arXiv:gr-qc/0609096 v1 21 Sep 2006

Kerr-Newman Solution and Energy in Teleparallel Equivalent of Einstein Theory

Gamal G.L. Nashed

Mathematics Department, Faculty of Science, Ain Shams University, Cairo, Egypt

e-mail:nashed@asunet.shams.edu.eg

An exact charged axially symmetric solution of the coupled gravitational and electromagnetic fields in the teleparallel equivalent of Einstein theory is derived. It is characterized by three parameters “ the gravitational mass M, the charge parameter Q and the rotation parameter a” and its associated metric gives Kerr-Newman spacetime. The parallel vector field and the electromagnetic vector potential are axially symmetric. We then, calculate the total energy using the gravitational energy-momentum. The energy is found to be shared by its interior as well as exterior. Switching off the charge parameter we find that no energy is shared by the exterior of the Kerr-Newman black hole.

1. Introduction

The search for a consistence expression for the gravitating energy and angular momentum of a self-gravitating distribution of matter is undoubtedly a long-standing problem in general relativity. The gravitational field does not possess the proper definition of an energy momentum tensor and one usually defines some energy-momentum and angular momentum as Bergmann [1] or Landau-Lifschitz [2] which are pseudo-tensors. The Einstein’s general relativity can also be reformulated in the context of teleparallel geometry. In this geometrical setting the dynamical field quantities correspond to orthonormal tetrad field e^i_μ (i, μ are SO(3,1) and spacetime indices, respectively). The teleparallel geometry is a suitable framework to address the notions of energy, momentum and angular momentum of any spacetime that admits a 3 + 1 foliation [3]. Therefore, we consider the tetrad theory of gravitation.

The tetrad theory of gravitation based on the geometry of absolute parallelism [4]∼[13] can be considered as the closest alternative to general relativity, and it has a number of attractive features both from the geometrical and physical viewpoints. Absolute parallelism is naturally formulated by gauging spacetime translations and underlain by the Weitzenböck geometry, which is characterized by the metricity condition and by the vanishing of the curvature tensor (constructed from the connection of the Weitzenböck geometry). Translations are closely related to the group of general coordinate transformations which underlies general relativity. Therefore, the energy-momentum tensor represents the matter source in the field equation for the gravitational field just like in general relativity.

The tetrad formulation of gravitation was considered by Møller in connection with attempts to define the energy of gravitational field [14, 15]. For a satisfactory description of the total energy of an isolated system it is necessary that the energy-density of the gravitational field is given in terms of first- and/or second-order derivatives of the gravitational field variables. It is well-known that there exists no covariant, nontrivial expression constructed out of the metric tensor. However, covariant expressions that contain a quadratic form of first-order derivatives of the tetrad field are feasible. Thus it is legitimate to conjecture that the difficulties regarding the problem of defining the gravitational energy-momentum are related to the geometrical description of the gravitational field rather than are an intrinsic drawback of the theory [16, 17].

It is well known that teleparallel equivalent of general relativity (TEGR) [18] ∼ [29] provides an alternative description of Einstein’s general relativity. In this theory the gravitational field is described by the tetrad field e^a_μ. In fact the first attempt to construct a theory of the gravitational field in terms of a set of four linearly independent vector fields in the Weitzenböck geometry is due to Einstein [30, 31, 32].

A well posed and mathematically consistence expression for the gravitational energy has been developed [17]. It arises in the realm of the Hamiltonian formulation of the TEGR [3] and satisfies several crucial requirements for any acceptable definition of gravitational energy. The gravitational energy-momentum P^a [17, 33] obtained in the framework of the TEGR has been investigated in the context of several distinct configuration of the gravitational filed. For asymptotically flat spacetimes P^0 yields the ADM energy [34].

Kawai et. al. [10] assuming the tetrad field to have the form

e^i_μ = δ^i_μ + a 2 l^kl_μ − Q^2 2 m^km_μ, and η^{μν} l_μl_ν = 0, η^{μν} m_μm_ν = 0, η^{μν} l_μm_ν = 0,

were able to obtain a charged Kerr metric solution in new general relativity. In extended new general relativity also Kawai et. al. [35] have examined axi-symmetric solutions of the gravitational and electromagnetic field equations in vacuum from the point of view of the equivalence principle.

