arXiv:gr-qc/0610040 v1 10 Oct 2006

From polytropic to barotropic perfect fluids in general-relativistic hydrodynamics

Bogusz Kinasiewicz and Patryk Mach

M. Smoluchowski Institute of Physics, Jagellonian University, Reymonta 4, 30-059 Kraków, Poland

Two general-relativistic hydrodynamical models are considered: a model of self-gravitating static configurations of perfect fluid and a model of steady accretion of fluid onto a black hole. We generalise analytic results obtained for the original polytropic versions of these models onto a wider class of barotropic equations of state. The knowledge about the polytropic solutions is used to establish bounds on certain characteristic quantities appearing in both cases.

1. Introduction

We will deal with two general-relativistic hydrodynamical models assuming the spherical symmetry: a model of self-gravitating static configurations of barotropic perfect fluids and a model of steady accretion of barotropic fluid onto a black hole.

Although the first issue belongs to a classical astrophysics (see e.g. [2, 15]), quite recently Karkowski and Malec gave analytic estimates onto the binding energy of the spherically symmetric, compact polytropes [7]. These estimates had been used to infer the connection between the maximal sound speed and the sign of the binding energy related to the stability of the configuration.

The Newtonian version of the second model [1] has been promoted to a general-relativistic one by Michel [10] within the so-called test fluid approximation. The first fully general-relativistic description taking into account the backreaction (i.e., the impact the accreting fluid has on the space-time geometry) has been formulated by Malec [9].

Both Karkowski and Malec [7] and the authors of the works on the steady accretion cited above deal with the polytropic fluids, i.e., fluids with the equation of state expressed either as p̃ = Kn^Γ or in the form p̃ = Kϱ^Γ, where K and Γ are constant. Here p̃ denotes the isotropic pressure, n (1) is a baryonic density, and ϱ refers to the energy density appearing in the energy-momentum tensor of perfect fluid.^1

In the present paper we show generalisations of these models obtained by considering barotropic equations of state, instead of the polytropes. More precisely: it follows that the knowledge of some properties of the polytropic solutions can be used to estimate those properties in a more general, barotropic case.

Allowing for a wider class of equations of state constitutes a step toward more physical cases than just polytropes. A simple barotropic model of a white dwarf can serve as an example. The simplest white dwarf model is that described by a two component barotropic equation of state with the two components being essentially of the polytropic form: a polytrope with the exponent equal 5/3 for low values of the density and 4/3 in the ultra-relativistic regime.

The order of this paper is as follows. In the next section we give basic definitions of the quantities used in the presented analysis. Section 3 contains the discussion of the first model — that of static configurations of perfect fluids, where we deal with the estimates onto the binding energy in the barotropic case. Section 4 is devoted to the model of the steady accretion of barotropic fluids onto a black hole. At the end some closing remarks are made in section 5.

2. Basic equations and definitions

In the present section we recollect some of the equations and definitions introduced in [9] and [7].

A general, spherically symmetric space-time can be described by a line element ds^2 = −N^2dt^2 + αdr^2 + R^2 ( dθ^2 + sin^2 dϕ^2 ) , (1)

where N, α and R are functions of a coordinate radius r and an asymptotic time variable t.

We will consider a foliation of the space-time by the slices of a fixed time t. The only non-vanishing elements of the second fundamental form of such slices can be computed to yield K^r_r = ∂_tα/(2Nα), K^θ_θ = K^ϕ_ϕ = ∂_tR/(NR) (the convention for defining the second fundamental form used here is that of Wald [16]). The trace of the second fundamental form reads trK = N^{−1}∂_t ln (√ αR^2 ) . The analogous calculations can be also performed for the two-spheres of constant radius r embedded in each of the time slices.

1 We will refer to these two kinds of polytropes (coinciding in the Newtonian regime) as to a p̃ – n and a p̃ – ϱ polytrope respectively.

The expression for the trace of the second fundamental form of such sphere is given by p = 2∂_rR/ (R √ α). We assume further the energy-momentum tensor of perfect fluid

T^{μν} = (p̃ + ϱ)u^μu^ν + p̃g^{μν} , (2)

where u^μ denotes the four velocity of the fluid, p̃ is the pressure and ϱ the energy density.

The line element of the form (1) still has certain gauge freedom. While when dealing with static configurations one usually uses the so-called polar gauge, i.e., one characterised by a condition trK = K^r_r , for the description of the evolving fluids it proves to be convenient to introduce the comoving coordinates. This can be done by imposing an integral condition of the form ( 1 2 R (trK − K^r_r )

)_2 = 3 4R ∫_∞ R R^{′2}(K^r_r )^2dR^′+ − 1 2R ∫_∞ R R^{′2}K^r_r trKdR^′ − 1 4R ∫_∞ R R^{′2}trKdR^′. One can check that this indeed gives u^r = u^θ = u^ϕ = 0 [9].

The relation ∇_μT^{μν} = 0 leads to the continuity equation

∇_μ (ϱu^μ) = −p̃∇_μu^μ. (3)

Given a barotropic equation of state of the form p̃ = p̃(ϱ) it is, however, possible to find an integrability factor n (the so-called baryonic density) such that ∇_μ (nu^μ) = 0. It can be shown that for the energy-momentum tensor (2) the function

n = n_1 exp ∫_ϱ ϱ_1 dϱ^′ ϱ^′ + p̃(ϱ^′) (4) has the desired property. In turn, if we assume an equation of state expressed as p̃ = p̃(n) then the function ϱ given by ϱ = n + n ∫_n 0 dn^′ p̃(n^′) n^{′2} (5) satisfies the continuity equation (3). Equations (4) and (5) can be treated as expressing the relations between the baryonic and the energy density.

For a given baryonic density n one defines the baryonic mass by a simple integration over the volume of the configuration. The baryonic mass enclosed in a ball B(r) of the coordinate radius r is thus equal to m_{bar}(r) = ∫ B(r) dV n = 8π ∫_{R(r)} 0 dR^′ (R^′n/p). Here dV denotes the volume element induced on the hypersurfaces of constant time t.

