arXiv:gr-qc/0610069 v1 13 Oct 2006

Esquisse d’une Synthèse

George A.J. Sparling Laboratory of Axiomatics 5814 Elgin Street Pittsburgh, Pennsylvania, 15206, USA

Since antiquity, from Euclid of Alexandria to Galileo Galilei to Immanuel Kant to Hermann Minkowksi to Albert Einstein, the question of the nature of space and time has occupied scientists and philosophers [1]-[5]. In the four-dimensional space-time of Einstein’s wonderful theory of gravity, the squared interval, in units such that the speed of light is unity, is the difference between a squared time increment and the sum of three squares representing the three dimensions of spatial change. More recently higher dimensional theories have been proposed, which aim to unify gravity with the other forces in nature. Such theories typically have a hyperbolic character in that there is one time variable and many spatial variables (rather than just three) in the formula for the squared interval [7]-[12]. Here a new physical theory is advanced, based on spinors, which clearly predicts that the basic extra dimensions are timelike: in its simplest form, there are three timelike and three spatial degrees of freedom. It is expected that devices such as the Large Hadron Collider will be sensitive to these new degrees of freedom and thus one may hope that in the near future, this issue can be settled experimentally.

In attempting to construct a theory, one sometimes has very little to go on. One has to take strands of thought from many different disciplines and one has to try to weave them into a coherent whole, a concinnity. One also has to be prepared to make major conceptual adjustments on the fly, as one brings in newer seminal ideas. One should be attuned to the efforts of others and try to incorporate the essence of their best ideas, even if, in the end, one goes in a slightly different direction. One should wield William of Ockham’s Razor, but with parsimony [6]!

Consider the simple act of taking a pencil and throwing it, spinning, into the air, so that it rotates completely around three times, before catching it again. Common sense suggests that, ceteris paribus, the pencil looks exactly the same at the end of this experiment as it did at the beginning. However, we now know that the pencil is composed mostly of a variety of fermions and that under an odd number of complete rotations, amazingly, the wave function of each of these fermions changes sign. Only if we rerun our experiment, can we be sure to restore the pencil to its pristine state.

Mathematically, this behaviour depends on the fact that the rotation group in three dimensions is not simply connected, but has a simply connected double cover, the group SU(2, C ) of two by two unitary matrices, with complex entries, of unit determinant, whose topology is that of the real three-sphere, S^3. The lift of a single complete rotation to the group SU(2, C ) is a curve connecting its identity element to its negative. A second complete rotation is then required to return to the identity. Quantities that transform with respect to the group SU(2, C ) are called spinors; in particular most known elementary particles are spinorial; these somehow transcend space and time.

The purpose of the present work is to present the outline of a new physical theory, a significant extension of my earlier work with my former students Devendra Kapadia, Dana Mihai and Philip Tillman [13]-[20]. I have had the remarkable good fortune to live long enough to solve a problem posed to me by Sir Roger Penrose, which has occupied me for the past forty years: find a non-local spinorial approach to physics.

Until now, our previous work, although spinorial, appeared to lack the desired non-local feature. Although, a priori, the theory revolved around a variation on the concept of triality due to Elie Cartan, the focus was more on the aspects of the theory coming from my own speciality: the twistor theory of Penrose, Roy Kerr, Ivor Robinson, Ted Newman, Sir Michael Atiyah and a small band of others [21]-[30]. I realize now that that was a subtle philosophical error with deleterious consequences.

The correct ontology, I now believe, is one that is present in many philosophies from the earliest times: it is the trinity, three entities, which come together harmoniously forming the concinnity. Here the three entities are initially conceptualized as space-time, twistor space and dual twistor space.

In the work ”A primordial theory”, relevant geometrical and algebraic ideas were developed, the principal objects being the exceptional algebra of 27 dimensions of Pascual Jordan, associated to the split octaves, and the associated 56 dimensional phase space of Hans Freudenthal [31], [32]. I was shocked to discover in May of this year that there was a vast analytical component that I had previously completely overlooked. Perhaps the most surprising new feature is that the analytical structure, although originally developed in the context of conformally flat space-times, readily generalizes to curved space-time, where it gives a powerful new tool for deconstructing space-time, that is essentially spinorial in a non-local and deep way, thereby achieving one of the original aims of the twistor program. All previous essays along these lines have languished, although it is important to notice that Lane Hughston had, for the case of flat space, a similar approach [33].

The Ξ-transform

The analytic structure in question is a transform, which I will call the Ξ-transform. It is perhaps most easily expressed using the two-component complex spinor formalism for relativity. The constituents of the transform are as follows:

• The space-time M , which is a smooth real manifold of dimension four. Its phase space is the co-tangent bundle T^∗M of M , consisting of all pairs (x, p) with x in M and p a co-vector at x. Denote by α = θ.p, the contact oneform on T^∗M ; here θ is the vector-valued canonical one-form of M and the dot denotes the dual pairing of a vector with a co-vector.

• A Lorentzian metric g for M , of signature (1, 3), such that M is space and time orientable and has a chosen spin structure.

