or radiation) then R̃ = const. and the solution of the field equation is an empty spacetime with a cosmological constant [7]. Substituting R̃ into (9) leads to a final relation between the geometrical tensors and the energy–momentum tensor, R_{μν} − 1 2 Rg_{μν} = κ_r(T )T_{μν} + Λ(T )g_{μν} , (11)

with a running gravitational coupling κ_r(T ) = κ[f^′(R̃(T ))]^{−1} and a variable cosmological term Λ(T ) = −V (R̃(T )): Λ(R̃) = f(R̃) − R̃f^′(R̃) 2[f^′(R̃)]^2

. (12)

Such a relation is, in general, nonlinear and depends on the form of the function f(R̃). Moreover, the time dependence of T makes the quantities κ_r and Λ variable, although they are not associated with any dynamical quintessence scalar field as in [3, 28]. Concluding, Palatini f(R) gravity does not change the structure of Einstein’s general relativity but introduces a varying gravitational constant [21], as well as a term acting like a cosmological constant which varies with time. It modifies the gravitational field inside material objects, while the metric in vacuum (such as the Schwarzschild solution for spherically symmetric systems) is the same as that in general relativity.

III. THE INTERACTION BETWEEN MATTER AND DARK ENERGY

The Bianchi identity applied to (9) gives

T^{;ν}_{μν} = R̃^{,ν}f^{′′}(R̃) ( T_{μν} f^′(R̃) + [2f(R̃) − R̃f^′(R̃)]g_{μν} 2κ[f^′(R̃)]^2 ) . (13) This relation means that the energy–momentum tensor in the Einstein frame is not covariantly conserved, unless f(R) = R or T = 0 [29]. We can write the field equation (9) as R_{μν} − 1 2 Rg_{μν} = κ(T^m_{μν} + T^Λ_{μν} ), (14)

where T^m_{μν} = T_{μν} . This defines the dark energy– momentum tensor,

T^Λ_{μν} =

Λ(R̃) κ g_{μν} + 1 − f^′(R̃)

f^′(R̃)

T_{μν} . (15)

From Eq. (14) it follows that matter and dark energy form together a system that has a conserved fourmomentum. Therefore, we can speak of an interaction between matter and dark energy [30]. In the Jordan frame of f(R) gravity, the energy–momentum tensor is always conserved [31] as a direct consequence of Eq. (4) for the case of an infinitesimal translation [1].

For a flat [32] Robertson–Walker universe with pressureless matter (dust) p_m = 0 and in the comoving frame of reference, Eq. (13) gives the first Friedmann equation,

f^′(R̃) d dt [ ϵ_m(R̃) f^′(R̃) − V (R̃) κ ] + 3H(R̃)ϵ_m(R̃) = 0, (16)

where the Hubble parameter is given by [19]

H(R̃) = c f^′(R̃) √ R̃f ′(R̃) − 3f(R̃) 6 . (17)

The matter energy density ϵ_m(R̃) = T (R̃) is obtained from (10),

ϵ_m =

R̃f^′(R̃) − 2f(R̃) κf^′(R̃) . (18)

Eqs. (16) and (17) give the time evolution of R̃,

˙R̃ = √ 6c(R̃f^′ − 2f) √ R̃f ′ − 3f 2f^{′2} + R̃f^′f^{′′} − 6ff^{′′} , (19)

and we wrote f = f(R̃) for brevity. The equation of continuity (16) can be written as

ϵ̇_m + 3Hϵ_m = Q, (20)

where Q = ˙R̃f_{′′}(R̃)[R̃f_′(R̃) − 2f(R̃)]

2κ[f^′(R̃)]^2

. (21)

The quantity Q describes the interaction between matter and dark energy [33], and vanishes for the generalrelativistic case f(R) = R.