An analogous volume integral of the energy density defines the so-called rest mass M(r) = ∫ B(r) dV ϱ = 8π ∫_{R(r)} 0 dR^′ (R^′ϱ/p). Although it is clearly a geometric quantity on a fixed Cauchy hypersurface, it is not conserved during the evolution of the system, i.e., it can change between subsequent Cauchy time slices.

A mass measure that, at least for compact systems, can be shown to be conserved (see e.g. [9]), and that is defined in terms of the energy density is the quasilocal mass m(r) = ∫ B(r) dV (Rpϱ/2) = 4π ∫_{R(r)} 0 dR^′R^{′2}ϱ. The quasilocal mass of a static (and spherically symmetric) configuration of perfect fluid enclosed entirely within a sphere of an areal radius R coincides with the asymptotic mass. It will be denoted here as m_S = m(r(R)) = 4π ∫_R 0 dR^′R^{′2}ϱ. Similarly to m_S , the symbols M_S and m_{bar} will refer to the total rest mass and the total baryonic mass of the static, spherically symmetric system contained in a sphere of an areal radius R.

Let us also note that one can write down the line element for the static spacetime in the polar gauge as

ds^2 = −N^2dt^2 + 1 1 −^{2m}_r dr^2 + r^2 ( dθ^2 + sin^2 dϕ^2 ) . In this case both N and m are functions of the (areal) radius r.

3. Binding energy of the static perfect fluids

The binding energy of the static, spherically symmetric and compact configuration of the perfect fluid is usually defined as a difference between its baryonic and asymptotic mass, i.e., E_{bind} = m_{bar} − m_S = ∫ V dV n − ∫ V dV ϱ √ 1 − 2m/r. The paper by Karkowski and Malec [7] is mainly devoted to give an analytic estimate of this energy for the polytropic configuration of fluid. However, one of the most useful results obtained there is a theorem bounding the potential energy −Ũ_G defined as

−Ũ_G = M_S − m_S = ∫ V dV ϱ ( 1 − √ 1 − 2m r ) = = ∫ V dV 2ϱm r ( 1 + √ 1 −^{2m}_r ).

Theorem 1 (Karkowski, Malec) Consider a static spherically symmetric configuration of the self-gravitating fluid contained entirely within a sphere of the areal radius R. Let ϱ ⩾ 0. Then

−Ũ_G = M_S − m_S ⩾ ⩾ m^2_S R 2 ( 1 + √ 1 −^{2mS}_R )_2 − m_S 2 ( 1 + √ 1 −^{2mS}_R ) +

+ 3R 4 ( −1 + √ R 2m_S arcsin √ 2m_S R ) ⩾ 3m^2_S 5R . Note that this is a very general statement — no explicit form of the equation of state is being assumed.

For the sake of shortness we will denote by Ξ the right-hand side of the above inequality.

As an implication of this theorem one can write the following bound on the binding energy of the static, polytropic configuration

E_{bind} ⩾ M_S − P Γ − 1 − m_S ⩾ Ξ − P Γ − 1

, (6)

where P denotes the integral P = ∫ V dV p̃. Below we will give the inequalities of this kind, valid for a wider class of barotropic equations of state.

3.1. Binding energy of the barotropic fluid spheres In many cases considered in astrophysics barotropic equations of state do not differ much from the polytropes. This suggests writing a barotropic equation of state as

p̃(n) = p̃(n_0) ( n n_0 )_{Γ(n,n0 )} , (7)

where n_0 denotes an arbitrarily chosen density of reference and the exponent Γ is a function of n.

The function Γ introduced in this way appears to be a kind of a mean value of the so-called adiabatic index Γ_1 = (n/p̃) dp̃/dn = ((ϱ + p̃) /p̃) dp̃/dϱ. The two “gammas” are related by the formula

Γ(n, n_0) = ln^{−1} n n_0 ∫_n n_0 dn^′ Γ_1(n^′) n^′ . Clearly, every barotropic equation with n ⩾ 0 and p̃ ⩾ 0 can be written in the form (7). We will, however, deal with a narrower class of equations of state for which the function Γ is bounded, i.e., Γ_{min} ⩽ Γ(n, n_0) ⩽ Γ_{max}, and that the inequality Γ_{min} > 1 holds. This implies that p̃(n = 0) = 0 and also that p̃(n)/n → 0 as n → 0. These properties will be used explicitly in further considerations.

We present now two generalisations of (6) onto the case with the equations of state of the form (7).

Lemma 1 Assume conditions of theorem 1. Let the equation of state be of the form (7) and let the exponent Γ be nonincreasing with the baryonic density n. If the reference density n_0 is such that n ⩽ n_0, then E_{bind} ⩾ Ξ − P/ (Γ_{min} − 1) .

Proof. Let us start with the inequality n ∫_n 0 dn^′ n_0 p̃(n_0) n_0 ( n^′ n_0 )_{Γ(n,n0 )−2} ⩾ n ∫_n 0 dn^′ n_0 p̃(n_0) n_0 ( n^′ n_0

)_{Γ(n}′_{,n0 )}

valid for n ⩽ n_0 and Γ(n, n_0) being a nonincreasing function of n. The integral appearing on the left-hand side of the above formula can be easily computed to give

p̃(n_0) Γ(n, n_0) − 1 ( n n_0 )_{Γ(n,n0)} ⩾ n ∫_n 0 dn^′ p̃(n^′) n^{′2} and thus n ⩾ ϱ − p̃(n)/(Γ(n, n_0) − 1) ⩾ ϱ − p̃(n)/ (Γ_{min} − 1). It is now enough to use the bound on −Ũ given in [7], i.e., ∫ V dV ϱ − m_S ⩾ Ξ to obtain the desired estimate onto the binding energy, namely

E_{bind} = ∫ V dV n − m_S ⩾ Ξ − 1 Γ_{min} − 1 ∫ V dV p̃. This completes the proof.

The similar result can be formulated for the case with Γ(n, n_0) being a nondecreasing function of n. We decided to omit the proof. Although it is more complex than the preceding one, it can be based on the similar idea.