According to the above discussion, it is clear that there is a problem in using the definitions of the energy-momentum complexes resulting from general relativity theory of gravitation. It is the aim of the present work to derive an exact charged axially symmetric solution in TEGR for the coupled gravitational and electromagnetic fields. Using this solution we calculate the energy using the gravitational energy-momentum. In §2 we derive the field equations of the coupled gravitational and electromagnetic fields. In §3 we first apply the tetrad field with sixteen unknown functions of ρ and ϕ to the derived field equations. Solving the resulting partial differential equations, we obtain an exact analytic solution. In §4 we calculate the energy. The final section is devoted to discussion and conclusion.

2. The TEGR for gravitation and electromagnetism

In a spacetime with absolute parallelism the parallel vector field e_a^μ define the nonsymmetric affine connection Γ^λ_{μν}^{def.}= e_a^λe^a_{μ,ν} , (1)

where e_{aμ,ν} = ∂_ν e_{aμ}^∗. The curvature tensor defined by Γ^λ_{μν} is identically vanishing, however. The metric tensor g_{μν} is given by g_{μν} = η_{ab}e^a_μe^b_ν . (2)

The Lagrangian density for the gravitational field in the TEGR, in the presence of matter fields, is given by^† [17, 36]

L_G = eL_G = − e 16π ( T^{abc}T_{abc} 4 + T^{abc}T_{bac} 2 − T^aT_a ) − L_m = − e 16π ∑_{abc} T_{abc} − L_m, (3)

where e = det(e^a_μ). The tensor ∑_{abc} is defined by ∑_{abc def.} = 1 4 ( T^{abc} + T^{bac} − T^{cab} ) + 1 2 ( η^{ac}T^b − η^{ab}T^c ) . (4)

∗spacetime indices μ, ν, · · · and SO(3,1) indices a, b · · · run from 0 to 3. Time and space indices are indicated to μ = 0, i, and a = (0), (i).

†Throughout this paper we use the relativistic units , c = G = 1 and κ = 8π.

T^{abc} and T^a are the torsion tensor and the basic vector field defined by

T^a_{μν}^{def.}= e^a_λT^λ_{μν} = ∂_μe^a_ν − ∂_ν e^a_μ, T^{a def.}= T^b_b^a. (5)

The quadratic combination ∑_{abc} T^{abc} is proportional to the scalar curvature R(e), except for a total divergence term [16]. L_m represents the Lagrangian density for matter fields. The electromagnetic Lagrangian density L_{e.m.} is given by [10]

L_{e.m.}^{def.}= − e 4 g^{μρ}g^{νσ} F_{μν} F_{ρσ}, (6)

where F_{μν} being given by^‡ F_{μν}^{def.}= ∂_μA_ν − ∂_ν A_μ and A_μ being the electromagnetic potential.

The gravitational and electromagnetic field equations for the system described by L_G + L_{e.m.} are the following e_{aλ}e_{bμ}∂_ν ( e ∑_{bλν} ) − e (∑_{bν} aT_{bνμ} − 1 4 e_{aμ}T_{bcd} ∑_{bcd}) = 1 2 κeT_{aμ}, ∂_ν (eF^{μν}) = 0, (7)

where δL_m δe^{aμ} ≡ eT_{aμ}. It is possible to prove by explicit calculations that the left hand side of the symmetric part of the field equations (7) is exactly given by [17] e 2 [ R_{aμ}(e) − 1 2 e_{aμ}R(e) ] .

3. Exact Analytic Solution

Let us begin with the tetrad field which can be written in the spherical polar coordinates as

( e^i_μ ) = A_1(ρ , ϕ) A_2(ρ , ϕ) A_3(ρ , ϕ) A_4(ρ , ϕ)

B_1(ρ , ϕ) sin θ cos ϕ B_2(ρ , ϕ) sin θ cos ϕ B_3(ρ , ϕ) cos θ cos ϕ B_4(ρ , ϕ) sin ϕ sin θ

C_1(ρ , ϕ) sin θ sin ϕ C_2(ρ , ϕ) sin θ sin ϕ C_3(ρ , ϕ) cos θ sin ϕ C_4(ρ , ϕ) cos ϕ sin θ

D_1(ρ , ϕ) cos θ D_2(ρ , ϕ) cos θ D_3(ρ , ϕ) sin θ D_4(ρ , ϕ) cos θ ,

(8) ‡Heaviside-Lorentz rationalized units will be used throughout this paper

where A_i(ρ , ϕ) , B_i(ρ , ϕ) , C_i(ρ , ϕ) and D_i(ρ , ϕ) , i = 1 · · · 4 are unknown functions of ρ and ϕ. Applying (8) to the field equations (7) we obtain a set of nonlinear partial differential equations. Due to the lengthy of writing these partial differential equations we will just write the solution that satisfy these differential equations.

