arXiv:gr-qc/0609031v2 25 Dec 2006

gr-qc/0609031

Black hole thermodynamics with generalized uncertainty principle

Yun Soo Myung^{a,1}, Yong-Wan Kim^{b,2}, and Young-Jai Park^{c,3}

aInstitute of Mathematical Science and School of Computer Aided Science, Inje University, Gimhae 621-749, Korea b National Creative Research Initiative Center for Controlling Optical Chaos, Pai-Chai University, Daejeon 302-735, Korea cDepartment of Physics and Center for Quantum Spacetime, Sogang University, Seoul 121-742, Korea

Abstract

We apply the generalized uncertainty principle to the thermodynamics of a small black hole. Here we have a black hole system with the UV cutoff. It is shown that the minimal length induced by the GUP interrupts the Gross-Perry-Yaffe phase transition for a small black hole. In order to see whether the black hole remnant takes place a transition to a large black hole, we introduce a black hole in a cavity (IR system). However, we fail to show the phase transition of the remnant to the large black hole.

PACS numbers: 04.70.Dy, 04.60.-m, 05.70.Fh Keywords: Black hole; thermodynamics; generalized uncertainty principle.

1e-mail address: ysmyung@inje.ac.kr 2e-mail address: ywkim@pcu.ac.kr 3e-mail address: yjpark@sogang.ac.kr

1 Introduction

Hawking’s semiclassical analysis of the black hole radiation suggests that most information about initial states is shielded behind the event horizon and will not back to the asymptotic region far from the evaporating black hole [1]. This means that the unitarity is violated by an evaporating black hole. However, this conclusion has been debated by many authors for three decades [2, 3, 4]. It is closely related to the information loss paradox which states the question of whether the formation and subsequent evaporation of a black hole is unitary. One of the most urgent problems in the black hole physics is the lack of resolution of the unitarity issue. Moreover, a complete description of the final stage of the black hole evaporation is important but is still quite unknown. To reach the solution to these problems, we need to use quantum gravity.

Although two leading candidates for quantum gravity are the string theory and the loop quantum gravity, we need to introduce an alternative approach that provides a manageable form of the quantum gravity effect. It was proposed that the holographic principle could serve such a purpose because it includes the effect of the quantum mechanics and gravity [5, 6]. Nowadays we are interested in the generalized uncertainty principle (GUP) and its consequences [7, 8, 9] since the Heisenberg principle is not expected to be satisfied when quantum gravitational effects become important. Even though the GUP has its origins in the string theory [10] and it is similar to noncommutativity [7], the principle provides the minimal length scale and thus modifies the thermodynamics of the black hole at the Planck scale significantly. One important modification is how the GUP prevents total Hawking evaporation of the small black hole similar to the way the Heisenberg principle prevents the hydrogen atom from total collapse. Hence, there remains a remnant of a black hole. The authors [9] insisted that the remnant does not necessarily have a black hole horizon. Thus they have set the entropy to zero at the Planck scale. However, this approach is not a complete work of the GUP effect on black hole thermodynamics. We call the thermodynamic picture modified by the GUP the UV thermodynamics of a black hole.

On the other hand, there exists the Gross-Perry-Yaffe (GPY) phase transition from thermal radiation to a black hole [11]. However, a black hole nucleated at the Hawking temperature T_H = 1/8πM is in an unstable equilibrium with a heat reservoir of the same temperature T = T_H in asymptotically flat spacetime. Its fate, under small fluctuations, will be either to decay to hot flat space by radiating or to grow without limit by absorbing radiation in the heat reservoir. There is a way to achieve a stable large black hole in equilibrium with a heat reservoir. A black hole could be rendered thermodynamically stable by introducing a cavity [12, 13, 14, 15]. An important point is to know how the system of a black hole with positive heat capacity could be realized through the phase transition. This corresponds to the IR thermodynamics of the black hole in a cavity. We call the phase transition between thermal radiation and the large black hole in a cavity as the well-defined Gross-Perry-Yaffe (WGPY) transition^1. The WGPY transition could be checked by observing the heat capacity and free energy [17].