• The co-spin bundle S^∗ is the set of all pairs (x, π), where π is a primed cospinor at the point x in M ; so S^∗ is a complex vector bundle of two complex dimensions over M (so as a real vector bundle S^∗ has four dimensional fibers). Recall that S^∗ is equipped with a complex symplectic form ϵ, a global section of the exterior product of S^∗, with itself, such that g = ϵ ⊗ ϵ.

• We assume given the spin connection of the type of Tullio Levi-Civita and Jan Schouten, denoted d, which is torsion free and annihilates ϵ and g.

• Each co-spinor π gives rise to a co-vector p_π = π ⊗ π, which is zero if π is zero and is otherwise null and future-pointing. So S^∗ behaves like a ”square root” of the bundle of future-pointing null co-tangent vectors. Denote by P : S^∗ → T^∗M the map which takes (x, π) ∈ S^∗ to (x, p_π) ∈ T^∗M .

Note that p_{tπ} = |t|^2p_π , for any spinor π and any complex number t, so that p_π is insensitive to the overall phase of the spinor π. Very few constructions directly depend on this phase, the tensor F, described later, being the most crucial. We henceforth delete the zero section from S^∗, so all spinors are taken to be non-zero.

• The bundle of co-spin frames, B consists of all ordered triples (x, π_+, π_−), where x is in M and the π_± are primed co-spinors at x, which are normalized against each other by the equation 2π_+ ∧ π_− = ϵ. Note that B is a principal SL(2, C )-bundle over M .

• Note also that if the non-zero co-spinor π_− is given at x ∈ M , the space of all normalized pairs (π_+, π_−) at x ∈ M is a one-dimensional complex affine space, so has two real dimensions, since if (π_0, π_−) is normalized, for some co-spinor π_0, then the general normalized pair (π_+, π_−) can be written (π_0 + λπ_−, π_−), with λ an arbitrary complex number.

• There are natural maps Π_± : B → S^∗, which map (x, π_+, π_−) ∈ B to (x, π_±) ∈ S^∗. • The (future-pointing) null geodesic spray on the null co-tangent bundle lifts naturally to the space S^∗ to give a vector field denoted N . The trajectories of N represent an affinely parametrized future-pointing null geodesic on M , together with a co-spinor π, parallelly propagated along the geodesic, such that g^{−1}(p_π ) is the (normalized) tangent vector to the geodesic.

• A quantity on S^∗ that is invariant along the vector field N is called a twistor quantity. In particular, a function f(x, π) killed by N is called a twistor function. Such a function is said to be real homogeneous of (integral) degree k in π, if f(x, tπ) = t^kf(x, π), for any non-zero real number t. If f is complex-valued, we say that f(x, π) is complex homogeneous of degree k in π, if f(x, tπ) = t^kf(x, π), for any non-zero complex number t. Then the real homogeneous twistor functions depend on six real variables, whereas the complex homogeneous twistor functions depend on five real variables.

• The space B naturally carries two horizontal vector fields, denoted N_±, corresponding to the (horizontal) lifts of the vector field N along the maps Π_±. The trajectories of these vector fields represent an affinely parametrized null geodesic in space-time, together with a normalized spin-frame (π_+, π_−), parallelly propagated along the null geodesic, such that for N_±, the vector g^{−1}(p_{π±} ) is a normalized tangent vector to the null geodesic.

Now we can proceed to the Ξ-transform:

• Let β be a given differential three-form on the space S^∗.

• Let γ be a given horizontal future-pointing null geodesic curve (i.e. an integral curve of the vector field N ) in S^∗.

• Pull β back to the space B along the natural projection Π_+ to give the threeform β_+ = Π^∗_+(β) on the space B .

• Let γ_− = Π^{−1}_− (γ) denote the inverse image under the map Π_− of the horizontal curve γ. We think of the space γ_− as a ”fattened” version of the null geodesic γ, in that a two-real-dimensional affine space is located at each point of the null geodesic, rather than just the spinor π_− itself. In particular γ_− has real dimension three.

• Integrate the three-form β_+ over the space γ_− to give a number, denoted Ξ(β)(γ). As the curve γ varies, we get, by definition, the Ξ-transform Ξ(β) of the three-form β as a function on the space S^∗, which is invariant along the null geodesic spray N , so Ξ(β) is a twistor function.

This completes the general description of the Ξ-transform.

The special case that is relevant for the remainder of this work is the case that β = if(x, π)ϵ^{−1}(π, dπ)ϵ^{−1}(π, dπ)θ.p_π, where f(x, π) is a real-valued twistor function, real homogeneous of degree minus four in the variable π. For this case, we write the transform as f → Ξ(f). Then one can show that Ξ(f) is itself a real twistor function, this time real homogeneous of degree minus two and that the transform is conformally invariant. Note that β can be written also as the multiplication of the function f by the pull back to S^∗ of the three-form^1_2 ω(p, g(θ), dp, dp) where ω is the contravariant alternating orientation tensor associated to the metric g and dp is the tautological co-vector valued one form on T^∗M that incorporates the Levi-Civita connection of M .

