arXiv:gr-qc/0608035 v1 7 Aug 2006

Exact non-spherical relativistic star

S. G. Ghosh^∗ BITS, Pilani DUBAI Campus, P.B. 500022, Knowledge Village, DUBAI, UAE and Inter-University Center for Astronomy and Astrophysics, Post Bag 4 Ganeshkhind, Pune - 411 007, INDIA

D. W. Deshkar S.S.E.S. Amti’s Science College, Congress Nagar, Nagpur-440 012, India (Dated: August 7, 2006)

We obtain Vaidya-like solutions to include both a null fluid and a string fluid in non-spherical (plane symmetric and cylindrical symmetric) anti-de Sitter space-times. Assuming that string fluid diffuse, we find exact solutions of Einstein’s field equations. Thus we extend a recent work of Glass and Krisch [2] to non-spherical anti-de Sitter space-times.

PACS numbers: 04.20.Jb, 04.50.+h, 04.70.Bw, 04.20.Dw

I. INTRODUCTION

The string is very important ingredient in many physical theories and idea of string is fundamental to superstring theories [1]. The development of the last few years have opened the possibility to go beyond perturbation theory and to address the most interesting problems of quantum gravity. The intense level of activity in string theory has lead to the idea that many of the classical vacuum scenario may have atmosphere composed of a fluid or strings. Recently, Glass and Krisch [2] extended the classical Vaidya solution [3] to create two fluid atmosphere outside the star, the original null fluid and a new fluid composed of string, and we shall call it generalized Vaidya solution. The solution is very important in view of recent links between black holes and string theories [4, 5, 6].

This solution has been employed to look into the consequence of string fluid on the formation of naked singularities in Vaidya collapse [7, 8]. Indeed, the effect of string is a shrinkage of the naked singularity initial data space, or an enlargement of the black hole initial data space of Vaidya collapse [8] and thus violating cosmic censorship conjecture (CCC) [9]. However, the conjecture, in it’s weak version, essentially state that any naked singularity which is created by evolution of regular initial data will be shielded from the external view by an event horizon. According to the strong version of the CCC, naked singularities are never produced, which in the precise mathematical terms demands that space-time should be globally hyperbolic. Many of the gravitational collapse studies were motivated by Thorne’s hoop conjecture [10] that collapse will yield a black hole only if a mass M is compressed to a region with circumference C ≤ 4πM in all directions. If hoop conjecture is true, naked singularities may form if collapse can yield C ≥ 4πM in some direction. Most of the studies in collapse were restricted to

∗Electronic address: sgghosh@iucaa.ernet.in

spherically symmetric space-times.

On the other-hand, non-spherical collapse not so well understood. However, non-spherical collapse could occur in real astrophysical situation, and it is also important for a better understanding of both cosmic censorship conjecture and hoop conjecture. Also, hoop conjecture was given for space-times with a zero cosmological term and also Penrose [11] has conjectured that CCC might require a zero cosmological term. In the presence of negative cosmological term one can expect the occurrence of major changes. Indeed, Lemos [12] has shown that planar or cylindrical black holes form rather than naked singularity from gravitational collapse of a planar or cylindrical matter distribution in an anti-de Sitter space-time, violating in this way the hoop conjecture but not CCC. Cai et al. [13] extended the work of Lemos [14] to the plane symmetric and cylindrically symmetric solutions in Einstein-Maxwell equations with a negative cosmological term and pointed out that the negative cosmological term plays a crucial role in their solutions, as in the BTZ black holes.

The purpose of this brief report is to see how the results that were presented in [2] get modified for non-spherical (plane symmetric and cylindrical symmetric) space-times with a negative cosmological constant. We are able to provide a two-fluid kinematic interpretation of the transverse stresses, and the null-tetrad and the orthogonal vectors for the non-spherical space-times. Exact solutions of the Einstein field equations are obtained assuming that the string fluid diffuse.