Lemma 2 Let the assumptions of theorem 1 hold and let Γ(n, n_0) be a nondecreasing function of n. Then

E_{bind} ⩾ AΞ + Am_S − m_S − A Γ_{min} − 1 ∫ V dV Θ(n − n_0)p̃ + − 1 Γ_{min} ∫ V dV Θ(n_0 − n)p̃(n_0) ( n n_0

)_{Γmin} , (8) where Θ denotes the Heaviside function and the A constant is given by A = ( 1 + p̃(n_0) n_0

Γ_{max} − Γ_{min} (Γ_{max} − 1) (Γ_{min} − 1) )_{−1} . Let us note that in lemma 2 no assumption is made on the value of the reference density n_0.

Consider now the limit of n_0 → 0: (i) Since the volume of the region where n < n_0 tends to zero so does the last integral occurring in (8). (ii) In general by changing n_0 we change the form of Γ(n, n_0). Suppose now that the expression Γ_{max} − Γ_{min} remains bounded as n_0 → 0. Remembering that we are still dealing with the equations of state for which p̃(n)/n → 0 for n → 0 we see that the value of A appearing in (8) tends to the unity. (iii) Assume further that Γ(n, n_0) is not only a nondecreasing function for a given n_0 but is a nondecreasing function for all n_0 → 0 so that the lemma 2 holds. Then in the above limit bound (8) reduces to E_{bind} ⩾ Ξ−P/ (Γ_{min} − 1) and the same inequality emerges as a result of both lemmas.

The barotropic equation of state can be also expressed in terms of the energy density ϱ. It is clear, that the barotropic equation of state expressed in the form p̃ = p̃(n) can be transformed into the barotropic form in which the energy density is used, i.e., p̃ = p̃(ϱ); in some cases it is, however, useful to preserve the freedom of choice between these two dual descriptions.

In the following we present a result, analogous to the preceding one, but formulated for the equation of state of the form

p̃(ϱ) = p̃(ϱ_0) ( ϱ ϱ_0 )_{Γ(ϱ,ϱ0)} . (9)

As before we assume that the exponent Γ(ϱ, ϱ_0) is bounded, i.e., 1 < Γ_{min} ⩽ Γ(ϱ, ϱ_0) ⩽ Γ_{max} for some constants Γ_{min} and Γ_{max}.

Lemma 3 Let the conditions of theorem 1 hold. Let the equation of state be of the form (9) and the exponent Γ(ϱ, ϱ_0) be a nonincreasing function of ϱ. Let us also assume that the density of reference ϱ_0 is greater than the largest value of ϱ within the whole configuration. Then E_{bind} ⩾ Ξ − P/ (Γ_{min} − 1).

The last statement presented in this section gives the suitable bound on the binding energy for the equations of state of type (9) with the exponents Γ(ϱ, ϱ_0) being nondecreasing functions of ϱ.

Lemma 4 Let the assumptions of theorem 1 be satisfied. Let the equation of state be of the form (9) and let Γ(ϱ, ϱ_0) be nondecreasing function of ϱ.

Under these conditions the following inequality holds

E_{bind} ⩾ ÃΞ + Ãm_S − m_S − Ã Γ_{min} − 1 ∫ V dV Θ(ϱ − ϱ_0)p̃ + − ∫ V dV Θ(ϱ_0 − ϱ)p̃(ϱ_0) ( ϱ ϱ_0

)_{Γmin} . Here the constant Ã is given by

Ã = ( 1 + p̃(ϱ_0) ϱ_0

)_−^Γmax^{−Γ}min

(Γmax−1)(Γmin−1) . Similarly, under restrictions analogous to those that have been mentioned in the comment to lemma 2, the ϱ_0 → 0 limit of the above inequality reads E_{bind} ⩾ Ξ − P/ (Γ_{min} − 1).

3.2. On the sound velocity and the sign of the binding energy The results presented in the previous section allow us to formulate conditions involving the sign of the binding energy that remain in a strict analogy to those given in [7] for the polytropic equations of state.

Assume that the equation of state is given by (9). Then the sound velocity can be easily calculated to yield

a^2 = p̃ ( ln ( ϱ ϱ_0 ) ∂Γ(ϱ, ϱ_0) ∂ϱ + Γ(ϱ, ϱ_0) ϱ ) = = p̃ ln ( ϱ ϱ_0 ) ∂Γ(ϱ, ϱ_0) ∂ϱ + Γ(ϱ, ϱ_0) p̃(ϱ_0) ϱ_0 ( ϱ ϱ_0 )_{Γ(ϱ,ϱ0)−1} . Let us introduce now the mean sound velocity ā as

ā^2 = P ∫ V dV ( ln (_ϱ ϱ_0 )_{∂Γ(ϱ,ϱ0)} ∂ϱ +^{Γ(ϱ,ϱ0)}_ϱ )_{−1} .

Clearly, the quantity defined in this way is bounded from above and from below by the maximal and minimal sound speed respectively. Let us further define ã^2 = P Γ_{min}/M_S . If the exponent Γ is a nonincreasing function of ϱ and the density of reference ϱ_0 is chosen to be such that ϱ ⩽ ϱ_0 or conversely, if dΓ/dϱ ⩾ 0 and ϱ_0 ⩽ ϱ, then (ln (ϱ/ϱ_0) ∂Γ(ϱ, ϱ_0)/∂ϱ + Γ(ϱ, ϱ_0)/ϱ)^{−1} ⩽ ϱ/Γ(ϱ, ϱ_0). Consequently ∫ V dV (ln (ϱ/ϱ_0) ∂Γ(ϱ, ϱ_0)/∂ϱ + Γ(ϱ, ϱ_0)/ϱ)^{−1} ⩽ M_S /Γ_{min}. This, in turn, implies that ā^2 ⩾ ã^2.

Corollary 1 Under the assumptions described above, the inequality ā^2 > Γ_{min} (Γ_{min} − 1) Ξ/M_S . is a necessary condition for the binding energy E_{bind} to be negative.

Corollary 2 Assume that the conditions specified at the beginning of this section are satisfied. Then for the binding energy to be negative it is necessary that

a^2_{max} ⩾ Γ_{min} ( 1 + Ξ m_S )_{Γmin−1}

− Γ_{min}, (10)

where a^2_{max} denotes the maximum value of the sound speed.

A brief discussion of inequalities of the type of inequality (10) can be found in [7].