Summarizing, this key particular case of the Ξ-transform gives a conformally invariant operator taking twistor functions of degree minus four to twistor functions of degree minus two. In particular, both the input and output functions are functions with six real degrees of freedom.

Let us now specialize to the conformally flat case. To understand this fully, let us temporarily call the transform we have just constructed Ξ_1 and let us introduce two other transforms, denoted Ξ_2 and Ξ_3, at first sight unrelated to Ξ_1.

• The second transform is given by the following integral formula:

Ξ_2(f)(g, h) = ∫ p∈G f(p, g^{−1}ph)ω_p. Here g, h and p belong to a compact Lie group, G , ω_p is Haar measure for G and f is a smooth function on G × G . The integral is taken over all p ∈ G . For the present purposes we specialize to the case that G = SU(2, C ). Then G is topologically a real three-sphere, S^3, so Ξ_2 maps functions of six real variables, specifically functions on the product space S^3×S^3, to themselves.

The third transform explicitly uses O(4, 4)-triality, which we briefly recall in outline [13, 21]. It involves three real eight-dimensional vector spaces A , B and C , say, each equipped with an O(4, 4) dot product, together with a certain real trilinear form mapping A × B × C to the reals, denoted by (xyz), for (x, y, z) ∈ A × B × C . Dualizing this trilinear form gives rise to three real bilinear maps A × B → C , B × C → A and C × A → B , denoted by parentheses, such that, for example, ((xy)x) = x.xy, and (xy).z = (zx).y = (yz).x = (xyz), for any x, y and z in A , B and C , where the dot product is the appropriate O(4, 4) inner product. The whole theory is then symmetrical under permutations of the three vector spaces. We say that x in A and y in B are incident if they are both non-zero and yet (xy) = 0; this entails that x and y are both null. Further, given a null y ≠ 0 in B , the space of all x in A , such that (xy) = 0 is a real, totally null, self-dual, four-dimensional vector space.

• The third transform now proceeds as follows. Let f(x) be a smooth realvalued function homogeneous of degree minus four, defined for all non-zero null x ∈ A . Then f(x) x ∧ dx ∧ dx ∧ dx is a closed three-form on the null cone of A taking values in Ω^4(A ), the fourth exterior product of A with itself. Then define a function ξ_3(f), on the null cone of B , taking values in Ω^4(A ), by the formula, valid for any null vector y ≠ 0 in B :

ξ_3(f)(y) = ∫ x incident with y f(x) x ∧ dx ∧ dx ∧ dx. Here the integral is taken over the natural homology three-sphere in the complement of the origin of the space of all x such that (xy) = 0.

For this transform, there is a beautiful additional subtlety. First one shows that the output takes values in the self-dual part of Ω^4(A ). Next one observes that Ω^4(A ) has real dimension 70, so the self-dual part has real dimension 35. But this is exactly the real dimension of symmetric trace-free tensors of valence two in B and one shows that there is a natural isomorphism between the two spaces. For y ∈ B , which is null, the tensor y ⊗ y is symmetric and trace-free. Let ϵ(y ⊗ y) ∈ Ω^4(A ) denote the (self-dual) image of y ⊗ y under this isomorphism. Then one shows that the output ξ_3(f)(y) naturally factorizes:

ξ_3(f)(y) = Ξ_3(f)(y)ϵ(y ⊗ y).

Since ξ_3(f)(y) is, from its definition, homogeneous of degree zero in y, it follows that Ξ_3(f) is a real-valued function on the space of all null non-zero vectors y in B , homogeneous of degree minus two in y.

Note that there is one such transform for each ordered pair from the set {A , B , C }, giving six such transforms in all (three of these initially take values in self-dual forms and the other three take values in anti-self-dual forms).

We now have the following results:

• The transforms Ξ_1, Ξ_2 and Ξ_3 coincide, mutatis mutandis. This means that one can prove results for one of the transforms and deduce analogous results for the others, which might be harder to get at directly.

• For the transform Ξ_2, we introduce the Casimir operator C = C_1−C_2, where each of C_1 and C_2 is the Casimir operator of SU(2, C ) acting on the first and second factors of the product SU(2, C ) × SU(2, C ), respectively. So C is a differential operator of the second order. Then we have the beautiful result that C ∘ Ξ_2 = Ξ_2 ∘ C = 0. Equivalently, the kernel of Ξ_2 contains the image of C and vice-versa. It is probably true that the kernel of Ξ_2 exactly matches the image of C and vice-versa, but at the time of writing, this has only been proved fully under the restriction that the functions involved are finite sums of spherical harmonics. Note that C is the (ultra-hyperbolic) wave operator in six dimensions for the natural metric on S^3 × S^3 of signature (3, 3).