II. NON-SPHERICAL TWO FLUID MODEL

In this section, we extend the work of the Glass and Krisch [2] to non-spherical (plane symmetric and cylindrical symmetric) anti-de Sitter space-times. Let us first consider the case of plane symmetry. The metric of general plane symmetric space-time, expressed in terms of Eddington retarded time coordinate (ingoing coordinate) u, reads: ds^2 = e^{ψ(u,r)}du [ e^{ψ(u,r)}f(u, r)du − 2dr ] −r^2α^2(dx^2+dy^2), (1) where −∞ ≤ x, y ≤ ∞ are coordinates which describe two-dimensional zero-curvature space which has topology R × R, −∞ ≤ u ≤ ∞ is null coordinate called the retarded time, and 0 ≤ r ≤ ∞ is the radial coordinate. Further, e^{ψ(u,r)} is an arbitrary function and where 3α^2 = −Λ > 0 denote negative cosmological constant. It is useful to introduce a local mass function m(u, r) defined by f = 1 − 2m(u, r)/r. For f = m(u)/r and ψ = 0, the metric (1) reduces to the plane symmetric Vaidyalike metric [15, 16]. Initially f = M_0/r (with ψ = 0) provides the vacuum Taub solution [17].

It is the field equation G^0_1 = 0 that leads to e^{ψ(u,r)} = g(u). However, by introducing another null coordinate e^{ψ(u,r)} = g(u), we can always set without the loss of generality, ψ(u, r) = 0. Hence, the metric takes the form [13, 18]:

ds^2 = [ 1 − 2m(u, r) r ] du^2−2dudr−α^2r^2(dx^2+dy^2). (2)

The use of a Newman-Penrose null tetrad formalism leads to Einstein tensor of the form [2, 4]:

G_{ab} = −2Ψ_{11}(l_an_b+l_bn_a+m_am_b+m_am_b)−2Ψ_{11}l_an_b−6Λ. (3) Here the null tetrad Ricci scalars are

Ψ_{11} = 1 r^2 [ 2 ∂m ∂r − r ∂^2m ∂r^2 − 1 ] , (4)

Ψ_{22} = − 1 r^2 ∂m ∂v (5) Λ = 1 r^2 [ 2r ∂^2m ∂r^2 − 2 ∂m ∂r − 1 ] , (6)

the principal null geodesic vectors are l_a, n_a of the form

l_a = δ^u_a , n_a = f/2δ^u_a + δ^r_a, (7)

where l_al^a = n_an^a = 0, l_an^a = −1. The metric (2) admits an orthonormal basis defined by four unit vectors

û_a = f^{1/2}δ^u_a + f^{−1/2}δ^r_a, r̂_a = f^{−1/2}δ^r_a, (8) x̂_a = αxδ^x_a , ŷ_a = αyδ^y_a , (9)

where û_a is a timelike unit vector and r̂_a, x̂_a, ŷ_b are unit space-like vector such that

g_{ab} = û_aû_b − r̂_ar̂_b − x̂_ax̂_b − ŷ_aŷ_b. (10)

Associated with the string worldsheet we have the string bivector defined by Σ^{ab} = ϵ^{AB} dx^a dk^A dx^b dk^B , (11) where ϵ^{AB} is two dimensional Levi-Civita symbol. It is useful to write the bivector, in terms of the unit vectors, as Σ^{ab} = r̂^aû^b − û^ar̂^b, (12)

and the condition that the worldsheet are timelike, i.e., γ = 1/2Σ^{ab}Σ_{ab} < 0 implies that only the Σ^{ur} component is non-zero, therefore one obtains:

Σ^{ac}Σ^b_c = û^aû^b − r̂^ar̂^b. (13)

The string energy-momentum tensor for a cloud of string, by analogy with the one for the perfect fluid, is written as [2, 4]:

T^{(s)}_{ab} = ρΣ^c_aΣ_{cb} − p_⊥h_{ab}s (14)

The energy-momentum of two fluid system is T_{ab} = T^{(n)}_{ab} + T^{(s)}_{ab} , where

T^{(n)}_{ab} = ψl_al_b. (15)

It is the null fluid tensor corresponding to the component of the matter field that moves along the null hypersurfaces u = const. The effective energy momentum tensor for two fluid system, in terms of the unit vectors, can be cast as:

T_{ab} = ψl_al_b + ρû_aû_b + p_rr̂_ar̂_b + p_⊥ (x̂_ax̂_b + ŷ_aŷ_b) . (16)

For ρ = p_r = p_⊥ = 0, Eq. (16) reduces to stress-energy tensor which gives Vaidya metric [15, 16]. The Einstein field equations (G^a_b − 3α^2δ^a_b = T^a_b ) now take the form: ψ = 1 4πr^2 ∂m ∂u , (17) ρ = −p_r = − 1 8πr^2 + 1 4πr^2 ∂m ∂r + 1 8π 3α^2, (18)

p_⊥ = − 1 8πr ∂^2m ∂r^2 − 1 8π 3α^2. (19)

A. Diffusive mass solutions

A typical approach to characterizing diffusive transport of the particles begins with Fick’s law of diffusion. The Fick’s law, widely used in transport theory, is a phenomenological statement of a macroscopic nature about the relationship between the mass current ⃗J_n and the particle density n of a fluid. More precisely put, ⃗J_{(n)} = −D ⃗∇n, (20) introducing the diffusion constant D, called Fick’s diffusion constant and where ⃗∇ is a purely spatial gradient. Then 4-current conservation J^μ_{(n);a} = 0, where

J^a_{(n)}∂_a = (n, ⃗J_{(n)}) = n∂_u − D ( ∂n ∂r ) ∂_r.

If Fick’s law is combined with the continuity equation, there results the diffusion equation

∂_un = D∇^2n. (21)

Here we assume that the string diffuse and that diffusion is the movement of particle form higher number to lower number. By rewriting the T_{ab} components as ∂m ∂u = 4πr^2ψ, (22) ∂m ∂r = 4πr^2ρ − 3 2 α^2r^2 + 1 2 , (23)

The integrability condition, ∂ ∂r ( ∂m ∂u ) = ∂ ∂u ( ∂m ∂r ) , (24)

with the help of Eqs. (22) and (23), takes the form ∂ρ ∂u = r^{−2}∂_r(r^2ψ). (25)

Rewriting the diffusion equation (21) (n replaced by ρ) ∂ρ ∂u = Dr^{−2} ∂ ∂r (r^2 ∂ρ ∂r ), (26)

and comparing with ∂ρ/∂u in Eq. (25),we obtain ∂m ∂u = 4πDr^2 ∂ρ ∂r . (27)

Here we have omitted the function of integration, because it can be set to zero by suitable redefinition of coordinate. Thus solving the diffusion equation for ρ and then integrating only those solutions to obtain m that provides exact Einstein solutions for diffusing string fluids. There are many analytic solutions of Eq. (26) and three of them are

ρ = ρ_0 + k_1 r , (28)

ρ = ρ_0 + (k_2/6)r^2 + k_2Du, (29)

ρ = ρ_0 + k_3(Du)^{−3/2} exp [ −r^2 4Du ] . (30)

Where ρ_0 is the density at spatial infinity and k_1, k_2, k_3 are constants. The physical behavior of the density solutions provides a variety of atmospheric models. The density solutions are identical to the analogous spherically symmetric solutions [2]. Next, integrating Eq. (23) and Eq. (27), we obtain the following mass equation:

m(u, r) = m_0+4π ∫ r^2ρdr+4πr^2D ∫ ∂ρ ∂r du− 1 2 α^2r^3+ 1 2 r. (31) The corresponding masses with the density solutions above are:

m(u, r) = m_0 + 4 3 πr^3ρ_0 + 2πk_1(r^2 − 2Du) − 1 2 α^2r^3 + 1 2 r, (32)

m(u, r) = m_0 + 4 3 πr^3ρ_0 + 4 3 πk_2r^2Du(r + 1) + 2 15 πk_2r^5 − 1 2 α^2r^3 + 1 2 r, (33)

m(u, r) = m_0 + 4 3 πr^3ρ_0 + 2 3 πk_3r^3(Du)^{−3/2} exp [ − r^2 4Du ] − 1 2 α^2r^3 + 1 2 r. (34)