3.3. Physical examples

So far we have only been dealing with fairly general assumptions about the equation of state. It is, however, easy to find explicit physical examples of equations of state that satisfy the assumptions we have made. Let us begin with nonincreasing “gammas”. Consider a simple model of a white dwarf supported entirely by a degenerate electron pressure (see e.g. [11]). The pressure of the noninteracting relativistic electron gas in the zero temperature limit can be described by the formula (we use the cgs units in this section to present the formulae in the most familiar form)

p̃ = πm^4_ec^5 3h^3 [ x(2x^2 − 3) √ 1 + x^2 + 3 sinh^{−1} x ] , (11)

where m_e denotes the rest mass of the electron, c stands for the speed of light and h is the Planck constant. The parameter x appearing here is related to the number density of electrons n_e by x = (m_ec/h) (3n_e/(8π))^{1/3}. For the white dwarfs that contain almost no hydrogen one can use the following relation between the number density of the electrons n_e and the baryonic density: n_e = n/ (2m_H), where m_H denotes the rest mass of the hydrogen atom. In this case formula (11) defines a barotropic equation of state which can be trivially expressed in the form (7) by taking Γ(n, n_0) = (ln p̃(n) − ln p̃(n_0)) / (ln n − ln n_0). One can show that the function Γ is always decreasing; moreover, independently of the value of the density n_0 we have Γ(n, n_0) → 5/3 for n → 0 and Γ(n, n_0) → 4/3 for n → ∞.

Examples of the equation of state with nondecreasing barotropic indices, satisfying conditions of statement 2, can be found in [12, 13] or [5]. These equations had been used for the description of the stiffening of matter at supranuclear densities. They are essentially of the form (7) with the exponent Γ given by Γ = Γ_{min} + ηΘ(n − n_{nuc}) ln (n/n_{nuc}), where Γ_{min} and η are some constants, n_{nuc} denotes the nuclear density and Θ is the Heaviside function. The density of reference n_0 is chosen to be equal unity in the used system of units. Let us note that the function Γ defined in this way will still be nondecreasing, even if we allow the reference density n_0 to tend to zero. Additionally, if we assume Γ_{max} = Γ(n_{max}, n_0) for some fixed n_{max}, then Γ_{max} → Γ_{min} as n_0 → 0. Thus, this kind of equation not only fulfills the assumptions of lemma 2 but it also assures the desired limit behaviour at n_0 → 0.

4. Quasistationary (steady) accretion

We will consider a spherically symmetric cloud of gas falling onto a nonrotating black hole. The black hole provides the simplest choice for the central object as one can assume that no shock waves occur.

In this chapter we will work in comoving coordinates. Let us define a fluid velocity U by U = ∂_tR/N = R (trK − K^r_r ) /2. This allows us to write the Einstein equations in the form (see e.g. [7]) pR = 2 √ 1 − 2m(R) R + U^2 (12)

(the Hamiltonian constraint) and ∂_R ( R^2U ) − R^2trK = 0 (13)

(the momentum constraint). The evolution equation reads ∂_tU = 1 4 (pR)^2∂_RN − Nm(R) R^2 − 4πRNp̃. (14) The continuity equation (3) can be now written as

∂_tϱ = −NtrK(ϱ + p̃). (15)

The conservation of the energy-momentum tensor provides us also with the relativistic version of the Euler equation

N∂_Rp̃ + (ϱ + p̃)∂_RN = 0. (16)

We will assume that the accretion is steady and relatively slow, so that the central mass can be regarded as constant (see e.g. [3]). More precisely: (i) the accretion rate, defined as ṁ = (∂_t −(∂_tR)∂_R)m(R) for the given areal radius R, is assumed to be constant in time; (ii) the fluid velocity U, energy density ϱ, sound velocity a etc. should remain constant on the surface of fixed R: (∂_t − (∂_tR)∂_R)X = 0, where X = U, ϱ, a, . . .

The accretion rate introduced above can be computed to yield

ṁ(R) = −4πNR^2U(ϱ + p̃). (17)

It was proved by Malec [9] that under the above conditions the accretion rate is independent of the surface (characterised by a given R) for which it is calculated, i.e., ∂_Rṁ = 0 (cf. equation (23) below).

Under the above assumptions the original partial differential equations become ordinary ones. The evolution equation (14) can be written as NU∂_RU = (pR)^2∂_RN/4 − Nm(R)/R^2 − 4πNp̃, while differentiation of equation (12) gives NU∂_RU = N(Rp)∂_R(Rp)/4 − Nm(R)/R^2 + 4πRNϱ. By subtracting these equations we obtain one of the key equations of the presented model, namely

∂_R ln ( N pR ) = 16π p^2R

(ϱ + p̃). (18)

Finally, under the assumption of the quasistationarity of the accretion, the momentum constraint (13) together with the continuity equation yields

∂_R ln ( |U|R^2 ) = − ∂_Rϱ ϱ + p̃ . (19)

Both of these equations can be integrated starting from the outer boundary of the accreting cloud. If N_∞, p_∞ and R_∞ denote the adequate values at the boundary, we can write N pR = N_∞ p_∞R_∞ exp ( −16π ∫_{R∞} R dR^′ ϱ + p̃ p^2R^′ ) . (20)

Similarly integrating equation (19) we get U = A R^2n

, (21)

where A is an integration constant. Analogous algebraic form can be given also to the Euler equation (16), namely N = Bn ϱ + p̃ . (22)

Here B denotes another integration constant. One can check the validity of this formula using (4).

Let us note that formula (17) reduces to ṁ = −4πAB. (23) In principle, one can use ṁ instead of a constant A. This is what was done in the classical analysis by Bondi [1]; we will, however, leave the constant A as it is, in order to preserve the clarity of the equations.

In what follows we will also put N_∞ = 1. This can always be done provided that a suitable foliation of the external Schwarzschild space-time is chosen.

Let us now define a sonic point as such, where the length of the spatial velocity vector equals the speed of sound |⃗U| = 2U/(pR) = a. In the Newtonian limit the above definition coincides with the standard requirement of the equality between the velocity of the fluid and the local sound speed. In the following we will denote by the asterisk all values referring to the sonic point.

Below we show a theorem being a simple generalisation (onto the barotropic fluids case) of Malec’s result for the type p̃ – ϱ polytrope.