Our work is based on the first law of dE = T dS rather than dM = T dS. We investigate the UV thermodynamics by introducing the thermal energy E instead of the Arnowitt-Deser-Misner (ADM) mass M. We find that the black hole remnant is a thermodynamically stable object because of its positive heat capacity. Furthermore, we introduce the geometric means of UV and IR thermal quantities to study whether the phase transition to a stable large black hole is possible.

The organization of this work is as follows. We first study the UV thermodynamics for a modified black hole by the GUP in section II. Section III is devoted to reviewing the WGPY phase transition of the Schwarzschild black hole in a cavity, which corresponds to the IR thermodynamics for the large black hole. Finally, we discuss and summarize our results of thermodynamic properties in section IV.

2 GUP and UV thermodynamic system

The GUP possesses a minimal length scale which leads to a finite resolution of the spacetime. Thus, we could use the GUP to modify thermodynamic quantities of the black hole. Let us start with the GUP Δx ≥ h̄ Δp + l^2_p Δp h̄ (1) with l_p = √ Gh̄/c^3 the Planck length. The Planck mass is given by M_p = √ h̄c/G. The above implies a lower bound on the length scale

Δx ≥ 2l_p, (2)

which means that the Planck length plays an important role as a fundamental scale. On the other hand, the GUP may be used to derive the modified black hole temperature. A simple calculation provides the modified temperature for radiated photons. The momentum uncertainty for radiated photons can be found to be

1Actually, this transition corresponds to the Hawking-Page transition in the anti de Sitter spacetime [16].

Δp h̄ = Δx 2l^2_p [ 1 ± 1 − 4l^2_p (Δx)^2 ] . (3)

For simplicity we use the Planck units of c = h̄ = G = k_B = 1 which imply that l_p = M_p = 1. Considering the GUP effect near horizon and Δx = r_S = 2M, the energy (temperature) of radiated photons Δp can be identified with the UV temperature of a black hole up to a factor of 2π T_{UV} = M 4π [ 1 − √ 1 − 1 M^2 ] . (4)

Here we choose a negative sign to recover the Hawking temperature of T_H in the limit of large M. We are now in a position to introduce the UV thermal energy by analogy with the IR thermodynamics [12, 13, 14]

E_{UV} = 2M^3 ( 1 − √ 1 − 1 M^2 ) . (5)

In the case of M ≫ 1, this energy approximates to E_{UV} ≃ M ( 1 + 1/4M^2). It takes the Schwarzschild mass of E_S = M in the limit of large M. Rewriting M in terms of E_{UV} , we have M ≃ E_{UV} (1 − √ 1 − 1/E^2_{UV} )/2, which shows that the ADM mass consists of the thermal energy and gravitational self-energy associated with the GUP^2.

The entropy correction is obtained by integrating the first law of dE_{UV} = T_{UV} dS_{UV} . The modified entropy thus is given by S_{UV} = 4π [ M^2 ( 2 − √ 1 − 1 M^2 ) − ln ( M + √ M^2 − 1 )] , (6)

which approaches the Bekenstein-Hawking entropy S_{BH} = 4πM^2 in the limit of large M. The modified heat capacity takes the form C_{UV} = dE_{UV} dT_{UV} = 8π ( M^2 − 2M √ M^2 − 1 ) , (7)

which leads to the heat capacity for the Schwarzschild black hole C_S = −8πM^2 in the limit of large M. Finally, the on-shell free energy is defined by F^{on}_{UV} = E_{UV} − T_{UV} S_{UV} . (8) 2We note that the difference between mass and thermodynamic energy was first clarified in [18].

Figure 1: The dashed line: heat capacity C_{UV} , and the solid line: heat capacity C̃_{UV} as a function of the black hole mass M.

Figure 2: Plot of the on-shell free energies as a function of M. The dashed line denotes F^{on}_{UV} , and the solid line represents F̃^{on}_{UV} .

At this stage, it is appropriate to comment on the difference between the ADM mass M and thermal energy E_{UV} . If one uses M instead of E_{UV} , the heat capacity^3 is given by C̃_{UV} = dM dT_{UV} = 4π √ 1 −^1_{M 2} √ 1 −^1_{M 2} − 1

. (9)

Also the free energy takes the form F̃^{on}_{UV} = M − T_{UV} S̃_{UV} (10)

with the unnormalized entropy derived from the integration of dM = T_{UV} dS̃_{UV} [9]

S̃_{UV} = 2π [ M^2 ( 1 + √ 1 − 1 M^2 ) − ln ( M + √ M^2 − 1 )] . (11)

3Here we distinguish the case with mass M from the case with the thermal energy E by introducing the notation of Õ: (C_{UV} , S_{UV} , F_{UV} ) and (C̃_{UV} , S̃_{UV} , F̃_{UV} ).