Here The family of solutions discussed above, in general, belongs to Type II fluid defined in [19]. However, it is interesting to note that if parameters k_1, k_2 and k_3 are set to zero then all the mass solutions above become the static solution:

m(r) = m_0 + 4 3 πr^3ρ_0 − 1 2 α^2r^3 + 1 2 r. (35)

Substituting this mass function Eq. (35), in Eqs. (17), (18) and (19), yields

ψ = 0, (36) ρ = −p_r = ρ_0, (37) p_⊥ = −ρ_0. (38)

Thus, we have m = m(r) and ψ=0, so the matter field degenerates to type I isotropic string fluid [20].

We turn our attention to the cylindrical symmetric antde Sitter space-time. The metric (2) in the Cylindrical space-time has the form [18]:

ds^2 = − [ 1 − 2m(u, r) r ] du^2 + 2dudr + r^2dθ^2 + α^2r^2dz^2, (39) where −∞ < u, z < ∞, 0 ≤ r < ∞ and 0 ≤ θ ≤ 2π. The topology of two dimensional zero curvature spacetime is R × S^1. The analysis given above, with suitable modifications, is valid in the cylindrical anti-de Sitter space-time as well. Hence, to conserve space, we avoid repetition of the detailed analysis (being similar to plane symmetric case).

B. Isotropic string fluid

The pressure isotropy implies that the radial pressure equal with the transverse stress p_r = p_⊥, then we have, m(u, r) = M̄ (u) + r^3 3 S̄(u) + r 2 (40)

Here, M̄ (u), S̄(u) are arbitrary function, and as above M̄ (u) can be treated as Vaidya-mass and other term as contribution from string fluid. Thus in this case mass function has no explicit contribution form cosmological term. The physical quantities for this metric as in are given by ψ = 1 4πr^2 [¯ M (u) ∂u + S̄(u) ∂u r^3 ] , −ρ = p_r = p_⊥ = p = − 1 4π S(u) − 1 8π 3α^2 (41)

If we consider static mass function m(r), then p_r = p_⊥, gives corresponding static solution:

m(r) = c_1 + c_2 r^3 3 + r 2 (42)

Thus, we have m = m(r) and ψ=0, so again the matter field degenerates to type I isotropic string fluid [20].

C. Separable solutions

Next, we see how spherically symmetric solutions of Govender and Govender [7] gets modified in our nonspherical space-times. Let us assume that

ρ = R(u)U (u), (43)

then, it is easy to see that: ρ = e^{uλ} C^1 e^r √_{λD} r + C_2e^r √_{λD} 2r √_λ D , (44)

where C_1 and C_2 are constants and λ is the separation constant. This leads to a slightly complicated expressions for the mass function:

m(u, r) = m_0 + 4 3 πr^2e^{λu} C_1 e^r √_{λD} ζ_−(u) + 4 3 πr^2 C_2 2 √_λ D e^{λu}e^r √_{λD} ζ_+(u) − 1 2 α^2r^3 + 1 2 r. (45)

where,

ζ_±(u) = ( 1 ± 3Du r √ λ D − 3Du r^2 ) .

On the other hand, if we require that ρ = R(r) + U (u), then

ρ = C_0 + λu +

C_1 r + λr^2 6D , (46)

with corresponding mass function

m(u, r) = m_0 + 4 3 πr^3 (C_0 + 2λu) + 2πC_1r^2 + 2 15 π λr^5 D − 4πC_1Du − 1 2 α^2r^3 + 1 2 r. (47)

Here, M (u) = −4πC_1Du can be considered as Vaidya mass and other terms in the above equation have contribution from the string fluid and the cosmological term.

