arXiv:gr-qc/0608065 v2 5 Oct 2006

The universal ‘energy’ operator

José M.M. Senovilla Física Teórica, Universidad del País Vasco,

Apartado 644, 48080 Bilbao, Spain josemm.senovilla@ehu.es

Abstract

The “positive square” of any tensor is presented in a universal and unified manner, valid in Lorentzian manifolds of arbitrary dimension, and independently of any (anti)-symmetry properties of the tensor. For rank-m tensors, the positive square has rank 2m. Positive here means future, that is to say, satisfying the dominant property. The standard energy-momentum and super-energy tensors are recovered as appropriate parts of the general square. A richer structure of principal null directions arises.

PACS: 04.20.-q, 04.20.Cv, 02.40.-k

The energy-momentum tensors of a 2-form (such as the electromagnetic field) or of a 1-form (the gradient of the scalar field), or the Bel [4] and Bel-Robinson [3] tensors (‘super-energy tensor’ of the gravitational field, see also [10]), or the super-energy tensors of the electromagnetic [11, 25] and scalar fields [28, 25, 29], etc., have either different expressions or different number of indices, or both. A unified, algebraic, perspective of all these tensors was presented in [25] for Lorentzian manifolds of any dimension, where a general method to construct the positive square^1 of any tensor, called generically its ‘superenergy’ tensor, was put forward. This method recovered the standard expressions for the energy-momentum and super-energy tensors of the physical fields, keeping therefore its diversity in rank and structure, and allows us to understand that these differences arise because of, and depend on, (i) the number of anti-symmetric sets into which the indices of the fields fall, and (ii) the number of indices within each of these antisymmetric blocks.

In this short Note, I would like to call attention to a very useful positive square of a tensor that does not seem to have been noticed before. It is the most general —under some conditions— future tensor quadratic on the given tensor.

1By “positive square” of a tensor I mean a future tensor quadratic in the original one. Future tensors are those satisfying the dominant property, see (5) below; see section 4 in [25], section 2 in [7], section 2.1 in [19], section 7 in [23], and references therein for further details.

Let (V, g) be any Lorentzian manifold of arbitrary dimension n, with metric tensor g and signature (−, +, . . . , +). The basic structure to be used is given by the very simple tensor G_{λμ}^{αβ} ≡ δ^α_λ δ^β_μ + δ^α_μ δ^β_λ − g_{λμ}g^{αβ} (1) which has the properties G_{λμ}^{αβ} = G_{(λμ)}^{(αβ)} = G^{αβ}_{λμ}, G^ρ_{ραβ} = G_{αβρ}^ρ = (2 − n) g_{αβ} , G^ρ_{αρβ} = ng_{αβ}, (2) and when considered as an endomorphism on rank-2 tensors acts as follows: G_{λμ}^{αβ} t_{αβ} = 2t_{(λμ)} − t^ρ_ρ g_{λμ} . The ‘universal (super)-energy operator’ is simply given by the m^{th} power of G, that is to say, the tensor product ⨂_m G, where the number of multiplications m is the rank of the tensor to be squared. With indices this operator reads (G ⊗ . . . ⊗ G)_{λ1 μ1...λmμm}^{α1β1...αmβm} ≡ G_{λ1μ1}^{α1β1} · · · G_{λmμm}^{αmβm} = m∏ i=1 G_{λiμi}^{αiβi} . Then, given any tensor A_{α1...αm} one can define its future square by letting this operator act on the tensor product A ⊗ A E_{λ1μ1 ...λmμm} {A} ≡ 1 2 (_m ∏ i=1 G_{(λiμi )}^{αiβi} ) A_{α1...αm} A_{β1...βm} = = 1 2 G_{λ1 μ1}^{α1β1} · · · G_{λmμm}^{αmβm} A_{α1...αm} A_{β1...βm} . (3) Observe that this definition is independent of the dimension n. In order to distinguish this generalization from its predecessors —the energy-momentum and super-energy tensors— I propose to call the tensor (3) the “mathematical energy tensor” of A.^2 Note that one may let the operator act on two different tensors A_{μ1...μm} and B_{μ1...μm} as long as they have the same rank m; an equivalent way of defining this operation is (suppressing indices) E{A, B} ≡ 2 E { A + B 2 } − 1 2 E{A} − 1 2 E{B} so that E{A, B} = E{B, A} and E{A, A} = E{A}. Now, let me enumerate the more important properties of the tensors (3). (i) The mathematical energy tensor of a rank-m tensor has rank 2m. From (2) and (3) one derives E_{λ1μ1 ...λmμm} {A, B} = E_{(λ1μ1 )...(λmμm)}{A, B} , E^ρ_{ρλ2μ2 ...λmμm} {A, B} = (2 − n) (_m ∏ i=2 G_{λi μi}^{αiβi} ) A^ρ_{α2...αm} B_{ρβ2...βm} 2Other possible names are the “causal squares” of A for ±E{A}, and in particular the “future square” of A for the plus sign.

and similarly for other traces on any pair λ_iμ_i.

