arXiv:gr-qc/0609098v3 24 Feb 2008

The Relation between Cosmic Temperature and Scale Factor

Ying-Qiu Gu^∗

School of Mathematical Science, Fudan University, Shanghai 200433, China

Guang-Jiong Ni^†

Department of Physics, Fudan University, Shanghai, 200433, China Department of Physics, Portland State University, Portland, OR97207, U.S.A

Abstract In this letter, we drive the explicit relation between the temperature T of classical ideal gas in the universe and the scale factor a(t) of the Friedman- Robertson-Walker metric via dynamical and statistical calculation. This function is valid for both the ultra-relativistic and the non-relativistic cases.

PACS numbers: 95.30.Tg, 98.80.Jk, 64.30.+t, 05.20.-y

Key Words: cosmic temperature, scale factor, cosmology

In [1], the author pointed out that, the cooling mechanism of the expanding universe is one of the most interesting problem of students. In the standard cosmological textbook [2] and the pedagogical articles [3, 4, 5, 6], the variation of the temperature of the cosmic fluid during the expansion of the universe was discussed according to the conventional thermodynamics. It was shown that the cosmic temperature T decrease with the inverse of scale factor of the expansion a. However the approaches such as dealing the motion of particles with the special theory of relativity and the thermodynamics seem not convincing the students and satisfying their curiosity.

∗email: yqgu@fudan.edu.cn †email: pdx01018@pdx.edu

Using the distribution function for the non-relativistic particles[7], the temperature of cosmic fluid depends the mean energy of the particles as T ≃ Ē. Dividing the velocity of particles into Hubble velocity v_h = ra^′(t) and peculiar velocity v_{pec} = ar^′(t), and then analyzing the geodesic of a particle, in [1] the author qualitatively reached the relation between momentum and scale factor p ∝ a^{−1}. Then by mass-energy relation E^2 = p^2 + m^2, he concluded that the cosmic temperature should be T ∝ a^{−1} for the ultra-relativistic gas, but T ∝ a^{−2} for the non-relativistic gas.

One of the present authors once also encountered this problem in research[8, 9]. Using the method similar to [1, 7], we can actually derive the rigorous relation T (a) for large range energy expressed by elementary function. In order to solve the function T (a), at first we introduce a useful lemma to solve the drifting speed of the particles.

Lemma. If the line element of an orthogonal subspace have the following form,

ds^2 = ~A(τ)dτ^2 + ~g_{μν} (τ)dx^μdx^ν , (1)

in which ~A and ~g_{μν} only depend on the coordinate τ, then the geodesic in this subspace is integrable. The first integrals are given by ẋ^μ ≡ dx^μ ds = ~g^{μν} C_ν , τ̇^2 ≡ ( dτ ds )_2

= ~A^{−1}(1 − ~g^{μν} C_μC_ν ), (2)

where C_μ are constants, and ~g^{μν} ~g_{να} = δ^μ_α.

The lemma can be checked directly by solving the geodesic equation. It should point out where τ is just a coordinate, which is not definitely the time-like coordinate in Minkowski space. For example, in the Schwarzschild metric

ds^2 = B(r)dt^2 − A(r)dr^2 − r^2(dθ^2 + sin^2 θdφ^2), (3)

if we take r as τ, then in the orthogonal subspace (t, r, θ), the line element has the form Eq(1). Consequently, the geodesic in the orthogonal subspace is integrable, we have

ṫ = 1 C_1B , θ̇ = C_2 r^2

, φ̇ = 0, ṙ^2 = 1 A ( 1 C^2_1 B − C^2_2 r^2 − 1 ) , (4)

where C_1, C_2 are constants. The normal velocity of the particle is given by

v^2_r = Adr^2 Bdt^2 = 1 − C^2_1 B ( 1 + C^2_2 r^2 ) , v^2_θ = r^2dθ^2 Bdt^2 = C^2_1 C^2_2 B r^2

, v^2_φ = 0. (5)

Denoting the total square speed by

v^2 ≡ v^2_r + v^2_θ + v^2_φ, (6) then by Eq(5), we get the mechanical energy conservation law for a free particle moving in gravity as

v^2 = 1 − C^2_1 B(r). (7)

Obviously Eq(7) holds for all particles with v_φ ≠ 0 due to the symmetry of the spacetime.