D. Constant density string fluid (ρ = ρ0 )

Although strictly constant density is not completely realistic, the particular analytic solution to Einstein field equation with this equation of state has provided some insights concerning stars in general relativity. For example, the star represented by this solution has property that it cannot remain in equilibrium if the size-to-mass ratio is less than 9/4 [21]. To obtain the constant density solution, we take ρ = ρ_0. With this it can bee seen that Eq. (18) can be easily integrated to yield:

m(u, r) = M̃(u) + β^2r^3 + r 2 (48)

where β^2 = (8πρ_0 − 3α^2)/6 is a constant. Because ρ is the constant, the physical parameter can also be trivially evaluated to give ψ = 1 4πr^2 M̃ (u) ∂u p_r = p_⊥ = −ρ_0, (49)

and in this case also we have isotropic string fluid.

III. CONCLUDING REMARKS

In this work we have discussed Vaidya-like solution in non-spherical (planar and cylindrical) anti-de Sitter space-times for a two-fluid system: a null fluid and a string fluid. By assuming that string diffuse analytical solutions of Einstein’s field equations have been obtained. The Vaidya’s radiating star metric is today commonly used for various purposes: As a testing ground for various formulations of the CCC. As an exterior solution for models of objects consisting of heat-conducting matter. Recently, it has also proved to be useful in the study of Hawking radiation, the process of black-hole evaporation [22], and in the stochastic gravity program [23]. The solutions presented here can be useful to get insights of the string effects in these physical process that too in nonspherical space-time.

Since, comparatively a very few studies have been done in non-spherical collapse, it should be very interesting use these to study string effects in the final fate of collapse. This work in under progress [24].

[1] A. Sen, ”Developments in super string theory”, hep-ph/9810356 [2] E. N. Glass, J. P. Krisch, Phys. Rev. D, 57, 5945 (1998);

Class. Quantum Grav. 16, 1175 (1999); J. Math. Phys. 40, 4056 (1999).

[3] P.C. Vaidya, Proc. Indian Acad. Sci. A33, 264 (1951);

Reprinted, Gen. Rel. Grav. 31, 119 (1999). [4] N.M. Cristina gr-qc/9910048 [5] S. Kar Phys. Rev. D 55, 4872 (1997). [6] F. Larsen Phys. Rev. D 56, 1005 (1997). [7] K.S. Govinder and M. Govender, gr-qc/0302017. [8] S.G. Ghosh and N.N. Saste, Int. J. Mod. Phys. D, , (2004) [9] R. Penrose, Riv Nuovo Cimento 1, 252 (1969); in General Relativity, an Einstein Centenary Volume, edited by S.W. Hawking and W. Israel (Cambridge University Press, Cambridge, England, 1979).

[10] K. S. Thorne, in Magic without magic, ed. J. R. Klander (Freeman. San Francisco, 1972).

[11] R. Penrose, Gen. Relativ. Gravit. 34, 1141 (2002). [12] J. P. S. Lemos, Phys. Rev. D 59, 044020 (1999). [13] R. G. Cai and Y. Z. Zhang, Phys. Rev. D 43, 4891 (1996);

R. G. Cai, L. Qiao and Y. Z. Zhang, Mod. Phys. Lett. A

12, 155 (1997).

[14] J. P. S. Lemos, Phys. Lett. B 353, 46 (1995); “Rotating toroidal black holes in anti-de Sitter spacetimes and their properties,” [arXiv:gr-qc/0011092].

[15] B. K. Dutta, Nuovo. Cimento A 47, 568 (1967); [16] G. T. Carlson and J. L. Safko J. Math. Phys. 19, 1617 (1978).

[17] A. Taub, Phys. Rev. 103, 454 (1956). [18] S. G. Ghosh, Phys. Rev. D 62, 127505(2000). [19] S. W. Hawking and G. F. R. Ellis, The Large Scale Structure of space-time (Cambridge University Press, Cambridge, 1973).

[20] A. Wang and Y. Wu, Gen. Rel. Grav. 31, 107 (1999). [21] Katz J., Lynden-Bell D. Class. Quantum Grav. 8, 2231 (19991).

[22] R. Parentani, Phys. Rev. D 63, 041503 (2001). [23] B.L. Hu and E. Verdaguer, Living Rev. Relativity 7, 3 (2004), http://www.livingreviews.org/lrr-2004-3 4.

[24] S. G. Ghosh, “Gravitational collapse of a non-spherical two fluid star” a preprint (2006).