(ii) As is obvious from (3), if A_{α1...αm} is symmetric, or antisymmetric, with respect to two indices α_i and α_j , then E_{λ1μ1 ...λmμm} {A} is symmetric on the interchange of the corresponding pairs λ_iμ_i and λ_j μ_j . Similar properties can be listed for E_{λ1μ1...λmμm} {A, B} if the two tensors have the (anti)-symmetries on corresponding indices. Thus, if A_{α1...αi...αj ...αm} = ϵ_1A_{α1...αj ...αi...αm} and B_{α1...αi...αj...αm} = ϵ_2B_{α1...αj ...αi...αm} were ϵ^2_1 = ϵ^2 = 1, then E_{λ1μ1...λiμi...λj μj ...λmμm} {A, B} = ϵ_1ϵ_2 E_{λ1μ1 ...λj μj ...λiμi...λmμm} {A, B} . (iii) Observe that (3) coincides with the basic superenergy tensor of any tensor A_{α1...αm} with no antisymmetries. To see this, let me recall that the superenergy construction is based on the following fact [24, 25, 14]: there is a precise and unique way to consider any tensor A_{μ1...μm} as an r-fold form, that is to say, as an element of Λ^{n1} ⊗ . . . ⊗ Λ^{nr} where Λ^p is the set of p-forms. The well defined natural number r is called the formstructure number of A_{μ1...μm} [14]; obviously, r ≤ m. Moreover, the set of r natural numbers n_1, . . . , n_r is univocally defined, and each n_Υ is called the Υ-th block rank. It is trivial that ∑_r Υ=1 n_Υ = m. Tensors seen in this way are called r-fold (n_1, . . . , n_r)-forms and denoted by A_{[n1]...[nr ]} [25].

Given any tensor A_{μ1...μm} with form structure number r, its basic superenergy tensor T_{λ1μ1 ...λr μr} {A} has 2r indices, it is symmetric on each of the r pairs, and can be defined by [25, 27]:^3 T_{λ1μ1...λr μr} {A} = 1 2 E_{λ1μ1 ...λr μr}^{σ1...σn1 ...τ1...τnr} ρ_1...ρ_{n1} ...ν_1...ν_{nr} Ãσ1...σn_1 ...τ1...τnr Ã ρ_1...ρ_{n1} ...ν_1 ...ν_{nr} (4) where E_{λ1μ1...λrμr}^{σ1 ...σn1 ...τ1...τnr} ρ_1...ρ_{n1} ...ν_1...ν_{nr} ≡ 1 (n_1 − 1)! δ^{σ2...σn1} ρ_2...ρ_{n1} ( 2δ^{σ1}_{(λ1} g_{μ1 )ρ1} − 1 n_1 δ^{σ1}_{ρ1} g_{λ1μ1} ) × · · · × 1 (n_r − 1)! δ^{τ2...τnr} ν_2 ...ν_{nr} ( 2δ^{τ1}_{(λr} g_{μr )ν1} − 1 n_r δ^{τ1}_{ν1} g_{λr μr} )

and δ^{μ1...μp}_{ν1...νp} ≡ p!δ^{μ1}_{[ν1} · · · δ^{μp}_{νp]} is the Kronecker symbol of order p.

It follows that, for the case when A_{μ1...μm} has no antisymmetries, that is to say, when r = m, the two tensors (4) and (3) coincide: If r = m =⇒ E_{λ1μ1 ...λmμm} {A} = T_{λ1μ1...λmμm} {A} . Thus, for those familiar with superenergy tensors, the rule in order to compute (3) for general tensors is very simple: just ignore the antisymmetries of the tensor A, its form structure number and block ranks, and build its super-energy tensor as an m-fold (1,1,. . . ,1)-form.

3Here, Ã_{μ1...μm} is the permuted version of A_{μ1 ...μm} so that its first n_1 indices are those precisely in [n_1], the next n_2 indices are those in [n_2], and so on.

(iv) The most important property is that the mathematical energy tensor (3) is a future tensor, see [7, 18, 19]. This means that it always satisfies the dominant property [25]: for any collection of future-directed vectors {⃗u_1, ⃗v_1, . . . , ⃗u_m, ⃗v_m} E_{λ1μ1 ...λmμm} {A}u^{λ1}_1 v^{μ1}_1 · · · u^{λm}_m v^{μm}_m ≥ 0 . (5) This property permits the finding of estimates on the growth of the tensor field A (if it is subject to some differential field equations) and thereby has been essential in many important applications of the energy-momentum and super-energy tensors, such as the causal propagation of fields [20, 9, 6], the stability of spacetimes [13, 21], getting hyperbolizations of many physical fields including gravity [15, 16, 1, 8, 12, 27], the existence of global solutions to the gravitational Cauchy problem [21, 17], and the propagation of discontinuities [22, 25].