In the comoving frame of reference, Eq. (15) reads

ϵ_Λ = Λ κ + 1 − f^′(R̃) f^′(R̃) ϵ_m, (22)

p_Λ = − Λ κ . (23)

The definitions in Eq. (15) were chosen so that Ω_m+Ω_Λ = ϵ_m/ϵ_c + ϵ_Λ/ϵ_c = 1, where ϵ_c = 3H^2/(κc^2) is the critical energy density,

ϵ_c =

R̃f^′(R̃) − 3f(R̃)

2κ[f^′(R̃)]^2

. (24)

We also find the equation of continuity for dark energy,

ϵ̇_Λ + 3H(ϵ_Λ + p_Λ) = −Q, (25)

which has the same form as in [33]. Eqs. (20) and (25) are a realization of the fact that the system matter–dark energy is closed. The interaction term Q corresponds to the production of particles from quintessence.

In f(R) gravity, the dark energy density is given by

ϵ_Λ =

R̃f^′(R̃) − 3f(R̃) − 2f^′(R̃)[R̃f^′(R̃) − 2f(R̃)]

2κ[f^′(R̃)]^2

. (26)

Consequently, the rate of interaction Γ = Q/ϵ_Λ [33] equals

Γ = √ 6cf^{′′}(R̃f^′ − 2f)^2 √ R̃f ′ − 3f [R̃f^′ − 3f − 2f^′(R̃f^′ − 2f)](2f^{′2} + R̃f^′f^{′′} − 6ff^{′′}) , (27) and the nondimensional ratio γ = Γ/H takes the form γ = 6f^′f^{′′}(R̃f^′ − 2f)^2 [R̃f^′ − 3f − 2f^′(R̃f^′ − 2f)](2f^{′2} + R̃f^′f^{′′} − 6ff^{′′}) . (28)

Finally, the ratio w_Λ = p_Λ/ϵ_Λ is given by

w_Λ = R̃f ′ − f R̃f ′ − 3f − 2f ′(R̃f ′ − 2f) . (29) The case w_Λ = const was examined, for example, in [34]. In f(R) gravity, both γ and w_Λ are not constant, in general.

We now examine the consistence of the f(R) description of interacting dark energy with some of the phenomenological models studied in [18]. We begin with the decay law Λ = βH^2/c^2, where β is a nondimensional and positive (since Λ decreases with time) constant. This condition follows from the dimensional relations t_H ∼ H^{−1} and Λ ∼ l^{−2}_{P l} (t_{P l} /t_H )^2, where t_H is the Hubble time, and l_{P l} and t_{P l} are respectively the Planck length and time. It can also be deduced from Dirac’s large number hypothesis [12], and the holographic principle [35]. Using Eqs. (12) and (17) we obtain R̃f^′(R̃) − f(R̃) R̃f ′(R̃) − 3f(R̃) = − β 3 , (30)

which has the solution in the form of a power function, f(R̃) ∼ R̃^{3(1+β)/(3+β)}. Therefore, the relation Λ ∝ H^2 is inconsistent with f(R) gravity models which assume f(R) = R+εg(R), where g(R) is some nonlinear function of R and ε is a small quantity. Such a form of f(R) is required for the deviations from general relativity to be compatible with solar system experiments [36].

Considering Λ ∝ H^2 is equivalent [12], at the level of the Einstein equations in general-relativistic cosmology, to the constancy of the parameter [37] x = ϵ_Λ ϵ_m + ϵ_Λ

, (31)

i.e. the constancy of the ratio r = ϵ_m/ϵ_Λ [38, 39]. This is not the case in f(R) gravity, where this parameter is given by x = R̃f^′ − 3f − 2f^′(R̃f^′ − 2f) R̃f ′ − 3f , (32) and its constancy leads to a first-order differential equation for f(R̃) which has no power-function solutions if x ≠ 0 and x ≠ 1 [54]. A more general case r ∝ a^{−ξ}, where ξ = const, was examined in [40]. The condition Λ ∝ H^2 has also been used in [41], together with the constancy of γ (and r). The latter leads to a complicated, nonlinear second-order differential equation for the function f(R̃). A similar equation is obtained for the decay law γ ∝ r used in [34, 42]. We conclude that f(R) gravity does not favor theories which constrain Q, Γ, or γ. Lastly, we note that a more general condition Λ ∝ H^n, where n = const ≠ 2, has no power-function solutions for f(R̃) as well.