Theorem 2 For the barotropic fluid accreting in the quasistationary way, the following equation holds at the sonic point

a^2_∗ ( 1 − 3m(R_∗) 2R_∗ + c_∗ ) = U^2_∗ = m(R_∗) 2R_∗ + c_∗, (24)

where c_∗ abbreviates the expression c_∗ = 2πR^2p̃_∗.

Proof. The equation (18) can be easily written in the form

∂_R ln N = 4 p^2R^3 ( 1 4 pR^2∂_R(Rp) + 4πR^2ϱ + 4πR^2p̃ ) . Now, differentiation of the squared Hamiltonian constraint equation (12) gives 1 4 pR^2∂_R(Rp) + 4πϱR^2 = m(R) R + RU∂_RU = = m(R) R − 2U^2 + 1 2R^3 ∂_R ( U^2R^4 )

and thus

∂_R ln N = 4 p^2R^3 ( m(R) R − 2U^2 + 1 2R^3 ∂_R ( U^2R^4 ) + 4πR^2p̃ ) .

An other expression for the logarithm of the lapse derivative can obtained from the Euler equation (16), namely ∂_R ln N = −∂_Rp̃(ϱ + p̃). Introducing the sound velocity and remembering equation (19) we get (under assumption that the fluid is ruled by the barotropic equation of state) ∂_R ( U^2R^4 ) = ( 2/a^2 ) ∂_RN. The above equations lead easily to a key relation ( 1 − 4U^2 p^2a^2R^2 ) ∂_R ( U^2R^4 ) = 16U^2R a^2p^2 ( m(R) 2R − U^2 + 2πR^2p̃ ) . This equation was first obtained by Malec [9], but with an explicit use of the polytropic equation of state. The proof can now be completed immediately by writing the above equation together with the equation (12) at the sonic point.

4.1. A case without backreaction

If the mass of accreting fluid is negligible compared to the total asymptotic mass m, i.e., 4π ∫ R>2m dR^′R^{′2}ϱ ≪ m, (25) equation (20) yields N ≈ pR/2 ≈ √ 1 − 2m/R + U^2. Now, under an additional condition c_∗ = 2πR^2_∗p̃_∗ ≪ 2m/R_∗ equation (24) can be rewritten in the form a^2_∗ (1 − 3m/ (2R_∗)) = U^2_∗ = m/ (2R_∗). Notice, that due to (25) we have m(R) ≈ m for R > 2m and we are, in fact, considering the motion of the infalling fluid in the fixed Schwarzschild space-time (the so-called test fluid approximation).

The steady accretion model of Malec [9] has its continuation in a recent paper by Karkowski et al. [6]. The main aim of this work was to investigate the effects of backreaction of fluid onto the metric. It appeared that, at least in the polytropic case (p̃ – ϱ polytrope), some parameters of the sonic point (a^2_∗, U_∗ and the ratio m_∗/R_∗) are the same in the full model with backreaction as in the test fluid approximation, provided that the asymptotic parameters are the same in both cases. This shows that for some purposes the knowledge of much simpler test fluid approximation is satisfactory. Although this fact has been proved only for the p̃ – ϱ polytropic equation of state, the numerical calculations show that it holds true also for the p̃ – n polytropes. We conjecture that it is also valid for a wider subclass of barotropic models.

We will deal with the test fluid approximation until the end of this paper. Among the presented results the special emphasis will be given to the bounds on the speed of sound at the sonic point for a class of barotropic equations of state. If the above conjecture is true, this result will hold also for the general case that includes the backreaction.

4.1.1. The existence of the solutions

Within the test fluid approximation the following existence theorem can be proved.

Theorem 3 Assume that there exists a sonic point, the backreaction effects can be neglected, the equation of state is a barotrope given by (7) with the restriction that 1 < Γ(n, n_0). If in addition the inequality n d dn ln a^2 < 2 ( a^2 + 1 3 ) (26)

holds at the sonic point, then outside the event horizon there exist at least two solutions that bifurcate from the sonic point.

Proof. Let us start with the Euler equation (22) expressed in the form L ≡ ϱ + p̃ n = B N = B √ 1 −^{2m}_R +^{A2}_{R4n2} ≡ P. (27)

The functions L and P denoting the left and right-hand side of this equation play a crucial role in the entire proof.

From relation (5) we have L = p̃ n + 1 + ∫_n 0 dn^′ p̃(n^′) n^{′2} . (28)

If the equation of state will be of the form (7) and the restriction 1 < Γ_{min} ⩽ Γ(n, n_0) will hold, then, as it has been already stated, p̃/n → 0 as n → 0. Additionally, the integral appearing in the formula (28) converges and lim_{n→0} ∫_n 0 dn^′p̃(n^′)/n^{′2} = 0. Due to these facts we conclude that L → 1 as n → 0 and, what follows simply from the equation (27), P → 0. The other limit, i.e., that of n → ∞ gives, basing on the same assumptions, L → ∞ while for P we have lim_{n→∞} P = B/ √ 1 − 2m/R < ∞. Thus in both cases, n → 0 and n → ∞, the same inequality L > P holds independently of the value of R > 2m. Now, if it happens that for some value of n (denoted as n_x) and a fixed value of R an opposite inequality L < P is satisfied, it follows from the continuity argument that the graphs of L and P must intersect at least in two points, i.e., at least two solutions exist at R.

The suitable value of n_x for a given R can be chosen as n_x = n_∗ (R/R_∗)^x. For the function n_x(R) one can show that at R = R_∗ we have ∂_RL(n_x) = ∂_RP (n_x). Careful computation of the second derivatives gives in turn

∂^2_RP (n_x) | |_{R=R∗} = P (R_∗) a^{2∗} R^2_∗ (( 3a^2_∗ − 2 ) x^2 − 9x − 6 ) and ∂^2_RL(n_x) | R=R_∗ = L(R∗) a^2_∗ R^2_∗ (( a^2_∗ + ( n d dn ln a^2 ) R=R_∗ ) x^2 − x ) . It is easy to observe that the sign of the expression ∂^2_R(P (n_x)−L(n_x)) taken at the sonic point is equal to the sign of ( 2a^2_∗ − 2 − ( n d dn ln a^2 ) R=R_∗ ) x^2 − 8x − 6.