The basic super-energy tensor (4) of A is the most general rank-2r tensor —modulo index permutations, see section 5 in [25]—, symmetric by pairs and quadratic on A satisfying the dominant property. As a matter of fact, the tensor (3) is analogously the most general tensor, modulo index permutations, quadratic on A (and without extra g^′s, that is, with rank 2m) satisfying the dominant property —and symmetric on each λ_iμ_i-pair (see footnote 4.)

The dominant property can be characterized by several different but equivalent conditions, see [25, 7, 18]. Among them, one can cite (a) that the inequality (5) is strict if all the future-directed vectors {⃗u_1, ⃗v_1, . . . , ⃗u_m, ⃗v_m} are timelike (if A is non-vanishing, of course); (b) that the vectors P^α = −E^α_{μ1 ...λmμm} {A}v^{μ1}_1 . . . u^{λm}_m v^{μm}_m are future directed for any arbitrary set of future-directed vectors {⃗v_1, . . . , ⃗u_m, ⃗v_m}, and analogously by leaving any other single index free; or (iii) that the totally timelike component ‘dominates’ the tensor, meaning that in any orthonormal basis {⃗e_0, . . . , ⃗e_{n−1}} with ⃗e_0 timelike future-directed, E_{00...00}{A} ≥ |E_{λ1μ1...λmμm} {A}| (6) for all possible values of the indices.

To prove that the dominant property holds for (3) one can just use any of the available proofs^4 for the superenergy tensors [25, 23], apply it to an m-fold (1,. . . ,1)-form, and note that any possible antisymmetries of the tensor A do not invalidate the proofs. As the property holds for generic tensors A, then nothing changes if the tensor A happens to have some antisymmetries.

4Here is where the symmetrization on each λ_iμ_i-pair is needed, as there is no available proof of the dominant property in general dimension without this restriction. However, in four dimensions, this can be generalized by using spinors and the reasonings in [5]. Therefore, it seems plausible that these symmetrizations can be avoided in general dimension. Observe that the superenergy density of the next point (v) is not affected by this at all.

(v) The previous point concerning the validity of the general proof of the dominant property is actually related to the fact that the generic ‘electric-magnetic’ decomposition of any tensor ignoring its antisymmetries is essentially the same as the canonical ‘electric-magnetic’ decomposition (see [2, 26] and section 2 in [25]) in which the form structure number and block ranks play an important role. The reason for this is that the canonical ‘electric-magnetic’ decomposition is nothing but the generic one with some ‘electric-magnetic’ parts —those corresponding to more than one ‘electric’, or more than one ‘magnetic’, part within one antisymmetric block—vanishing.

Using this fact, one can easily derive the fact that the totally timelike component arising in (6) is, up to a multiplicative factor, the so-called superenergy density of the tensor A relative to the unit timelike vector ⃗e_0. This is denoted by W_A(⃗e_0), it is defined by [25] W_A (⃗e_0) ≡ T_{λ1μ1...λr μr} {A}e^{λ1}_0 e^{μ1}_0 . . . e^{λr}_0 e^{μr}_0 and it is equal to half the sum of the positive squares of all the canonical electric-magnetic parts of the tensor A_{μ1...μm} [25]. The supernergy density is also equal to half the sum of the squares of all the independent components of A_{μ1...μm} in any orthonormal basis {⃗e_μ} containing ⃗e_0 (this is the typical mathematical ‘energy’ of the tensor A_{μ1...μm} ):^5

W_A(⃗e_0) = T_{00...0}{A} = 1 2 (_r ∏ Υ=1 1 n_Υ! )_{n−1} ∑ μ_1 ,...,μ_m=0 |A_{μ1...μm} |^2 . It follows then easily that E_{00...00}{A} = 1 2 n−1∑ μ_1,...,μ_m =0 |A_{μ1...μm} |^2 = (_r ∏ Υ=1 n_Υ! ) W_A(⃗e_0) .

Therefore, from this point of view, the new tensor (3) and the superenergy tensor (4) are essentially equivalent.

(vi) Point (v) leads to the idea that the superenergy tensor of A is in fact contained as an essential part of the general tensor (3), and some symmetric part of the latter is probably nothing but the former supplemented with the necessary g^′s. This is true, and the proof is as follows. Observe that the first summands in the explicit expression of E_{λ1μ1 ...λmμm} {A} are always of the type A_{λ1...λm} A_{μ1...μm} and the symmetrizations of this on each λ_iμ_i pair. There are 2^{m−1} terms of this type. The next summands are of type g_{λ1μ1} A_{ρλ2...λm} A^ρ_{μ2...μm} and the symmetrizations of this on each λ_iμ_i pair, together with the similar ones with an explicit g_{λi μi} and the corresponding contraction on the i^{th} index of A. There are a total of m 2^{m−2} summands of this type. And so on by extracting explicit metrics and contracting on the corresponding indices of A ⊗ A.