The Exact Solution

If the arbitrary functions take the following values

A_1 = 1 − 2Mρ − Q^2 2Ω , A_2 = 2Mρ − Q^2 2Υ , A_3 = 0 , A_4 = −

(2Mρ − Q^2)a sin^2 θ 2Ω , B_1 =

(2Mρ − Q^2) 2Ω , B_2 = 1 2Υ cos ϕ ( 2ρα − (2Mρ − Q^2) cos ϕ ) ,

B_3 = α cos ϕ

, B_4 = −2β + (2Mρ − Q^2)a sin^2 θ cos ϕ Ω 2 sin ϕ , C_1 =

(2Mρ − Q^2) 2Ω , C_2 = 1 2Υ sin ϕ ( 2ρβ − (2Mρ − Q^2) sin ϕ ) ,

C_3 = β sin ϕ

, C_4 =

2α +

(2Mρ − Q^2)a sin^2 θ sin ϕ Ω 2 cos ϕ , D_1 =

(2Mρ − Q^2) 2Ω , D_2 = 1 +

(2Mρ − Q^2) 2Υ , D_3 = −ρ , D_4 =

(2Mρ − Q^2)a sin^2 θ 2Ω , (9)

where Ω, Υ, α, and β are defined by

Ω = ρ^2 + a^2 cos^2 θ , Υ = ρ^2 + a^2 − 2Mρ + Q^2 , α = ρ cos ϕ + a sin ϕ β = ρ sin ϕ − a cos ϕ , (10)

M, Q and a are the gravitational mass, the charge parameter and the angular momentum of the rotating source [9, 10].

The parallel vector field (8) using solution (9) is axially symmetric in the sense that it is form invariant under the transformation

ϕ̄ → ϕ + δϕ , ē(0)_μ → e^{(0)}_μ , ē(1)_μ → e^{(1)}_μ cos δϕ − e^{(2)}_μ sin δϕ , ē(2)_μ → e(1)_μ sin δϕ + e(2)_μ cos δϕ , ē(3)_μ → e(3)_μ. (11)

The form of the antisymmetric electromagnetic tensor field F_{μν} and the energy-momentum tensor are given by F = Q 2 √ πΩ^2 { ( (a^2 cos^2 θ − ρ^2)dρ + 2ρa^2 cos θ sin θdθ ) ∧ dt + ( 2ρa cos θ sin θ(ρ^2 + a^2)dθ − a sin^2 θ(ρ^2 − a^2 cos^2 θ)dρ ) ∧ dϕ } , (12)

T_1^1 = −T_2^2 = −

Q^2 8πΩ^2 , T_3^3 = −T_0^0 =

Q^2(ρ^2 + a^2 + a^2 sin^2 θ) 8πΩ^3 , T_0^3 =

−T_3^0 sin^2 θ(ρ^2 + a^2) = Q^2a 4πΩ^3

. (13)

Solution (9) satisfies the field equations (7) and the associated metric has the following form

ds^2 = ( Υ − a^2 sin^2 θ Ω ) dt^2 − Ω Υ dρ^2 − Ωdθ^2 − { (ρ^2 + a^2)^2 − Υa^2 sin^2 θ } Ω sin^2 θdϕ^2 −2 (2Mρ − Q^2)a sin^2 θ Ω dtdϕ , (14) which is the Kerr-Newman black hole in the Boyer-Lindquist coordinate.

The previously obtained solutions (Schwarzschild, Reissner Nordström and Kerr spacetimes) can be generated as special solutions of the tetrad (8) using (9) by an appropriate choice of the arbitrary functions. Now we are going to write the tetrad field (8) using (9) in the Cartesian coordinate.

