arXiv:gr-qc/0608132 v2 3 Sep 2006

Non-spherical collapse of a two fluid star

S. G. Ghosh^∗ BITS, Pilani DUBAI Campus, P.B. 500022, Knowledge Village, DUBAI, UAE and Inter-University Center for Astronomy and Astrophysics, Post Bag 4 Ganeshkhind, Pune - 411 007, INDIA (Dated: September 3, 2006)

We obtain the analogue of collapsing Vaidya-like solution to include both a null fluid and a string fluid, with a linear equation of state (p⊥ = kρ), in non-spherical (plane symmetric and cylindrically symmetric) anti-de Sitter space-timess. It turns out that the non-spherical collapse of two fluid in anti-de Sitter space-times, in accordance with cosmic censorship, proceed to form black holes, i.e., on naked singularity ever forms, violating hoop conjecture.

PACS numbers: 04.20.Jb, 04.50.+h, 04.70.Bw, 04.20.Dw

I. INTRODUCTION

It is well known that the general relativity admits solutions with singularity, and that such solutions can be produced by non-singular initial data. The singularity theorems [1] revealed that the occurrence of singularities is a generic property of space-times in classical general relativity (GR). These theorems however can not predict the final state of such a singularity. However, there is common belief that a cosmic censor exists who safely hides the singularity inside a black hole, actually this is a famous cosmic censorship conjecture (CCC), first formulated by Penrose [2]. The CCC remains as one of the most outstanding unresolved question in GR. However, there are many known examples in the literature showing that both naked singularities and black holes can form in gravitational collapse [3]. The central shell focusing singularity can be naked or covered depending upon the choice of initial data. There is a critical branch of solution where a transition from naked singularity to black hole occurs. In particular gravitational collapse of spherical matter in the form of radiation (null fluid) described by Vaidya metric [4] is well studied for investigating CCC in four dimension [5] as well as in higher dimensions [6]. These counterexamples are restricted to spherical symmetry. Are these singularities an accident of spherical symmetry?

For the non-spherical collapse, Thorne [7] has proposed hoop conjecture: that collapse will yield a black hole only if a mass M is compressed to a region with circumference C ≤ 4πM in all directions. If hoop conjecture is true, naked singularities may form if collapse can yield C ≥ 4πM in some direction. Thus, planar or cylindrical matter will not form a black hole (black plane or black string) [7]. Indeed, Shapiro and Teukolsky [8] showed that collapse of a prolate spheroid leads to a spindle singularity without horizon, i.e., a naked singularity may form in non-spherical relativistic collapse. Also, hoop conjecture was given for space-times with a zero cosmological term and in the presence of negative cosmological term one can expect the occurrence of major changes. It is clear that, in spherically symmetric, the effect of adding negative cosmological term does not alter the final fate of collapse [9]. However, Lemos [10] has shown that planar or cylindrical black holes form rather than naked singularity from gravitational collapse of a planar or cylindrical matter distribution (null fluid) in an anti-de Sitter space-time, violating in this way the hoop conjecture but not CCC. Here the negative cosmological constant plays crucial role as in the BTZ black holes.

Several generalization of the Vaidya solution in which the source is a mixture of fluids and radiation have been obtained [11, 12, 13, 14]. Recently, Glass and Krisch [15] came up with a generalized Vaidya solution for a two fluids: a null fluid with a string fluid. They show that by allowing the Swarzschild mass as a function of retarded time creates an atmosphere for two fluid: Vaidya radiation fluid in addition to a string fluid. The solution is very important in view of recent links between black holes and string theories [16, 17, 18]. Further, the string is very important ingredient in many physical theories and idea of string is fundamental to superstring theories [19]. The solution has been employed to look into the consequence of string fluid on the formation of naked singularities in Vaidya collapse [20, 21]. The effect of string is a shrinkage of the naked singularity initial data space, or an enlargement of the black hole initial data space of Vaidya collapse [21].

In this paper, we shall first obtain the general solution for a two-fluid: a null fluid and a string fluid, with the equation of state (p_⊥ = kρ and ρ = ρ_0), in non-spherical (plane symmetric and cylindrical symmetric) anti-de Sitter space-times. We then see how the results that were presented in [10] get modified in the presence of the string fluid.

∗Electronic address: sgghosh@iucaa.ernet.in

We find that the non-spherical collapse, in contrast to spherically symmetric collapse where naked singularity inventible, lead to black holes, an accordance with CCC, giving explicit counterexample to hoop conjecture.