Now, suppose that A_{λ1...λm} has some antisymmetries. Then, the symmetric part of the first type of terms is identically zero, and therefore its contribution to the mathematical

5There is a typo in Property 3.5 of [25]: a missing factor ∏_r Υ=1 1 n_Υ! .

energy vanishes. This is also the case for the terms of the second type corresponding to a g_{λiμi} if the indices of A_{λ1...λm} with λ_i excluded still have antisymmetries. And so on for the rest of the summands until one arrives at terms with a number of explicit metrics given by ∑_r Υ=1(n_Υ − 1) where r is the form structure number of A. Therefore, the following formula hods in general E_{(α1β1...αn1 βn1 )}^{(γ1δ1...γn2 δn2 )}_{......(λ1μ1 ...λnr μnr )}{Ã} = (_r ∏ Υ=1 (−1)^{nΥ−1} n_Υ! ) × g_{(α2β2} · · · g_{αn1 βn1} T_{α1β1)}^{(γ1δ1}_{...(λ1μ1} {A} g^{γ2δ2} · · · g^{γn2 δn2 )} · · · g_{λ2μ2} · · · g_{λnr μnr )} . (7) Thus, the standard basic superenergy tensor is fully contained in (3), and can be obtained from (3) by means of the important formula (7). Observe, nevertheless, that the mathematical energy tensor (3) has more information than (4), as the positive property (5) for different future-pointing vectors implies.

(vii) The principal directions of a future tensor are defined by the causal vectors ⃗k such that the contraction of the tensor on all its indices with ⃗k vanishes, see Definition A.2 in [18]. As remarked above, the inequality (5) is strict if all the vectors are timelike. Therefore, due to the general properties of causal tensors [7, 18], the principal directions are necessarily null. The principal directions of the tensor (3) are thus given in general by the null vectors ⃗k such that k^{λ1} k^{μ1} · · · k^{λm} k^{μm} E_{λ1 μ1...λmμm} {A} = 0. (8) Of course, if the tensor A has no antisymmetries, i.e., when r = m, then these are simply the principal directions of the superenergy tensor of A, which are in this case the null directions ⃗k such that k^{λ1} · · · k^{λm} A_{λ1...λm} = 0. However, if r < m, that is to say, if the tensor A has at least two antisymmetric indices, then every null vector is a principal direction of E{A}: If r < m =⇒ k^{λ1} k^{μ1} · · · k^{λm} k^{μm} E_{λ1μ1 ...λmμm} {A} = 0 ∀⃗k (k^μk_μ = 0). Fortunately, this does not mean that the information on the principal null directions of A (see e.g. Definition 2 in [23]), which coincide with the principal directions of its superenergy tensor and are thus characterized by k^{λ1} k^{μ1} · · · k^{λr} k^{μr} T_{λ1μ1...λr μr} {A} = 0, has been lost. This can also be deduced from point (vi). To recover this information, one only has to start suppressing copies of ⃗k from formula (8). As a matter of fact, if one does this in order and systematically, the information about the form structure number and block ranks of A can be retrieved.

The procedure is based on the fundamental relation (7) and is as follows. Start by suppressing one copy of ⃗k, and do this for each λ_iμ_i-pair. That is to say, for each i = 1, . . . , m, compute k^{λ1} k^{μ1} · · · k^{λi} · · · k^{λm} k^{μm} E_{λ1μ1 ...λiμi...λmμm} {A}

(here k^{μi} is absent.) If for a given i there is at least one null ⃗k such that the previous expression is non-zero, then there exists exactly one j ≠ i such that the same happens by removing only the k^{μj} . In this case the only antisymmetric indices in A_{μ1...μm} are the couple μ_i and μ_j . This is the end of the story in this case, r = m − 1 and there are m − 1 blocks with one index and one block with rank 2. If on the contrary, the previous displayed expression vanishes for all null ⃗k and all values of i = 1, . . . , m, then either r < m − 1 or r = m − 1 and there is one block with rank greater than 2.