From the dependence of the redshift on R̃ [29] we obtain

a^{−3} = b[R̃f^′(R̃) − 2f(R̃)] [f^′(R̃)]^2

, (33) where the constant b is given by b = [f^′(R̃_0)]^2 a^3_0[R̃_0f^′(R̃_0) − 2f(R̃_0)]

, (34)

and the subscript 0 denotes the corresponding present value. Therefore, the decay law Λ ∝ a^{−m}, where m = const, yields

[f^′(R̃)]^{( 2m3 −2)}[f(R̃) − R̃f^′(R̃)] [R̃f^′(R̃) − 2f(R̃)]^m3

= δ = const. (35)

If m = 3 then Eq. (35) has the power-function solution, f(R̃) ∼ R̃^{(1−2δ)/(1−δ)}. The positivity of ϵ_Λ and Λ requires δ < 0. For m = 2 [10, 11], m = 4 [14, 17, 37], or other values of m [18], Eq. (35) is quite complicated.

We now express the condition Λ ∝ q [18], where q is the deceleration parameter, in f(R) gravity. Using the formula for q [29],

q(R̃) =

2R̃f^′(R̃) − 3f(R̃) R̃f ′(R̃) − 3f(R̃) , (36)

we find

(R̃f^′ − f)(R̃f^′ − 3f) f^{′2}(2R̃f^′ − 3f)

= const. (37)

The only power function obeying this condition is f(R̃) = R̃^2, which is excluded by Eq. (10). Concluding, there is no simple correspondence between f(R) gravity and the phenomenological, power-law models examined in [18] which relate the cosmological constant to any (one) cosmological quantity from the set (H, q, a). In order to find the function f(R̃) which corresponds to such an expression for Λ, we need to solve a complicated, nonlinear differential equation.

However, using Eqs. (17), (33), and (36), we can compose the exact cosmological term (12) from any two cosmological paremeters from the set (H, q, a), which gives three combinations. We find the following relations: Λ = H^2 c^2

(1 − 2q), (38) Λ = 3H^2 c^2 − a^{−3} b , (39) Λ = 1 − 2q 2(1 + q) a^{−3} b . (40)

All three are satisfied in f(R) gravity, but we only need one to compare f(R) gravity with a particular phenomenological model. The first equation generalizes the law Λ ∝ H^2 in the sense that the proportionality constant depends on the deceleration parameter, β = 1 − 2q. Eq. (38) has the same form for an arbitrary function f(R), and is an important prediction of the Palatini f(R) gravity [55]. The two other relations involve the constant b which depends on the function f(R̃) and the present value R̃_0, i.e. they are model dependent. Eq. (39) is similar to the form assumed in [13], except we have a^{−3} instead of a^{−2}. We note that if Λ depends on q then the relation q = 1/2, which holds for the matter era, yields Λ = 0.

In general-relativistic cosmology, some phenomenological laws are dynamically equivalent to each other [43, 44]. For example, the relations Λ ∝ H^2, Λ ∝ qH^2 [45], and Λ ∝ ϵ_m [46] give the same cosmological evolution [44]. Since the decay law Λ ∝ H^2 appears to be inconsistent with current constraints on the dark energy equation of state [16, 43], so do the other equivalent models. In f(R) gravity, the condition Λ = μqH^2/c^2, where μ = const, becomes R̃f^′(R̃) − f(R̃) 2R̃f^′(R̃) − 3f(R̃) = − μ 3 . (41)

Eq. (41) has the solution in the form of a power function, f(R̃) ∼ R̃^{3(1+μ)/(3+2μ)}. This solution is equivalent to that of Eq. (30) if we associate μ = 2β/(1 − β), in agreement with [43, 44]. On the other hand, the condition Λ ∝ ϵ_m leads in f(R) gravity to R̃f^′ − f f^′(R̃f^′ − 2f)

= const, (42)

which has no power-function solutions and is not equivalent to the law Λ ∝ H^2.