The discriminant of the above polynomial of x is always positive provided that inequality (26) holds at the sonic point. In this case it is possible to choose such value of x that ∂^2_RL(n_x) | R=R_∗ < ∂ 2 RP (n_x) | R=R_∗ . This in turn

ensures that at least in some vicinity of R_∗ we have L(n_x) < P (n_x).

The domain of the existence of the solution can be extended to the whole domain outside the horizon by exploiting the observation that

∂_n(L − P ) = a^2L n ( 1 − 4U^2 p^2R^2a^2 ) . (29)

The argument allowing us to conclude about this extension is as follows. Assume that there exists R_1 (say R_1 > R) such that both solutions exist for R_∗ < R < R_1 and that there is no intersection of the graphs of L(n) and P (n) for R > R_1. Again it follows simply from the continuity that for R = R_1 there exist just one point where the two graphs intersect. Obviously, the derivatives with respect to n of both L and P would be equal in this point. That, in turn, contradicts formula (29) giving a non-zero value for ∂_n(L − P ) as long as R ≠ R_∗ and as long as we are dealing with a finite baryonic density n and a positive value of the sound speed. Since we have already shown that for n → ∞ we have L ≠ P in the region outside the horizon, the baryonic density must remain finite and we are left with the conclusion that at least two solutions exist in the domain described by R ∈ (2m, R_∞). It should be stated that for both polytropic equations of state, i.e., for a type p̃ – ϱ and for a type p̃ – n polytrope condition (26) is satisfied provided that the suitable polytropic exponent is less than 5/3.

4.1.2. The polytropic equation of state

The original model of Malec [9] uses the polytropic equation of state of the p̃ – ϱ type. We will adhere now the alternative and probably more popular equation of state

p̃ = Kn^Γ, 1 < Γ ⩽ 5/3. (30)

Introducing a new function ξ defined as ξ = ΓKn^{Γ−1}/(Γ − 1) one can immediately integrate the Euler equation (16) to obtain N(1 + ξ) = 1 + ξ_∞, where ξ_∞ denotes the value of ξ at the outer boundary of the cloud.

The sound velocity can be also conveniently expressed with the use of ξ, a^2 = (Γ − 1)ξ/(1 + ξ). It follows that

a^2 < Γ − 1 (31)

is a strict bound for the sound velocity. No such bound exists for the alternative p̃ – ϱ polytrope.

The Euler equation integrated above can be also expressed in terms of the sound velocity

Γ − 1 − a^2 = N ( Γ − 1 − a^2_∞ ) . (32)

Notice that the square of the speed of sound is directly proportional to the lapse function N here. This fact results with the significant simplification of the equations when compared to the p̃ – ϱ model.

It has been already shown in [9] that there always exists a unique sonic point for the p̃ – ϱ model in which the backreaction is neglected. One can parallel Malec’s proof also for the p̃ – n case simply by analysing the sonic point equation Γ − 1 − a^2_∗ = N_∗ ( Γ − 1 − a^2_∞ ) . (33)

It follows that there always exists a unique sonic point in the p̃ – n model without the backreaction (i.e., a unique solution to the above equation) provided that Γ ⩽ 5/3. Moreover, it must be located outside the horizon, i.e., R_∗ > 2m.

In this point the p̃ – n model differs from the p̃ – ϱ model. While in the p̃ – ϱ model the sonic point may exist, at least formally, below the horizon^2, the p̃ – n equation of state does not allow (even theoretically) such a possibility to happen.

Further progress can be made by considering equation (33) squared and rewritten in the form 3 ( a^2_∗

)_3 + (7 − 6Γ) ( a^2_∗

)_2

+ (Γ − 1)(3Γ − 5)a^2_∗+

+a^2_∞ ( 2(Γ − 1) − a^2_∞ ) = 0. (34)

2 Such situation could contradict the established views on the properties of matter. If the square of the sound speed in the p̃ – ϱ polytropic model exceeds the polytropic index Γ we have p̃ > ϱ, i.e., one of the energetic conditions breaks down. This is since for p̃ – ϱ polytrope one has

p̃ = Kϱ^Γ = a^2 Γ ϱ.

This is a purely algebraic cubic equation for a^2_∗. It is easy to show that for Γ ⩽ 5/3 and for the interesting range of a^2_∞, i.e., 0 < a^2_∞ < Γ − 1 three real different roots of this equation exist. Since the original unsquared equation (33) can be proved to have a unique solution, only one of the mentioned roots of (34) is the one we search for. Careful analysis shows that the first of two remaining solutions lays outside the range 0 < a^2_∗ < 1 and the second simply does not satisfy the original equation (33). The only physical solution can be expressed by the following Cardano’s formula (see also [4])

a^2_∗ = 1 9 { 6Γ − 7 + 2(3Γ − 2) cos [ π 3 + 1 3 arccos { 1 2(3Γ − 2)^3 ( 54Γ^3 +

−351Γ^2 − 558Γ + 486(Γ − 1)a^2_∞ − 243a^4_∞ − 259 )}]} . (35)

One may check, that for a^2_∞ = Γ−1 the above gives a^2_∗ = a^2_∞ and for a^2_∞ = 0 we get a^2_∗ = 0.

The formula (21) for the value of the velocity U at a given radius R can be transformed into the form involving the sound speed instead of the baryonic density. For the p̃ – n polytrope we have

U = U_∗ R^2_∗ R^2 ( a^2_∗ a^2

Γ − 1 − a^2 Γ − 1 − a^2_∗

) 1_{Γ−1} . This equation, together with the Euler equation (32) and equations (20) and (12), constitutes the complete set describing the full polytropic model that takes into account the backreaction effects. Since in the test fluid approximation we have obtained an analytic expression for the sound speed in the sonic point and

U^2_∗ = a^2_∗ 1 + 3a^2_∗

, N_∗ = 1 √ 1 + 3a^2_∗

, R_∗ = m 2 1 + 3a^2_∗ a^2_∗

, (36)

i.e., we know precisely all quantities characterising the sonic point, it is possible to express the accretion rate with just one analytic formula depending on asymptotic parameters a_∞ and n_∞. Indeed, after some calculations one can arrive at the form

ṁ = −4πNR^2U(ϱ + p̃) =

= πn_∞m^2

Γ − 1 Γ − 1 − a^2_∞ ( 1 + 3a^2_∗ a^2_∗

) 3_2 (

a^2_∗ a^2_∞

Γ − 1 − a^2_∞ Γ − 1 − a^2_∗

) 1_{Γ−1}

. (37)

In this point the model with the p̃ – n polytrope appears to be simpler than the alternative p̃ – ϱ model in which the value of the accretion rate can be only estimated (or computed numerically) even when the backreaction is neglected. The detailed comparison of the two models can be found in [8].