The next step, in the latter case, is to remove a second copy of ⃗k, corresponding to another λ_j μ_j -pair, and do this for all possible combinations of i and j. If for all (i, j) this vanishes for arbitrary null ⃗k, then either r < m − 2 or r = m − 1 and there is one block with rank greater than 3. In this case, one has to go to the next step by removing one further copy of ⃗k. If on the contrary, for some pair (i, j) there is a null ⃗k such that this does not vanish, then there must exist another l such that the same happens for the pair (i, l). Two possibilities arise here. If also the removal of the pair k^{μj} k^{μl} in (5) gives a non-vanishing expression, then A_{μ1...μm} is antisymmetric on the indices μ_i, μ_j , μ_l exclusively. Thus, r = m − 1 and A is a (m − 1)-fold form with m − 3 one-index blocks and one block with rank 3. If on the other hand the removal of the pair k^{μj} k^{μl} in (5) vanishes for all null ⃗k, then there must exist a companion p for i such that the removal of the pair k^{μi} k^{μp} in (5) is a vanishing expression too. Then A_{μ1...μm} has antisymmetries on exactly the pairs μ_i, μ_p and μ_j , μ_l, and no more antisymmetries. In this case r = m − 2 and there are m − 4 one-index blocks and 2 blocks with rank 2. Observe also that, in general, the position of the antisymmetric indices is clearly identified.

One has to proceed in this manner until the process stops or all the k^{μi} for i = 1, . . . , m have been removed. In general, the principal directions are characterized by the particular null ⃗k’s which annihilate the first non-generically vanishing expression of type (5) with several ⃗k-suppressions. As is known, these principal directions can be characterized as the null ⃗k such that its inner product followed by the exterior product on all blocks of A vanishes, see [23].

(viii) Perhaps one could add to the previous list of properties the manifest and desirable fact that the universal energy operator, or the derived mathematical energy tensor, is very easily remembered: just use one G_{λμ}^{αβ} as defined in (1) for each pair of corresponding indices of the tensor A ⊗ A; see (3).

Let us consider some illustrative and important examples.

Rank-2 tensors Let A_{μν} be an arbitrary rank-2 tensor. Then its mathematical energy tensor (3) reads E_{αβλμ}{A} = A_{αλ}A_{βμ} + A_{βλ}A_{αμ} − g_{αβ}A_{ρλ}A^ρ_μ − g_{λμ}A_{αρ}A_β^ρ + 1 2 g_{αβ}g_{λμ}A_{ρσ}A^{ρσ} This can be written independently of any (anti)-symmetry properties of A. Suppose now that A_{μν} happens to be a 2-form A_{μν} = A_{[μν]} ≡ F_{μν} , such as the electromagnetic field. Its well-known energy-momentum tensor (which in this case is also the basic superenergy tensor of F_{μν} ) is T_{λμ}{F } = F_{λρ}F_μ^ρ − 1 4 g_{λμ}F_{ρσ}F^{ρσ} so that the mathematical energy tensor of F_{μν} can be rewritten now simply as E_{αβλμ}{F } = −2F_{α(λ}F_{μ)β} − g_{αβ}T_{λμ}{F } − g_{λμ}T_{αβ}{F } . This tensor satisfies the dominant property, as does T_{λμ}{F }. Formula (7) specializes to E_{(αβλμ)}{F } = −2g_{(αβ}T_{λμ)}{F }. The energy density of F_{μν} can be equally computed with any of the two tensors due to E_{αβλμ}{F }u^αu^βu^λu^μ = 2 T_{λμ}{F }u^λu^μ for any unit timelike vector ⃗u. The principal null directions of F_{μν} , defined by k^ρF_{ρ[μ}k_{ν]} = 0 —that is, the null eigenvectors of F_{μν} —, are equally well characterized by any of E_{αβλμ}{F }k^βk^λk^μ = 0 ⇐⇒ T_{λμ}{F }k^λk^μ = 0. Observe, however, that the mathematical energy tensor has more information than the energy-momentum tensor. For instance, the pairs of null vectors ⃗k, ⃗ℓ such that E_{αβλμ}{F }ℓ^αℓ^β k^λk^μ = 0 define the null directions such that F_{μν} ℓ^μk^ν = 0 —that is, all timelike 2-planes orthogonal to F_{μν} —, while these cannot be retrieved with T_{λμ}{F }.

Recall that any rank-2 tensor can be uniquely decomposed into its symmetric and antisymmetric parts, by means of A_{μν} = A_{(μν)} + A_{[μν]} ≡ S_{μν} + F_{μν} . Then from the definition of (3) one derives E{A} = E{S} + E{F } + 2E{S, F } which allows us to put in relation the mathematical energy tensor of A with those of its symmetric and antisymmetric parts. Note that this was impossible with the superenergy tensors, as they had different ranks for S and F . Observe also that E_{αβλμ}{S, F } = −E_{λμαβ}{S, F } so that the (super)-energy density of A is the sum of those of S and F .