Finally, we should mention that the decay law (38) predicted by f(R) gravity resembles the form used in [47], Λ ∝ R = −6H^2(1 − q)/c^2. This form is also equivalent, in general-relativistic cosmology, to the condition Λ ∝ H^2 [43]. Ref. [43] showed that almost all the current phenomenological models of decaying vacuum (dark energy) can be unified in the form of the modified matter expansion rate, ϵ_m ∝ a^{−3+ε}, where ε = const [56]. The relation Λ ∝ H^2 requires ε > 1 to get a currently accelerating universe. For example, the results of [41] give ε_0 = 1.85 [57]. However, this inequality leads also to an accelerating expansion of the matter dominated universe. Overall, the type Ia supernovae, cosmic microwave background, and large-scale structure observations give the constraint ε < 0.1, which rules out the law Λ ∝ H^2 [16, 43].

IV. THE R − 1/R GRAVITY

The consistence of f(R) models with cosmological data has been studied for both metric and Palatini variational formalisms [48]. We examine a particular case f(R) = R − α^2 3R , (43)

where α is a constant, which is the simplest way to introduce current cosmic acceleration in f(R) gravity [6]. This model is referred to as the R − 1/R gravity, and appears (with Palatini variation and in the ECF) to be compatible with cosmological data, although more observations are necessary to put stronger constraints on the analyzed parameters [49]. The current value of R̃ equals R̃_0 = (−1.05 ± 0.01)α [29], which gives the present value of γ,

γ_0 = 0.015 ± 0.005. (44)

Such a small value indicates that the interaction between matter and dark energy is weak, as compared to the direct interaction between dark energy and spacetime. A large error arises from the sensitivity of the term Rf^′(R̃) − 2f(R̃) around R̃_0.

Similarly, we find the value of γ at the decelerationto-acceleration transition which occurred at R̃_t = − √ 5/3α [29]:

γ_t = 4 15 . (45)

The interaction rate drops significantly (∼ 20 times) from the time of the transition to the present, which does not support the assumption of the constancy of γ [38, 41]. As the universe approaches asymptotically a de Sitter expansion, R̃ tends to −α and the interaction rate γ between matter and dark energy decreases to zero.

In the case of the R − 1/R gravity, Eq. (29) for the present time gives

w_{Λ,0} = −1.10 ± 0.02. (46)

This result is consistent with the observed w_{Λ,0} = −1.02^{+0.13}_{−0.19} [32]. We also find the value of w_Λ at the deceleration-to-acceleration transition, w_{Λ,t} = − 5 3 . (47)

As the universe approaches a de Sitter phase, w_Λ tends to the value −1. Such a value corresponds to dark energy which does not interact with other forms of matter. Similarly, Eq. (32) reads

x_0 = 0.69^{+0.05}_{−0.04}, (48)

x_t = 1 5 . (49)

The observational constraint on the ratio x in the matter era is x < 3 × 10^{−5} [37]. The deceleration-to-acceleration transition occurred when the universe was, clearly, dominated by dark energy. As the universe approaches a de Sitter expansion, x tends to 1.

From Eq. (38), we obtain the present value for the cosmological term Λ. Substituting the observed values H_0 = 71±4km s^{−1}Mpc^{−1} [50] and q_0 = −0.74±0.18 [32], we find

Λ_0 = (1.46^{+0.41}_{−0.35}) × 10^{−52}m^{−2}. (50)

If we use the q_0 predicted by the R − 1/R gravity, q_0 = −0.67^{+0.06}_{−0.03} [29], we arrive at

Λ_0 = (1.38^{+0.20}_{−0.22}) × 10^{−52}m^{−2}. (51)

The cosmological constant at the deceleration-to-acceleration transition is given by Λ_t = H^2_t /c^2. Its value depends on the form of the function f(R). For the case (43), we use the expressions for H_t, α, and q_0 found in [29] to obtain

Λ_0 Λ_t

= 0.96 ± 0.08. (52)

We see that Λ has not changed much since the time when q changed the sign. A significant decrease of the cosmological term must have happened earlier.