In cosmology, the space-time is described by Friedman-Robertson-Walker metric

ds^2 = dt^2 − a^2(t) ( dr^2 + h^2(r)(dθ^2 + sin^2 θdϕ^2) ) , (8)

where

h = sin r for spherical space, r for flat space, sinh r for hyperbolic space. (9)

The line element in the subspace (t, r) is given by

ds^2 = dt^2 − a^2(t)dr^2, (10)

which takes the form Eq(1). So the geodesic in this subspace is integrable, d ds r = C a^2 , d ds t = 1 a √ a^2 + C^2, (11)

where C is a constant only depends on the initial data. By Eq(11) we get the drifting speed of a particle v ≡ adr dt = C √ a^2 + C^2 , C = v_0 √ 1 − v^2_0 a(t_0). (12)

Then the momentum of the particles with proper mass m_n satisfies

p_n(t)a(t) = p_n(t_0)a(t_0), p_n ≡ m_nv √ 1 − v^2

. (13)

Although Eq(13) is derived in subspace (t, r), but it is valid for all particles due to the symmetry of the Friedman-Robertson-Walker metric.

The relation between momentum p and the kinetic energy K is given by

p^2 = K(K + 2m). (14)

Define the temperature T of the universe as follows kT ≡ 2 3 K̄ = 2 3 1 N N∑ n K_n, (15) where k is the Boltzmann constant, K̄ the mean kinetic energy of all particles, N the particle number in V , K_n the kinetic energy of n-th particle. Taking K_n as random variable, the distribution of kinetic energy of the particles is generally given by dP = f ( K kT ) dK kT , (16)

which satisfies ∫_∞ 0 dP = 1, ∫_∞ 0 KdP = 3 2 kT, ∫_∞ 0 K^2dP = 3 2σ (kT )^2, (17)

where σ is a constant related to the concrete distribution for given particles. Since the following discussions have not any explicit relation with distribution function f, and at most use the second order moment, so the relations given by Eq(17) are enough. For the Maxwell-Boltzmann distribution,

dP = exp ( − K kT ) √ 4K πkT dK kT , (18)

we can calculate σ =^2_5 . Eq(16) and Eq(17) are valid for both the ultra-relativistic and non-relativistic cases with multi-particles.

For any particle with proper mass m_n, by Eq(13) we have p^2_n =^{Cn}_{a2} , where C_n are constants only depending on the initial data. Then for all particles we have the mean square momentum directly

p̄^2 =

C_0 a^2

, (19)

where C_0 only depends on the initial data.

On the other hand, according to statistical principle and Eq(17), we have

p̄^2 = ∑ n ∫_∞ 0 N_n N p^2_nf ( K_n kT ) dK_n kT , = ∑ n ∫_∞ 0 N_n N K_n(K_n + 2m_n)f ( K_n kT ) dK_n kT , = 3 2σ ∑ n N_n N kT (kT + 2σm_n), (20) where N_n is the number density of particles with mass m_n, and N = ∑ n N_n is the total number density. Comparing Eq(20) with Eq(19), we get the equation of T (a) as follows kT (kT + 2σm̄) = 1 a^2

(σm̄b)^2, m̄ = ∑ n N_n N m_n, (21) where m̄ is the average mass of all particles, and b is a constant depending on initial data. Solving equation Eq(21) with respect to T , we finally get the following neat relation kT = σm̄b^2 a(a + √ a^2 + b^2)

. (22)

b can be determined by the initial data a_0 and T_0

b = a_0 kT_0 σm̄ ( 2 + kT_0 σm̄ ) . (23)

In conclusion, according to the dynamics of particles and statistical kinetic energy distribution, we rigorously derived the relation between cosmic temperature T and the scale factor a, namely the function Eq(22). By this function, we find indeed that, T ∝ a^{−1} for high temperature gas, but T ∝ a^{−2} for low temperature gas.

References

[1] Sohrab Rahvar, Cooling in the Universe, arXiv:physics/0603087

[2] S. L. Weinberg, Gravitation and Cosmology, John Wiley & Sons, 1972

[3] J. R. Christman, Question #10. Cooling and expansion of the universe, Am. J.

Phys. 63 1-13(1995)

[4] L. M. Burko, Answer to Question #10 ,Cooling and expansion of the universe, Am. J. Phys. 63 12, 1065-1066(1995)

[5] D. Keeports, Answer to Question #10 [Cooling and expansion of the universe, Christman, J. R 1995 Am. J. Phys. 63, 1, 13, Am. J. Phys. 63 12, 1067(1995)

[6] S. Blau, What happens to energy in the cosmic expansion? Munley, F 1995, Am.

J. Phys. 63, 5, 394, Am. J. Phys. 63 12, 1066-1067 (1995)

[7] T. Padmanabhan, Theoretical Astrophysics Volume III, (pp. 210-212), Cambridge University Press, 2002

[8] Y. Q. Gu, Ph. D. Thesis, Inst. of Math., Fudan Univ., China, 1995

[9] Y. Q. Gu, A Cosmological Model with Dark Spinor Source, IJMPA Vol.22, No.25 (2007) 4667-4678, gr-qc/0610147