Rank-3 tensors Let A_{βμν} be an arbitrary rank-3 tensor. Then its mathematical energy tensor (3) reads E_{αβλμτ ν} {A} = A_{αλτ} A_{βμν} + A_{βλτ} A_{αμν} + A_{αμτ} A_{βλν} + A_{βμτ} A_{αλν} −g_{αβ} (A_{ρλτ} A^ρ_{μν} + A_{ρμτ} A^ρ_{λν} ) − g_{λμ} (A_{αρτ} A_β^ρ_ν + A_{βρτ} A_α^ρ_ν ) − g_{τ ν} (A_{αλρ}A_{βμ}^ρ + A_{βλρ}A_{αμ}^ρ) +g_{αβ}g_{λμ}A_{ρστ} A^{ρσ}_ν + g_{αβ}g_{τ ν} A_{ρλσ}A^ρ_μ^σ + g_{λμ}g_{τ ν} A_{αρσ}A_β^{ρσ} − 1 2 g_{αβ} g_{λμ}g_{τ ν} A_{ρσζ} A^{ρσζ} .

Suppose now that A_{βμν} happens to be antisymmetric on (say) the last two indices, so that A is in fact a double (1,2)-form A_{βμν} = A_{β[μν]} ≡ L_{βμν} ; this is the case of the covariant derivative of the electromagnetic field, ∇_βF_{μν} . The basic superenergy tensor of L is [25] T_{αβλμ}{L} = L_{αλρ}L_{βμ}^ρ + L_{βλρ}L_{αμ}^ρ − g_{αβ}L_{ρλσ} L^ρ_μ^σ − 1 2 g_{λμ}L_{αρσ} L_β^{ρσ} + 1 4 g_{αβ} g_{λμ}L_{ρσζ} L^{ρσζ} and thus, the mathematical energy tensor of L_{βμν} can be rewritten as E_{αβλμτ ν} {L} = −g_{τ ν} T_{αβλμ}{L} − g_{λμ}T_{αβτ ν}{L} + L_{αλτ} L_{βμν} +L_{βλτ} L_{αμν} + L_{αμτ} L_{βλν} + L_{βμτ} L_{αλν} − g_{αβ} (L_{ρλτ} L^ρ_{μν} + L_{ρμτ} L^ρ_{λν} ) . Formula (7) specializes to E_{αβ(λμτ ν)}{L} = −2T_{αβ(λμ}{L}g_{τ ν)}.

Consider finally the case where A_{βμν} is a 3-form, that is to say, A_{βμν} = A_{[βμν]} ≡ H_{βμν} . The superenergy tensor of H (also called its energy-momentum tensor in this case) is T_{λμ}{H} = 1 2 ( H_{λρσ} H_μ^{ρσ} − 1 6 g_{λμ}H_{ρσζ} H^{ρσζ} )

hence E_{αβλμτ ν} {H} = H_{αλτ} H_{βμν} + H_{βλτ} H_{αμν} + H_{αμτ} H_{βλν} + H_{βμτ} H_{αλν} −g_{αβ} (H_{ρλτ} H^ρ_{μν} + H_{ρμτ} H^ρ_{λν} ) − g_{λμ} (H_{αρτ} H_β^ρ_ν + H_{βρτ} H_α^ρ_ν ) −g_{τ ν} (H_{αλρ}H_{βμ}^ρ + H_{βλρ}H_{αμ}^ρ) + 2g_{αβ} g_{λμ}T_{τ ν}{H} + 2g_{αβ} g_{τ ν} T_{λμ}{H} + 2g_{λμ}g_{τ ν} T_{αβ}{H} and (7) reduces now to E_{(αβλμτ ν)}{H} = 6g_{(αβ}g_{λμ}T_{τ ν)}{H}.

Comments analogous to that of rank-2 tensors concerning superenergy density and principal null directions are in order for all cases here. I omit them for the sake of brevity.