Let us also notice that some authors (see e.g. [14]) define an accretion rate as the time derivative of the baryonic mass (instead of the quasilocal one). The accretion rate defined this way can be expressed by the formula ṁ_{bar} = (∂_t − (∂_tR)∂_R)m_{bar}(R) = −8πNURn/p. In the test fluid approximation where N ≈ pR/2 we get ṁ_{bar} = −4πR^2Un. Finally, equation (22) allows one to show the following relation between the two rates ṁ = Bṁ_{bar} = ((ϱ_∞ + p̃_∞)/n_∞) ṁ_{bar}. Both these accretion rates become equal for ϱ_∞ = n_∞, p̃_∞ ≪ ϱ_∞, i.e., when the fluid at the outer boundary is nonrelativistic.

4.1.3. Estimates onto the speed of sound

The analytic solution of the sonic point equation for the p̃ – n polytropic model in the test fluid approximation allows one to make estimates onto the sound speed at the sonic point for a wider class of barotropes, namely for those with monotonic barotropic exponents.

Indeed, let us assume a barotropic equation of state expressed as

p̃(n) = p̃(n_−) ( n n_− )_{Γ(n,n− )} = p̃(n_+) ( n n_+ )_{Γ(n,n+ )} , (38)

where densities of reference n_− and n_+ are chosen in a way which ensures that n_− ⩽ n and n_+ ⩾ n (i.e., n_− should be less or equal to the smallest baryonic density appearing in the model^3 while n_+ should be greater than the largest baryonic density^4). Let us additionally assume that 1 < Γ^−_{min} ⩽ Γ(n, n_−) ⩽ Γ^−_{max} and 1 < Γ^+_{min} ⩽ Γ(n, n_+) ⩽ Γ^+_{max} for some constants Γ^−_{min}, Γ^−_{max}, Γ^+_{min} and Γ^+_{max}.

Lemma 5 Consider a spherically symmetric, steady accretion onto the black hole with a negligible backreaction. Let the equation of state be expressed in the form (38) and let both exponents Γ(n, n_−) and Γ(n, n_+) be nonincreasing functions of the baryonic density n. Then the square of the sound speed at the sonic point is bounded by two analytic expressions a^2_− ⩽ a^2_∗ ⩽ a^2_+, where

a^2_− = 1 9 { 6Γ^+_{min} − 7 + 2 ( 3Γ^+_{min} − 2 ) cos [ π 3 + (39)

3 This means, in practice, n− ⩽ n∞ 4 For most cases it should suffice to have n+ ⩾ n(2m)

+ 1 3 arccos { 1 2 ( 3Γ^+_{min} − 2

)_3 ( 2 ( 27 ( Γ^+_{min}

)_3

− 54 ( Γ^+_{min}

)_2 +

+ 36Γ^+_{min} − 8 ) − 243 ( Γ^+_{min} − 1

)_2 ( Γ^−_{max} − 1 − a^2_∞

Γ^−_{max} − 1 )_2 )}]}

and a^2_+ = 1 9 { 6Γ^−_{max} − 7 + 2 ( 3Γ^−_{max} − 2 ) cos [ π 3 + (40)

+ 1 3 arccos { 1 2 ( 3Γ^−_{max} − 2

)_3 ( 2 ( 27 ( Γ^−_{max}

)_3 − 54 ( Γ^−_{max}

)_2 +

+ 36Γ^−_{max} − 8 ) − 243 ( Γ^−_{max} − 1

)_2 (Γ^+_{min} − 1 − a^2_∞

Γ^+_{min} − 1 )_2 )}]} . A completely analogous lemma can be formulated for nondecreasing barotropic exponents.

Lemma 6 Let the conditions of lemma 5 be satisfied with an exception that this time both exponents Γ(n, n_−) and Γ(n, n_+) are assumed to be nondecreasing functions of n. Then the square of the sound speed computed at the sonic point is bounded from above and from below by analogous expressions a^2_− ⩽ a^2_∗ ⩽ a^2_+, where

a^2_− = 1 9 { 6Γ^−_{min} − 7 + 2 ( 3Γ^−_{min} − 2 ) cos [ π 3 +

+ 1 3 arccos { 1 2 ( 3Γ^−_{min} − 2

)_3 ( 2 ( 27 ( Γ^−_{min}

)_3

− 54 ( Γ^−_{min}

)_2 +

+ 36Γ^−_{min} − 8 ) − 243 ( Γ^−_{min} − 1

)_2 (Γ^+_{max} − 1 − a^2_∞

Γ^+_{max} − 1 )_2 )}]}

and a^2_+ = 1 9 { 6Γ^+_{max} − 7 + 2 ( 3Γ^+_{max} − 2 ) cos [ π 3 +

+ 1 3 arccos { 1 2 ( 3Γ^+_{max} − 2

)_3 ( 2 ( 27 ( Γ^+_{max}

)_3

− 54 ( Γ^+_{max}

)_2 +

+ ( 36Γ^+_{max} − 8 ) − 243 ( Γ^+_{max} − 1

)_2 (Γ^−_{min} − 1 − a^2_∞

Γ^−_{min} − 1 )_2 )}]} .

The proofs of these lemmas have been omitted since they are straightforward.

4.1.4. Bounds on the accretion rate in the barotropic case

Having estimated the sound speed at the sonic point we should be able to obtain bounds on the accretion rate ṁ as well. We will restrict ourselves to the case of lemma 5. The bounds on the accretion rate for the alternative case described in statement 6 can be obtained in an analogous way.

Equations (36) (valid in the test fluid case) give the values of U_∗, N_∗ and R_∗ expressed in terms of the sound speed a_∗. Thus, as it is clear from formula (17), the only quantity that needs to be estimated is ϱ_∗ + p̃_∗.