Performing the following coordinate transformation [10]

t → t − M ln Υ − 2M^2 ( 1 − Q^2 4M^2 ) ∫ dρ Υ , x → (ρ cos ϕ + a sin ϕ) sin θ , y → (ρ sin ϕ − a cos ϕ) sin θ , z → ρ cos θ , (15)

where r = √ x^2 + y^2 + z^2 = √ ρ^4 + a^2ρ^2 − a^2z^2 ρ , (16)

to the tetrad (8) we obtain^∗

e^{(0)}_0 = 1 −

(2Mρ − Q^2)ρ^2

2ρ_1 , e^{(0)}_α = { −(n_α − a ρ ϵ_{αj3} n^j ) − a^2 ρ^2 z ρ δ_α^3 } (2Mρ − Q^2)ρ^4 2ρ_1(ρ^2 + a^2)

= −b^{(l)}_0 ,

e^{(l)}_β = δ^l_β + { x^lx_β − 2 a ρ ϵ_{k3(β}x^{l)}x^k + a^2 ρ^2 [ ϵ_k^{l3}ϵ_{mβ3}x^kx^m + 2z{ρx^{(l} − a ρ ϵ_{k3}^{(l} x^k}δ_{β)}^3 ]

+ a^4 ρ^4 z^2δ_{β3}δ^{3l} } (2Mρ − Q^2)ρ^4 2ρ_1(ρ^2 + a^2)^2

, (17)

where ρ_1 = ρ^4 + a^2z^2 , (18)

∗We will denote the symmetric part by ( ), for example , A_{(μν)} = (1/2)(A_{μν} +A_{νμ}) and the antisymmetric part by the square bracket [ ], A_{[μν]} = (1/2)(A_{μν} − A_{νμ}) .

and the ϵ_{αβγ} are the three dimensional totally antisymmetric tensor with ϵ_{123} = 1. Therefore, we are interested in this solution to calculate its associated energy.

4. Energy associated with the axially symmetric solution

Now we are going to calculate the energy content of the tetrad field (8) using (9). Before this let us give a brief review of the derivation of the gravitational energy-momentum.

Multiplication of the symmetric part of Eq. (7) by the appropriate inverse tetrad field yields it to have the form [17, 36] ∂_ν ( −e ∑_{aλν} ) = − ee^{aμ} 4 ( 4 ∑_{bλν} T_{bνμ} − δ^λ_μ ∑_{bdc} T_{bcd} ) − 4πe^a_μT^{λμ}. (19) By restricting the spacetime index λ to assume only spatial values then Eq. (19) takes the form [17]

∂_0 ( e ∑_{a0j}) + ∂_k ( e ∑_{akj} ) = − ee^{aμ} 4 ( 4 ∑_{bcj} T_{bcμ} − δ^j_μ ∑_{bcd} T_{bcd} ) − 4πee^a_μT^{jμ}. (20) Note that the last two indices of ∑_{abc} and T^{abc} are anti-symmetric. Taking the divergence of Eq. (20) with respect to j yields

−∂_0∂_j ( − 1 4π e ∑_{a0j}) = − 1 16π ∂_j [ ee^{aμ} ( 4 ∑_{bcj} T_{bcμ} − δ^j_μ ∑_{bcd} T_{bcd} ) − 16π(ee^a_μT^{jμ}) ] . (21)

In the Hamiltonian formulation of the TEGR [3],[37]∼[39] the momentum canonically conjugated to the tetrad components e_{aj} is given by

Π^{aj} = − 1 4π e ∑_{a0j} , and that the gravitational energy-momentum P^a contained within a volume V of the threedimensional spacelike hypersurface is defined by [17]

P^a = − ∫ V d^3x∂_j Π^{aj}. (22)

If no condition is imposed on the tetrad field, P^a transforms as a vector under the global SO(3, 1) group. It describes the gravitational energy-momentum with respect to observers adapted to e^a_μ. Let us assume that the spacetime is asymptotically flat. The total gravitational energy-momentum is given by

P^a = − ∮ S→∞ dS_k Π^{ak}. (23)

The field quantities are evaluated on a surface S in the limit r → ∞.