Double (2,2)-forms One can do the same as before for rank-4 tensors, but in order to keep within a reasonable length let me just consider the important case of double (2,2)- forms, which include the Riemann and Weyl tensors, as well as the tensor product of the electromagnetic field with itself. Let A_{αβλμ} = A_{[αβ][λμ]} by any double (2,2)-form, not necessarily symmetric in the interchange of the antisymmetric pairs. Its mathematical energy tensor is E_{αβγδλμτ ν} {A} = A_{αγλτ} A_{βδμν} + A_{βγλτ} A_{αδμν} + A_{αδλτ} A_{βγμν} + A_{βδλτ} A_{αγμν} +A_{αγμτ} A_{βδλν} + A_{βγμτ} A_{αδλν} + A_{αδμτ} A_{βγλν} + A_{βδμτ} A_{αγλν} −g_{αβ} (A_{ργλτ} A^ρ_{δμν} + A_{ρδλτ} A^ρ_{γμν} + A_{ργμτ} A^ρ_{δλν} + A_{ρδμτ} A^ρ_{γλν} ) −g_{γδ} (A_{αρλτ} A_β^ρ_{μν} + A_{βρλτ} A_α^ρ_{μν} + A_{αρμτ} A_β^ρ_{λν} + A_{βρμτ} A_α^ρ_{λν} ) −g_{λμ} (A_{αγρτ} A_{βδ}^ρ_ν + A_{βγρτ} A_{αδ}^ρ_ν + A_{αδρτ} A_{βγ}^ρ_ν + A_{βδρτ} A_{αγ}^ρ_ν ) −g_{τ ν} (A_{αγλρ}A_{βδμ}^ρ + A_{βγλρ}A_{αδμ}^ρ + A_{αδλρ}A_{βγμ}^ρ + A_{βδλρ}A_{αγμ}^ρ) +g_{αβ} g_{γδ} (A_{ρσλτ} A^{ρσ}_{μν} + A_{ρσμτ} A^{ρσ}_{λν} ) + g_{λμ}g_{τ ν} (A_{αγρσ}A_{βδ}^{ρσ} + A_{βγρσ}A_{αδ}^{ρσ} ) +g_{γδ} g_{τ ν} T_{αβλμ}{A} + g_{γδ} g_{λμ}T_{αβτ ν}{A} + g_{αβ} g_{λμ}T_{γδτ ν} {A} + g_{αβ} g_{τ ν} T_{γδλμ}{A} where T_{αβλμ}{A} = A_{αρλσ}A_β^ρ_μ^σ + A_{αρμσ}A_β^ρ_λ^σ − − 1 2 g_{αβ}A_{ρτ λσ}A^{ρτ}_μ^σ − 1 2 g_{λμ}A_{αρστ} A_β^{ρστ} + 1 8 g_{αβ}g_{λμ}A_{ρτ σν} A^{ρτ σν} is the basic superenergy tensor of A, also called its Bel tensor [4, 10, 24, 25]. (The mathematical energy tensor of any rank-4 tensor can be easily read off from the above formulas.) Formula (7) becomes now E_{(αβγδ)(λμτ ν)}{A} = 2g_{(αβ} T_{γδ)(λμ}{A}g_{τ ν)} . The principal null directions of A_{αβλμ}, defined by k^ρk^σk_{[β} A_{α]ρσ[μ}k_{ν]} = 0 [23], can be characterized by either T_{αβλμ}{A}k^αk^β k^λk^μ = 0 or, equivalently, by E_{αβγδλμτ ν} {A}k^αk^βk^γ k^λk^μk^τ = 0 . As remarked before, however, the mathematical energy tensor has more information than the superenergy tensor. For instance, the quadruplets of null vectors ⃗k, ⃗ℓ, ⃗n, ⃗m such that E_{αβγδλμτ ν}{A}ℓ^αℓ^β n^γ n^δk^λk^μm^τ m^ν = 0 provide a richer geometrical structure for double (2,2)-forms.

To finalize, recall that the Riemann tensor R_{αβλμ} of the Lorentzian manifold can be decomposed into the sum of the Weyl conformal tensor C_{αβλμ}, which is trace free, and a second part E_{αβλμ} depending on the Ricci tensor exclusively, see e.g. [20, 10, 25]. This decomposition implies immediately E{R} = E{C} + E{E} + 2E{C, E}. which is a generic decomposition implying that of the Bel tensor into the Bel-Robinson and the so-called ‘pure matter’ and ‘matter-gravity coupling’ super-energy tensors [10, 25].

All in all, it seems that the definition (3) is well-posed and mathematically sound, recovers all good properties of previous super-energy and energy-momentum tensors, is generic, valid in arbitrary dimension and for any tensor fields irrespective of their (anti)- symmetry properties, easy to use, provides more information concerning the seed tensor, is potentially fruitful because many properties can be proved by using the generic formula (3) and the properties of G_{αβ}^{λμ} in (1) rather than the cumbersome explicit formulas for super-energy tensors, and last but not least, it is easily remembered.

Acknowledgements

I thank G. Bergqvist for very interesting remarks, specially concerning footnote 4. Financial support under grants FIS2004-01626 of the Spanish CICyT and no. 9/UPV 00172.310-14456/2002 of the University of the Basque Country is acknowledged.

References

[1] Anderson, A., Choquet-Bruhat, Y. and York Jr. J. W. , “Einstein-Bianchi Hyperbolic System for General Relativity” Topol. Meth. Nonlinear Anal. 10 353-374 (1997).

[2] Bel, L. “Definition d’une densité d’énergie et d’un état de radiation totale généralisée” C.R. Acad. Sci. Paris 246 3015-3018 (1958)

[3] Bel, L., “Sur la radiation gravitationnelle”, C.R. Acad Sci. Paris 247, 1094-1096 (1958)

[4] Bel, L., “Introduction d’un tenseur du quatrième ordre”, C.R. Acad Sci. Paris 248, 1297-1300 (1959).

[5] Bergqvist, G., “Positivity of general superenergy tensors” Commun. Math. Phys. 207 467-479 (1999).