• Using our translation principle, one can re-formulate these results at the level of the other operators Ξ_1 and Ξ_3. For Ξ_3, the space of all null non-zero vectors y in B , where we identify y with ty, for t > 0, is a space of topology S^3 × S^3, which now has only a (natural) conformal structure, rather than a fixed metric structure, as in the case of Ξ_2. At this point the work of C. Robin Graham, Ralph Jenne, Lionel Mason and myself comes into play: it shows (amongst other results) that there is a natural conformally invariant second order wave operator, denoted □, for conformally flat geometries in six-dimensions, which maps functions of conformal weight minus two to functions of conformal weight minus four [34]. These are precisely the weights for the transform Ξ_3 and the analogous relation for the operator Ξ_3 is then □ ∘ Ξ_3 = Ξ_3 ∘ □ = 0.

• Finally for the spin bundle, the analogous operator can be defined as follows. Let f(x, π) be a given twistor function, of degree minus two. Then, using abstract spinor and vector indices, since f is constant along the null geodesic spray, we may write its gradient, ∂_af, with respect to the variable x, as ∂_af = π_A′ f_A + π_Af_A′ , where f_A′ is of degree minus three. Denote by ∂^{A′} the (complex) gradient with respect to the spinor π_A′ . Then we write □(f) = i(∂^{B′}f_B′ − ∂^Bf_B). Then it can be shown that □(f) is a twistor function of degree minus four. Now our basic result is: □∘Ξ_2 = Ξ_2 ∘□ = 0.

What can one say in curved space-time? It will probably take many years and a major research program to fully reveal the structure of the Ξ-transform. For a moment, let us dwell on the stumbling blocks that prevented progress from the direction of twistor theory, in the past. Twistor theory worked beautifully in the cases of self-dual gauge fields and self-dual gravity and related equations [35]. It seems clear, in retrospect, that the reason for this success is that these systems of equations were integrable; the methods of the theory always used this fact, implicitly or explicitly. Nevertheless, for ordinary non-self-dual gravity, there was some success: the H-space (self-dual) theory of Newman and Penrose, although valid only for analytic space-times, arises out of the gravitational radiation data of a real non-self-dual space-time [26], [27]. Also the equations of Frederick Ernst for stationary axi-symmetric space-times were shown by Richard Ward to admit a twistor interpretation [36]. However it is believed that neither the source-free gauge-field equations, nor the vacuum equations of gravity are integrable in general. For example it is believed that the so-called solutions of the ninth type of Luigi Bianchi exhibit chaos. Also chaos seems to appear near a generic singularity [37] .

For the first time the Ξ-transform appears likely to give a precise criterion sorting out the more tractable space-times from the rest, according to the nature of its image. We say that the space-time is coherent, if and only if the image of the Ξ-transform obeys a pseudo-differential equation. If not, we say the space-time is chaotic. Then, in this language, we have shown that conformally flat space-time is coherent. One would conjecture that all the real space-times, that have in the past proved to be amenable to twistor-type treatments, are coherent. As of the time of writing we have been able to show by direct calculation that the prototypical space-times of Devendra Kapadia and myself are coherent, at least for complex homogeneous input functions, giving the first known example of a curved spacetime that is such [17]. Note that this classification is inherently non-perturbative and gives a co-ordinate independent definition of dynamical chaos.

Going up to six dimensions

At the level of space-time, there is a disparity of dimensions: space-time is four dimensional, whereas our twistor spaces depend on functions of six real variables. The key question now arises: is there a realm in physics in which the triality is more manifest? This would require enlarging space-time from four to six real dimensions. We would like to do this in a natural way building directly from the conventional space-time theory. Very remarkably, it emerges that we can!

There are two clues: first consider the situation in conformally flat space-time. The basic spaces of the triality have the symmetry group O(4, 4). However for the twistor spaces to relate to ordinary physics, this group is too big. We want the twistor spaces to reproduce the standard successful quantization of massless particles, using (holomorphic) sheaf cohomology, due to Hughston, Penrose and myself [24]. In particular, we want to implement the standard twistor commutation relations, which form the algebra of Werner Heisenberg: [Z^a, Z^b] = iℏω^{ab}; here the indices run from 1 to 8. This entails that we need a symplectic form ω^{ab}; in fact, to recover the standard theory, we easily see that ω^{ab} must be a complexstructure for the eight-dimensional vector space, such that its symmetry group is reduced from O(4, 4) to the group U(2, 2). A similar story applies to the other twistor space. However, for the space-time triality space, we need to separate out the space-time: this entails reducing the symmetry group from O(4, 4) to O(4, 2). Note that this is essentially distinct from the reductions for the twistor spaces: although the groups SO(4, 2) and SU(2, 2) are locally isomorphic, the latter being a double cover of the former, they sit inside the group O(4, 4) in different places.

Surprisingly, it emerges that a single technique does the job simultaneously for all three triality spaces. For the case of the triality space that one wants to be spacetime, say the space A , one simply selects an oriented two-dimensional subspace J of the eight-dimensional vector space with a positive definite induced metric. Then the orthogonal subspace is six dimensions, which intersects the null cone of the triality space in a five dimensional space, whose real projectivization gives the four-dimensional space-time, conformally compactified, with a natural conformal structure and the correct conformal symmetry group. Let j_1 and j_2 be unit orthogonal elements in the subspace J, such that {j_1, j_2} is an oriented basis for J. For b ∈ B and for c ∈ C , denote by J(b) in B and K(c) in C , the quantities J(b) = (j_1(j_2b)) and K(c) = (j_2(j_1c)), respectively. Then it is easy to see from the properties of the triality that J and K are complex structures for the spaces B and C , giving these spaces the desired reduction from O(4, 4) to SU(2, 2). Also the structures J and K are invariant under rotations of the basis {j_1, j_2}.