II. NON-SPHERICAL TWO FLUID MODEL

In this section , we extend the Glass and Krisch solutions [15], to non-spherical (plane symmetric and cylindrical symmetric) anti-de Sitter space-times. Let us first consider the case of plane symmetry. The metric of general plane symmetric space-time, expressed in terms of Eddington advanced time coordinate (outgoing coordinate) v, reads: ds^2 = −e^{ψ(v,r)}dv [ e^{ψ(v,r)}f(v, r)dv + 2dr ] + r^2α^2(dx^2 + dy^2), (1)

where −∞ ≤ x, y ≤ ∞ are coordinate which describe two-dimensional zero-curvature space which has topology R×R, −∞ ≤ v ≤ ∞ is null coordinate called the retarded time, and 0 ≤ r ≤ ∞ is the radial coordinate. Further, e^{ψ(v,r)} is an arbitrary function and where 3α^2 = −Λ > 0 denote negative cosmological constant. It is useful to introduce a local mass function m(v, r) defined by f = 1 − 2m(v, r)/r. For f = m(v)/r and ψ = 0, the metric (1) reduces to the plane symmetric Vaidya-like metric [22, 23]. Initially f = M_0/r (with ψ = 0) provides the vacuum Taub solution [24].

It is the field equation G^0_1 = 0 that leads to e^{ψ(v,r)} = g(v). However, by introducing another null coordinate e^{ψ(v,r)} = g(v), we can always set without the loss of generality, ψ(v, r) = 0. Hence, the metric takes the form:

ds^2 = − [ 1 − 2m(v, r) r ] dv^2 + 2dvdr + α^2r^2(dx^2 + dy^2). (2)

The use of a Newman-Penrose null tetrad formulism leads to Einstein tensor of the form [15, 16]:

G_{ab} = −2Ψ_{11}(l_an_b + l_bn_a + m_am_b + m_am_b) − 2Ψ_{11}l_an_b − 6Λ.. (3)

Here the null tetrad Ricci scalars are

Ψ_{11} = 1 r^2 [ 2 ∂m ∂r − r ∂^2m ∂r^2 − 1 ] (4) Ψ_{22} = − 1 r^2 ∂m ∂v (5) Λ = 1 r^2 [ 2r ∂^2m ∂r^2 − 2 ∂m ∂r − 1 ] (6) the principal null geodesic vectors are l_a, n_a of the form

l_a = δ^u_a , n_a = f/2δ^u_a − δ^r_a, (7)

where l_al^a = n_an^a = 0, l_an^a = −1. The metric (2) admits an orthonormal basis defined by four unit vectors

û_a = f^{1/2}δ^u_a − f^{−1/2}δ^r_a, r̂_a = f^{−1/2}δ^r_a, (8) x̂_a = αxδ^x_a , ŷ_a = αyδ^y_a , (9)

where û_a is a timelike unit vector and r̂_a, x̂_a, ŷ_b are unit space-like vector such that

g_{ab} = û_aû_b − r̂_ar̂_b − x̂_ax̂_b − ŷ_aŷ_b, (10)

Associated with the string world sheet we have the string bivector defined by Σ^{ab} = ϵ^{AB} dx^a dk^A dx^b dk^B , (11)

where ϵ^{AB} is two dimensional Levi-Civita symbol. It is useful to write the bivector, in terms of the unit vectors, as

Σ^{ab} = r̂^aû^b − û^ar̂^b, (12)

and the condition that the worldsheet are timelike, i.e., γ = 1/2Σ^{ab}Σ_{ab} < 0 implies that only the Σ^{ur} component is non-zero, therefore one obtains:

Σ^{ac}Σ^b_c = û^aû^b − r̂^ar̂^b. (13)

The string energy-momentum tensor for a cloud of string, by analogy with the one for the perfect fluid, is written as [15, 16]:

T^{(s)}_{ab} = ρΣ^c_aΣ_{cb} − p_⊥h_{ab}, (14)

The energy-momentum of two fluid system is T_{ab} = T^{(n)}_{ab} + T^{(s)}_{ab} , where

T^{(n)}_{ab} = ψl_al_b. (15)

It is the null fluid tensor corresponding to the component of the matter field that moves along the null hypersurfaces v = const. The effective energy momentum tensor for two fluid system, in terms of the unit vectors, can be cast as:

T_{ab} = ψl_al_b + ρû_aû_b + p_rr̂_ar̂_b + p_⊥ (x̂_ax̂_b + ŷ_aŷ_b) . (16)

For ρ = p_r = p_⊥ = 0, Eq. (16) reduces to stress-energy tensor which gives Vaidya metric [22, 23]. Comparing Eq. (3) and Eq. (16), the Einstein field equations now take the form: ψ = 1 4πr^2 ∂m ∂v , (17) ρ = −p_r = − 1 8πr^2 + 1 4πr^2 ∂m ∂r + 1 8π 3α^2, (18)

p_⊥ = − 1 8πr ∂^2m ∂r^2 − 1 8π 3α^2. (19)

Next, we construct a model by assuming the tangential pressure P_⊥ to energy density ρ by a linear equation of state p_⊥ = kρ [25], which leads to

∂^2m ∂r^2 + 2k r ∂m ∂r + 3α^2(1 + k) = k r . (20)

The integration of the this equation reads:

m(v, r) = r/2 + M (v) +^{S(v)r1−2k}_{1−2k} − α^2r^3/2, if k ≠ 1/2,

r/2 + M (v) + S(v) ln r − α^2r^3/2 if k = 1/2.

(21)

where M (v) and S(v) are arbitrary functions of integration and may not be related, and M (u) can be treated as Vaidya-mass and S(v) as contribution from string fluid. The class of solution discussed above, in general, belongs to Type II fluid defined in [1]. When m = m(r), we have ψ=0, and the matter field degenerates to type I fluid [12]. In the rest frame associated with the observer, the energy-density of the matter will be given by,

ψ = T^r_v , ρ = −T^t_t = −T^r_r , (22)

and the principal pressures are P_i = T^i_i (no sum convention). Therefore P_r = T^r_r = −ρ and P_x = P_y = kρ.

The weak energy conditions (WEC): The energy momentum tensor obeys inequality T_{ab}w^aw^b ≥ 0 for any timelike vector, i.e., ψ ≥ 0, ρ ≥ 0, P_x ≥ 0, P_y ≥ 0. (23) However, ψ > 0 gives the restriction on the choice of the functions M (v) and S(v). We observe ψ > 0 requires, ∂M ∂v + ∂S ∂v r^{1−2k} 1 − 2k > 0. (24)

This, in general, is satisfied as long as both ∂M /∂v and ∂S/∂v are greater than zero. Furthermore, to guarantee the positivity of the energy density, we must have k < 1/2 and S(v) > 0, or k > 1/2 and S(v) < 0. For k = 1/2, weak energy condition can not be satisfied for all r [13]. Therefore, we shall not consider this case further.

In summary, we have show that the metric:

ds^2 = − ( α^2r^2 − 2M (v) r − 2S(v) (1 − 2k)r^{2k} ) dv^2 + 2dvdr + α^2r^2(dx^2 + dy^2). (25)

is solution of the Einstein equations for the energy momentum tensor (16) with equation of state p_⊥ = kρ. Thus we have extended the collapsing plane symmetric Vaidya-like [22, 23] to include both a null fluid and a string fluid and we shall call it generalized plane symmetric Vaidya metric. The metric (16) is solution of Einstein equation for two fluid system: a null fluid and a string fluid in plane symmetric anti-de Sitter space-times. This metric was also obtained by Cai it et al. [26] by treating the null fluid to behave like perfect fluid. The physical quantities for this metric are given by ψ = 1 4πr^2 ( ∂M ∂v + ∂S ∂v r^{1−2k} 1 − 2k ) (26)

ρ = 1 4π S(v) r^{2k} = −p_r (27)

p_⊥ = kρ (28)

There are special cases of this solution which are already known: One is plane symmetric anti-de Sitter Vaidya metric [30], which arises for S(v) = 0 (vanishing ρ and p). When k = 1 and 2S(v) = −Q^2(v), the solution (25) reduces to plane symmetric Bonnor-Vaidya anti-de Sitter metric [26]. The Riemann anti-de Sitter metric arises when, in addition to S(v) = 0, M (v) = M_0 is a constant. The vacuum background (M=S=0) to Eq.(25) is anti-de Sitter space-time. Horizons:As demonstrated by York [27], horizons can be obtained by noting that (i) apparent horizons are defined as surface such that Θ ≃ 0 and (ii) event horizons are surfaces such that dΘ/dv ≃ 0, where Θ is expansion. For the metric (25), we have Θ = 1 r [ α^2r^2 − 2M (v) r − 2S(v) (1 − 2k)r^{2k} ] , (29)

Since the York conditions require that at apparent horizons Θ vanish, it follows form the Eq. (29) that apparent horizons will satisfy

α^2r^3 − 2S r^{1−2k} 1 − 2k − 2M = 0, (30)

which in general has positive solutions and hence final configuration would be of multiple horizon depending on the value of k.