[6] Bergqvist G. and Senovilla J.M.M., “On the causal propagation of fields”, Class.Quantum Grav. 16, L55-L61 (1999)

[7] Bergqvist G. and Senovilla J.M.M., “Null cone preserving maps, causal tensors and algebraic Rainich theory”, Class. Quantum Grav. 18, 5299-5325, (2001)

[8] Bonilla, M.A.G., “Symmetric hyperbolic systems for Bianchi equations”, Class.

Quantum Grav. 15 2001-2005 (1998)

[9] Bonilla, M.A.G. and Senovilla J.M.M, “Very simple proof of the causal propagation of gravity in vacuum”, Phys. Rev. Lett. 78, 783-786 (1997)

[10] Bonilla, M.A.G. and Senovilla J.M.M, “Some properties of the Bel and Bel-Robinson tensors”, Gen. Rel. Grav. 29 91-116 (1997)

[11] Chevreton, M., “Sur le tenseur de superénergie du champ électomagnétique”, Nuovo Cimento 34 901-913 (1964)

[12] Choquet-Bruhat, Y., and York Jr., J.W. “Bianchi-Euler system for relativistic fluids and Bel-Robinson type energy”, C. R. Acad. Sci. Paris 335 711-716, (2002).

[13] Christodoulou, D., and Klainerman, S., “The global nonlinear stability of the Minkowski space”, vol. 41 of Princeton Mathematical Series, (Princeton University Press, Princeton, U.S.A., 1993)

[14] Edgar, S.B. and Senovilla, J.M.M., “A weighted de Rham operator acting on arbitrary tensor fields and their local potentials” J. Geom. Phys. 56 2135-2162 (2006)

[15] Friedrich, H., “On the hyperbolicity of Einstein’s and other gauge field equations”, Commun. Math. Phys. 100 525-543 (1985)

[16] Friedrich, H., “Hyperbolic reductions of Einstein’s field equations”, Class. Quantum Grav. 13 1451-1469, (1996)

[17] Friedrich, H., and Rendall, A.D., “The Cauchy problem for the Einstein equations” in Einstein’s Field Equations and Their Physical Implications: Selected Essays in Honour of Jürgen Ehlers, Schmidt, B.G., ed., Lect. Notes Phys. 540 127-224 (Springer, Berlin, Germany; New York, U.S.A., 2000). For a related online version see: http://xxx.lanl.gov/abs/gr-qc/0002074

[18] García-Parrado A. and Senovilla J.M.M. “Causal symmetries” Class. Quantum Grav.

20 L139-L146 (2003);

—————, “General study and basic properties of causal symmetries” Class. Quantum Grav. 21 661-696 (2004)

[19] García-Parrado A. and Senovilla J.M.M., “Topical review: Causal structures and causal boundaries”, Class. Quantum Grav. 22 R1-R84 (2005)

[20] Hawking, S.W., and Ellis, G.F.R., The Large Scale Structure of Space- Time (Cambridge Univ. Press, Cambridge, 1973)

[21] Klainerman, S., and Nicolò, F., “On local and global aspects of the Cauchy problem in general relativity”, Class. Quantum Grav. 16 R73-R157, (1999)

[22] Lichnerowicz, A. “Ondes et radiations électromagnétiques et gravitationelles en relativité général” Ann. Mat. Pura Appl. 50 1-96 (1960)

[23] Pozo, J.M. and Parra, J.M. “Positivity and conservation of superenergy tensors” Class. Quantum Grav. 19 967-983 (2002)

[24] Senovilla, J.M.M., “Remarks on superenergy tensors” in Relativity and Gravitation in General: Proceedings of the Spanish Relativity Meeting in Honour of the 65th Birthday of Lluís Bel, Martín, J., Ruiz, E.,Atrio, F., and Molina, A. eds. (World Scientific, Singapore, 1999), pp.175-182. For a related online version see

http://xxx.lanl.gov/abs/gr-qc/9901019

[25] Senovilla, J.M.M., “Super-energy tensors”, Class. Quantum Grav.

17, 2799-2842 (2000). For a related, longer, online version, see

http://xxx.lanl.gov/abs/gr-qc/9906087

[26] Senovilla, J.M.M., “General Electric-Magnetic decomposition of fields, positivity and Rainich-like conditions”, in Reference Frames and Gravitomagnetism, Pascual-Sánchez, J.F., Floría, L., San Miguel, A., and Vicente F., eds. (World Sicentific, Singapore, 2001), pp.145-164. For a related online version see

http://xxx.lanl.gov/abs/gr-qc/0010095

[27] Senovilla, J.M.M., “Symmetric hyperbolic systems for a large class of fields in arbitrary dimension”, http://xxx.lanl.gov/abs/gr-qc/0607120

[28] Teyssandier, P., “Superenergy tensors for a massive scalar field”

http://xxx.lanl.gov/abs/gr-qc/9905080

[29] Teyssandier, P., “Can one generalize the concept of energy-momentum tensor?” Ann.

Fond. L. de Broglie 26 459-469 (2001)