Using Ω_{m,0} = 0.29^{+0.05}_{−0.03} [32] then we obtain

r_0 γ_0

= 27.2^{+7.9}_{−1.4}. (53)

This value differs significantly from that found in [41], r_0/γ_0 = 0.54. For the deceleration-to-acceleration transition (which is in the range of redshifts examined by [32]), we have Ω_{m,t} = 4/5 [29]. This gives r_t γ_t = 15, (54)

which is again much larger than ∼ 1. Therefore, the condition relating the dark energy density to the Hubble parameter together with the assumption of the constancy of the interaction rate are incompatible with the R −1/R gravity. This conclusion agrees with the results of [43] which disfavor the decay law Λ ∝ H^2, and the results of [40] which support ṙ ≠ 0.

Eq. (20) can be written as

ϵ̇_m + nHϵ_m = 0, (55)

where

n = 3 − γ(Ω^{−1}_m − 1). (56)

The R − 1/R gravity predicts for the present time

n_0 = 2.96 ± 0.01. (57)

For the moment of the deceleration-to-acceleration transition, the R − 1/R gravity gives

n_t = 2.93. (58)

The departure of n from 3 means that matter alone is not conserved. The above values of n are smaller than 3 (unlike 36/11 found in [51]), indicating that matter is being produced from dark energy. It has been shown [29] that the largest deviation from the standard nonrelativistic matter scaling occurs around the deceleration-to-acceleration transition, where κϵ_m ∼ α. The result (58) is a numerical estimation of this deviation. Since n is very close to 3 at this transition, and the difference n − 3 is negligible in the early universe [29], we may say that n ∼ 3 for the entire matter era. Therefore, the deviation of the growth of the cosmic scale factor in this era from the standard law a(t) ∼ t^{2/3} is very small which is consistent with WMAP cosmological data [50]. The values n = 2.93 and n = 2.96 correspond respectively to ε = 0.07 and ε = 0.04, in agreement with the observational constraint ε < 0.1 [43]. Our results show that the R − 1/R gravity in the Palatini variational formalism is a viable theory of gravitation that explains current cosmic acceleration. On the other hand, the compatibility of metric f(R) gravity models with astronomical observations is still an open problem [52].

Finally, we compare the R − 1/R gravity with the general observational constraint on the matter–dark energy interaction, found in [39]. This constraint is given by r + ṙ H(1 + r) < γ < − 3w_Λr 1 + r

. (59)

However, it is easier to use the conditions from which Eq. (59) was derived. The first one, q_0 < 0 (acceleration), is satisfied by the model (43) which predicts q_0 = −0.67^{+0.06}_{−0.03} [29]. The second one represents our expectation that the ratio of the matter density to the dark energy density decreases with the evolution of the universe, ṙ < 0. In f(R) gravity, this condition yields ˙R̃ d dR̃ [~ Rf^′ − 3f f^′(R̃f^′ − 2f) ] > 0, (60)

where ˙R̃ is given by (19). For the case (43), the quantity ˙R̃ is positive in the range of acceleration [R̃_t, R̃_∞] = [− √ 5/3α, −α]. Therefore, we obtain d dR̃ [ R̃ −_{2α}^2 3R̃ (1 +^{α2}_{3R̃2} )(R̃ −^{α2}_{R̃} ) ] > 0, (61)

which holds so long as R̃ < −α/3. The last inequality is satisfied for both the matter and dark energy eras of the universe expansion [19, 29], and so is the condition ṙ < 0.