Now we are going to apply Eq. (23) to the tetrad field (8) with Eq. (9) to calculate the energy content. We perform the calculations in the Boyer-Lindquist coordinate. The only required component of ∑_{μνλ}

∑_{001} = −1 4(ρ^2 + a^2 cos^2 θ)^3(ρ^2 + a^2 − aρ + Q^2) [ 4Mρ^6 + 6Ma^2ρ^4 + 2Ma^4ρ^2 + 2MQ^2ρ^4 + 4MQ^2a^2ρ^2

−2ρ^5Q^2 − 4a^2ρ^3Q^2 − 2a^4ρQ^2 + 2Ma^2 cos^2 θ(ρ^4 + ρ^2a^2 cos^2 θ + a^2Q^2 cos^2 θ + a^4 sin^2 θ)] (24)

Further substituting (24) in (23) we obtain

P^{(0)} = E = − ∮ S→∞ dS_kΠ^{(0)k} = − 1 4π ∮ S→∞ dS_k ee^{(0)}_0

∑_{00j} ∼ = ( M − Q^2 4ρ [ 1 + { 3a^2 + ρ^2 aρ } tan^{−1} ( a ρ )]) . (25) As is clear from (25) that the energy content is shared by both the interior and exterior of the Kerr-Newman black hole. The total energy when ρ → ∞ gives the ADM (Arnowitt- Deser-Misner) mass.

5. Main results and discussion

In this paper we have studied the coupled equations of the gravitational and electromagnetic fields in the TEGR, applying the most general tetrad (8) with sixteen unknown function of ρ and ϕ to the field equations (7). Exact analytic solution is obtained (9). This solution (9) is a general solution from which we can generate the other solutions (Schwarzschild, Reissner-Nordström and Kerr spacetimes) by an appropriate choice of the arbitrary functions of the tetrad (8). The tetrad field and the electromagnetic vector potential are axially symmetric as is clear from Eq. (11). We then transform tetrad (8) with (9) into the Cartesian coordinate using the transformation given by (13).

The geometrical framework determined by the tetrad field and torsion has proven to be suitable to investigate the problem of defining the gravitational energy-momentum [17]. A consistent expression developed in the realm of the TEGR shares many features with the expected definition. In the context of the tetrad theories of gravity, asymptotically flat spacetime may be characterized by the asymptotic boundary condition e_{aμ} ∼= η_{aμ} + 1 2 h_{aμ}(1/r), and by the condition ∂_μe^a_ν = O(1/r^2) in the asymptotic limit r → ∞. An important property of the tetrad field that satisfy the above condition is that in the flat spacetime limit we have e^a_μ(t, x, y, z) = δ^a_μ and therefore T^a_{μν} = 0. Hence for the flat spacetime we normally consider a set of tetrad field such that T^a_{μν} = 0 in any coordinate system. [17, 3, 36]

Using the definition of the torsion tensor given by Eq. (5) and apply it to the tetrad field (8) using (9) we can show that the torsion of flat spacetime is vanishing identically. Therefore, we use the gravitational energy-momentum given by (23). The use of (23) is not restricted to Cartesian coordinate. Therefore, we apply (23) to the tetrad field (8) with (9) and obtain the energy content (25). As is clear from (25) that the energy content is shared by both the interior and exterior of the Kerr-Newman black hole. The asymptotic value of (25) up to O(a^4) is given by

E ∼= M − Q^2 ρ ( 1 2 + a^2 3ρ^2 + a^4 60ρ^4 ) . (26)

This result is consistent with that obtained before [40, 41] up to O(a^2). Switching off the rotation parameter, (i.e., a = 0) the energy associated will be the same as that of Reissner- Nordström metric [42, 43]. Setting the charge parameter Q to be equal zero, i.e., in the case of a Kerr black hole, it is clear from expression (26) that there is no energy contained by the exterior of the Kerr black hole and hence the entire energy is confined to its interior only.

References

[1] P.G. Bergmann and R. Thomson, Phys. Rev. 89 (1953), 401.

[2] L.D. Landau and E.M. Lifshitz, The Classical Theory of Fields (Pergamon Press, Oxford, 1980).

[3] J.W. Maluf and J.F. da Rocha-Neto, phy. Rev. D64 (2001), 084014. [4] C. Pellegrini and J. Plebanski, Mat. Fys. Scr. Dan. Vid. Selsk. 2 (1963), no.3 [5] F.W. Hehl, J. Nitsch and P. von der Heyde, in General Relativity and Gravitation, A.

Held, ed. (Plenum Press, New York) (1980).