Cylindrically symmetric space-time: We turn our attention to the cylindrical symmetric ant-de Sitter space-time. The metric (2) in the Cylindrical space-time has the form:

ds^2 = − ( α^2r^2 − 2M (v) r − S(v) (1 − 2k)r^{2k} ) dv^2 + 2dvdr + r^2dθ^2 + α^2r^2dz^2, (31)

where ∞ < v, z < ∞, 0 ≤ r < ∞ and 0 ≤ θ ≤ 2π. The two dimensional surface has topology of R × S^1. The analysis given above, with suitable modifications, is valid in the cylindrical anti-de Sitter space-time as well. Hence, to conserve space, we avoid repetition of the detailed analysis (being similar to plane symmetric case). Hence, we shall limit ourself to plane symmetric space-time in the further analysis.

III. GRAVITATIONAL COLLAPSE

To determine the solution completely, the boundary condition must be imposed, as well as the specification of the space-time in the vacuum region exterior to star. The initial radius of star from which collapse begin would be given by p_r = 0 which would demand that the function S(v) = 0. The Kretschmann scalar (K = R_{abcd}R^{abcd}, R_{abcd} is the Riemann tensor) for the metric (1) reduces to K = 48 r^6

M^2(v) +

16K_1 r^{4k+4}

S^2(v) +

32K_2 r^{5+2k} M (v)S(v) + 16α^2K_3 r^{2k+2}

S(v) + 24α^4. (32)

Here, K_1 = (4k^4 + 4k^3 + 5k^2 + 1)/(2k − 1)^2, K_2 = (−4k^3 − 4k^2 + k + 1)/(2k − 1)^2 and K_3 = (4k^3 − 8k^2 + 5k − 1). So the Kretschmann scalar diverges only on the plane r = 0 for M and S ≠ 0, establishing that metric (1) is scalar polynomial singular [1].

The physical situation is that of a radial influx of two fluid in the region of the anti-de Sitter universe. The first shell arrives at r = 0 at time v = 0 and the final at v = T . A central singularity of growing mass developed at r = 0. For v < 0 we have M (v) = S(v) = 0, i.e., the anti-de Sitter metric, and for v > T , Ṁ (v) = S(v) = 0, M (v) is positive definite. The metric for v = 0 to v = T is generalized plane symmetric Vaidya-anti-de Sitter, and for v > T we have the exterior background space-time, called Reimann anti-de Sitter solution [30]. Thus the metric (1) is not asymptotically flat.

Radial (θ and ϕ = const.) null geodesics of the metric (1) must satisfy the null condition dr dv = 1 2 [ α^2r^2 − 2M (v) r − 2S(v) r^{2k} ] . (33)

The nature (a naked singularity or a black hole) of the collapsing solutions can be characterized by the existence of radial null geodesics coming out from the singularity. The nature of the singularity can be analyzed by techniques in [3]. In order to get an analytical solution, we choose

M (v) = λv (λ > 0) and S(v) = μ^2v^{2k}(μ^2 > 0) (34)

for 0 ≤ v ≤ T [29]. Let y ≡ v/r be the tangent to a possible outgoing geodesic from the singularity. In order to determine the nature of the limiting value of y at r = 0, v = 0 on a singular geodesic, we let

y_0 = lim r→0 v→0 y = lim r→0 v→0 v r . (35)

Using Eqs. (33), (21) and L’Hôpital’s rule we get

y_0 = lim r→0 v→0 y = lim r→0 v→0 v r = lim r→0 v→0 dv dr = 2 α^2r^2 − 2λy_0 − μ^2y^{2k}_0

(36)

which implies,

μ^2y^{2k+1}_0 + 2λy^2_0 + 2 = 0. (37)

If Eq. (37) admits one or more positive real roots then the central shell focusing singularity is at least locally naked. In the absence of positive roots of (37), the central singularity is not naked because in that case there are no outgoing future directed null geodesics from the singularity (for more details, see [3]). Since there are no positive roots to (37), for all λ and μ, the collapse will always lead to a black hole, i.e., no radial future null geodesics terminate at the singularity. This is contrast to spherically symmetric collapse where a naked singularity is inventible [6].