V. SUMMARY

f(R) gravity provides a relativistically covariant explanation for a cosmological constant that varies with time and interacts with matter, basing on the principle of least action. We analyzed the interaction between matter and dark energy in f(R) gravity formulated in the Einstein conformal frame. We used the Palatini variational principle to obtain the field equations and apply them to a flat, homogeneous, and isotropic universe filled with dust. We found how the simplest phenomenological models of a variable cosmological constant are related to f(R) gravity. Particularly, f(R) gravity predicts, for a flat universe without pressure, a simple relation Λc^2 = H^2(1 − 2q).

For the particular case f(R) = R − α^2/(3R), we found that the interaction rate changes significantly between the moment of the deceleration-to-acceleration transition and now. During the same period, the cosmological constant does not change much, indicating that its significant decrease must have happened earlier. The predicted value of the current interaction rate is on the order of 1% of the present value of the Hubble parameter, which means that this interaction is relatively weak. Consequently, the energy density scaling only slightly

(by ∼ 1%) deviates from the standard scaling for nonrelativistic matter, which is consistent with cosmological data. Therefore, f(R) gravity in the Palatini formalism appears as a viable theory that explains current cosmic acceleration.

All our predictions for nondimensional cosmological quantities in the f(R) = R − α^2/(3R) gravity are independent of the value of the only parameter in this model, α. This is not true for more complicated cases where a function f(R) contains two or more parameters from which one can compose one or more nondimensional combinations.

[1] L. D. Landau and E. M. Lifshitz, The Classical Theory of Fields (Pergamon Press, Oxford, 1975).

[2] A. G. Riess et al., Astron. J. 116, 1009 (1998); S. Perlmutter et al., Astrophys. J. 517, 565 (1999); N. W. Halverson et al., Astrophys. J. 568, 38 (2002); C. B. Netterfield et al., Astrophys. J. 571, 604 (2002); C. L. Bennett et al., Astrophys. J. Suppl. Ser. 148, 1 (2003).

[3] P. J. E. Peebles and B. Ratra, Rev. Mod. Phys. 75, 559 (2003); E. J. Copeland, M. Sami, and S. Tsujikawa, hep-th/0603057.

[4] L. Amendola, Phys. Rev. D 62, 043511 (2000); T. Padmanabhan, Phys. Rep. 380, 235 (2003).

[5] H. A. Buchdahl, J. Phys. A 12, 1229 (1979); R. Kerner, Gen. Relativ. Gravit. 14, 453 (1982); J. P. Duruisseau and R. Kerner, Class. Quantum Grav. 3, 817 (1986); J. D. Barrow and A. C. Ottewill, J. Phys. A 16, 2757 (1983); V. Tapia and M. Ujevic, Class. Quantum Grav. 15, 3719 (1998); S. Capozziello, V. F. Cardone, S. Carloni, and A. Troisi, Int. J. Mod. Phys. D 12, 1969 (2003); G. Allemandi, A. Borowiec, and M. Francaviglia, Phys. Rev. D 70, 043524 (2004); S. Nojiri and S. D. Odintsov, hep-th/0601213.

[6] D. N. Vollick, Phys. Rev. D 68, 063510 (2003); S. Nojiri and S. D. Odintsov, Phys. Rev. D 68, 123512 (2003); S. M. Carroll, V. Duvvuri, M. Trodden, and M. S. Turner, Phys. Rev. D 70, 043528 (2004); X. H. Meng and P. Wang, Class. Quantum Grav. 21, 951 (2004).

[7] E. Schrödinger, Space-Time Structure (Cambridge Univ.

Press, Cambridge London, 1954).

[8] M. P. Bronstein, Phys. Z. Sowjetunion 3, 73 (1933). [9] M. S. Berman, Phys. Rev. D 43, 1075 (1991). [10] M. Özer and M. O. Taha, Phys. Lett. B 171, 363 (1986);

Nucl. Phys. B287, 776 (1987).

[11] W. Chen and Y. S. Wu, Phys. Rev. D 41, 695 (1990). [12] J. A. S. Lima and J. C. Carvalho, Gen. Relativ. Gravit.

26, 909 (1994).