The second clue comes from the structural spin tensor of the spin-bundle of spacetime. This takes the form F = iθ^a ⊗(π_Adπ_A′ −π_A′ dπ_A). It has three fundamental properties, which encode precise details of the space-time: first its skew part gives the two-form used by Edward Witten in his argument for positive energy; second, properties of the exterior derivative of the skew part can be used to analyze the Einstein vacuum equations; third its symmetric part, when restricted to any hypersurface, gives the conformal structure of the type of Charles Fefferman for the twistor theory of that hypersurface as shown by myself [17, 39, 38]. In particular, it provides the central fact of twistor theory, from which all else follows. In moving to a higher dimensional framework, one would like to extend this tensor, to maintain that same control over the field equations and over the twistor theory.

Remarkably, it emerges that in extending to six dimensions, with a conformal structure of signature (3, 3), the tensor F has a beautiful, completely natural extension, which actually looks better than the original: it is the tensor, still called F, given by the formula: F = θ^{αβ} ⊗ π_αdπ_β ; note that i does not appear. Here d represents the spin connection in six dimensions and we are using the fact that the spin group for the group SO(3, 3) is the group SL(4, R). The basic spinor π_α is then four real dimensional, carrying the fundamental (dual) representation of SL(4, R). This means that the spinors restrict naturally, without any loss of information, to four-dimensional submanifolds: the correspondence with the spinors of Richard Brauer and Hermann Weyl is just π_α → (π_A′ , π_A) [40].

The canonical one-form θ^{αβ} is skew, so has the required six degrees of freedom. Decomposing into the spinors of relativity we get a quartet: (θ^{AB} , θ^{AB′}_1 , θ^{A′ B}_2 , θ^{A′B′} ). Here θ^{AB} = θϵ^{AB} may be construed as giving a kind of complex ”dilaton” field and has θ^{A′B′} = θϵ^{A′B′} is its complex conjugate. To recover the standard four-dimensional metric one would want the one-form θ to vanish on the fourmanifold. Then for the rest of the canonical one-form θ^{αβ} we have two relations θ^{AA′}_1 = θ^{A′ A}_2 and θ^{AA′}_1 = −θ^{A′A}_2 . These relations, taken together, mean that θ^{AA′}_1 = iθ^{AA′} = −θ^{A′ A}_2 , where θ^{AA′} is self-conjugate, giving, on restriction, the required real canonical one-form of relativity. Then F = θ^{αβ} ⊗ π_αdπ_β restricts to iθ^{AA′} ⊗ (π_Adπ_A′ − π_A′ dπ_A), exactly the Fefferman tensor, the necessary factors of i emerging naturally, even though the spinors of the ambient space are entirely real.

However there is a subtle catch, which is where the two clues need to be brought to bear simultaneously. When the ambient spin connection is restricted to the spacetime submanifold, there is no reason that it should preserve the complex structure of the space-time spinors. From the ambient point of view, if D is the space-time spin connection, which does preserve the complex structure, the restricted spin connection can read, for example: dπ_A′ = Dπ_A′ + Γ^A′ π_A. This is a disaster, since the field Γ^A′ is a vector-valued one-form, so has spin-two components, giving gravity extra spin-two degrees of freedom, that are probably unphysical.

The resolution is beautifully simple: one postulates that the conformal geometry has a conformal Killing vector, or if the actual metric is specified that it have a Killing vector. Recall that if a metric g_{ab} has a Killing vector t^a, then the tensor ∂_at_b = F_{ab} is skew. Here indices are abstract and ∂_a is the Levi-Civita connection of g_{ab} [25]. Then a standard formula gives the covariant derivative of F_{ab}: ∂_aF_{bc} = 2R^d_{bca} t_d. Here R^d_{bca} is the Riemann tensor of ∂_a. In particular, if the Killing vector vanishes on space-time, then the restriction of F_{bc} is covariantly constant, so becomes part of the space-time structure. So here we demand that the metric in six-dimensions have a Killing symmetry, whose orbits are circles, such that the space-time is the set of fixed points of the symmetry (one thinks of the symmetry as a rotation in the ”two-plane” perpendicular to the four-dimensional ”axis”). Looking back at our construction in the conformally flat case, one sees that that is exactly what one has: the rotation is simply the ordinary rotation in the space J, keeping the orthogonal space fixed: this ”axis” then provides the spacetime. The derivative of the Killing field provides the invariant complex structure needed for the spinors and twistors in the space-time.

Thus we are suggesting that space-time extends naturally and conformally into six-dimensions, where it is the set of fixed points of an appropriate conformal Killing vector field. But the signature of the six dimensions is, quite unambiguously, (3, 3). So the extra dimensions are quite definitely timelike! Note that we have effectively invoked here a philosophical principle, that in the context of physics, we may attribute to Paul Dirac: if it is elegant, then it must be right! [41, 42]. This is perhaps the most dangerous principle in philosophy!