Similar to the above discussion is also valid in Cylindrical case as well. Therefore, we can conclude that the gravitational collapse in the cylindrical symmetric anti-de Sitter space-time also forms a black hole.

IV. CONSTANT DENSITY STRING FLUID (ρ = ρ0 )

Next. we consider that the string fluid is of constant density (ρ_0) Although strictly constant density is not completely realistic, the particular analytic solution to Einstein field equation with this equation of state has provided some insights concerning stars in general relativity. For example, the star represented by this solution has property that it cannot remain in equilibrium if the size-to-mass ratio is less than 9/4 [28]. To obtain the constant density solution, we take ρ = ρ_0. With this it can bee seen that (41) can be easily integrated to yield:

ds^2 = − [ β^2r^2 − 2M (v) r ] dv^2 + 2dvdr + α^2r^2(dx^2 + dy^2). (38)

where β^2 = (3α^2 − 8πρ_0)/3 is a constant. Because ρ is the constant, the physical parameter can also be trivially evaluated to give ψ = 1 4πr^2 Ṁ (v) p_r = p_⊥ = −ρ_0 (39)

The results obtained suggest that constant string density star can have negative pressure or tension, this is consistent with Katz and Lynden Bell [28]. This can happen particularly in the hybrid star, which have ordinary positive pressure in the outermost layer and tension in the interior.

This is singular star solution. The reason for calling singular can be seen by examining the various scalars that can be built form Reimann tensor at r = 0, e.g., the Kretschmann for the metric (41), has the form:

K =

48M^2(v) r^6 + 512π^2ρ^2 3 + 24α^2 − 128α^2πρ (40)

So the Kretschmann scalar diverges along r = 0 for M (v) ≠ 0, establishing that metric (1) is scalar polynomial singular [1]. Proceeding as above the analysis of structure of this singularity is initiated by study of the radial null geodesics that satisfy dv dr = 2r β^2r^3 − M (v)

(41)

The Eq. (41) has a singular point at r = 0 and v = 0 and we write

M (v) = λv (λ > 0) (42)

Following the standard techniques one finds that the singularity is center for all λ, no radial outgoing geodesic that will terminate in the past at the singularity. Hence the collapse will always lead to a black hole in accordance with CCC.

V. CONCLUDING REMARKS

In conclusion, we have given a class of non-spherical collapse solutions (25) and (38), for two fluid, of the Einstein field equations for the energy momentum tensor (16). The solutions are asymptotically anti-de Sitter black hole solutions (1/2 < k < 1) with multiple horizon. The general metric (25) depends on one parameter (k), two arbitrary function of v (subject to energy condition). The class of the solutions discussed above, in general, belongs to Type II fluid defined in [1]. When m = m(r), we have ψ=0, and the matter field degenerates to type I fluid [12]. We have used the solutions to study string effects in the non-spherical null fluid collapse. It turns out that, non-spherical collapse of a two-fluid in anti-de Sitter background, naked singularities do not form, in accord with CCC. On the other hand planar and cylindrical black-holes form, giving explicit counter example of the hoop conjecture. Note that this conjecture is not valid when α = 0. This shows that the non-spherical collapse in anti-de Sitter back ground may violate hoop conjecture but not CCC.

[1] S. W. Hawking and G. F. R. Ellis, The Large Scale Structure of space-time (Cambridge University Press, Cambridge, 1973).

[2] R. Penrose, Riv Nuovo Cimento 1, 252 (1969); in General Relativity, an Einstein Centenary Volume, edited by S.W. Hawking and W. Israel (Cambridge University Press, Cambridge, England, 1979).

[3] P. S. Joshi, Global Aspects in Gravitation and Cosmology (Clendron, Oxford, 1993); C. J. S. Clarke, Classical Quantum Gravity 10, 1375 (1993); R. M. Wald, gr-qc/9710068; S. Jhingan and G. Magli, gr-qc/9903103; T. P. Singh, J. Astrophys. Astron. 20, 221 (1999); P. S. Joshi, Pramana 55, 529 (2000).