Suppose now that the conditions of statement 5 hold. One can find Γ(n, n_+)p̃/a^2 ⩽ ϱ + p̃ ⩽ Γ(n, n_−)p̃/a^2. Furthermore, making use of the same inequalities together with their asymptotic versions (i.e., at R = R_∞) we can write

p̃ ⩽ p̃(n_0) (( n_∞ n_0 )_{Γ(n∞,n0 )−1} a^2 a^2_∞

Γ(n_∞, n_−) NΓ(n, n_+)

)^{Γ(n,n}0^) Γ(n,n0 )−1

and similarly

p̃ ⩾ p̃(n_0) (( n_∞ n_0 )_{Γ(n∞,n0 )−1} a^2 a^2_∞

Γ(n_∞, n_+) NΓ(n, n_−) )^{Γ(n,n}0^) Γ(n,n0 )−1

where n_0 stands for n_+ or n_−.

It follows that the bounds on the accretion rate ṁ can be formulated as

ṁ = πm^2

1 + 3a^2_∗ a^3_∗

(ϱ_∗ + p̃_∗) ⩽

⩽ πm^2 1 + 3a^2_∗ a^3_∗

Γ^−_{max} a^2_∗ p̃(n_−) ( n_∞ n_− )_Γ−_{max} ( a^2_∗ √ 1 + 3a^2_∗ a^2_∞

Γ^−_{max} Γ^+_{min}

)^{Γ−}max

Γ−max−1

and ṁ ⩾ πm^2 1 + 3a^2_∗ a^3_∗

Γ^+_{min} a^2_∗ p̃(n_+) ( n_∞ n_+

)_Γ+_{max} ×

× ( Γ^+_{min} Γ^−_{max}

)^{Γ+}max

Γ+max−1 ( a^2_∗ √ 1 + 3a^2_∗ a^2_∞

)^{Γ+}min_{Γ+}

min−1 .

Obviously, the above formulae together with formulae (40) and (41) giving the lower and upper bounds for the value of a^2_∗ complete our task. One can also check that these inequalities are exact. They are saturated for the p̃ – n polytropes in which case their right-hand sides reduce to the same expression (37).

5. Closing remarks

The stability of the self-gravitating polytropes against radial perturbations has been examined by Tooper [15]. All configurations with the negative binding energy happen to be unstable, however the positivity of the binding energy is only a necessary condition of the stability of the configuration. The problem of the stability of the self-gravitating configurations of general barotropic fluids remains (to our knowledge) still open; it is, however, intuitively tempting to treat the sign of the binding energy of such configuration as carrying information about the stability. Thus inequalities presented here, relating the maximal speed of sound within the considered configuration and the sign of its binding energy, might be treated as some versions of the Jeans inequality. These inequalities, being straightforward generalisations of those given by Karkowski and Malec constitute the necessary conditions for the negativity of the binding energy. Generalisation of the sufficient condition formulated in [7] remains still an open task.

As to the steady spherically symmetric accretion we believe that at least from the relativist’s point of view the issue of outermost interest is the backreaction of the fluid onto the space-time metric. This effect has been investigated so far only for the polytropic case [6]. In this paper we were mostly dealing with the test fluid approximation obtaining information about the characteristics of the sonic point for a class of barotropic equations of state. Since the characteristics of the sonic point are expected to be the same in the full picture that includes the backreaction, our results should be relevant in the general, spherically symmetric case.

One of the most striking effects caused by the backreaction is that the accretion rate achieves a maximum value for the ratio of the mass of the fluid versus the total mass of the system being equal to 1/3. This result has been obtained both for the p̃ – ϱ and p̃ – n polytrope. We conjecture it holds true also for a wider class of barotropic equations of state.

Acknowledgements

We wish to express our thanks to Professor Edward Malec for his help and many fruitful discussions.

REFERENCES

[1] H. Bondi, ,,On spherically symmetrical accretion”, Mon. Not. R. Astron. Soc.

112, 195 (1952).

[2] H.A. Buchdahl, ,,General Relativistic Fluid Spheres”, Phys. Rev. 116, 1027 (1959).

[3] R. Courant, K.O. Friedrichs, Supersonic Flows and Shock Waves, Springer, Berlin 1972.

[4] T.K. Das, ,,Pseudo-Schwarzschild Description of Transonic Spherical Accretion onto Compact Objects”, Astron. Astrophys. 374, 1150 (2001).

[5] H. Dimmelmeier, J.A. Font, E. Müller, ,,Relativistic simulations of rotational core collapse. I. Methods, initial models, and core tests”, Astron. Astrophys. 388 917 (2002).

[6] J. Karkowski, B. Kinasiewicz, P. Mach, E. Malec, Z. Świerczyński, ,,Universality and backreaction in a general-relativistic accretion of steady fluids”, Phys. Rev. D73, 021503(R) (2006).

[7] J. Karkowski, E. Malec, ,,Binding energy of static perfect fluids”, Class. Quantum Grav. 21, 3923 (2004).

[8] B. Kinasiewicz, T. Lanczewski, ,,Comparison of Two Stationary Accretion Models”, Acta Phys. Pol. B36, 1951 (2005).

[9] E. Malec, ,,Fluid accretion onto a spherical black hole: relativistic description versus Bondi model”, Phys. Rev. D60, 104043 (1999).

[10] F.C. Michel, ,,Accretion of matter by condensed objects”, Astrophys. Space Sci. 15, 153 (1972).

[11] T. Padmanabhan, Theoretical Astrophysics, Vol. I, II, Cambridge University Press, 2001.

[12] K.A. Van Riper, ,,General relativistic hydrodynamics and the adiabatic collapse of stellar cores”, ApJ. 232, 558 (1979).

[13] J.V. Romero, J.M. Ibáñez, J.M. Martí, J. Miralles, ,,A new spherically symmetric general relativistic hydrodynamical code”, ApJ. 462, 839 (1996).

[14] S. Shapiro, S. Teukolsky, Black Holes, White Dwarfs and Neutron Stars, Willey, New York, 1983.

[15] R.F. Tooper, ,,Adiabatic fluid spheres in general relativity”, ApJ. 142, 1541 (1965).

[16] R. Wald, General Relativity, The University of Chicago Press, 1984.