Notice that our approach has three immediate pay-offs: first space-time is a kind of ”brane”, allowing the ideas of Joseph Polchinski to come into play [43]. Second we have a natural place for arguments of the type given by Lisa Randall and Raman Sundrum, who make the case that the extra dimensions can compensate for the apparent weakness of gravity [11, 12]. Also if we factor out by the Killing field, we will have signature (2, 3), giving a suitable arena to apply the ideas of Juan Maldacena [44].

Note that we do not necessarily require the full strength of the symmetry: it needs only to be asymptotically a symmetry as the space-time is approached.

The concinnity

Finally we address the concinnity. Here we are not yet in position to provide a definitive theory. However there are some constraints:

• It must provide an arena for the fundamental fermionic quantum liquid of Shou-Cheng Zhang and Jianping Hu [45, 46, 15].

• It must be geometrical, analytical and algebraic (Hopf).

• It must encode the concepts of sheaves and sheaf cohomology that are critical in twistor theory [23, 24, 25].

• It must unify quantum mechanics and geometry.

• It would be desirable that it include the main ideas of current physics, apart from those already mentioned.

For the last, I do not pretend to be an expert, but will proffer some ideas. The famous Calabi-Yau theory of Philip Candelas, Gary Horowitz, Andrew Strominger and Edward Witten, as described in my earlier work, seems to find a home in the null hypersurface twistor spaces, where the hypersurface has no vertex, but terminates in a singularity [51, 52, 53, 18]. So essentially that theory classifies the structure of space-time singularities. Similarly the counting of black hole states works with horizons, which are null hypersurfaces [47]. The manifolds of Dominic Joyce are more problematic, probably living outside the usual space-time arena and in our six-dimensional space, the Calabi-Yau theory in space-time being a limiting case [48]. Support here comes from the breakthrough work of Pawel Nurowksi and myself on the structure of third order differential equations [49].

The structure we need is so powerful that it must involve deep mathematics. So I conjecture that it is a coherent topos (a generalized approach to sheaf theory due to F. William Lawvere and Myles Tierney), with a triangulated structure of the type developed by Jean Louis Verdier and Alexandre Grothendieck to provide the cohomology [50]. Hints of the latter structure appear in the cohomological character of the Ξ-transform for conformally flat space-time found above. Where can we start to look for this structure in the space-time? I believe it lies in the ensemble of all conformally invariant hyperbolic differential or even pseudo-differential operators on the space-time, together with the ”modules” that they act on. These somehow express the non-analytic essence of hyperbolicity, which is the key new feature introduced into physics by James Clerk Maxwell and Albert Einstein.

The full structure will be a non-commutative geometry, more than likely a noncommutative string theory, as in the work of Alain Connes [56]. It should have the property that looked at (”observed!”) one way, involving ”going to the boundary”, one recovers the basic quantum twistor space, describing massless particles, whereas looked at another such way, one recovers the relevant space-time phase space (the null co-tangent bundle). Note that the very fact that there are twistor and space-time based descriptions of the same basic reality, that of massless particles, hints at a common ontology. The structure, which would not be in itself dynamical, because of the lack of a preferred time concept, then creates the required dynamics at the ”edge”. Then the fundamental ”seat of pants” picture of string theory may be recovered as a generalization of the Ξ-transform: a method of transferring information between the various edges. However, unlike conventional string theory, where the strings at the boundary of the pants are much of a muchness, here the three boundary strings belong to three different spaces [55].

The concepts presented here should have analogues in other areas. There may be a direct application in the context of superfluid helium three, which has a natural SU(2, C ) × SU(2, C ) structure; if this pans out one may be able to test the present theory using superfluids, and incorporate some of the ideas of Grigori Volovik [57, 58]. Finally there should be a close analogue for the theory of solitons, extending the deep recent work of Lionel Mason and Claude Le Brun and linking it with the ideas of Alexei Bondal and Dimitri Orlov [59, 60].

This work is dedicated to the memory of my sister Fru. I thank all those who have contributed to my ideas over the years. I thank Sir Roger Penrose for being so inspirational and for giving me a chance and Sir Michael Atiyah for support at critical moments. I would like to thank my ancestors and my family, especially my mother, father, step-father, Erin, Zed/Zee and Camille. Also my yoga teachers Adrienne, Alison and Saeeda. Also my recent students David Hillman, Devendra Kapadia, Dana Mihai, Suresh Maran, Jocelyn Quaintance and Philip Tillman. Also my friends and colleagues Maciej Dunajski, Jörg Frauendiener, Lionel Mason and Pawel Nurowski. Finally I would like to thank the philosophers Alexander Afriat, Steve Awodey, Jonathan Bain and Rita Marija Malikonyte-Mockus. I would also like to thank Alexander Afriat and the University of Urbino for inviting me to describe some of these results earlier this summer, which greatly helped me clarify my thoughts [61]. Finally I thank the Healey Foundation for financial support.