In the limit of large M, one recovers the free energy F^{on}_S = M − T_H S_{BH} = M/2 for the Schwarzschild black hole from both F^{on}_{UV} and F̃^{on}_{UV} . As is shown in Fig. 1, we find that C̃_{UV} (M = 1) = 0, while C_{UV} (M = 1) = 8π > 0. We observe that a thermodynamically unstable region (C_{UV} ≤ 0) appears for M ≥ 1.15. This means that the remnant of black hole is thermodynamically stable near the Planck scale if one takes a proper definition of the energy into account. Also we find from Fig. 2 that the GPY phase transition from thermal radiation (M = 0) to a small black hole is impossible because there exists a forbidden region of 0 ≤ M < M. We suggest that the phase transition from the remnants (M = 1) to a large black hole is possible to occur. However, this fact is unclear until one studies the a black hole in a cavity.

3 IR system: Schwarzschild black hole in a cavity

A black hole of mass M can be rendered thermodynamically stable by confining it within an isothermal cavity. We assume that a black hole is located at the center of the cavity. Here we fix the temperature T on its isothermal boundary of radius R. In an equilibrium configuration, the Hawking temperature T_{IR} measured on the boundary must be equal to the boundary temperature T [12] T_{IR} ≡ 1 8πM 1 √ 1 −^{2M}_R

= T. (12)

This means that, according to the Tolman law, a local observer at rest will measure a local temperature T which scales as 1/ √ −g_{00} for any self-gravitating system in thermal equilibrium with a heat reservoir. The cavity is regarded as the heat reservoir. At M = M_{IR0} = R/3, T_{IR} has the minimum temperature

T_{IR0} = √ 27 8πR , (13)

which corresponds to the nucleation temperature of a black hole. The nucleation is a purely quantum-gravitational phenomenon. The equation (12) allows two solutions for a given T : an unstable small black hole with mass M_u and a stable large black hole with mass M_s. For T < T_{IR0}, no real value of M can solve Eq.(12), making it hard for any black hole to exist in the cavity. The solutions in the left-handed side of M_{IR0} correspond to unstable black holes with mass M_u ≃ (1/8πT )[1 + 1/8πRT ], while those in the righthanded side are stable black holes with mass M_s ≃ (R/2)[1 − 1/(4πRT )^2] [12]. M_s arises from the effect of a cavity. Here we have a sequence of M_u < M_{IR0} = 33 < M_s for R = 100.

Figure 3: The solid line represents the IR-free energy F^{on}_{IR}, while the dashed lines denote the off-shell free energy F^{off}_{IR} . From the top down, we have the off-shell free energy graphs for T = 0.001, T_{IR0}(= 0.0021), 0.0025, T_{IR1}(= 0.0026), 0.004, 0.005.

The thermal energy is derived from the first law of dE_{IR} = T_{IR}dS_{IR} by assuming that the black hole entropy is not changed. The thermal energy and entropy for the black hole embedded in a cavity take the form of E_{IR} = R ( 1 − √ 1 − 2M/R ) and S_{IR} = 4πM^2, respectively. Solving E_{IR} for M leads to M = E_{IR} − E^2_{IR}/2R, which states that the ADM mass consists of the thermal energy and the gravitational self-energy due to the presence of a cavity. The heat capacity is defined as C_{IR} ≡ (∂E_{IR}/∂T_{IR})_A at the constant area A = 4πR^2 of the boundary. The heat capacity and free energy F^{on}_{IR} ≡ E_{IR} − T_{IR}S_{IR} are given as C_{IR} = − 8πM^2(1 − 2M/R) (1 − 3M/R) , F^{on}_{IR} = R ( 1 − √ 1 − 2M/R ) − M 2 √ 1 − 2M/R . (14)

Actually, F^{on}_{IR} = 0 leads to the phase transition at M = M_{IR1} = 4R/9. Substituting it into Eq.(12), the phase transition temperature can be obtained as

T_{IR1} = 27 32πR . (15)

As is shown in Eq.(14), C_{IR} has a singular point at M = M_{IR0}. This suggests that the phase transition is the first-order at T = T_{IR0}. However, this behavior of heat capacity does not indicate a phase transition in the canonical ensemble. The heat capacity determines thermal stability of the system. The system is thermally unstable for M < M_{IR0}, while it is stable for M > M_{IR0}. On the other hand, the IR-free energy F^{on}_{IR} does not have a pole at M = M_{IR0}. Instead, it has the maximum value at this point and becomes zero at M = M_{IR1}.