[6] K. Hayashi and T. Nakano, Prog. Theor. Phys. 38 (1967), 491. [7] W. Kopzyński, J. Phys. A15 (1982), 493. [8] J.M. Nester, Class. Quantum Grav. 5 (1988), 1003. [9] N. Toma, Prog. Theor. Phys. 86 (1991), 659.

[10] T. Kawai and N. Toma, Prog. Theor. Phys. 87 (1992), 583 . [11] V.C. de Andrade and J.G. Pereira, Phys. Rev. D56 (1997), 4689. [12] V.C. de Andrade, L.C.T Guillen and J.G. Pereira, Phys. Rev. Lett. 84 (2000), 4533. [13] V.C. de Andrade, L.C.T Guillen and J.G. Pereira, Phys. Rev. D64 (2001), 027502. [14] C. Møller, Mat. Fys. Medd. Dan. Vid. Selsk. 39 (1978), 13.

[15] C. Møller, “Tetrad fields and conservation laws in general relativity” in Proc. International School of Physics “Enrico Fermi” ed. C. Møller, (Academic Press, London, 1962).

[16] J. W. Maluf, J. Math. Phys. 35 (1994), 335.

[17] J. W. Maluf, J. F. DaRocha-neto, T. M. L. Toribio and K. H. Castello-Branco, Phys.

Rev. D65 (2002), 124001.

[18] K. Haysih, Phys. Lett. B69, (1977), 441.

[19] K. Hayashi and T. Shirafuji, Phys. Rev. D19 (1979), 3524. [20] J.Nitsch and F.W. Hehl, Phys. Lett. B90 (1980), 98. [21] F. Müller-Hoissen and J. Nitsch, Phys. Rev. D28 (1983) 718. [22] F. Müller-Hoissen and J. Nitsch, Gen. Rel. Grav. 17 (1985), 747. [23] E.W. Mielke, Phys. Rev D42 (1990), 3388.

[24] R.S. Tung and J.M. Nester, Phys. Rev D60 (1999), 021501.

[25] M. Leclerc, Phys. Rev D71 (2005), 027503. [26] E.W. Mielke, Phys. Rev D69 (2004), 128501.

[27] V.C. de Andrade and J.G. Pereira, Phys. Rev.D56 (1997), 4689. [28] Yu.N.Obukhov and J.G. Pereira, Phys. Rev D69 (2004), 128502. [29] Yu.N.Obukhov and J.G. Pereira, Phys. Rev D67 (2003), 044016. [30] R. Weitzenbö ck, Invarianten Theorie (Nordhoff, Groningen, (1923)). [31] A. Einstein, Reimannsche Geometrie unter Aufrechterhaltung des Beriffes des Fernparallelismus (Reimannian Geometry with maintaining the notion of Distant Parallelism), Sitzungsberichte der Preussischen Akademie der Wissenshcaften, Phys.-math. Klasse (June 7th.), 217-221 (1928).

[32] A. Einstein, Auf die Riemann-Metrik und den Fernparallelismus gegrüundete einheitliche Feldtheorie (Unified Field Theory based on Riemann Metric and Distant Parallelism), Mathematische Annalen 102, 685-697 (1930) (Einglish translation available under www.lrz.de/ ~ aunzicker/ael930.html).

[33] J.W. Maluf, F.F. Faria and K.H. Castello-Branco, Class. Quantum Grav. 20, (2003), 4683.

[34] R Arnowitt, S. Deser and C.W. Misner, Gravitation: An Introduction to Current Research edited by L. Witten (Wiley, N.Y. (1962)).

[35] T. Kawai, K. Shibata and I. Tanaka, Prog. Theor. Phys. 104 (2000), 505. [36] J. W. Maluf, M.V.O. Veiga and J. F. da Rocha-neto, gr-qc/0507122.. [37] M. Blagojević , Gravitation and Gauge Symmetries (IOP Publishing UK, 2002). [38] M. Blagojević and I. A. Nikolić Phys. Rev. D62 (2000), 024021 [39] M. Blagojević and M. Vasilić Class. Quant. Grav. 17 (2000), 3785. [40] K. S. Virbhadra, Phys. Rev. D 41 (1990), 1086. [41] K. S. Virbhadra, Phys. Rev. D 42 (1990), 1066. [42] P. C. Vaidya, J. Uinv. Bombay XX1, Part 3 (1952), 1. [43] K. P. Tod, Proc. R. Soc. London A388 (1983), 457.