References

[1] Euclid of Alexandria, Euclidus Opera Ominia, I.L. Heiberg & H. Menge (editors), Teubner (1883-1916), circa 300 BC.

[2] Galileo Galilei, Discorsi e Dimostrazioni Matematiche, intorno a due nuoue scienze Leida, Appresso gli Elsevirii, 1638.

[3] Immanuel Kant, Prolegomena zu einer jeden knftigen Metaphysik die als Wissenschaft wird auftreten knnen, Riga, bey Johann Friedrich Hartknoch, 1783.

[4] Hermann Minkowksi, Raum und Zeit in Vorträge von der 80. Naturforcherversammlung zu Köln, Physikalische Zeitschrift, 10, 104-111, 1908.

[5] Albert Einstein, Die Grundlage der allgemeinen Relativitaetstheorie, Annalen der Physik, 49, 769-822, 1916.

[6] Guilelmus Ockhamus, Quaestiones et decisiones in quattuor libros Sententiarum Petri Lombardi, Editione Lugdunensi, i, dist. 27, qu. 2, K, 1495.

[7] Benjamin Allanach, Kosuke Odagiri, Matt Palmer, M. Andy Parker, Ali Sabetfakhri, BryanWebber, Exploring Small Extra Dimensions at the Large Hadron Collider, Journal of High Energy Physics, 0212, 039-060, 2002.

[8] Kamal Benslama, Search for extra dimensions with ATLAS at LHC, in Fundamental Interactions: Proceedings of the Nineteenth Lake Louise Winter Institute - Lake Louise, Alberta, Canada, 15 - 21 February 2004, editors Alan Astbury, Bruce Campbell, Faqir Khanna, Manuella Vincter, World Scientific Publishing Company, 2005.

[9] Nima Arkani-Hamed, Savas Dimopoulos and Georgi Dvali, The hierarchy problem and new dimensions at a millimeter, Physics Letters, B 429, 263- 272, 1998.

[10] Keith Dienes, Emilian Dudas and Tony Gherghetta, Extra spacetime dimensions and unification, Physics Letters, B 436, 55-65, 1998.

[11] Lisa Randall and Raman Sundrum, An Alternative to Compactification, Physical Review Letters, 83, 4690-4693, 1999.

[12] Lisa Randall and Raman Sundrum, A Large Mass Hierarchy from a Small Extra Dimension, Physical Review Letters, 83, 3370-3373, 1999.

[13] George Sparling, Philip Tillman, A primordial theory, cond-mat/0401015, 55 pages, 2004.

[14] Dana Mihai, George Sparling and Philip Tillman, Non-Commutative Time, the Quantum Hall Effect and Twistor Theory, cond-mat/0401224, 14 pages, 2004.

[15] George Sparling, Twistor theory and the four-dimensional Quantum Hall Effect of Zhang and Hu, cond-mat/0211679, 31 pages, 2002.

[16] George Sparling, The twistor theory of hypersurfaces in space-time, in Further Advances in Twistor Theory, Volume III, editors Lionel Mason, Lane Hughston, Piotr Kobak and Klaus Pulverer, London: Pitman Press, 2001.

[17] Devendra Kapadia and George Sparling, A class of conformally Einstein metrics, Classical and Quantum Gravity, 24, 4765-4776, 2000.

[18] George Sparling, Zitterbewegung, Séminaires et Congrès, Societé Mathématique de France, 4, 275-303, 2000.

[19] George Sparling, Kiváltány, Collegium Budapest Conference, July 1999.

[20] George Sparling, Dreams of a theory, ... , finally!, Oxford University Seminar, May 1999.

[21] John Baez, The Octonions, Bulletin of the American Mathematical Society, 39, 145-205, 2002.

[22] Elie Cartan, Le principe de dualité et la théorie des groupes simple et semisimples, Bulletin de Science Mathématique, 49, 361-374, 1925.

[23] Roger Penrose, The road to reality: a complete guide to the laws of the universe, Alfred A. Knopf, New York, 2005.

[24] Roger Penrose and Wolfgang Rindler, Spinors and Space-Time. Volume 2:

Spinor and Twistor Methods in Space-Time Geometry, Cambridge: Cambridge University Press, 1986.

[25] Roger Penrose and Wolfgang Rindler, Spinors and Space-Time. Volume 1:

Two-spinor Calculus and Relativistic Fields, Cambridge: Cambridge University Press, 1984.

[26] Ezra Newman, Heaven and its properties, General Relativity and Gravitation, 7, 107-127, 1976.

[27] Roger Penrose, Non-linear gravitons and curved twistor theory, General Relativity and Gravitation, 7 31-52, 1976.

[28] Roger Penrose, Twistor theory: its aims and achievements in Quantum gravity: An Oxford Symposium, editors Christopher Isham, Roger Penrose and Dennis Sciama, Oxford: Clarendon Press, 1975.

[29] Roger Penrose and Malcolm MacCallum, Twistor Theory: an approach to the quantization of fields and space-time, Physics Reports, Physics Letters C, 6, 241-315, 1970.