Figure 4: The graphs of temperature: a) for 0 ≤ M ≤ 5, and b) for 0 ≤ M ≤ 50. Solid line: Hawking temperature T_{GM} of the geometric mean. Short-dashed line: temperature T_{IR} of the IR system. Long-dashed line: temperature T_{UV} of the UV system inspired by the GUP.

In order to study the phase transition explicitly, let us introduce the off-shell free energy, which plays a role of effective potential in the canonical ensemble, as follows [12, 17, 19, 20]: F^{off}_{IR} = E_{IR} − T S_{IR} = R ( 1 − √ 1 − 2M/R ) − 4πM^2T. (16)

With T = T_{IR0}, an extremum appears at M = M_{IR0}(= M_u = M_s). This could be checked by noticing an inflection point in Fig. 3. The nucleation of a stable black hole with mass M_s occurs at T = T_{IR0}. For T > T_{IR0}, there are two extrema, the unstable small black hole with mass M_u and the stable large black hole with mass M_s. We note that for T_{IR0} < T < T_{IR1}, F^{off}_{IR} has a saddle point (not maximum) at M = M_u. This unstable solution is important as the mediator of the phase transition from thermal radiation to a stable black hole. At T = T_{IR1}, there is a transition between thermal radiation and a large black hole. That is, for T < T_{IR1} thermal radiation dominates, while for T > T_{IR1} a black hole dominates. This is a picture of the WGPY phase transition: M = 0 → M = M_u → M_s. Furthermore, F^{on}_{IR} is a set of stationary points of F^{off}_{IR} . That is, F^{on}_{IR} can be obtained from the off-shell free energy F^{off}_{IR} through the dynamic operation: ∂F^{off}_{IR} /∂M = 0 → T = T_{IR} → F^{off}_{IR} = F^{on}_{IR}. This shows why we use the name of “off-shell” clearly.

4 Discussion and Summary

The WGPY phase transition occurs between hot flat space (thermal radiation) and a large black hole. Its key feature is the transition from negative heat capacity to positive heat capacity by the introduction of an isothermal cavity. However, there is still a drawback concerning the divergent behavior of the black hole temperature, which appears at the final stage of the black hole evaporation process as a result of Hawking radiation.

On the other hand, if one introduces the GUP into the black hole thermodynamics, the minimal length of the Planck scale turns on. This modifies thermodynamic quantities of the black hole near the Planck scale significantly. As a result, a black hole remnant remains with the maximum temperature, which can be expressed as C_{UV} = 8π > 0, F^{on}_{UV} = 0, T_{UV} = 0.056 (maximum) at the Planck scale. Surprisingly, there exists an inaccessible region of 0 ≤ M < 1, that forbids the GPY phase transition from thermal radiation (M = 0) to a small black hole. A similar case is found in the topological AdS black holes [21].

Moreover, one could expect to encounter another phase transition from the remnant at M = 1 to a large black hole. For this purpose, one may attempt to incorporate the UV system with the IR system. One ansatz is to use their geometric mean of O_{UV} and O_{IR} defined by O_{GM} = √ O_{UV} O_{IR} [22, 23]. First, let us consider the temperature of the black hole system with UV and IR cutoffs. We have three temperatures: T_{UV} , T_{IR}, T_{GM} = √ T_{UV} T_{IR}. We find immediately from Fig. 4a that the geometric mean does not works near the Planck scale well. At this point, we note that when M is small, T_{GM} differs from both T_{UV} and T_{IR}. As is shown in Fig. 4b, the minimum temperatures of T_{IR} and T_{GM} are given by T_{IR0}(M = 33) = 0.0021 and T_{GM0}(M = 40) = 0.0015. Thus, applying the geometric mean leads to the unwanted result that the minimum point is shifted from M_{IR0} = 33 into M_{GM0} = 40. It turns out that this temperature is not a physical temperature but a mathematical device. As a result, we have failed to show that this transition occurs naturally. We attribute this failure to our choice of the geometric means to describe the transition.