[13] J. C. Carvalho, J. A. S. Lima, and I. Waga, Phys. Rev. D 46, 2404 (1992); I. Waga, Astrophys. J. 414, 436 (1993).

[14] M. Gasperini, Phys. Lett. B 194, 347 (1987); Class.

Quantum Grav. 5, 521 (1988).

[15] W. Fischler and L. Susskind, hep-th/9806039; A. G. Cohen, D. B. Kaplan, and A. E. Nelson, Phys. Rev. Lett. 82, 4971 (1999).

[16] S. D. Hsu, Phys. Lett. B 594, 13 (2004). [17] M. Li, Phys. Lett. B 603, 1 (2004).

[18] J. M. Overduin and F. I. Cooperstock, Phys. Rev. D 58, 043506 (1998).

[19] N. J. Popławski, Class. Quantum Grav. 23, 2011 (2006). [20] M. Endo and T. Fukui, Gen. Relativ. Gravit. 8, 833 (1977); O. Bertolami, Nuovo Cimento Soc. Ital. Fis. B 93, 36 (1986).

[21] P. A. M. Dirac, Nature (London) 139, 323 (1937); 139 1001 (1937); Proc. R. Soc. A 165, 199 (1938).

[22] T. P. Sotiriou and S. Liberati, gr-qc/0604006; T. P.

Sotiriou, Class. Quantum Grav. 23, 5117 (2006). [23] T. Damour, G. W. Gibbons, and C. Gundlach, Phys.

Rev. Lett. 64, 123 (1990); G. Magnano and L. M. Sokołowski, Phys. Rev. D 50, 5039 (1994); L. M. Sokołowski, gr-qc/9511073; V. Faraoni and E. Gunzig, Int. J. Theor. Phys. 38, 217 (1999).

[24] G. Magnano, M. Ferraris, and M. Francaviglia, Gen.

Relativ. Gravit. 19, 465 (1987); G. Magnano, M. Ferraris, and M. Francaviglia, Class. Quantum Grav. 7, 557 (1990).

[25] D. N. Vollick, Class. Quantum Grav. 21, 3813 (2004); E.

E. Flanagan, Class. Quantum Grav. 21, 3817 (2004). [26] P. Teyssandier and P. Tourrenc, J. Math. Phys. (N.Y.)

24, 2793 (1983); B. Whitt, Phys. Lett. B 145, 176 (1984); A. Jakubiec and J. Kijowski, Phys. Rev. D 37, 1406 (1988); J. D. Barrow and S. Cotsakis, Phys. Lett. B 214, 515 (1988); A. Jakubiec and J. Kijowski, J. Math. Phys. (N.Y.) 30, 1073 (1989); K. I. Maeda, Phys. Rev. D 39, 3159 (1989); D. Wands, Class. Quantum Grav. 11, 269 (1994).

[27] E. E. Flanagan, Phys. Rev. Lett. 92, 071101 (2004); G.

J. Olmo and W. Komp, gr-qc/0403092.

[28] C. Wetterich, Nucl. Phys. B302, 668 (1988); B. Ratra and P. J. E. Peebles, Phys. Rev. D 37, 3406 (1988); R. R. Caldwell, R. Dave, and P. J. Steinhardt, Phys. Rev. Lett. 80, 1582 (1998); T. Clifton and J. D. Barrow, Phys. Rev. D 73, 104022 (2006); J. Solà and H. Štefančić, Mod. Phys. Lett. A 21, 479 (2006).

[29] N. J. Popławski, Class. Quantum Grav. 23, 4819 (2006). [30] J. A. S. Lima, Braz. J. Phys. 34, 194 (2004); M.

Szydłowski, Phys. Lett. B 632, 1 (2006).

[31] T. Koivisto, Class. Quantum Grav. 23, 4289 (2006); P.

Wang, G. M. Kremer, D. S. M. Alves, and X. H. Meng, Gen. Relativ. Gravit. 38, 517 (2006).

[32] A. G. Riess et al., Astrophys. J. 607, 665 (2004). [33] H. Kim, H. W. Lee, and Y. S. Myung, Phys. Lett. B 632,

605 (2006).