[30] Roger Penrose, Twistor Algebra, Journal of Mathematical Physics, 8-2, 345-366, 1967.

[31] Hans Freudenthal, Ausnahmegruppen und Oktavengeometrie, Geometriae Dedicata, 19, 7-63, 1985.

[32] Pascual Jordan, János von Neumann and Eugene Wigner, On an Algebraic Generalization of the Quantum Mechanical Formalism, Annals of Mathematics, 35(1), 29-64, 1934.

[33] Lane Hughston, Applications of the Geometry of SO(8) Spinors to Laplace’s Equation in Six Dimensions, in Further Advances in Twistor Theory, Volume I, Research Notes in Mathematics 231, Longman, 1990.

[34] C. Robin Graham, Ralph Jenne, Lionel Mason and George Sparling, Conformally invariant powers of the Laplacian, Journal of the London Mathematical Society, 46(3), 557-565, 1992.

[35] Lionel Mason and Nicholas Woodhouse, Integrability, Self-Duality, and Twistor Theory, London Mathematical Society Monographs, New Series 15, Oxford: Clarendon Press, 1996.

[36] Richard Ward, Stationary axisymmetric space-times: a new approach, General Relativity and Gravitation, 15, 105, 1983.

[37] Vladimir Belinski, Isaak Khalatnikov and Evgeny Lifshitz, Oscillatory approach to a singular point in the relativistic cosmology, Advances in Physics, 19, 525-573, 1970.

[38] Edward Witten, A new proof of the positive energy theorem, Communications in Mathematical Physics 80, 381-402, 1981.

[39] Charles Fefferman, The Bergman kernel and biholomorphic mappings of pseudoconvex domains, Inventiones Mathematicae, 26, 165, 1974.

[40] Richard Brauer and Hermann Weyl, Spinors in n dimensions, American Journal of Mathematics, 57, 425-449, 1935.

[41] Paul Dirac, The quantum theory of the electron, Part I, Proceedings of the Royal Society of London, A 117 610-612, 1928.

[42] Paul Dirac, The quantum theory of the electron, Part II, Proceedings of the Royal Society of London, A 118, 351-361, 1928.

[43] Joseph Polchinski, Dirichlet Branes and Ramond-Ramond Charges, Physical Review Letters, 75, 4724-4727, 1995.

[44] Juan Maldacena, The Large N Limit of Superconformal Field Theories and Supergravity, Advances in Theoretical Mathematical Physics 2, 231-252, 1997.

[45] Shou-Cheng Zhang and Jiangping Hu, A Four-Dimensional Generalization of the Quantum Hall Effect, Science, 294(5543), 823-828, 2001.

[46] Shou-Cheng Zhang, To see a world in a grain of sand, hep-th/0210162, 14 pages, 2002.

[47] Gary Horowitz and Andrew Strominger, Counting States of Near-Extremal Black Holes, Physical Review Letters, 77, 2368-2371, 1996.

[48] Dominic Joyce, Compact manifolds with special holonomy, Oxford Mathematical Monographs series, Oxford University Press, July 2000.

[49] Pawel Nurowksi, Differential equations and conformal structures, preprint, August 2006.

[50] F. William Lawvere, Quantifiers and Sheaves, Proceedings of the International Congress on Mathematics, (Nice 1970), Gauthier-Villars, 329-334, 1971.

[51] Eugenio Calabi, The space of Kahler metrics, Proceedings of the International Congress of Mathematicians, Amsterdam 2, 206-207.

[52] Shing-Tung Yau, On the Ricci curvature of a compact Kähler manifold and the complex Monge-Ampere equation I, Communications in Pure and Applied mathematics, 31 229-411, 1978.

[53] Shing-Tung Yau, Calabi’s Conjecture and Some New Results in Algebraic Geometry, Proceedings of the National Academy of Sciences, 74, 1798- 1799, 1977.

[54] Philip Candelas, Gary Horowitz, Andrew Strominger, Edward Witten, Vacuum configurations for superstrings, Nuclear Physics B285, 46, 1985.

[55] Michael Green, John Schwartz and Edward Witten, Superstring theory, Volume 1, Introduction, Cambridge Monographs on Mathematical Physics, Cambridge University Press, Cambridge, 1987.

[56] Alain Connes, Noncommutative geometry, Academic Press, 1994.

[57] Grigori Volovik, Universe in a helium droplet, Oxford University Press, 2003.

[58] Jonathan Bain, Condensed Matter Physics and the Nature of Space-time, Polytechnic University, New York, preprint September 2006.

[59] Claude Le Brun and Lionel Mason, Nonlinear Gravitons, Null Geodesics, and Holomorphic Disks, math.DG/0504582; to appear in Duke Mathematical Journal, 2005.

[60] Alexei Bondal and Dimitri Orlov, Derived categories of coherent sheaves, Proceedings of the International Congress of Mathematicians, Volume II, Beijing, Higher Education Press, 47-56, 2002.

[61] George Sparling, Schizzo d’una sintesi, Seminar at the University of Urbino, July 2006.