[4] P.C. Vaidya, Proc. Indian Acad. Sci. A33, 264 (1951); Reprinted, Gen. Rel. Grav. 31, 119 (1999). [5] A.Papapetrou, in A Random Walk in Relativity and cosmology, edited by N. Dadhich, J.K. Rao, J.V. Narlikar and C.V.

Vishveshwara, (Wiley, New York, 1985); K. Rajagopal and K. Lake Phys. Rev. D 35, 1531 (1987); K. Lake Phys. Rev. D 43, 1416 (1991); K. Lake and T. Zannias, Phys. Rev.D 43, 1798 (1991); I.H. Dwivedi and P. S. Joshi, Classical Quantum Gravity 6, 1599 (1989); ibid. 8, 1339 (1991); P.S. Joshi and I. H. Dwivedi, J. Math. Phys. 32, 2167 (1991); ibid. Gen. Relativ. Gravit. 24, 129 (1992); J.P.S. Lemos, Phys. Rev. Lett. 68, 1447 (1992); ibid., Phys. Rev. D 59, 044020 (1992); S.G. Ghosh and A. Beesham, Phys. Rev. D 61, 067502 (2000).

[6] S.G. Ghosh and R.V. Saraykar, Phys. Rev. D 62, 107502 (2000); S.G. Ghosh and N. Dadhich, Phys. Rev. D 64, 047501 (2001);S. G. Ghosh, R. V. Saraykar and A. Beesham, Int. J. Mod. Phys. A 16 (2001) 4481; S. G. Ghosh, Phys. Rev. D 62, 127505 (2000).

[7] K. S. Thorne, in Magic without magic, ed. J. R. Klander (Freeman. San Francisco, 1972). [8] S. L. Shapiro and S. A. Teukolsky, Phys. Rev. Lett. 66, 994 (1991). [9] S. M. Wagh and S. D. Maharaj, Gen. Relativ. Gravit. 31, 975 (1999).

[10] J. P. S. Lemos, Phys. Rev. D 59, 044020 (1999).

[11] P.C. Vaidya, and K.B. Shah, Proc. Nat. Inst. Sci. 23, 534 (1957); J. P. S. Lemos, Phys. Rev. D 59, 044020 (1999); T.

Harko and K. S. Cheng, Phys. Lett. A 266, 249 (2000). [12] A. Wang and Y. Wu, Gen. Relativ. Gravit. 31, 107 (1999). [13] V. Husain Phys. Rev. D 53, 1759 (1996).

[14] S.G. Ghosh and N. Dadhich, Gen. Rel. Grav. 35, 359 (2003). S.G. Ghosh and N. Dadhich, Phys. Rev. D 65, 127502 (2002). [15] E. N. Glass, J. P. Krisch, Phys. Rev. D, 57, 5945 (1998); Class. Quantum Grav. 16, 1175 (1999); J. Math. Phys. 40, 4056 (1999).

[16] N.M. Cristina gr-qc/9910048. [17] S. Kar Phys. Rev. D 55, 4872 (1997). [18] F. Larsen Phys. Rev. D 56, 1005 (1997).

[19] A. Sen, ”Developments in super string theory”, hep-ph/9810356. [20] K.S. Govinder and M. Govender, Phys. Rev. D 68, 024034 (2003). [21] S.G. Ghosh and N.N. Saste, Int. J. Mod. Phys. D, , (2004). [22] B. K. Dutta, Nuovo. Cimento A 47, 568 (1967). [23] G. T. Carlson and J. L. Safko J. Math. Phys. 19, 1617 (1978). [24] A. Taub, Phys. Rev. 103, 454 (1956).

[25] T. P. Singh and L. Witten, Class. Quant. Grav. 14, 3489 (1997).

[26] R. G. Cai and Y. Z. Zhang, Phys. Rev. D 54, 4891 (1996); R. G. Cai, L. Qiao and Y. Z. Zhang, Mod. Phys. Lett. A 12, 155 (1997).

[27] J.W. York, Jr., in Quantum Theory of Gravity: Essays in Honor of Sixtieth Birthday of Bryce S. DeWitt, edited by S.Christensen (Hilger,Bristol, 1984), p.135.

[28] Katz J., Lynden-Bell D. Class. Quantum Grav. 8, 2231 (19991). [29] See, for example, Joshi [3] [30] L. Vanzo, Phys. Rev. D 56, 6475 (1997).