[34] R. G. Cai and A. Wang, J. Cosmol. Astropart. Phys. 03, 002 (2005).

[35] D. Pavón and W. Zimdahl, Phys. Lett. B 628, 206 (2005).

[36] T. P. Sotiriou, Gen. Relativ. Gravit. 38, 1407 (2006); V.

Faraoni, Phys. Rev. D 74, 023529 (2006).

[37] K. Freese, F. C. Adams, J. A. Frieman, and E. Mottola, Nucl. Phys. B287, 797 (1987).

[38] W. Zimdahl, Int. J. Mod. Phys. D 14, 2319 (2005). [39] B. Hu and Y. Ling, Phys. Rev. D 73, 123510 (2006). [40] N. Dalal, K. Abazajian, E. Jenkins, and A. V. Manohar, Phys. Rev. Lett. 87, 141302 (2001); E. Majerotto, D. Sapone, and L. Amendola, astro-ph/0410543.

[41] M. S. Berger and H. Shojaei, Phys. Rev. D 73, 083528 (2006); 74, 043530 (2006).

[42] L. Amendola, M. Gasperini, and F. Piazza, J. Cosmol.

Astropart. Phys. 09, 014 (2004).

[43] P. Wang and X. H. Meng, Class. Quantum Grav. 22, 283 (2005).

[44] S. Ray and U. Mukhopadhyay, astro-ph/0407295. [45] A. I. Arbab, Class. Quantum Grav. 20, 93 (2003). [46] R. G. Vishwakarma, Class. Quantum Grav. 17, 3833 (2000).

[47] A. S. Al-Rawaf and M. O. Taha, Gen. Relativ. Gravit.

28, 935 (1996).

[48] M. E. Soussa and R. P. Woodard, Gen. Relativ. Gravit.

36, 855 (2004); S. Capozziello, V. F. Cardone and A. Troisi, Phys. Rev. D 71, 043503 (2005); T. Clifton and J. D. Barrow, Phys. Rev. D 72, 103005 (2005); M. Amarzguioui, Ø. Elgarøy, D. F. Mota, and T. Multamäki, astro-ph/0510519; T. P. Sotiriou, Class. Quantum Grav. 23, 1253 (2006); S. Capozziello, V. F. Cardone, and M. Francaviglia, Gen. Relativ. Gravit. 38, 711 (2006); A. Borowiec, W. Godłowski, and M. Szydłowski, Phys. Rev. D 74, 043502 (2006); D. Samart, astro-ph/0606612.

[49] N. J. Popławski, Phys. Lett. B 640, 135 (2006). [50] D. N. Spergel et al., Astrophys. J. Suppl. Ser. 148, 175 (2003).

[51] G. M. Kremer and D. S. M. Alves, Phys. Rev. D 70, 023503 (2004).

[52] L. Amendola, D. Polarski, and S. Tsujikawa, astro-ph/0603703; S. Capozziello, S. Nojiri, S. D. Odintsov, and A. Troisi, Phys. Lett. B 639 135 (2006); L. Amendola, D. Polarski, and S. Tsujikawa, astro-ph/0605384.

[53] Except for the “singular” case f(R̃) = R̃^2 , for which T vanishes identically and R̃ is undetermined.

[54] The case x = 0 corresponds to the general-relativistic form f(R̃) = R̃. The case x = 1 corresponds to the function f(R̃) = R̃^2 , for which Eq. (10) yields T = 0 (pure radiation or empty universe).

[55] Eqs. (23) and (38) yield the relation pΛ = −^{H2}_{κc2} (1−2q). In general-relativistic cosmology without the cosmological constant, we have pm = −^{H2}_{κc2} (1 − 2q).

[56] The condition ε = const leads in f(R) gravity to a complicated, generally, differential equation for the function f(R). [57] The model with γ ∝ r used in [34, 42] is consistent with astronomical observations for |ε0| < 0.3.