In summary, we have shown that the minimal length induced by the GUP interrupts the GPY phase transition for small black hole and the phase transition of the remnant to a large black hole.

Acknowledgement

This work was supported by the Science Research Center Program of the Korea Science and Engineering Foundation through the Center for Quantum Spacetime of Sogang University with grant number R11-2005-021. Y.-J. Park was also in part supported by the Korea Research Foundation Grant funded by the Korean Government (KRF-2005-015- C00105).

References

[1] S. W. Hawking, Phys. Rev. D 14 (1976) 2460.

[2] G. ’t Hooft, Nucl. Phys. B 335 (1990) 138.

[3] L. Susskind, arXiv:hep-th/0204027.

[4] D. N. Page, New J. Phys. 7 (2005) 203.

[5] G. ’t Hooft, arXiv:gr-qc/9310026.

[6] L. Susskind, J. Math. Phys. 36 (1995) 6377.

[7] M. Maggiore, Phys. Lett. B 304 (1993) 65; A. Kempf, G. Mangano, and R. B. Mann, Phys. Rev. D 52 (1995) 1108; K. Nozari and B. Fazlpour, arXiv:hep-th/0605109.

[8] L. J. Garay, Int. J. Mod. Phys. A 10 (1995) 145; F. Scardigli, Phys. Lett. B 452 (1999) 39; S. K. Rama, Phys. Lett. B 519 (2001) 103; L. N. Chang, D. Minic, N. Okamura, and T. Takeuchi, Phys. Rev. D 65 (2002) 125028; X. Li, Phys. Lett. B 540 (2002) 9; M. R. Setare, Phys. Rev. D 70 (2004) 087501; A. J. M. Medved and E. C. Vagenas, Phys. Rev. D 70 (2004) 124021; K. Nozari, Phys. Lett. B 629 (2005) 41; U. Harbach and S. Hossenfelder, Phys. Lett. B 632 (2006) 379; Y. Ling, B. Hu, and X. Li, Phys. Rev. D 73 (2006) 087702; W. Kim, Y.-W. Kim, and Y. J. Park, J. Korean. Phys. Soc. 46 (2006) 1360 [arXiv:gr-qc/0604065]; arXiv:gr-qc/0605084.

[9] R. J. Adler, P. Chen, and D. I. Santiago, Gen. Rel. Grav. 33 (2002) 2101.

[10] D. J. Gross and P. F. Mende, Phys. Lett. B 197 (1987) 129; D. Amati, M. Ciafaloni, and G. Veneziano, Phys. Lett. B 216 (1989) 41; K. Konishi, G. Paffuti, and P. Provero, Phys. Lett. B 234 (1990) 276.

[11] D. J. Gross, M. J. Perry, and L. G. Yaffe, Phys. Rev. D 25 (1982) 330.

[12] J. W. York, Phys. Rev. D 33 (1986) 2092.

[13] B. F. Whiting and J. W. York, Phys. Rev. Lett. 61 (1988) 1336. [14] D. Brown, arXiv:gr-qc/9404006.

[15] M. M. Akbar and S. Das, Class. Quant. Grav. 21 (2004) 1383. [16] S. W. Hawking and D. N. Page, Commun. Math. Phys. 87, 577 (1983). [17] G. J. Stephens and B. L. Hu, Int. J. Theor. Phys. 40 (2001) 2183. [18] J. D. Brown and J. W. York, Phys. Rev. D 47 (1993) 1407; J. D. Brown, J. Creighton and R. B. Mann, Phys. Rev. D 50 (1994) 6394 [arXiv:gr-qc/9405007].

[19] Y. S. Myung, arXiv:hep-th/0604057. [20] Y. S. Myung, Phys. Lett. B 638 (2006) 515. [21] Y. S. Myung, arXiv:hep-th/0603200.

[22] R. Brustein and G. Veneziano, Phys. Rev. Lett. 84 (2000) 5695. [23] T. Padmanabhan, Curr. Sci. 88 (2005) 1057.